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1. Introduction 

In the statistical literature, the label 11 longitudinal data 11 is .. 

generally associated with situations in which the response of each observational . -~1 "' 

unit is measured along a certain period of time or over seve~al doses of a certain 

drug. Many techniques are available to analyze this type of data; among these, 

Growth Curve Analysis refers to multivariate methods of fitting curves to the 

average response of the populations under study. In this setting, we are:=' 

particularly interested in the following growth curve model suggested by Potthoff 

and Roy (1964): 

Z = X8G + T (1. 1) - .. 

where Z is a (nxq) matrix of observable random variables,! is a (nxr) between­

-subject specification matrix of known constants assumed of full rank r(<n), ~ is 

a (rxp) matrix of unknown_ parameters,~ ic; a (pxq) within-su~ject specification 

matrix ·of known constants, assumed of full rank p(~q) and! is a (nxq) matrix of . 

random errors. The rows of ! are assumed to follow independent distributions with · 

distribution function F( 1), location vector Q and po'sitive definite (p.d.) scatt,er 

matrix _ E( 1) = ((aj}))) in the sense of Maronna (1976). This model has been 

extensively studied in th~ literature in the case where F(l) is assumed to be multi 

-norma 1. The reader is ref err~d to Wool son and Leeper ( 1980 ), Timm ( 1980) and r-: 

Geisser (1980) for recent reviews on the subject. In· this paper we are concerned 

with the study of model (1.1) under some more general assumptions on F(l)_ In 
-

particular we consider two types of M-estimators of the parameter matrix~ obtained 

(as in the Normal theory case) after transforming the growth curve model (1.1) to 

the standard multivariate linear model: 

( 1.2) 

...... 
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where X and Bare as in (1.1), Y is a (nxp} matrix of (transfonnad) random - - ' -
variables and : is a (nxp_) matrix of (transfonned) random errors, the rows of which 

are independently distributed with distribution function F, location vector O and 

~ scatter matrix E = ((aij)), assumed p.d. 
. "' 

~ In Section 2 we define the two types of M-estimators of· ~ under model 

(1.2) and summarize the assumptions required to derive their asymptotic . 

distributions •. Furthennore, .we indicate that if these assumption•s are satisfied 

by the components of the original growth curve model (1.1) they will also be • 

satisfied by those of the reduced model (1.2) obtained via the Potthoff-Roy 

transfonnation. We then present the corresponding asymptotic distributions as a ·· 

direct consequence of the results of Singer and Sen (1985) and propose computational 

algorithms. In Section 3 we discuss optimality in the choice of the Potthoff-Roy 

transfonnation. Finally, ·in Secti9n 4, we compare the Nonnal maximum likelihood 

estimates with Haber-type robust M-estimates in a numerical exampl~ with data from 

the statistical literature.I 

.. 
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2. The proposed M-estimators: computational algorithms and asymptotic, '·· 

distributions 

Consider the model (1.2) with the following notation: 

(i) rk(px1), :k(px1) and ~~(rx1), k=1, ••• ,n denote the transposes of the row 

vectors of y •·:. and ~, respectively; (ii) ~/rx1) denotes the jt~ column of 

~• j=1, ••• ,p. Also let ~*(bax1) denote the row expansion of an ·(axb) matrix~­

Following the lines of Maronna (1976) we may define an M-estimator of Bas a 
- -

solution B to: 

n . : T• . 
Mnij(!,i,~) = k!

1
u(dk)xki(ykj - ~k~j) = 0 , i=1, ••• ,r; j=1, ••• ,p (2.1) 

( T • )T •-1 ( T • where dk = lk - ~k~ ~ lk - ~k~) , u(d) is a score function defined ford~ 0 

d • · 112 · t•? t t. t f • b . d . 1 . d an E ,s an -cons1s en es 1ma or o }· ~ can e v1ewe as a genera ,~e 

maximum likelihood estimator in the case where Fis elliptically symmetric; noto 

that u(d) = 1 defines the maximum likelihood estimator for F Normal. 

An alternative (coordinatewise) M-estimator which corresponds to a 

generalized least squares estimator was suggested by Gnanadesikan (1977, p.136) and 

is defined as a solution 8 to: 

.n T 
Mn,·J-(Y_,~,~) = \' xk.,p.{(yk. - xka.)/o.} = 0, i=1, ... ,r , ; j=·1, ... ,p (2 ~) 

k~1 1 J J - -J J 

• (... • )T where a= a1, ••• ,ap . 112 . t t t. t . f ( )1 1s an n -cons1s en es 1ma or o a= a1 , ... ,a , 
- p 

aj = "jj, j=1, ••. ,p and the 1/Jj are suitable score functions (for simµl 1c"i-~y wn 

take ,p1 = ••• =,pp= ,p); _note that ,p(x) = x produces the least 5quarcs estimator. 

In order to derive the asymptotic distributions of the propos~d 

M-estimators, the following assumptions (which are st;,1ndard in· the 1 iterature on 

M-methods) are reqt:fri:<l: 

1' 
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A1. Fis absolutely continuous with a symmetric density function f such that 

f~(e) = {a/oE.)f(c), j=1, ••. ,p exist almost everywhere (a.e.). J - J -

A2. F has finite and positive definite {p.d.) Fisher information matrices 

with respect to both location and scale. 

A3. F 
~ 

is elliptically symmetric, i.e. its density function is given by - - -

IEl-1/ 2h{(~TE-1~) 1/ 2} where his a scalar multiple of ·a density- in R. f(~) = 

B. The elements of the specification matrix~ satisfy; 

(i) ·Noether's condition: max {xTk(xTx)- 1xk} + 0 as n + m, 
1:5k!in - - - -

(ii) lim {n-1(!T!)} = y = (y1 , ••• •~r) .is a p.d. matrix 
. n--

1 C1. The score function~ can be expressed as.a sum of two nondecreasing skew-....- .:P 

-syrrnnetric functions w( 1) and w(2) where ~( 1) is absolutely continuous on· l ny 
bounded interval in R with derivative ~( 1) a.e. and $(2) is a step function defined 
as follows. For some positive integers, assume that there exist open intervals 

E
1 

= (a1,a1+1), 1=0, ••• ,s, with .a0 = -m < a1 < ••• <as< as+1 = m such that 
w(2)(x) = e

1 
for x G E1 , 0 ~ • .e. ~ s where e1 are real numbers (not all equal). 

- . . . 

Conventionally we let $(2)(a1 ) = (e1_1 + e1 )/2 for 1=1, ••• ,s. The function $ 
also satisfies (i) p~ = /~2 (£/a.)f.(E)d~ < ~ and (ii) w. = -/$(£/a.)f~(E)dE < m, J J J J J J 
j=1 , •.• ,p, where fj is the marginal density corresponding to the j th coordinate. 

C2. The score function u(·) is nonnegative, nonincreasing and continuous. To 

facilitate comparison with the score function defined abov~ we- let u(d)=$(d)/d 
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where•= •c,) and is assumed bounded. 

Using an asymptotic linearity result due to Jure~kova (1977), 

· Singer and Sen (1985) obtained the asymptotic distribution of the coordinatewise 

.. M-estimator (2.2) under A1, A2, Band Ct and also that of the Maronna-type 

. M-estimator {2.1) under A1-A3, Band C2. They also indicated how one can construct .q,. 

tests of linear hypotheses of the form H: £~~ = ~ where £(cxr) and ~(pxu) are 

known matrices of full row and column ranks c(sr) and u(sp) respectively and 

~(cxu) is any known matrix. 

Now.consider the growth curve model (1.1); then, following the 

\-h '\._:j suggestion of Pothoff and ·Roy (1964) let ~, be any (gxp) matrix· such that ~~t = r and 
• 

observe that by making the transformation!= ~~1 , : = !~t the original model 
. . 

(1.1) reduces to (1.2). Therefore we may use (2.1) and (2.2) to obtain estimates 
I • 

of the parameter matrix ~ and sincr assumptions A1-C2 are invariant with respect 

to linear transformations ·their asymptotic distributions may be obtained from the 

results of Singer and Sen (1985). In the coordinatewise case we have: 

(2.3) 

where~ =.diag(w1,. _._.,wp}, ·wj = -/•(E/crj)fj(~}dE , t = {(~ij)) , 

V-c ~ ~ ,:; l \JL lrt ') """---" ..,.._ ~ ,.., 
•·. ~ /~(E./a1.)~(E./a.)f(E)dE , i,j=1 , ••• ,p. For the Maro~na-type M-estimator w~ · 

IJ l J J -:-- -

ha\'e; 

ri112(i*-6*) = N (o,v-1 ~ Rb-2HTIH) 
- - .. rp - - -1--1 

whP:e a= EF{.2 (dk)/p} , b = EF{p-1t 1 (dk) ~ (~-p)- 1$(dk)/dk} 

( T T -1 T 
and dk = lk- ~ ~k) E (lk - ~ ~k). 
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In general, the M-estimators defined by either (2.1) or (2.2) · •; 
must be obtained by iterative methods; we propose here two computational procedures 
which are generalizations of the Type 2 algorithms discussed in Klein and Yohai ... • 
(1981) and essentially correspond to approximations of Newton-Raphson's method. 
For the coordinatewise case, the algorithm is given by: 

.. 

(2.5} 
"'* '"'* · T ,. " · -1 * .. 
~(m+1) ~-~(m} + { (~ ~) e ~(~(m))} ~n (~(m)) ' m ~ O 

. . n . 
wh~re ~(!_) ~ diag{w1(I), •• _.,wp(!.)} , w/!_) = (oojJ-1ckf1"'<1f<Ykr~II)/crj} + 

i ~ 

s ~ ,l 1 /2 A • -1 /2 A -1 /2 ,._ ' • + n i (e
1-e

1
_1)tJ.(a

1
)] , fJ.(a1 ) = n {FJ.(a1+n )-F.(a1-n )}/2 , F. 1s the 1=1 J J 

empirical distribution function of the standardized residuals corresponding to the 
j th coordinate, e and&. ·are n112.consistent estimators of 6 and a., respectively .. J - -J . . ~~ 

and M {T) is given by ·M .J.({ ) = · r-xk.ljl{(ykj-xTkT.)/o.}, i=1, •.. ,r, j=1, ..• ,p. -n - n, - • k=1 1 - -J J ,. 

A similar algorithm for the Maronna-type M-estimator is given by: 

.f' • '" w (2.6) "* >--* . T . A .. -1 * A 

~(m-i-1) = ~(m) + {(~ ~) s bo(~(m)~} ~n(~(m)) 'm ~ O 
n · · n · t 

where 60(T) = (pn)- 1 i ,1/{dk(!)} + {n{1-p-1)}-1 l 1/J{dk(I)}/dk(I) , · · k=1 k=1 . 

d:(!) ~ (!k - :T~k)Tf~(rk-!T~k)', ~n(!) is given by 
. n 

~ M .. (T) = \' u{dk(T)}xk,· (ykj - x1kT.) , i=f, ••• ~r , j=1, •• -.P and ~ and t are nlJ.. ·k;1 .. .. .. J 

.et n112-consistent estimators of ·~ and~, respectively. Convergence (in probability) 
of (2.5) and (2.6) follows from the asymptotic linearity results (3.1) and (4.1) of 
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Singer and Sen (1985) respectively. 

Least squares estimators can be taken as starting points for the 

iterations. However, if the score functions are defined to produce robust M-esti­

mators, it is preferable to use some more robust initial estimates, such as the 

--<u least absolute residual estimator for Band the median absolute deviation estima­

tor. for~ although. they are computationally more elaborate. In the case of 

Maronna's method, robust estimates of E are difficult to obtain and a few 

suggestions are presented in Devlin et al. (1981). 

3. Optimality in the choice of the Potthoff-Roy ·transformation 

In order to obtain the reduction from (1.1) to (1.2), Potthoff 

and Roy (1964) suggested that we take 

(3.1) 

as the transformation matrix, where ~(qxq) is an arbitrary, but fixed p.d. matrix. · 

They showed that if the underlying distribution F{1) is multi-nonnal, the choice 

~ = ,:( 1) in (3.1) and u(d) = -d-1(a/ad)_ logh(d) in (2.1) or w}x) = -(a/ax)log f}~' 
in (2.2) leads to the (ful _ly efficie~t) Normal maximum likelihood estimator. In 

our case the optimum choice of~ is not so clear cut, since we are not specifying 

the functional form of the underlying distribution nor the score function~ 

defining the M-estimators. A possible approach, however, is to maximize the 

asymptotic efficiency of the M-estimator in its general form at some specified 
, 

model, say the Normal model. This follows the spirit of Hampel 's extremal problem 

(see Huber {1981, ch. 11) for example) and has a spedal appeal for robust 

M-estimators; the o~timum choice of~ in such a case would lead to estimators which 

.. 
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perform as well as possible at the Normal model while retaining robustness against 
departures from it. 

" . First observe that we might take t( 1) = I and G such that GGT=l 
with no loss of generality. In this case, Var(~k} = HT1H1 = H = ((h .. )), . - - - lJ 
i,j=1, ••• ,p; recall that tl is a function of~- Now suppose that the underlying 
distribution is unknown but that assumptions A1, A2., Band C1 hold. Expressing the 
asymptotic covariance matrix of the coor~inatewise M-estimator as a function of~ 
we may write r(A) = w-1;w-1 = · ((y .. (A))), where: - - - -- lJ -

* . . . * . y .. (A) = h.h.[EF,P(€./h.)1j,(e./h.)/Uf.(v.)d1/J(v.)Hff.(v.)cf1/l(v.)}] (3.2)~ 1J - 1 J 1 1 J J 1 . 1 1 J J J 

* 1 · -~ * . 1 /2 * . . /f.(v.)dij,(v.) = EFIJl( 1)(e:./h.) + l (en-en 1)f.(an), h. = h .. and f., 1=1, ••. ,p 1 . , . 1 .. 1 1 R.:1 ,., ,,,_ 1 X, 1 11 1 

is the density function of th~ standardized residuals corresponding to the ; th 

coordinate. Considering the three most usual criteria of multivariate optimality 
(A,D and E optimality) we can maximize the asymptotic efficiency of the estimator by 
minimizing either tr{~(~)}, l~(~)I or ch1{~(~)} , where tr(~), l~ l and ch1(~) 
respectively denote the trace, the determinant and the largest characteristic root 
of a matrix M. 

Letting ).j = ).j(~). j=f, ••• ,p denote the characteristic roots of . 
\. . . 

p 
r(A), observe that: (i) (3/3A.) n ).i = · rr ).. > 0, j=1, ••• ,p and - - . - . J i=1 i~j 1 ,, 
(ii) (a/aAj)i~1Ai = 1 , j=1, •••• p, which imply that both l~C~l l and trlr(~)l 
are increasing functions in each).. when all the others are held fixed. Also note 1 . . 
that since tC~) is symmetric and p.d. there exists an orthogonal matrix ·~=~(~) 

T · T T such that er(B)P = diag{A 1, ••• ,Ap} = Q and therefore: ch1{~(~}l=sup{~ ~(~)~/~ ~}= 
• ◄ X 

= sup{~T~TQ~~/~T~~~~ }= sup _f
1
Aiyi/lT~ where r = ~~- Now, since -

~ y l= . 

{a/a>..)~ )..y2./yTy = y2./;r'i > o, j=1, ••• ,p. we conclude_ that ch1{~(~)} is also J i::a1 1 1 - - J -
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an increasing function in each l. when all the others are held fixed. Thus, to 
1 

maximize the asymptotic efficiency of the estimator according to any of the 

above criteria it suffices to minimize each A. separately. For syrmnetry reasons . J 

we must have l. = l = l(A) , j=1J•••,P at the minimum, which implies pf(A)P1=ll 
- . J - ----

and consequently r(~) = lPTP = ll. Then, from {3.2) we conclude that at the 

minimum: 

t 2 * . 2 . · r{A) = h .. {A)EF~ {e./h.}/{/f.{v.}d~{v.)} I 
-- - 11- 1 1 ., 1 1 -

Now observe that because of scale-invar~ance only hii(~) depends on ~he ch?ice f 

A in the expression above. Therefore the problem reduces to that of the - . . 

minimization of hii(~) and fro~ the classical theory it follows that the_, 
I 

minimum at the Normal model corresponds to the choice A= I {or A=~ in the - - - - ~ 

genera 1 case). 

To obtain a similar result for Maronna-type M-estimators we need 

the additional assumption that the underlying distribution is elliptically 

symmetric . . In such a case the distribution of the (transformed) random errors =k _i~ 

also elliptically sy~etric and h~s ·covariance matrix ~~E~1. Now observe that 

the transformation ~k = (~iE~1 )-
112=k preserves el 1 iptical syrfunetry and imp_l ies 

that Var(~k) = ~-- Consequently, dr= ·fic~T~1·>- 1::k = ~!~k which implies that both 

a and bin (2.4) are invariant with respect to the choice of~, (or equivalently 

of~). Then, using an argument similar to that of the coordinatewise case it 

follows from (2.4) and (3.1) that the optimal choice at the Normal model corresponds 

to A = E. 
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4. Numerical Illustration 

The practical appeal of the methoods described in Section 2 is 

mainly related to the possibility of inference based on estimates which are robust 

·with respect to the presence of outliers or extreme values jn the data. In this 
section we illustrate such a capability through the actual computation of Huber­
-type M-estimates for a set of data previously considered in the literature by 
Potthoff and Roy (1964). It is well known that the robustness of such M-estimates 

• 
in linear models is impaired by the presence of outliers in the explanatory 
variables. However, as indicated in Singer and Sen {1985), the proposed M-estima-' . ' 

. tes are reasonably robust when the specification matrix~ corresponds to a cell 
means model. as in the case under consideration. In the presence of high 
leverage points - that is, .of points where the diagonal of the hat matrix 
H = X(XTx)-1xT exceeds a certain bound -- ·Hub~r .. type M-estimates should be used - - - - -

' with caution. In particular. some other type of robust method such as the 
efficient bounded-influence regression procedures suggested by Krasker and 
Welsch (1982) should be considered. 

&· . • ' • 1- .") • . The dataset consists of measurements of the distance in . ~ 

millimeters from the centre ·of the pituitary to t ~e pterio-maxillar fissure 
on each of 11 girls and 16 boys at the ages of 81 10, ·12 and 14 years. The matri-

~I. ~ ., I I • 
4 

ces ~.~.~and~ in (1.1) respectively correspond to~• ~,f and~ in Potthoff and .. 
Roy (1964)., As in that case.we assumed t~at a linear growth was appropriate to· 
model the mean distance as a function of time; furthermore, for the sake of 
simplicity. we carried out the computations with P=O in their expression (13). 
The intention here is only to illustrate the computational results as opposed to 
present · an exhaustive analysis of the data. 
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Tne algorithms (2.5) and (2.6) were progralIITied using the MATRIX 

procedure of the Statistical Analysis System (SAS) package. For bot~ the 

coordinatewise and the Maronna-type M-estimates, the score function was of the 

form ~(x) ~ min( lxj,k) sign(x) where k is an appropriate tuning constant. For 

teh Maronna-type M-estimate the tuning constant k=kM was computed as a solutio~ to 

P{:T: s '),} = .866~ where :-NP(~,~); the corresponding tuning constant k=kc for 
. 

the coordinatewise M-estimate was chosen in such a way that the volume of the 

"truncation" region was the same as that of the Maronna-type M-estimate. In our 

case p=2, ~=2.01 and kc 1.78 which correspond to k=1.5 in the univariate 

situation. The starting value for the iterative computation of both types of 

estimates was the least squares estimate; in the coordinatewise case we used the 

median absolute deviation multiplied by 1.48 (to make it approximately unbiased 

at the Normal mocel} as an estimate .of scale~ the usual~ matrix was used to 

estimate the scatter matrix for the Maronna-type M-estimate algorithm. The 

convergence criteria consisted of stopping iterations when the Euclidean nonn of 

the difference betweeen the estimates from two consecutive steps was< .001. The 

algorithms converged in 4 iterations and the results are presented in Table 4.1 

along with the least squares (or Normal maximum likelihood} estimates for 

comparison; estimates of the corresponding asymptotic standard errors are 
. . . 

indicated in parentheses. 
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Table 4.1: Least squares (LS), coordinatewise (CO) and Maronna-type (MA) 
M-estimates of the parameter matrix for the Potthoff and Roy 
(1964) data 

.. Intercept · • · Slope • 

- LS 22.648 (0.586) 0.480 (0.104) 

Girls MA 22.673 (0.537)~1 · 0.480 (0.095) 

co 22~694 ' (0.591) 0.480 (0.086) 

LS 24.969 (0.486) 0.784 (0.086) 

Boys MA 24.946 (0.445) 0.752 (0.079) 

co 24.890 · (0;490) · 0. 7 45 ( 0. 0 71) 

·-There is quite close agreement among all the three estimates which 

is an indication that outliers do not seem to be a problem in this dataset. In 

fact we computed the weight function ~(x)/x and in the coordinatewise case~only s' 
of the 54 values had weights< 1, all but one being> . 72~ in the Maro•nna-type case 
only 3 of the 27 values had weights< 11 all being> .56. 

For illustrative purposes we followed an idea of Pendergast and 
Broffitt (1981} and introduced one 11 outlier11 by supposing that row 4 of the 

• : u 
observat~on matrix read: (35.0 45.0 50.0 65.0) instead of (23.5 24.5 25.0 
26.5); this could have happened had the data been punched on cards and the above row 

I 
been misaligned by one column. We recalculated the values of the three estimators 
using the same parameters as in the previous case. The results are indicated in 

Table 4.2: 
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Least s·quares (LS), coordinatewise (CO) and Maronna-type {MA} 
M-estimates of the parameter matrix for the Potthoff and _Roy 
(1964) data w;th an hypothetical outlier 

.- . · I nterc'ept · Slope . 
-

LS 24.818 (1.617) 0.868 (0.267) 

Girls MA 23.477 (1.191) 0.651 (0.196) 

co 22~861 "(0;692) 0.548 (0.103) 

LS 24.969 {1.341) . 0.784 (0.221) 

Boys · MA 24.984 (0.989) 0.759 (0.163) 

co 24.947 (0.574) " 0.752 (0.086} 

As expected, the least squares procedure was the one most affected 

by the change: not only were the point estimates for the parameters related to th~ 
. . 

group of girls considerably different from the values obtained with the original 

data, but also the estimated standard errors were inflated in comparison to the 

ones obtained through the two robust M-methods. Although bot~ M-methods succeeded 

in downweighting the outlier, the performance of the coordinatewise M-estimator 

was somewhat better than that of the Mironna-type one. This is probably related 

to the fact th1t a robust estimate of scatter was used in the computation of the 

former, while a non-robust one was considered for ~~e latter. We conjecture that 

improved results for both types of estimates '•!uuld be obtained if better estimates 

of scale were available, at least in situations -with no high leverage points such 

as the one being analyzed. 

With a rather tentative spirit we also indicated the possibility 

of testing hypotheses via M-emthods; w~ considered tests of the hypothesis of no 

... 
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difference between the boys'and the girls'curves using both the Wald-type tests and 

the score-type tests suggested in Singer and S~n .(1985). In all cases the test 

statistics follow asymptotic chi-squared distributions with 2 degrees of freedom. 

~ The results are indicated in Table 4.3. 

... . 
Table 4.3: Asymptotic M-tests of the hypothesis of equal curves for 

• 
girls and boys - Potthoff and Roy (1964) data (p-values 
in parentheses). 

Wald's tests ' 
. . Coordinatewise ·Maronna 

Original LHT, 11. 6564 (. 0029) 14.1500 (.0009) 
Data RLR , 9. 1851 ( • 01 01) 10.7646 (.0046) - · • . WLR 

"Outlier" KHT, 6.0395 (.0488) 1.7456 (.4178) 
Introduced RLR , 5.1932 (.0753) 1.6199 (. 4449} WLR 

LHT: Lawley-Hotelling's trace statistic 

RLR: Roy's largest root statistic 
• 

WLR: Wilk's likelihood ratio statistic 

• •r• Score tests .. 

Coordinatewise Maronna -

9.1012 ( .0106) 10.3958 (.0055) 
7. 5034 (. 0235) .8.4089 (.0149) 

4.8173 (.0899) 1. 6513 (. 4380) 
4.2495 (.1195) 1. 5394 (. 4632) 

; 

When the original data were considered, all tests lead to the 

rejection of the null hypothesis; although the associated P-values were of different 

magnitudes, .they seemed to be consistent with the corresponding resylts from the 
• . .-,- • ,. r ~ • 

Normal theory case where ~ests based on scores tend to be more conservative than 

Wald-type tests. The tests did not seem to be as robust to the introduction of 

an outlier as expected and we conjecture that this is due both to the moderate 

sample size (n=27) and to the use of non-robust estimates of scatter, especially in 

the Maronna-type case. Clearly some further research is needed to clarify these 
issues. 
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