





Here we intend to show that distortion control is possible even without parameter exclusions.
The price to pay is to show that for some stage of the generalized renormalization procedure a
set of conditions is satisfied, in order that for subsequent steps the induction works. This kind of
approach resembles very much how the decay of geometry (see Subsection 1.6) has been proven
for a class of unimodal functions (called quasi—quadratic), in the beginning of the 90’s. First ([6],
{7]) decay of geometry was obtained provided a certain starting condition was satisfied. Secondly,
one had to show that for every map in this class the starting condition could be achieved for
some stage of the generalized renormalization ([7], [4])-

In this analogy, the present work corresponds to the first part: we give a starting condition set
of bounds on certain parameter derivatives that can be kept by induction for every subsequent
step of the generalized renormalization. It is not clear yet in what generality this approach can
be used or, in other words, what do we need to arrive at a step for which the starting condition is
valid. However we are able to show its potentiality, by applying it to some families of unimodal
functions specially constructed to satisfy the starting condition at the first step of the induction.
These families, which we call special, contain a C™-open set of the space of families of quasi-
quadratic functions, but the parameters are taken only near the usual last bifurcating value of
unimodal families.

‘We prove that for these special families almost all parameters are renormalizable or stochastic,
a result related to the one proven by Lyubich [9] for the quadratic family or, more generally, to
families of functions which admit a quadratic-like extension to the complex plane. Moreover, we
are able to recover a Jacobson-like assertion, showing that parameters with stochastic behavior
have positive measure, and also to obtain that renormalizable parameters are dense.

All the undefined expressions of this introduction will be clarified along the text. In the
remaining of Section 1 we tell what is generalized renormalization, who are the special families
for which we apply our techniques (its existence is postponed to Subsection 2.2) and the results
above mentioned. Moreover, we discuss a criterium for stochasticity due to Martens and Nowicki
[12] which is also used by Lyubich in [9].

Up until this point generalized renormalization is performed for a fized parameter. We show
still in this Section how to do it for (one—parameter) families, although the procedure will only
make sense after the control of parameter distortion. In the sequel, we precisely state the bounds
on parameter and mixed derivatives we need to control distortion. These bounds are much more
than what is necessary to applications, but the only set of inequalities we found that could be
kept independently by induction.

We also prove in this Section the applications mentioned above, assuming that our special
families satisfy the starting conditions and that the induction procedure is true. In between,
we explain generalized renormalization in more detail, taking profit to introduce the technical
notation to be used in the rest of the paper.

Section 2 is dedicated to show the starting conditions for the special families and also the
existence of such families. Finally, in Section 3 the induction step is proven.

A comment about notation. We use the symbols “~”, “ > * and “ < ”, meaning that equal-
ity or inequality is true up to a small multiplicative factor, whenever there is no danger of
accumulation of small errors. In the same way C' and ¢ will denote sufficiently large constants,
independent from the remaining specific constants that appear along the text.
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Figure 1: Maps in which generalized renormalization is applied.
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1.2 Generalized renormalization

Generalized renormalization is a concept whose precise definition may vary according to the
specific needings or results one is looking for. Here we apply it for maps ® of the following kind
(see Figure 1). There is an interval 4 which contains the (disconnected) domain of ¢ and a
central interval 4/ C 7 such that &(y') C v, ®(8Y) C 8y and 3|y is a unimodal function, i.e.
a function with one and only one turning point c in its interval of definition. The remaining of
dom(®) is a union of pairwise disjoint intervals from a collection B, all of them contained in the
interior of v {there could be nonempty open sets in the complement of the closure of this union,
but bere this will never be the case). For each 8 € B, we have that #(8) =+ and &[8: 8 - +'
is a diffeomorphism. We may suppose that & is C™ inside each connected component of its
domain, although C® is enough to our considerations.

Let 1 < esc < co be the first positive integer such that $*°(c) € v\ v'. The renormalized
function ' = Ren(®) will be defined if and only if esc < oo and &*°(c) € int(8), for some
B € B. In this case we set

7" = ®7(B)

as the central interval of dom(®') and ¥'|y" = &|8 o $*}y". Besides v”, the domain of ¥ is
composed by the union of all pre-images of v under @ taken outside 7' and contained in 7'.
This collection of intervals will be called B'. For each 8’ € B’ there is a power of & which sends
B' diffeomorphically onto ", and this will be exactly the definition of &'|5". '
This scheme is described with more details in Subsection 1.13. For the moment, we observe



that starting from a map & = &, having

dom(®) =% U [J B C 71
BeBo

(where 7 corresponds to 4 and 4., corresponds to ), we obtain a sequence of maps {®n}nz0,
where ®, = Ren(®,,—1), # > 1. The only a priori assumption is that for each n the critical value
position implies that ®,, is renormalizable in this sense. This procedure generates a decreasing
nested sequence of intervals y_) >y D v ... and collections B, of pairwise disjoint intervals
inside y,—; for alln > 0.

For the sake of clarity and later use, we call

H, = ‘I’nhn )
the central branch of «y,, and for each 8 € B, welet B : # = 7, be the diffeomorphism B = ®,|8.

1.3 The quadratic family

This whole procedure arises naturally for families of unimodal functions of the interval, as for
example the quadratic family. The quadratic family is the family of functions (da)as o : R = R,
where ¢,(2) = a — 7. Although the parameter a is intended to vary along the real line, there
is a special range, the interval [—},2], with the following property: “there is an interval I,,
symmetric with respect to the origin, such that ¢,(I,) C I, and ¢,(81,) C 8I,”. The interval I,
is defined by [—z,,2,), where ~z, is the leftmost fixed point of ¢, (by a parameter dependent
affine change of coordinates the interval I, could be sent onto [0,1], and in this case the family
would be written a8 z — rz(1 — z), with r varying between 1 and 4 as a runs through -%.2).

For a > 0 we define the interval 4, = [—ga,¢a], where g, is the rightmost fixed point of ¢,
and consider the first return map & in 7,, as depicted in Figure 2. We call ap(= ) and af,
k=2,...,M -1, the closure of the connected components of the domain of continuity of % and
consider the (continuous) extensions of & to these intervals, giving the names A¥ = $laf =
¢klof and Hy = ®lay = ¢M|an (of course all the functions depend on a, but we omit the
index to avoid a cumbersome notation).

To obtain a map ®o like the ones described above, we look at the collection By of all pre—
images 8 of 70 = am under ¢ which are taken outside 4. Then, for each B € By, 9|8 is
defined as the power of ® which sends # diffeomorphically onto 7. The interval -1 i8 v, and
2ol = |-

The same construction can be done for other unimodal famnilies, as for example the special
Jamilies we describe in the sequel. These families will be important here since for them our
methods can be easily applied, as it was stressed in the introduction.

1.4 Special families
We start by some definitions. The Schwarzian derivative of a C3 function ¢ is given by

Dig(z) 3 Dz'ﬁ(”)r

5¢(=) = Do(x) "z | Dela)




Figure 2: First return map in «,.

except for the points where the derivative vanishes. We say that ¢ is S-unimodalin I if S¢ < 0
and ¢ is unimodal in I (i.e. ¢ has one and only one turning point in I), and quasi-guadratic
if moreover the critical point is non—degenerate. It is easy to verify that the functions of the
quadratic family are quasi-quadratic. We refer the reader to [13], Chap.IV, for the distortion
properties resulting from the assumption of non—positive Schwarzian derivative.

Let o> 0 (which will be made small accordingly), 3 > A > 2, =1, =[-2+2] and
@o : I = I satisfy:

® a3 €[2-¢,2);

o do(D) c T and ¢.(8) C 81, Va, ie. Tis a restrictive interval for ¢,;
e (a,2) = da(z) is C;

o $a(z) = —2+ Az +2) for z € [~2,—z;], where z, = 2251

o Pa(z) = =2+ A(z — 2) for z € [z1,2);

¢ $a(z) =0 — 422 for z € [}, }], for some u > X;

° D¢,(z) is monotone in I and Dad.(z) is monotone (separately) in I N {z < 0} and
In{z>0}

o D3a(z) <0 for <0 and Dga(z) > 0 for z > 0.

In Subsection 2.2 we prove that such a family does exist, but in fact we have to restrict
the possible range of A’s to certains values between 2.3 and 2.4. From the definition it is easy
to verify that (D@,)?Sde < 0 in I, hence ¢, is always quasi-quadratic. We now say that a
C® family of quasi-quadratic functions {¢,)s for which [—2,+2] is a restrictive interval (1e
$a([—2,+2]) C [~2,+2] and ¢u({-2,+2}) C {-2,+2}) is special if it is C> S-near ($a)a in
[—2, +2] for some & > O that we will specify later in Section 2. It is clear that there exist open
sets of special families (among the families of maps having [—2, +2] as a restrictive interval). In



fact our results are essentially true for C? families which are C? near (¢, )a, but we adopt infinite
differentiability and C*° topology to avoid technical difficulties in Subsection 3.2.

The definition of (§,), resembles the family of unimodal functions studied in [1], where a
Jacobson-like theorem is proven, but there the coefficient of the quadratic part varies with the
parameter.

We can use the same notation as for the quadratic family. If (¢,), is a special family, there
is an interval 4, whose boundary points are the two pre-images of the rightmost fixed point of
da (equal to ) if do = ¢,), and also the intervals ap = 7o and af, k=2,...,M -1, which
are the closure of the components where the return time to 4, is constant. We can also suppose
without loss of generality that 0 is the critical point for all a.

1.5 Results for special families

We say that ¢, is renormalizable if there is an interval I = I, ¢ int(I,) containing 0 and a
number n > 1 such that I, is a restrictive interval for the n-th power of ¢, and ¢2|I, is a
unimodal function. Let

R = {a; ¢a is renormalizable} .

We say that ¢, is stochastic if there is an absolutely continuous ¢,—invariant probability measure
(a.c.p.i.m) and define )

& = {a; ¢a is stochastic} .

As a Corollary of [11] (see also {13],Chap.IIL5), if ¢, is renormalizable in an interval f, then for
almost all z € I, there is n = n(z) such that ¢?(z) € I,. If not, then according to [7] for almost
all z € I, we have w(z) = [¢2(0), ¢4(0)]. If moreover ¢, is stochastic and v, is the corresponding
a.c.pi.m. then Suppp = [¢2(0), $4(0)]. We prove the following Theorem.

Theorem 1. If (¢a)a is & special family, then there is € > 0 such that ¢, is renormalizable or
stochastic for almost alla € [2 —¢,2).

Despite being a ‘bifurcation-like’ result, it is of the same kind as the one which appears in [9]
(and we make use as well of the result in [12], see Subsection 1.7), but there the quasi-quadratic
families considered admit a quadratic-like extension (see [13], Chap.VL1, for a definition) and no
parameter restriction is made. As the quasi~quadratic families coming from the renormalizations
are also in the same class, the analysis can go beyond any finite number of renormalizations,
and the conclusion is that almost all finitely renormalizable parameters are stochastic. In the
present case the analysis is no longer valid for the renormalizations, since neither they are in the
same class as the original family nor all parameters can be embraced.

On the other hand, our result is valid for an open set of families (in the topology), while
the class of families in {9] has empty interior among C'*® families.

Notwithstanding, besides the discussion above, the important fact to retain in this work is
that control of parameter distortion can be achieved inductively provided some starting condition
is satisfied (see Subsection 1.9). As the special families are constructed to satisfy these starting
conditions, the theorems of this section can be derived as easy corollaries.

We will be also able to prove Jacobson’s Theorem [5] for these special families, as a conse-
quence of our methods and [12].



Theorem 2. If (¢s)a is a special family then Leb(€) > 0.

We say that ¢, is Misiurewicz if the critical point is neither recurrent nor attracted to a
periodic orbit, and denote by M the set of Misiurewicz parameters. It turns out (see [14] or
[13], Chap.V.3) that if a € M NR* then ¢, is stochastic. These parameters however are rare,
as stated in the following Theorem.

Theorem 3. If (¢a)a s 6 special family and € > 0 is sufficiently small, then
LebMNR°N[2-¢,2)=0.

This result was already obtained by Sands {16] for general S—unimodal families.
Finally, another Corollary of our methods will be

Theorem 4. If {$a)a i 6 special family then R is dense in [2—¢, 2], for € > 0 sufficiently small.

This result goes, with the limitations exposed above as well, in the same direction as [4] and
(8].

1.6 Decay of geometry

We add some data to the renormalization scheme and carry this information throughout the
induction. Suppose that we have defined a sequence (®,)n>0, Where ®,, = Ren(®,-1), for all
n > 1. Assume that the Schwarzian derivative of ®o is non-positive in every component of its
domain. Moreover, for each 8 € By, the corresponding diffeomorphism B : 8 — 7o admits a
diffeomorphic extension from 8 O 8 to vy_, with negative Schwarzian derivative, which implies
small distortion of DB in B8, if the ratio |yo|/|v-1| is small (see [13],Chap.IV).

For each 8 € B, define

- B sl
Pn(ﬂ) - d.ist(ﬂ, 8’7’"_1) ] Qn(ﬁ) - j’lEt(ﬂ,”n) .
Let
Tn = SUD by +Pn = sup sup pn(B), ¢n = sup sup ga(6) .
e [l a BeBa o BEB.

The supremum is taken among the parameters a for which renormalization is defined up to the
n—th stage, inside the parameter interval of definition of & (see Subsection 1.8 below). We use
the following Theorem.

Theorem 5 ([6),[7]). If ro, po and go are small enough, then rn, pn and qu tend to zero as
n — 00, and in particular r, do it exponentially. Although they may not decresse monotonically,
given r, p and g sufficiently small (and greater than zero), if ro, po and go are sufficiently small
then rp <1, pn < p and gy < q for all n > 0. Moreover, for each S € By, the diffeomorphism
B : B = 7n is extendible to a 8;1|5|-neighborhood of 8 as the same power j such that B = $18,
diffeomorphically onto its image (which is contained in yn_1), where 8, = 0(gn,rn) and 0 goes
to zero as its arguments go to zero.



The exponential decrease of r,, is called decay of geometry of the generalized renormalization.
The growth of the extendibility neighborhood of the 8’s, together with a negative Schwarzian
derivative of the iterates imply that the distortion of the B : 8§ — 7, is becoming smaller with
n, or in other words these functions are becoming ‘linear’.

We also obtain some expansion on the functions B.

Theorem 8. There is T > 0 such that if ro, py and go are sufficiently small and |DB| > 1471
for all B € By then [DB} >1+71 forall B € B,, n > 1.

This result cannot be explicitly used in our applications, but the expansion we get along
iterates underlies the distortion control which is central in this work.

1.7 A sufficient condition for stochasticity

If (¢4)a is the quadratic family or one of the special families defined in Subsection 1.4 then the
corresponding énitial map ®; we have defined satisfies the hypotheses in Subsection 1.6. The
Schwarzian derivative property is immediate, by its invariance under compositions. Also, the
construction of & from @ gives the extendibility property of the diffeomorphisms B : 8 = 1o,
for g € By.

In addition, ro = |yo|/|7-1] can be made as small as we wish (and also py and go, which
depend directly on ro), provided that a is sufficiently near 2 (or equivalently M is sufficiently
big), and moreover the expanding property of the functions B : 8 = 4 is assured. This will be
shown in Section 2 for the special families, although for the quadratic family the reasoning is
analogous.

Therefore, for a near 2 we can apply Theorems 4 and 5, in particular to conclude that in these
cases there is decay of geometry. In fact the decay of geometry turns out to be valid in a much
larger extent, even if rp is not sufficiently small. This can be proven if one shows, for example,
that there is a quasi-symmetric conjugacy between @ and a map ®p such that 7o = |F0}/|7-1]
is sufficiently small (see [7]), or by direct means (see [3]).

We continue to suppose that ($,)n>0 is well defined. This is guaranteed if and only if ¢, is
neither renormalizable nor Misiurewicz (since |yn} — 0, by Theorem Theorem 5).

As in Subsection 1.2, for each n > 0 there is a number esc, > 1 which is the first integer
such that &3°(0) € yn—1 \ 7a- Following [7], we say that @, has a central return if esc,, > 1,
i.e. ,(0) € 74, and a non—central return otherwise. Martens and Nowicki prove

Theorem 7 ([12]). If (¢.). is a quasi—quadratic family and
. Hn; esc, = esea(a) > 1} < +o0
then @, is stochastic.

This result is used in [9] applied to families which admit a complex quadratic-like extension
to a neighborhood of their original interval of definition. Here we use it for the special families
constructed above, with real techniques, to show

Theorem 8. If (¢a)s is a special family, then for almost all a € R* either ¢, is Misiurewicz or
#{n; esca = escq(a) > 1} < +oo.

Clearly Theorem 8 implies Theorem 1, by Theorem 7, and the fact that Misiurewicz param-
eters are automatically stochastic.



1.8 Generalized renormalization in families

Let us now describe the renormalization procedure for families, instead of fixing a parameter.
We start with a parameter interval Jy where &g = ®¢, is defined. If (¢,), is the quadratic
family or a special family then we choose Jo = Apy, where

Ay ={a; ¢i(0) €7, Y0<j <M and ¢} (0) € 7a} .

Although the domain of $p may vary with a, each connected component of dom(®;) has a
continuation defined for all a € Jo. The next generation &, is defined only for the parameters a
such that H3**(0) € int(B) for some § € Bp. Therefore the family &, is defined for parameters
in a union of intervals and inside each interval the connected components of the domain always
admit a continuation. All connected components of dom(®,) shrink to a point as Hg*°(0)
approaches one of the boundary points of §.

Precisely speaking, we proceed by induction. Let ®, = (®,,4)acsses. be the n-th renor-
malization of @y = (Po,q)aeds, Where J,, is a collection of intervals, each one inside some interval
of the collection Jy—1, for n > 1 (and Jp = {Jo}). For each J € J, there is a central interval
Yn = Yn(J) which varies continuously with @ € J, a collection B,, = B,(J) of pre-images of the
central branch, varying continuosly with a € J, a—dependent diffeomorphisms B : § - 4, and
a central branch H, : 7, = -1 with the property that H,(0) completely crosses y,—; as a
varies inside J.

At this point of the exposition we may assume that @, is well behaved in both space and
parameter. For example, the central branch is approximately quadratic, the velocity of the
critical value is almost constant and the elements § = B, move themselves with much smaller
velocities. These assumptions are justified by induction and we show they are preserved under
generalized renormalization. In fact, they are exactly what we want to prove! Moreover, without
loss of generality we suppose that Do H, < 0 and [ImHy,| grows with a (see Figure 3).

We divide the parameter interval J € 7, in the following way. First, let R = R(J) be the
closed interval of parameters for which H,, is renormalizable (similarly to the interval [-1,2} for
the quadratic family). It is easy to see that @ € R if and only if esc = esc(a) = +o0 (see for
example the explicit descriptions in Subsection 1.13). Secondly, let o(a) = — if 0 ¢ ImH,, and
o(a) = + otherwise, and define J* = {a € J ; o{a) = +,es¢n(a) < +00}, in such a way that
J=J-URUJ*. For each k > 1 define

Ji ={a € J*; escala) = k}.

Therefore {R, {Ji }x>1} defines a partition of J (see Figure 3) and as a varies along JE the point
H*(0) crosses the left connected component of 7a—1 \ 7n (except for Jit, where Han(0) crosses
the right one).

The next step is to define the collection Jn+1(J) of the elements of Jn41 contained in J.

Each J' € J,41(J) can be written as
J' = J'(0,k,B) = {a € J;a(a) = o,esca(a) = k, HX(0) € Ba}

for some o = *, k > 1 and B € B,. Of course J'(0,k,8) C J{ and if 8 belongs to the right
component of Y,—1 \ 7n then J'(+,k, 8) is not empty only if k = 1.



Figure 3: Parameter dependence of the critical value and the domain of &,,.

1.9 Parameter distortion in generalized renormalization

The main contribution of this work is to add and control some new data about ®,, related to its
derivatives involving space and parameter. We establish the following notation. For fixed n > 0
and J € Jy, each 8 = (B,)aes (OF Yn = (Vn,a)aes) is a continuous family of intervals. Note that
8 is used to denote both the family and a particular 8 = 8, if o is fixed (we believe that this
ambiguity will not cause confusion). The function B: 8 — -y, (resp. H = H, : 7, — Y,_1) can
be regarded as a two-variable real function in z and in @, with domain {(a,z) ; a € J,z € 8.}
(resp. {(a,z); a € J,z € ¥n,a}), such that B(a,B8,) = Yn,a, for a fixed a € J. However, we
keep the old notation when dealing with compositions: for example, B o H menas B(a, H(a,z)),
H? means H(a, H(a,z)) and B~} = B~!(a,z) is the function such that B(a, B~'(a,z)) = z.
Moreover, whenever we write B(z) we mean B(a, z), if there is no reason for doubt. The partjal
derivatives are written as B,, By, Haq, etc. If j is an integer, HJ will mean (H7), and (H,) is
H, to the j-th power.

We will say that the subfamily &,, = (®5,0)aes, for J € J, n > 0, satisfies the inequalities
(Fo)s, if the central branch H = H, : s ~* Yn-1 obeys

|Hz2| >0, |Ha| >0

and

HZIS

H.., He
H.y

H,

Hﬂﬂ
Ha,

Hz:n

» 11 H,,

< b

1al - s Il -

'

for all z € v, $7n,. and alla € J.
Let us see what these conditions imply. Integrating 3’-’,- log |H.| we get, for sufficiently small
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sz
—Cop< 222 <
1-Cé < 25 < 14+C4
for all z € v, and for some constant S = S,, where C is a universal constant. By integration of
this last inequality we obtain

(1-Cbd) 2S5z < H, £(1+Céy)-25z,

(1~ Cby) - S=* < H(z) - H(0) < (1 + Clo) - S22 ,

that is, H is nearly quadratic for all @ € J, but the curvature § = S, may (in principle) vary
with a. By integration of Z log|H,| we get

1—0505%5“050

for all z € vy, and for some constant v = v,. In other words, the velocity of H(a, z) with respect
to a is approximately equal to the velocity of H(a,0), for any z € 4,. Similarly, using the
other two inequalities we show that v, and S, are almost constants along a € J, justifying the
definition of constants v, = v,(J) and S, = S.(J), which approximate the values of H,(a,z)
and H,.(a,z) for all a € J and € ¥n = Yn,e-

Let us observe that generalized renormalization preserves the sign of the product vy, - Sp.
In Subsection 1.8 we supposed it to be negative, and it is indeed negative in the way we have
defined the quadratic family and the special families.

We now define a second set of derivative inequalities. We say that &, = (®na)acts J € Tn»
n > 0, satisfies the inequalities (P,);, if for all 8 € B, = B,(J) and the corresponding function
B : 8 — v, the quotients

Bl Bz:
B:H, (B:)?

are smaller than &, for all z € f, and a € J such that [ImHp| 2 }lvn-1| or ImH,, NU(B) # @ for
a certain neighborhood U(8) of B (for the induction we only need ImNg # @, the (B) is used in
Subsection 1.14. Here H, means H,(a,0), not H,(a, z) since z lies inside B (or else vn = va(J),
if inequalities (P,)s, are already satisfied). The condition

Bzza
(B:)*H,

Baa
(B:)*(Ha)?

Bz 2
B3’ Tl -

] I’Yﬂl :

sl - s|7nl -

B:ﬂl
(Bz)nHa ‘ ’ I’Ynlz -

I'rnl"(—%%

x
z

<6

assures us small distortion in 8, since for z;,z2 € 8
B..(B"y)
[B:(B-ty))?

This quotient, in particular, can be controlled in two ways: by direct calculation {as for the
others) or by extendibility properties, with the use of Koebe’s Lemma (see [13),Chap.IV). It

dy<é;.

llog | B (z1)] — log |B. (za)l] | < /

=

1



stays as an open question if there is a method other than direct calculation to control the

remaining quotients.
The condition

B,
B H,

can be easily understood if we translate it into the form
|B7| < 6:|H,(0)) ,

<

that is to say, the velocity of 8, is much smaller than the velocity of H3**(0). This is valid for
values of @ which include the moment when 8 is crossed by HE(0).

Let us remark that the final goal is to keep under control the velocity of the critical value: it
has to be almost constant along any interval J € Jn, n > 0. This corresponds to the quotient in
H,,. But it turns out that to control this quotient we need also the others involving the function
H and, as a consequence, all the ones involving the functions B.

Theorem 9. If &9 = (Do,a)acs, satisfies inequalities (Po)s, ond (P)s, for sufficiently small
80,81 > 0, then &, = (Ppna)acs also satisfies the inequalities for all J € Ty, n > 0, provided
Tm, Pm 6nd g, are sufficiently small for all m > 0 (which is the same as requiring ro, py and go
sufficiently small, by Theorem 5). )

The proof of Theorem 9 is the content of Section 3. The following Lemma, which will be
proven in Subsection 2.1 , guarantees that Theorem 9 can be used for the special families: they
satisfy the starting condition in the hypotheses of Theorem 9.

Lemma 10. Let (¢,)a be a special family. Given 8,0, > 0, if M is large enough then &y =
(®o,0)acas sotisfies inequalities (Po)s, and (P,)s,.

As we have already observed, also rp (and hence pp and gp) can be made sufficiently small
by choosing M large. The conclusion is that Theorem 9 can be applied for the special families.
Unfortunately, the same cannot be said for the quadratic family: H,, and H, have a fixed
amount of distortion along z € v and a € Apy, for arbitrarily large M. Inequalities (P)s,,
however, can be proven in the same way as for the special families.

1.10 Inflnitely many central returns are rare: proof of Theorem 8.

We assume that ($a)a is a special family and Jo = Au, with M sufficiently large, so that by
Lemma 10 (®9,0)ae, satisfies properties (Pp)s, and (Py)s, for sufficiently small 8 and &;. The
constants dg and d; will be chosen in the proof of Theorem 9, and M is taken accordingly.
Therefore Theorem 9 is applied, and in particular a good control of the critical value’s velocity
is attained.

To use this consequence we first remark the following fact: “for any J € Jp, n >0, ¥n-1,al
is approzimately constant”. This can be easily proven by induction, using the quadratic ap-
proximation of the central branch and the fact that the distance between each 8 € B, and the
boundary of <y, is much larger than 5. For each J € Jp,, n > 0, let

Cent(J)={a€ J; H,(0) € v} .

12



By the above considerations,

|Cent(J)|

<
o<

for some universal constant C' > 0.

Let C be the parameter subset such that if a € C then ¢, is not renormalizable and the
critical point is recurrent (shortly, C = R°\ M), corresponding exactly to the set of parameters
for which (®4)a>0 is well defined. We restrict ourselves to

cnav=(Y U 7,

n>0JE€Tn

where Jy = Ay and Jo = {Jp}. For each J € J,, n > 0, the collection JF41(J) = {J' €
Jn+1; J' € J} can be decomposed into two parts:

Tar1(J) = IZZ (D VIZA)

where J' € J$5%(J) if and only if J' = J'(o,k, B) for some k > 1, ¢ = & and B € By, and
J' € J&4(J) if and only if J' = J'(0,1,8) for some ¢ = £ and § € B,,.

Hence for any 6 € CN Ay there is a sequence Jp D J1 D ... D Jp D ... converging to a (since
|7al S §|Jp-1], ¥n > 1), such that for each n > 1 either J, € T2 (Ja_1) or Jp € J2*(Jn-1),
thus defining a function 8, : N — {cent,ext}. According to Theorem 7, if 8, ({cent}) contains
only finitely many elements then a € £&. We will prove that the set of a € Ay such that
8, ({cent}) is infinite has Lebesgue measure zero, consequently proving Theorem 8.

For this purpose we use the so-called Borel-Cantelli Lemma: “if {I;};>0 is a collection of
intervals I; C [0,1] such that 3, |fi] < oo then the set of z € [0,1] such that z belongs to
infinitely many I;’s has Lebesgue measure zero™.

For us, 87" ({cent}) is infinite if and only if a belongs to infinitely many intervals of the set

U U =510

n>0JETn

For any J € Jn, n > 0, the intervals of the collection J55%(J) are pairwise disjoint and contained
in the interval Cent(J). Hence

1
7 LA I € TN} < Ora,
as we remarked above. Since } {|J];J € Ja} < |Jo| we get

Y WY € TN S CLI Y ra
n2>0

a>0JeT,

By Theorem 5 r, decreases exponentially and therefore the sum is finite.

13



1.11 Abundance of stochasticity: proof of Theorem 2

Let n > 0, J € Jn, Sn = Sp(J) and v, = v,(J). As H, is almost quadratic and the velocity
of the critical value is almost constant, we can estimate the size of the renormalization interval

R(J):

2 3
o] SHEOI< gy

But we want to express |R(J)| as a fraction of |J]. Note that if @ = sup J, then

1
Sn(il'hn2 = 1)
By the other hand,

Tn—1
! i .

taking into account that |y,—;| is almost constant. Hence
|R(D)] < 2 1.

Asr, < 1,Vn >0, and (r,). decreases exponentially, there is A < 1 such that 2 < A", ¥n > 0.
Then, for some C(A) > 0,

00 (-~
Leb(Am \R) 2 |4n] - [T(1=2") 2 |An| - exp{~C() 32"} > 0.
n=1 n=1
By Theorem 1, almost all parameters in Ays \ R are stochastic, proving Theorem 2.

Observe that without any additional cost if one shows that the series 3", 2 is dominated
by r3, this would imply Leb(R N A)M) < |Aam|?, since ro < 2|Ap|'/? (see Subsection 2.1, just
before Lemma 2.2), and therefore we would have Leb(R N [2 —¢,2]) < Cé® (a slightly weaker
estimate was obtained by Tsujii in [17] using other methods). This is the best superior bound
possible, since |[R(Axr)| is of the order of |A |2

1.12 Denseness of renormalization: proof of Theorem 4

If R was not dense in Aas = Jo then there would be an infinite sequence Jo D Jy D Jg D ---Jp---
of nested intervals, J,, € Jp, ¥n 2> 0, such that {1, Ja is an interval. On the other hand, as
the velocity of the critical value is almost constant for every J € J,, n > 0, then it is easy to
see that |J,41| << }|J5], implying that the intersection must be a single point.

1.13 Generalized renormalization in detail: notation

We explain a bit more how &,; = Ren(®,,) is obtained, taking profit to establish the notation
which will be used in Section 3. We will suppose that &, is well behaved, for example that it
satisfies inequalities (FPo)s, and (Py)s, for small do,d, > 0. In particular, H = H, : 7, = Ta1
is almost quadratic. We suppose without loss of generality that Dy H,, < 0.

14



(a) ®

Figure 4: Two possibilities for the critical value’s position.

There are essentially two cases to consider, as shown in Figure 4: (a) beneath renormalization
or g(a) = — and (b) beyond renormalization or o{a) = +. Observe that situation (b) always
occurs after (a) in the parameter line, since in our setting S, - v, < 0.

Beneath renormalization. We establish a division of the configuration space into fundamental
domains, Define first D; as the left connected component of yn—1 \ 7» and D7 as the right
one. Then by induction define D; (resp. D;) as the left (resp. right) connected component of
H-YD;_,), for t > 2. This definition must stop at ¢ = esc, since H(0) € D .. The extremal
points of D are defined by DE = [df,,df] for ¢t > 1 and we also define a central domain
D, = [ge, d%.] (see Figure 5 with esc = 4).

Let P = Ppn41 be the set of pre-images of elements of B, under H. That is to say, for every
# € P there is 1 < t < esc such that H*(x) = 8, for § € By. It means that x C D}, U Dy, if
t<escand v C D, ift =esc

To this element = € P we associate the diffeomorphism P : # — 7, given by P = Bo H?,
where B : 8 —+ v, is the diffeomorphism associated to 8 = H*(x). Now it is clear that By, is
the set of pre-images of vn41 under compositions P; o-.-o P, for m,... ,n; € P. The interval
Ynt1 itself can be defined as yn41 = H~!(x"), where x* € P is the element in D, to which
H(0) belongs.

If z € 4, then there is t > 1 such that H*(z) € a1 \n. These iterates can be decomposed,
in general, as

m=FEOFsoFooFH.

This decomposition will be made in the same way for both beneath and beyond renormalization.
In the case we treat here, beneath renormalization, Fy = Id. If z € H~'([H?(0), H(0)]) (see
Figure 6) or esc = 1 then Fy = H, otherwise 3 = Id. Observe that |H*(z)| and |DH(H*z)] are
growing with i. Let ig be the first integer such that | DH({H*(Fyx))| > 4 and define Fs = Hbo,

It may happen that |[DH(Fpz)| 2 4, in this case set Fs = Id. Finally, Fg is defined by the
remaining powers of H.

Beyond renormalization. Let £~ be the leftmost fixed point of H and z+ # z~ such that

15



Figure 5: Fundamental domains beneath renormalization.

H(0) =-----=----~-

H2(0>------74

1 0HO)

Figure 6: Detail of the critical region beneath renormalization.
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Figure 7: Fundamental domains beyond renormalization.

H{z*) = z~. As in the other case, we divide the space outside [z~,z*] into fundamental
domains. Let Dy (resp. Dy) be the left (resp. right) connected component of Y1 \ 7a. By
induction, define D] and D} as the left and right connected components of H~'(D;_,), for
t > 2. Differently from before, this induction never stops, and the D;” and D} accumulate,
respectively, on z~ and z*. For ¢t > 1, let DE = [dE,,d7] (see Figure 7).

Also inside [z~,2*] we make subdivisions. Let [p~,p*] = H~'({z > z*}), ¢* be the
rightmost fixed point of H and ¢~ # ¢+ be such that H(g™) = g*. We divide the interval
[I_, q_] (l‘&ip. [q+!z+]) into intervals wk- = IQk_! k_-l] (resp. u: = [q:-l? qt])v for k> 1, such
that the functions H* : w¥ — [g~,q*] are diffeomorphisms. In addition, we divide [¢~,p~]
(resp. [pt,gt]) into intervals aj (resp. ajf), for k > 2, such that H (ef) = w_, (analogously
to the definitions in Subsections 1.3 and Subsection 1.4, but we keep the same notation since
there is no danger of confusion).

Let BY,; C Bay1 be the set of direct pre-images of Yu4+1 under powers of H. These pre-
images are located in the gaps of the Cantor set Ay = (5o H*([z™,2*]) and if Bx € BY,
then its corresponding diffeomorphism By : By = Yns1 is given by By = H' for some i > 1.

As in the previous case we also produce a set P = Ppy of pre-images of v,, taking all
possible pre-images of the elements of By, under iterates of H. These pre-images spread around
in the domains D, inside the central gap [p~,p*] and between the gaps of the Cantor set Apg.

The set Bp41 is the union of BH,; with all the pre-images of {7+1}UBH,, under all possible
compositions Pj o --- o Py, for m1,... ,n; € P. Therefore to each B € Bn41 the diffeomorphism
B: B — Yns1 i8 given either by the composition Byo Pj_1 0:--0 P, or by the composition
PjoPj_10---0 P, forsome By € BY,,, mi,... ,m; €P,j 21

I T € yn, either = € Ag or there is £ > 1 such that H*(2) € Yn—1\7n. The latter is the only
possibility if z € f for some f € Bnpy1. We decompose the orbit as H' t = FroFso0Fy0Fy, where
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this time Fg = Id. If = belongs to [z~,¢~] or [g*,z%] then Fyy = H*, where i is the first integer
such that H'(z) € [p~,p*], otherwise Fy = Id. If Fu(z) € [p~,p*] then Fy = H, otherwise
Fo =1d. And Fg = H' if FsoFyoFy(z) € D, , for some i > 1, otherwise Fgo FyoFy(z) € D}
and Fg =1Id.

Notation remark. For coherence, we define the set Py as the set
{ag,03,...,ay_,amaly_ys. - 08,07},

in the sense of the definitions in Subsections 1.3 and 1.4.

1.14 Misiurewicz are rare: proof of Theorem 3

We only sketch the main ideas involved and let the details to the reader, using the notation
introduced until now.

As we have already observed before, ¢, is Misiurewicz if and only if @, is not renormalizable
and ®p4, is not defined for some n > 0. This will happen if and only if H™(0) € I',, where

m:(UmwO.
BEBs

The set I', (which clearly depends on a) admits a decomposition
Ty=rzlurduriu...um
defined in the following way. For each n > 0, let

M-1
-1 __ +
r;i= |J 8af,
k=1

R=1 U @ oP)" (o \intlm),

721 {y,... ms}EPE
Am = (VHF (&%)
i>0
(Aw =0if o =-), and
It =T"uUAg.
By induction on n, for each —1 < m < n define

rr=J U @Eoop)™ (U H7Y(T? ) .

20 {xy,... xi}epi i>1
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The sets I-":, n > 1 and Ay are called dynamically defined Cantor sets (see [15], Chap. 4),
the former with infinitely many branches. They clearly have measure zero since foreach j > 1 a
hole with a definite fraction of the total remaining measure is supressed. This is guaranteed by
the non-positive Schwarzian derivative and the resulting distortion properties. The supressed
fraction is given by, up to a constant factor, the ratio |yn—1|/|1m]. The sets I', have as well
measure zero, for they are formed by countable pre-images of the I'7}, 0 < m < n.

To each point z in '} it is naturally assigned a code, which is given by the sequence = =
{m1,m2,...} € PP such that z € m; and Pjo:--o Py(z) € mj41 forall j > 1. Aseach 7 € P,
has a continuation 7 = 7, defined for all @ € J, then also z € f‘: has a continuation z = z,
defined for all a € J. The same idea can be applied to the Cantor set Ag.

Moreover, a code can be also assigned to each point y € I'y,, by determining how it is obtained
by successive pre-images of a point z € I'? for some m < n. Anyway, as a varies along J the
escaping image of the critical point Hg*¢(0), esc = esc(a) crosses a countable intertwined union of
(pre-)images of dynamically defined Cantor sets I's in 4n—3 \ ¥»- It turns out that this erossing
is always transverse. Thig can be proven directly in the same way as we calculate the quotients
|Ba/ By Hy| for each § € By,

We want to show that

M(J) = {a € J; H*(0) € T,,}

has Lebesgue measure zero. However, the informations we have above are, at least in principle,
not enough to prove it. We illustrate the idea of the proof by showing that the set

M*(J) = {a € J; Ha(0) € IT}}

has Lebesgue measure zero. The ideas can be easily applied to M(J), remarking in addition
that |H2¢(0)| > |Ha(0)} (see Lemma T.8.

If we admit Theorem 9 to be valid, then inequalities (Fy)s, are satisfied for some §; > 0
small. In particular, this implies that
Ba

B.H,

for all z € B, and @ € J such that [ImHn| > F|¥a—1] or InH, NU(B) # O for a certain
neighborhood 2(8) of 8. The neighborhood U(8) can be specified at this point (see Subsection
3.6). B = (Pjo---0P)"(1n), for some collection {m,... , M3} C Pp, then U(B) = (Pjo---0
P,)™ (7n—1)- As remarked above, by distortion properties,
18l -1_ml
W o1 mi
u) = [Yn-1l

for some universal constant C > 0. If we take the parameter intervals
J(B) = {8 € J; Ha(0) € Ba} C J(B) = {a € J; Ha(0) € U(Ba)}

<&

then
|J(ﬂ)l > -1 inf h'n.al )
IFB) = eedd) [ -1l

The right hand side of this last inequation constitutes in fact an inferior bound for the proportion
supressed after each step j + i, { > 0, inside J(8). The result is a zero Lebesgue measure set.
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Figure 8: Partition of I,.

2 The starting condition

2.1 Proof of Lemma 10.

In this Section we prove that inequalities (Fp)s, and (P1);, are satisfied for (Po,0)aca, With dg,
) small, provided that M is sufficiently large. For this purpose, we will need to evaluate all the
mixed derivatives listed in Subsection 1.9. Some problems arising here and their solutions give
us a clue of the proof of Theorem 9, postponed to Section 3.

We have already defined the intervals v, = [g7,¢}] C Lo = [z, 7], where ¢,(¢F) = gF
and ¢,(z%) = z7, a partition {au, {a,,*},,,__g,,_, M—1} Of 74, as well as the diffeomorphisms
Af 3 af — 9, and the unimodal function H : ap ~ 1y,. As we wish to study these functions,
we also need some terminology for iterates outside ,. Let

wf =wf, = ¢ (va) N {2 > 0}
and by induction define, for all k > 1,
Wiy = 67 wp) N {xz > 0}

(see Figure 8). We remark that a € cl(Aar) if and only if $4(0) € wj,_,. With these definitions,
we have

am =67 (Wig—1) » oF = 67 (W) N {2z > 0}.

For each wf, k > 1, there is a diffeomorphism Wi : w§ — ,, where W = StlwE. To avoid
confusion, we define F(a,-) = ¢,, 8o that now F, must be understood as the derivative of F
with respect to the parameter. In this way, we have

H=W_oFlay, Af =WE, oFlat .
Observe that by our construction, F is nearly quadratic in ay_,Uam Ua'}{,_l, if M is large (it

might be exactly quadratic if ¢, = $a, 8ee Subsection 1.4).
A3 (@0)a is C° near (a)a, we assume that there is § > 0 and C > 0 such that

1 |Fa—1],|Fe + u| < 6 if z € [-},+1);
2. |Fal;|Fesly | Fazl, | Fassl, |Faaly |Feza| < Cif 2 € 74
3. 'Fulylezl <difz g7,
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4. |Fazl,|Fezals | Faal) IFzzal <8 if 2 € 70 o1 2 € [-3, +1].
Lemma 2.1. Let W = W,:t, for k> 1. Then

1. the absolute values of the quotients

_"V_C WIZ WZG Wﬂﬂ WZSZ WZZB
W' (We)2 " (We)2 " (We)2 " (We)® ' (Wa)d

are smaller than 8, for all z € wf;
2. W, = —|y)- w1

Proof. The proof is straightforward, using the Appendix and the uniform expansion of nearly A
along the iterates. O

Before continuing, we observe that

8 1/2
el (;Iwﬁ}_ll) ,

|w,_,| is almost constant for a € Ap (by Lemma 2.1) and |Au| =~ [wi;_, |-
Lemma 2.2. For all 2 € ay snd a € Ay,

L |Hal = bl - [zl

2. |Hao| = ploy 7Y

3. the absolute values of the gquotients

Hz H’ﬂ Haa H, za
lanel - H:: ) |0M|'E‘ ) IAMI'TI:, IAMl'HL"

are smaller than §.

Proof. 1) Write W = Wj_,. Then H = Wj;_, o F and H, = F,W: + Wa. By Lemma
2.1, IWa| < 6|W:L hence IHal = |W:|; 2) As Her = W’z(F’)2 + W F,,, we deduce that
|Hgq = |Feel - IW,|, gince

WZZ (F;)2 1 WIS

WoFee | (W) (F)?|W.| < 26,

(use Lemma 2.1 and |F;| < (2p|w",",_1|)1/2, for £ € ap); 3) Appendix plus the previous esti-
mates; note that M does not need to be very large. O

Lemma 2.3. LetA:Af,ZSkSM—l. There is C > 0 such thatforall:ceaf and
GEAM,

+
o
A < I ;-ﬂ’

1|25
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2 || < 8+ S,
- <C|w,T,_,|-(pl_-,+u—_‘p_-[),
5. |&“I<6+C(TZT‘FH+KZ§W)’

6. Im’t _‘<C|w§_1|(]ﬁn+m_[.1. e +R7.1F.)1
where F, = F,(a,z) and H, = H,(a,0).
Proof. Appendix and evaluations on F. a

E
Corollary 2.4. || < w13, forallk=2,... .M - 2.

The functions AF are uniformly expanding for § = 2,... ,M — 2, but for § = M — 1 there
may be contracting regions near the boundary of ay, for low values of a € Apy.

Lemma 2.5. |A*=|22*,forallk=2,...,M—2.

Proof. We do the proof for (¢,), and sufficiently large M. With small effort one easy generalizes
to any special family (#,)a 6-C? near (¢, )., for 4 sufficiently small. We use that 2 < A < 3 and
# < 2) (see Subsection 2.2, just after Lemma 2.21).
Consider F(a,z) = ¢,(z) and F(a,z) = a — 822, By the definition of (¢,)s, F coincides
with F for small z. Moreover, as [DyF(z)| < p for every z € I, then F(a, z) < F(a,z),Vz € I.
Let gi be the right endpoint of w}, for k > 1. For the family (@,),, these points do not
depend on the parameter. We have

|DAE (z)| > A*~' DF(a, F~*(a, qx-1))

for all 2 < k < M — 1. But |DF(a,z)| must be greater than 2 |z], i.e. greater than Az} (since
za < 1), hence |DAE(z)| > A|F~*(a, qr~1)].
On the other hand,

IF~(a,qe-1)] 2 |F (g, q61)| = \/ %(a — k-1 .

We compare this last value with |F~1(2, gx_,)| = ,/%(2 —Qr-1). Ask< M ~2anda€wl_,,
then a — g1 > |wif| + | +... +lwi_ ) and 2 - quy > |+ lwifg] + ..., 80

v2 — Gk-1 /e ANE—Mal
—— < 1 + 2Ak—M+l .
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Therefore, as 2 — gz = A" ¥(2—z)) > A%,

IDA(z)] > 25\/ B/2*

1+ 2XE-M+1 °

We claim that (3)* > 1+20¥~M+1 for all 2 < k < M -2, if M is sufficiently large, and then the
Lemma follows. Note that (3)* > 1+ 23~ and ()M~ - > 142071, if M is big. Ast s (3)!
and ¢+ 1+ 2)\~M+1 are convex functions, they do not intersect and the claim i is valid. o

Lemma 2.8. Ifz € o:M_1 and dist(F(z),wi;_,) > ﬁl“M-zl then |DF(z)] > %’wﬁ_ﬂl/? and
|AI{-1,=| > Flwf_o) 2

Proof. If M is big then of,_, C [-3, %], where F(z) ~ a — £2? and |DF(z)| ~ plz|. Let z'
be the nearest point to z such that Fi(z) € dwi;_, and Max be the maximum value of [DF| in
ay_;UayUajl; ;. Then

lz] > |z —2'| > (Ma-x)-l_lwu—zl

2
Max S #\/;(lw}&_ﬂ + w2l »
, 2
IDF(Z)l ~ 16 2(1+ A-])I“M—ﬂl

As A%y, = (Wf_y, o F)-F; and [Wi;_, | = 2:lwi;_,)~" then

1 / ~1/2
lAM-— ,zl > 16 1+A_ |wM—2| .

A rough estimate on A and u based on their definition in the Appendix implies the Lemma. 0O

On the other hand

hence

To distinguish between low and high values of a € Ay we define
d=d(a) = [ImF Nwi,_,| - lwi_,]" -
By Lemma 2.1, the distortion of Wj;_, . is small, so

[mH|

~d.
[7el

Lemma 2.7. Ifd > 278 then, for allz € ai,_, and M large enough we have |Fs| > &lwi,_,['/?
and |A%,_, | > 4lwf_,[71/2.
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Proof. If d > 278 then for all z & ax

1
|Fal > v 2p- 2-s|w}|-l-1| > 6Y 21"“)}}-1'1/’ .
As A% =W, ,oF, then
IA::I—I,z[ 2 2wy ol - |“*"}‘4-1|1/2 > 2""“"4\.'-4—1|_1/2 ’

since jwi_,| = A~ Nwi,_, |- o

Corollary 2.8. There is a constant C > 0 such that in any one of the following hypotheses
(compatible with a € Ap): 6) i=2,... M—2andz€af, b)i=2,... M—1,d>2°8 and
z€af, c)i=M-1,z€ay_, ond dis{F(z),w};_,) > f5lwiy_al,  we call A= A then

1.

24| < Clufz 2,

2 | dosa| < 6+ [yl
3. || < Clofemal?,

4 || < Clofeosl,

5. || <6+ pflote_al =,

A

6. |oismr| < iy
Proof. Appendix and the previous Lemmas. m}

Lemma 2.9. Foralli=2,... , M -1 and.’ceaf:,

AF, P!
ALH,| " 4|45

Proof. Appendix plus the facts that Fo ~ 1for z € aik, i large, and M is large enough. m]

Having already the estimates for the A;’s, we can now consider their compositions. The next
lemma is the easiest gituation.

Lemma 2.10. Let d = d(a) > 2-%. Given 8, > 0, then
B

B.H, <&

for every B € By and z € B, if M is sufficiently large.
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Proof. Write B = Pjo...0P,, where P; = A}, 0; € {+,-}and k; € 2,... ,M — 1. Then, using
the Appendix,

B P, 1 P
==l ho—, /2
‘BzHa =1 Pl',zHa P‘—l,z - .Pl,z s CIwM_l‘ < 61,
if M is sufficiently large, using Corollary 2.8 with hypothesis b) and Lemma 2.5. a

Now we look at the more difficult situation where d = d(a) < 278. Remark that we are only
interested in the case where SNImH # @ (to be precise, U(8)NImH # B, for some neighborhood
U(B) of B), following the requirements of inequalities (P)s, {(Subsection 1.9). First we state a
simple Lemma.

Lemma 2.11. |af| > 3~2|y.].
Proof. As AF(af) = Ya, AT = F?|aj and [DF| < A < 3 the Lemma follows. o

Ifd = d(a) <278 and SNImH # @ then in particular # C o, by Lemma 2.11. More than
that, we have

dist(8,0.) < d.

As a consequence, the first iterates of z € £ are done inside af, near g,. For z € B, define
o = np(z) > 1 as the minimal number such that (4F)™(z) ¢ of .

Let a* = o (M) (resp. o~ = a~(M)) be the interval contained in a},_, (resp. ay_,) such
that if z € a* (resp. z € a~) then dist(F(z),wi; ;) < &lwi,_,! (in particular, such an z must
satisfy Ax,_,(z) € af). As remarked above, this is the region of possible ‘loss’ of derivative.

Assuming that Pjo---0 Pi(f) = 7o = au, where Fi = A, 0 € {+, -}, ki €2,... M -1,
i=1,...,7, we propose the following decomposition of orbits. For z € 8, let 1 < 4; < i3 <
... < iy < j be the maximal sequence such that

Pin—l""Pin-2°“'°P1(I)€a+Ua+,

forallli=1,...,r.

By the definitions above, i1(z) > no(z). Lemma 2.12 below says that eventual losses when
the orbit of z € B visits the ‘bad’ region a* U a~ are compensated by the ng(z) first iterates.
This kind of compensation is used only for the last visit to the bad region. The previous visits are
compensated by iterates in the way stated by Lemma 2.13. From Lemma 2.15 on both Lemmas
are put together to control inequalities (P )s, -

Lemma 2.12. Foranyl=1,...,r,

13"1 &

—Ng
|PisPas... Paal - <c(BY "t
sT4 4,z noy },i‘,an 10 M-1

and

- _ 11\™™
|PiePas ... Prozl™ * 1Pial™ <C(E) wite_ 2.
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Proof. By Lemma 2.3,

c |“’I{—1 |l/2

vd

On the other hand, for any y, z € af we have |A2*'z(y)| <1 +6)|Af§z(z)|, for some & > 0 small
(since D@, is monotone and @, is C® near $,). Observe that P; = A} foralli=1,...,ny. We
have, for z € 8,

Pl';,ll

ig,xdlag

ano.SPﬂo—l,z 3. .Pz,gpl,,(z)l . |a: - q+| >C! ’

gince Py, o---o Py(z) ¢ aF and the distortion of the derivative of Pp, o --- o P, is controlled in
[z,4), by the expansivity for each iterate. We get (assuming n, even, without loss of generality)

(L4 8™/ > o 1g1,

Pgaa VAl - PP,

Hence
91/4 o
(1+0)v ‘) '
by Lemma 2.5. [m]

|Prosz --- Prg| > C1dY/3. (

The following Lemma says that [P ;|? can be compensated by the subsequent iterates
before 4;44.

Lemma 2.18. There is § < ijy —4; such that

i - 11
Pial™ - Pis1,0Pisse - Posial ‘<C( ) tal?

Proof. The idea is the following. If ]P.,,,,] is small it means that y = P;,_; o---0 Py(z) is very
near ap. But this implies that P;,(y) is in o and very near g*. The subsequent iterates, all
done near g%, compensate the loss of derivative coming from |P;, .|.

First we put P, . = AL, _ _1,; in relation with |P;, (y) — gt

; wt 172
IAM_1,¢I~| 'Z"’ llF,(y),>\/— 7al (dmt(F(z), M_l)) ’

—2 fwie—al
hence, by the small distortion of W;_,,
1P (y) — a*172 > oy o™ V31 4%, 170

Choose the first integer i satisfying

1
A (Puw)) — ¥l > =
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As in the proof of Lemma 2.12, using the Mean Value Theorem and bounded distortion properties
to obtain

ID(A3) (Pu ) - [Py (y) — gt > C!
and
ID(AFY (P, ()] - (1 + 874 > C7!| Py (y) — ¢/
and the Lemma follows. O

In the decomposition of orbits, add the following definitions: ip = 0, 3o = no and §; = iy + 4,
where i is given by the previous Lemma, for each ! > 1.

For the next Lemmas, let # € By be given by 8 = (P;o---0P;)~!(yo) and let B = Fio---oPy|B,
where 1 < < ;.

All the results are valid for # € 8 and a € Ay, with the condition that ANImH # 0. In
fact, this restriction in the parameter is only needed when d = d(a) < 2~* and when Lemma
2.12 must be used.

Let us remark at this point that the same idea underlies the proof of Theorem 9, in Section 3.
Every loss of derivative must be compensated, if possible, by subsequent iterates, otherwise by
the first iterates, which is only guaranteed with a restriction on the parameter. It is to be noted,
however, that this restriction on the parameter is not a problem when one passes to the next
stage of the induction (only pre-images of -, intersected by H are used to generate pre-images
of Tny1)-

For some of the proofs we will use the following simple Corollary of Lemma 2.12. It means
that when the orbit of A hits g all previous losses in the derivative are already compensated,
and a definite expansion is indeed obtained. This kind of reasoning is also behind the proof
of Theorem 6, which we do in Section 3. This Corollary gives us, indeed, the assumption of
Theorem 6.

Corollary 2.14. Foreveryz € S and1 <i < j
1Prar-Poal 2 (B)
if M is sufficiently large.

Lemma 2.15. Given §; > 0, if M is sufficiently large then
B,
B,H,
forallz € 8, B€ By, and a such thatd=d(a) > 278 or InHN B # 0.

Proof. In view of Lemma 2.10 we can suppose d < 278, We consider two cases: i = 4; or
i <1<y, forsome! >0. Hi=1,12> 1, we write

<51

Fia 1
Pi,sHa ’ Pi—l,z .- -Pl.z
_ P 1 ’ﬁ 1 1 ‘I‘-I‘ 1
- Pi,zHa Pl,z .. -P'.‘,,z —1 Pi..: Pi.+1.= .- -Pi,,s =0 Ps’.+l,z v 'R-+l-1»¢
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which, by Lemmas 2.12 and 2.13, is bounded by

(Cluteal2) (:—3) )

If 4; < 1 < i34y for some I > 0 then the reasoning is analogous, but one has to use that

-1 -1 11\ + (1/3
[Pial™ - |Pra--- By |7 < C 10 [whe—a /%

from the second inequality of Lemma 2.12. 0
Lemma 2.16.
I'YOI Bzz
-l = <4 .
Pie - Pl |B] ™
Proof. Write, using the Appendix,
gy Pise
(Ez): & Z; P’;,s g 'PHI,S(P".t)z ;
By Lemma 2.3,
Pl' t 19 ( C )
. < 0+ ——-1.
ol e < ol (5+ (2

‘We have two cases: i = i, for some I > 1 or 4; < i < iy4q, for some ! > 0. If § = §; then the i—th
term is bounded by

1 C
5+ - Jwi )
l’m]IPj,a---H+l,zl ( (Fz)g |wM—2|
< Bbol2= + Chol - iy ! L

B R Bn e Panala)

using Corollary 2.14. The last fraction is bounded by a constant, since |w};_,|(F;)~? is bounded
by 3|P;, —¢*|™! and the fifth inequality of the proof of Lemma 2.13 applies, by the definition of
1. Therefore for i = i; the i-th term is bounded by Clyo|(3})~4+.

If i, < i < ijy; then the i~th term is bounded by

c 11\ 9+
ml-———%__.,,mlz,<c(ﬁ) ol »

by Corollaries 2.8 and 2.14.
Therefore the Lemma follows provided |yo| is sufficiently small, i.e. M is sufficiently large. O

We ommit the proof of the following Lemmas, as they follow the same ideas of Lemmas 2.15
and 2.16. Lemmas 2.15, 2.16 and 2.17 are stated for B, since their quotients appear in the proof
of Lemmas 2.17, 2.18, 2.19 and 2.20.
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Lemma 2.17.

I'YOI ; _an < 61
“7-7-’ ne P.j+1,z| | (Bz)an
Lemma 2.18.
BGB
N - s < 6 »
170l (B2)(HL)? 1
Lemma 2.19.
B
2 T2
== <é.
[0l (B, 1
Lemma 2.20.
2 ézza
= 6 .
1ol TRTAR

2.2 Existence of special families

We show here that the family (@) referred in Subsection 1.4 does actually exist. This task will
be splitted into two parts: find a suitable A and then define the family.

We consider only the negative axis and force ¢, to be an even function. Take two (continuous,
piecewise linear) functions, which later will be related to Dg., called fy and g, defined in the
following way:

L fa(®) =X Yz € [-2,~2x + 5},

2. fa(z) = —px , Vz € [-z2 + &, 0),

3. galz) = fa(@), ¥z € [-2,~z2 + F]U[-z2 + 5,00,

4. gr(z) = —fiz+d ,Vz €[22 + &, 72 + 51,
where = p(A) = 2y and /i > 0, d > 0 are such that ga(~2x + f5) = A and ga(=2x + 55) =
—p(~zx + ) (note that i < p).
Lemma 2.21. If ) € [2.36,2.37] then

/:yx(z)df <4< /_(;j,\(::)dz.

Proof. The functions f_O, g» and ff, f» grow with A, for A > 2. By straightforward calculation,
Jo, fr=4for A=2359... and [, g» =4 for A =2.374.... o



Now pick a fixed A as in Lemma 2.21 (for example A = 2.365) and call f = f,, g = g» (this
implies, in partlcula.r p € [3.8,3.9]). Let ¢ be a positive even C® bump function with support
in [~1,+1] and f ¢(z)dz = 1 and define the associated family ps(z) = }(%). Observe that
if

wito) = [ " o)y

then, by the symmetry of ¢, f_*'ll ¥s(z)dz is independent from § and always equal to 1. Let
Ty= =)+ 1—';,-, 1 =1,2,3, and consider the following two families of functions,

hys(z) = —pps(z — z2),

hys(z) = —fips(z — 1) — (1 — B)ps(z — z3),

ford < 10 Observe that Ay, s = D:f and hy s 29 Dgg in the sense of distributions.

Let ¢,',; and ¢, s be defined by D3¢f,5 hs s and D3¢, § = hy s, with constants of integration
given by ¢74(~2) = ~2 = §;4(~2), Déss(—2) = A = D@, 5(~2) and Dadss(-2) = 0 =
D2¢g,5(_2)

Some properties are verified: i) ff 2 Dydss(z)dr = =)\ = ff, Dy, 5(z)dz, since v is even;
in other words, Déy,5(0) = D, 6(0) = 0; ii) Ddy,5(z) = Dé,.s(z) = A for all z € [-2, —z,]; iii)
Déys(z) = Dy s(z) = —pa, for all z € [~z + &,0]; iv) [°, Ddys(2)dz 28 [°, f(z)dz and
ffn D&,,;(z)da: =y ffa g(z)dz.

By property iv) and Lemma 2.21, we can choose & sufficiently small in such a way that

0
/ , Dy 5(z)dz < 4 < /(; Déy5(z)dz

and then let ¢; = ¢7.4,, @y = Bg.b0-

Finally, take the family of convex combinations

$: =1 ‘t)‘;p +t$l-

Then ¢, satisfies, for all t € [0,1],

1. D3du(z) <0, for z < 0;

2. Ddy(z) = forz € [-2, ~z,] and Déy(z) = —pz for z € [-zx + m,0],

3. ¢:(0) < 2fort =0 and ¢;(0) > 2 for ¢ = 1, hence equal to 2 for some 0 < #, < 1.
By an affine coordinate change in the parameter ¢ -+ a, given by a(t) = ¢;(0), we have

$o@) =a- £

for z € ["zA + 1010] 3( 5!5



3 Parameter distortion by induction: proof of Theorem 9

3.1 Coordinates, extendibility and subordination.

First we introduce coordinate changes both in space and parameter to obtain uniform estimates
along the induction, independent from n. Recalling the notation presented in Section 1, we
look at some J € J,, and the correspondent subfamily &,, = (&,,.)scs, With its central branch
H = Hy : Yp — Yn—1 and its pre-images of the central branch B : 8 = 75, § € B,. Let
ag = ag(J) be such that H(ao,0) =0, S = S{J) be the “mean” curvature of H and v = v(J)
the “mean” velocity of the critical value, as defined in Subsection 1.9. Then define w = ~-Sz
and b = —Sv(a ~ ap) and let T be the expression of H = H(a,z) in these new coordinates, i.e.

T(b,w) = ~SH(ao — S~ 'v~'b,-S"1w) .

It is easy to see that such a coordinate change does not affect inequalities (Py)s,, and the same
is true for the new expressions of the functions B : # — . The main feature of the particular
coordinate change above is that T is near the quadratic family b — w? (for b varying along the
interval —SvJ 4 Svag and w along Sv,,4), in the sense that [Ty + 2| £ do and [T}, — 1] < .

However it will be easier to keep the old notation, with H, a and z instead of T, b and w,
ie. from now on we suppose that the coordinate change is already done. Moreover, based on
Theorem 5 we assume that there are small numbers r > 0, p > 0 and g > 0 such that r, <,
pn S pand g, <g,foralln>0.

First we state two simple quantitative facts which are consequence of the linear coordinate
change above.

Lemma 3.1. In the new coordinates, |J| = |ya—1| and if H(0) € 7q then |72 > r~L.

Proof. The first assertion follows from H, =~ 1 and that |y,-1| is approximately constant for
a € J, as remarked in Subsection 1.10. If H(0) € -, then (%]'y,.l)’ o Ljy,_4|, which implies
Iral 2 2t >t a

Now we recall the definition of fundamental domains in Subsection 1.13, in the case where
esc = esc,, > 1 (or in other words H(0) € 7, a central return). The following Lemma is a
standard application of the distortion properties of H, which has negative Schwarzian derivative
(this follows from the inequalities (Py)s,, together with the monotonicity of its derivative). We
skip the proof and refer the reader to [13], Chap.IV, for standard techniques.

Lemma 3.2. Let f € Bn, 8 C Dy, t > 2 and n C D such that H*"1(n) = 8. Then

Inl _ml
m < 10pa(6) , di.st(n,df) < gn(B).

From the statement of Theorem 5 we know that for every 8 € B, there is a concentric 8, |8}-
neighborhood of # where B : 8 =+ 7, can be extended diffeomorphically as the same power of
the original return map & : y_; =+ -1, where 8, = 0p(rq, gn-1)-

This fact is simple to prove by induction, 50 let us show it for n + 1. Following the notation
of Subsection 1.13, for each ﬂ € Bny1 the corresponding diffeomorphism B:f = ypq is given
either by Pjo---o P orbyBHoP,_l o---0 P, where P; : m = Yy, §=1,...,J, %; a pre-image
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of some §; € B, under iterates of H (hence P; = B; o H%, where B; : §; = v,) and Bp is an
iterate of H landing on yn41. _ B

In the first case, B is extendibleto B : (Pjo: - -0Py)~(7,) = Yn. As B = (Pjo-+-0P1) " (n41)
and Jyn+1]+ [|™! < rat1 then the domain has been at least enlarged by C~'ry, 1, where Cis a
universal constant, by the distortion properties coming from the negative Schwarzian derivative
([13], Chap.IV).

In the other case the extendibility is determined by a (universal) constant factor of the

codomain extendibility of By, by two reasons: first, Pj_j o ---o Py(8) must be an element of
B,’,’_,_l, the set of pre-images of 4,41 under iterates of H, each one placed inside a gap of the
Cantor set Ay, 80 that By extends (in the codomain) at most to the boundary of v, by one
side and at most to the critical point by the other; second, Pj—; o---o P, extends in such a way
that its codomain is the whole -y, hence containing the possible extension of the domain of By.
Now the codomain extendibility of By is at least [pt ~ p~| - |aq1]~2, which is approximately
greater than g, it ’, by Lemma 3.2. Once more the negative Schwarzian derivative implies our
claim.
We can define for each 8 € B, a neighborhood U(8) to which B : 8 ~ 7, is extendible
with small distortion. Here “small distortion” means that there is some small § > 0 such that
By (z1)/By(z3) € 149 for any z,,z2 € 5. This neighborhood is still much greater than 8, by a
factor C—26;, for a universal constant C > 0.

If B1,B2 € By, then we say (following [6]) that 8, is suberdinated to §3 if §; C U(B;), and
that 8 and f§; are independent if neither $; is subordinated to §2 nor B, is subordinated to §;.

Observe that the 8;]8|-neighborhood of a pre-image # € B, is always contained in the
connected component of yn—1 \ 7n to which 8 belongs (this can be seen in the arguments above).
Therefore to each 8 € By, t > 2 and n C Df such that H*~1(n) = 8 we also assure a 67 |n|-
neighborhood of extendibility contained in Df and a neighborhood #/(n) where this extension
has small distortion. This allowa us to define the notion of subordination and independence for
a pair 71,7 inside the same fundamental domain DF.

The following Lemma is valid as well for 7;,n; as above.

Lemma 38.3. If 8; € B, is subordinated to 2 € B, then

181
Tip B S

Proof. As U(f;) is mapped with small distortion on a neighborhood of 4, and the image of 8
is also a pre-image of ,, 8ay B3, which satisfies |83] < ¢ndist(8s,7,), the Lemma follows. O

3.2 Iterates near the saddle-node bifurcation

For some estimates in the parameter region “beneath renormalization” (a€eJoro(a) =-) we
will proceed in a slightly different way according to the value of k. First we take ko such that if
k < ko and @ € J then |H(a,0){ > 2, maximal with this property. The value of ko is big if |ya|
is big, so that it can be controlled directly by r (see Lemma 3.1). Then we define the following
partition of J=: Ja = J7', J = Ufly Iy, Je = Uby 1 iy Ja = Usss, Ji s where Ky will be
defined below.

Let o, = sup, Jy, corresponding to the lower boundary point of the renormalization interval
R(J), which is the parameter where the saddle-node bifurcation occurs. We can assume that
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a, = —1 by a linear parameter change of coordinates very near the identity, in view of the do—
proximity of H to the true quadratic family. Analogously we can suppose that o, the saddle-
node point for a,, is equal to —3. The higher order differential estimates of H are invariant
under these changes, although not the absolute values of H,, and H,. But the factor of the
linear change of coordinates is near 1, for example between 1 — 108, and 1 + 106¢, so that for
all practical purposes the new values of H,, and H,, are still very near respectively to —2 and 1
and do not affect the estimates.

According to [18] (see also [2]) there are points z; < 7p < z, and a parameter value @ < a,
such that for all @ € [, a,] and z € {z;, z.] the map H is the time—one map of the flow determined
by a vector field X. In fact, z;, z, and @ can be chosen fixed with respect to any family H
sufficiently near the quadratic family. Hence the constant §y, which determines this proximity,
is chosen accordingly to the choice of z;, z, and @ for the quadratic family. Moreover, if dy is
sufficiently small, all the bounds on the derivatives of X can be supposed to be uniform over all
such H. We can write

H(a,z) = z — Ala, — a) — B(z — z0)* + D(a. — a){(z — zo) + E(a, — a)* + ¢(a, 2)
where A, B > 0 and
¥(a,2) 0

(@,2) = (a0, 20)?
as (a,z) tends to (a,,zo). Analogously,
X({a,z) = —Al(a, — a) — B(z — 20)* + D(a, — &)(z — zo) + E(a, — a)* + $(a,2)
where A, B > 0 and

Jon) o

(a, 2} — (a4, 20)*

as (a,z) tends to (a,, o).
We choose z; and z, sufficiently near x4 and & sufficiently near a, so that the following two
lemmas are satisfied.

Lemma S.1. |X(a,z)| > +A(s, — @) for all z € [21,2,] and G < a < a,.
Proof. Straightforward, using the expressions above. DO

Lemma S.2. There is C > 0 such that |H(a,z) — 7| < C|X(a,y)| for all v € [Hz,a], = €
{H 'zy,z,] and é < a < a,.

Proof. If z;, 7, and & are conveniently chosen, then
|H(a, z)| < 2A(a, — a) + 2B(z — zo)*
and

. 1.
1X(a,2)| 2 3 A(os — a) + 3Bz - 20)?

33



implying
|H(a,z) - 2| < C|X(a,2)|-

Let M, = min{|X(a,y)};v € [Hz,z]}. There are only three possibilities for the point where
M, is attained: 1. M; = |X(a,2)|, 2. M, = |X(a,Hz)|, and 3. M, = |X(a,yo)] for some
Yo € (Hz,z). If 1. is valid then the Lemma is proven with C = C. In case 2., we observe that
X(a,Hz) = DH(z)- X(a, %), heuce |X (a,z)} < 2|X(a, Hz)| if % ~ zo ~ 2, and & =~ a,, proving
the Lemma with C = 2C. Finally in case 3. we observe that

1X(a,30) < |X(a,2)| < |X(a, H *yo)|
since D X < 0. By the previous argument
1 - 1
X(a, 0] > 51X (3, H'yo)] > 51X (a,2)

and the Lemma is also proven with C = 26. 0

From now on we fix z;, z, and @ and define a new parameter value a; between @ and a,.
The parameter a; will be sufficiently near a, to validate the following assertions and will define
the number k; of the beginning of this section in the following way:

k= min{k H J; C [alsal]}'

Define
2] 1
ra = [ g
80 that

1 = ¥r(q) (a,z,),

where ¥ is the flow of X. We will also use the notation ¥(t,a,z) = ¥;(a, z) for this flow.

For a, > a > a; the function I' is C™ and strictly increasing (see [2]). Therefore for each
! bigger than some lo there is a unique a satisfying T'(a}) = I. If we write I'(a) = | + oy(a)
then o : [a},af,,] =+ [0,1] is an increasing C*° diffeomorphism onto [0,1]. So we can define the
inverse maps

o= (otlerazy) 10,1 = [af )
The proof of the following Lemma is contained in [2].
Lemma S.3.
1. limy_,o (@, — a})*/2 = M, s0 that for large |
3

< (@ —ap) <20,

L
212 2
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2. fora € [a7,a;,,] and large !

(a) C~1® < DiI'(a) < CI3;
(b) C~1® < D;T'(a) < CI5.

Let z € [z1,2,] and let j be the integer such that H'*'z; < Hiz < H'z,. We are interested
in the derivatives of HJ. For that, define first the function

1
7(a,2,z) = [ mu—)du
which satisfies £ = ¥(1(a, 2, 2), 8, 2) and for each 0 <1 < the function
ti(a,z) = v(a, Hi(a, z,), z).

The number ¢;(a, z) is positive and smaller than one if H*t'z, < z < H'z,. In this case i+j =1
and

Hi(a,z) = ¥(~0i(a) + t:(a,2), a, ;). )

This expression wﬂl be used for derivatives of HY involving the parameter, but only when i is
such that H.(a,H*z,) < 1. The other cases can be recovered if we write

Hi(a,z) = ¥(r(a, H ¥ (a,z1),z),a,2) (2)

and work with estimates on H~! instead of H.
For the first parameter derivative of ¢;(a,z) we apply the chain rule

d H@z) 1 gx 1 d
Eti(a,z) = L W—a—a‘(a, u)du - W)‘EH (a,a:,). (3)

Lemma S.4. Let i be such that H,(a,Hz,) < 1 for all s < i. Then | &£ Hi(a,z,)| < 2l and
£ Hi(a,z,)| < CP.
Proof As,foreachl1<s<i

d d )
EEH'(a,zr) = H,(a,H* ') + H,(a, H* I)ZH‘ Y(a,z,)

then, using the hypothesis and H, = 1,

d
‘EEH'(a, T,)

d -1
<2+ ‘EH (a,zr)

The result follows by induction. For the other derivative the reasoning is analogous. O

Lemma S.5. There is C > 0 such that for all i such that H.(a,z) < 1, z € [H*'z,, H'z,] and
a > a; then

< CB.

‘ %t* (a, .’1:)

If i = 0 the derivative is simply bounded by C.
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Proof. The minimum of |X(a,z)| in [H*z,, H'z,] is attained for some ug. By Lemma S.2,
|Hz, — H*1g,] < C|X(a,uo)|- So the first term of the R.H.S. of Equation (3) is bounded by
CI3, according to Lemma S.1 and Lemma S.3.1. Also by these Lemmas and Lemma 5.4, the
second term is bounded by CI3. For i = 0 observe only that | X (a,z)| > C~ for all z € [Hz,, z.-],
a > a3.

Lemma S.6. There is C > 0 such that for all i such that H.(a,z) < 1, z € [H"*'z,, Hiz,] and
a > a; then

%ti(a, )| < CIt.

Proof. Write

& 1

t.(a,z) ud, [A(a,:c H'(a,z,)) - X(a,H'z,) da

4y Ya,z,)
where

Bdi i = / " X(a, u)]-f%if(a, bl

and proceed as in Lemma S.5. O
Lemma 8.7. There is C > 0 such that for a > ay

1 C < |HI| < CP for all x € |71, 2,);

2 C ' <|H)| LC fordlze|Hz,,z,);

3. |Hi| £ CB for all z € [z1,2,);

4. |Hi| > C8 for ol x € [Hz,,2,);

5. |HI,| < CI° for all z € [21,2,];

6. |Hi,| < C|HI[? for all x € [z;,z,);

7. |Hi | < C\HIP for all x € [z1,2,);

8. |Hi,| < C|HEE® for all z € [z, z,];

\HZ,,| < CIHIPE for all z € [z, 2,).

Proof. The proof is carried on with the help of the Appendix of formula in the Appendix. We
use Equation (1), assuming that z € [H#*z,, Hiz,], for i such that H, o Hiz, < 1. Otherwise
a similar procedure can be done using Equation (2} for H and adapting Lemmas S.5 and S.6
for H-! and z; instead of H and z,.

1. |H{| € Cmin{|X(a,z)|~*;z € [z1,2,]}, according to (a.1) (see Appendix). So |HJ| < CI?
using Lemmas S.1 and $.3.1. As |X| > C~! in [Hz;, H 'zj] and |X] < C in [5;,2,] the
other inequality follows easily;

°



2. |X| 2 C in [Hz,,z/];
3. the first term of (a.4) is bounded by CI?, by Lemmas $.3.2a and S.5. The function ¥ is
evaluated in a bounded domain, since | — oy + ti| < 2 and X € [a;,4,)}, s0 §¥ is bounded

by some constant C (if one wants to be more precise, it is enough to observe that 8 = Z—‘f

satisfies the differential equation ¢ = b, 2 (t) + da ()8, where b, 2(t) = X,(a,¥(t,a,z)
and dy o (t) = Xz (a, ¥(t,0,2)));

4. by Lemma 8.5, if i = 0 then || < C, and |6¢] > C~11% by Lemma 5.3.2a. As |X o Hi| >
C~! and |§X| < C the result follows;

5. by Lemmas 5.3.2b and §.6, the dominant term of (a.7) is
H! X ;oH’- [-—a;+—é;'] ,
which is smaller than C1® by item (3), Lemma $.3.2a and Lemma S.5;
6. using (a.2), with |X o Hi| > C~1;
7. using (a.3);

8. |Hi,| < CIX|= + CIX|™!-|Hf| + X% < CIX|™( +|X|™) by (a5); but |X|~! < CP,
so |Hi,| < CIX|~18% < C|HYII;

9. |Hi,| < CIX|™® + C|X|2 - |H]| < C|HIP’I®, by (a.6).
O

Lemma S.8. Let 2 € [-2, H(0)]U[-H(0),2] and Fs be the least power of H such that Fs(z) <
—2. Then

F S,zz F S,xzx

Fs. -t ’ ’ < G )
Foal ™ || |@says] < O
FS:: FS:n 'FSz:a
Fsa 5 |F. z) s . 1 . » : = C. )
‘ 5 I I s I FS,: FS,: (Fs,z)2 2
lFS,anI S CS ]

where (Ci, Ca, Cs) = (C, CI®, C1%) if a € Jy and (Cy,C,Cs) = (C,C,C) if a € Jo. Moreover if
z€ [H’(O),H(O)] then IFS,a| 2 B ifa € Jy, IFS,aI > c! ifa€ J. and IFS,aI.' lFS,za:l <C
in both cases.

Proof. When a € Jy it suffices to divide the orbit of z into three parts: to the right of z,,
inside [z, %,] and to the left of z;. The first and third parts have all the derivatives bounded
by constants, the second is dealed with Lemma S.7 and the composition of the three gives the
result. For a € J. we bound all the derivatives by some constant which may depend on the
choice of a;. O

Remark. The constant C > 0 that appear in the lemmas of this subsection depends mostly on
the estimates for Fs when a € J, U Jg and is directly affected by the choice of a; (as well as
z; and z,). However this constant can be ‘killed’ by the small constants r, p, g, 6o and &; (and
even |H2| for s > ko) since by their dependence on ¢ (or M) they can be made small after the
choice of a,, z; and z,.
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3.3 Horseshoe estimates

Consider now the parameter region “beyond renormalization”, i.e. o = + (or else a € J¥),
recalling the definitions given in Subsection 1.13. There we have defined a partition of the interval
[z=,2%): (a) the central interval [p—, p*], which is the pre-image of {z > z*}; (b) the point g* €
(p*, 1), fixed point of H, and its pre-image ¢~ € (z~,p"); (c) a partition {w;} = [¢], ¢} 1]}ix1
(resp. {w;" = a0, }iza) of [g*,2¥] (resp. [z=,q]) such that H¥(w*) = [g=,q*}; and (d) a
partition {af = [§], G ] i1 (resp. {ef =[G, d 1}ixa) of [p¥, 7] (resp. [¢7,p7]) such that
Hi(aF) =w},. Observe that §f = ¢+ and iy =¢~.
The following two Lemmas are easily proven by straightforward calculations.

Lemma H.1. Let z # y be such that H(a,z) = H(a,y). Then |z|/|y| < 1— 28, if & is small.
Lemma H.2. |zF]| > 2(1 — &) if & is small.

Define d = d, = H(a,0) — z} and for z € [z~,z1] \ [p,p*] let I = I(z) > 1 be such that
H'z € [p~,p*]. With these hypothesis we state the following Lemmas.

Lemma H.3. Ifd > } then |Hj| > ($)’ forall1<j<l.
Proof. For all z ¢ [p~,p*], |Hz| 2 2d*/% > §. 0o
Lemma H.4. Ifd < 1/2 there is C > 0 such that the following assertions are valid.
1. |Hi| > C1dY3(4/3), for all1 < j <1
2. |H| > (4/3)";
8. Tl =i <0d3;
4 L [ H e HiIH~ < O3, for all1 < 5 < U
5.3 |HioH-t < C.
Proof. Immediate consequence of Lemma H.5, that we state in the sequel. (m}

Lemma H.5. Letd < 1/2 and 0 < np < ny < 13 < ... < n; <1 be such that H™ ¢ [g~,q]
and HY ¢ [g~,q") if j # ne, for allt = 0,... ,s. Then, for all t,

1. |Hy 0 H™| > 3d'/3.

2. |Hjo H™| 2 2=Y|H, o H™|, for all2 < j < mypy —ny;
S |HM ™o H™| > ($)™M 7™,

4 |Hi| 2 2, for j < nq.

Proof. For 0 < ¢ < s, the point H™ of the orbit belongs to [g=,p~] U [p*,q*], hence to some
af, fori > 2. If t < s then H™+ is the first return to [g7,¢*), and in this case ngpy —ny = .
The Lemma follows from the estimates below:



i 20+ 9 -ch) <zt <21+d+cho)and 1+ 8 —cby < g+ < 14 2d + o, for some
constant ¢ > 0;

ii. ifz<qf orz> g then |H,|>3;
iii. if d < 1/2 and & is small then |H,| < 5 forall z € [z, z7F];
iv. as a consequence of the previous item, z+ — g} > 573, for all i > 0;

v. let z € of, i > 2; then |H,| 2 |Ho(GF,)| = 2(/d+ 2+ — g}, > 2(z* — gt 02 >

10 x 5™%/2, Hence, for z € of, i > 2,
i
[Hi 210%x 5" x32x2> (%)

using that |H,| > 2 for z € [¢[, ¢ 1U (a7, a7 ]-
O

Lemma H.8. Let d < 1/2, z € [z—,z*]\ [p™,p*] and | be the first integer such that H'z €
{p~,p%). Then there is C > 0 such that

L |%|<cd 2 foralit<j<y;

<Cd V2 forall1 <j<i;

L H,
2 lH."’om (H3)?

o

<Cd!'foralll <j<l;

: X(L:}ﬁ“ <cdl;

| G| < casr;

Proof. The proof is a straightforward application of the Appendix, the properties of H, the
preceding Lemmas and also itens (1), (2) and (3), which are used to prove (3), (4), (5) and
{6). m|

Lemma H.7. Letd > 1, z € [z7,z*]\ [p™,p"] ond j > 1 such that Hiz € [z~,z*]. Then

R

W

)

Hi —
1. '}—,g'l < 2472

2. }(T’;;»;;\ < 2d-Y;

5
3. ’—“—(Zz), < 3d1;
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4 ‘(%;;; < 10d-3/2;

5. || < 250-2;

6. |Eams| < 250-%;
Proof Hd2> 1 3 all iterates are expanded by M = 2d'/2, We use the Appendix, together with
the following facts jM~3 < 3 forall j > 1 and d < }|yn-1], hence [ya|™? <M~ D

3.4 Estimates on expanding regions

In this subsection we will be dealing with the properties of powers of H taken far away from
the origin. To be more specific, we consider as hypothesis an initial point zg outside [z, z%]
if ¢ = +, or outside [—2,2) U H~Y([H?(0), H(0)]) if o = — (see Figures 6 and 7). We denote

= H(zo) for 0 < t < j, where z; € DI and j > 1. The following two lemmas relate z; and
x4 for subsequent use in Lemma E.3.

Lemma E.1. Ifo =+ then |z:|* 2 |zi41| for all0< ¢ <5 - 1.

Proof. As z; <Oforallt>1, a+|zy4| ~ |z:|? together with a > 0 implies the Lemma. O
Lemma E.2. If 0 = — then |zo* 2 2|z1] and |2:{? 2 $|weqa| forall 1<t <5~ 1.

Proof. Forallt > 0

|Zena] | IHO]+ [z _,  HO)]
ek |¢)? TP

We consider two cases: if |[H(0)| > 2 we use |z,| 2 |H(0)| and if |H(0)] < 2 we use |z;| > 2. In
both cases

[H©O)|
[zol2 ~

[T

and,fort> 1,

[H©)]  [H(©O) . |H(©O) .
Jze|2 = fz112 s Jzot "'8’

proving the Lemma. a

In what follows we consider an additional hypothesis. We suppose that z; € 8 for some
B € B, and let 7 be such that zo € n and Hi(n) =8

Lemma E.3. Following the notation above,

181 - ZHJ ¢(,,)[H,(z.-1>1=

bael
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Proof. First we verify that the sum is geometric, with the dominant term given by ¢ = j. Dividing
the (¢ + 1)-term by the ¢~term we obtain, approximately,

[He(ze-1))? _ 4lze—a]?
He(ze) — 2z

By Lemmas E.1 and E.2 (in fact E.2 gives the worst estimate) this quotient is greater than s for
t > 2 and greater than ° for t = 1, characterizing the geometric growth with ¢. The dommant
term is given by t = j and is approximately equal to

11 21
Afeal? ~ 8ej]
The Lemma follows since |8] - |2;]™* < ¢. m]
Remark. As a Corollary of the proof of Lemma E.3 we also have

lﬁl’-Ej: ! <
q

o Hz (@) [Ha (2]

and, for 1 < s < j,

¥ . - 1
1D Frey R <

using also Lemma 3.2 for this inequality. Moreover we observe that by distortion properties we
have |H*(n)| ~ |8] - |Hi~*(2,)| 7"

We call Fg = H7 and, using the Appendix together with the estimates above and the
induction hypotheses, we obtain the following Lemma.

Lemma E.4.

’Fs. %

2. 18- | resss| < 20;
5. 1B1- | 2ese| < 20
4 18l ]z%:“ﬁr < 2g;

5 181 - | o] < 40
6. 1812 ‘Fs aaa J < 5¢2.

Proof. Observe also that |8] - |va|™" - |[FE:2|™' < ¢ O
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The following Lemma is about the expansion in the critical value’s orbit when o = + and
d<1/2.
Lemma E.5. Ifo =+ andd < § then |H2*"(H(0))| > j2='d™ > 4r~'d™}, where d was
defined in Subsection 3.8.

Proof. Write k = esc to avoid a cumbersome notation. Let & € DJ,, be such that [H}(2)| -
|DE,,1 = 1Dy |. We have

O 2 120 = - a0

We have |D},,| < d and |H,(H*'2)| < |H.(d)|- Moreover, |D7| = ilva-1| and also
[He(d7)] < |al, 80 that

- 1 fn—1]
HE1(H(0))| > zd 1= .
[Hz =" (H(O)) 3 el

3.5 Tools to prove differential conditions

‘We set now all the notational convention needed to the following two sections, in such a way that
all the statements and symbols have to be adressed to this introduction or to previous definitions
(mainly Subsection 1.13).

Let 8* € B, be the pre—image of the central branch which contains H*°(0), eac = esc(a),
and let B* : B* = 7, be its associated function. We write H' = B* o FgoFgoH 1 nq1 = Ta
ifo=~,and H' = B* o Fg 0 H : Y541 = 7 if 0 = +, according to the decompeosition of orbits
explained in Subsection 1.13. Here 7,43 = H~!(n*), where 5" is the connected component of
H-*c+1(4%) to the left of the origin if o = —, to the right oft.heongmlfcr— + (andr] =p
if esc = 1). The function associated to n* mdenoted by G* : * = 1, and |G%] = [n°|7" - | Ta)s
by usual distortion properties.

For each # € Pp41 in vy, there is an associated diffeomorphism P : « - +y, given by the
composition P= BoFgoFsoFyifo=—or P=BoFgoFyoFyifo=+,where B: 8 =+,
lstheﬁmctwnassocxa.tedtoanelememtﬂeB contained in Dy, _

Moreover, for each Bu € B,,.H the associated function By : Sz — Yn41 i8 & power of H
whose corresponding orbit is done inside [z, z+]. This kind of pre-image only occurs for o = +
as it has been stressed in Subsection 1.13.

_ For each § € Bpy1 there are two ways of writing its associated function B:B - v
B=PjoPj_jo.---oP or B=FoP;_jo0---0P, for some j > 1, where each P; : m; = Y is
associated to 7y € Ppyq, foralli =1,...,4. The second decomposition is allowed only if ¢ = +.
By the definition of 7; € Pp4i there is an element 8; € B, such that =y is sent onto §; by some
power of H. To be more specific, we can formally write, taking together cases 0 = + and 0 = —
and in the same way as described before,

P,=B;oFg;oFs;0Fy 0 Fy,;,
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where each one of the functions, except B;, can be the identity, depending on the sign of ¢ or the
position of x;. We call n; = (Fy; © Fy3)(m), & = Fu,i(m;) and G; = B; o FgioFs;:mi = -

Following Subsection 3.1 we can also define a concentric C~'4;|n;|-neighborhood %(n;) of
ni such that G : 73 — 7, is extendible with é-distortion to L/(;), so that we can use the notion
of subordination for the pair (1;,%*) (7 and 5* will be automatically independent if 5; does not
belong to the same fundamental domain that n* belongs).

For 1 < i < j—1 define the compositions A; = P,oP;_j0---0P}, A; = B, and B; = Pjo---oP;
or B;=FoP;_,0---0 P, according to the case considered, and the intervals f; = B (yn41).
In the first case, §; C #; = Bi' 1(yn) C ;. Also the definition W; = Fy iy 0 A; will be important

for our purposes.
The following Lemma collects a few small tricks which will be used in the proof of many

other Lemmas.

Lemma T.1.
L bl < 1
2. |7*] - iwl~2 < p (and other assertions involving B;’s, 1;’s, etc);
3. nsal- 3IWi"P S1fori=0,...,5-1;
4 |Bul = |ynl - 1817 for B € Ba;
5. if Fs; # Id then |Fs(n;)| < 10gq, if F§ # Id then |n*| < 10g and |ya41/% < 40q.

Proof. 1. By induction, {B}| > 1 and Fj, Fg o F§ are expanding; 2. for 0 = — use Lemma
3.2, the expansion of Fg and the geometry; for ¢ = + analogous, taking into account that
now dist(n*,yn-1) is always smaller than [ImH|; 3. for W; does not belong to vn4+1; 4. by
the small distortion property of the pre-images of the central branch; 5. if Fg; is non-trivial,
Fgi(m) C FE}(D,‘) and we apply Lemma 3.2 to the fact that |Fg}(D7)| is not much bigger
than one; the other two inequalities follow similar reasonings. O

Lemma T.2.
L OB < |H|- |G <O ifaeds;
2. CH < |H|-|GII" < C ifae J.;
9 1< |H|-IG:|* < § ifa€ dy;
4 HY} G ~1ifa€ d,.
Proof. We write, using the Appendix:

H! Fs3, 1 Fgp, 1 B:
=== H“ + t, + . .' + . * ‘R
G: Fs, F;, Fp. F5.Fg, B;

Lemma S.8 says that C~! < |F5,| < Cfora € J.UJy, CT'® < |F3,| < CPP ifa € Jy,
C'<|Fs,<Cifa€J. and F§ =Idifa € JoUJy. Moreover |Fg |- |Fz |7 S % by
Lemma E4 and |BZ| - |B2|~! < é; by induction, and the Lemma follows. O
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Lemma T.3. Ifo = + then 2 < |H)| - |G3|7* S 1.

Proof. By an analogous development as in the proof of Lemma T.2, but now paying attention
to signals. O

Corollary T4. Ifo =+ and d < } then |H}| > ; T24d7".
Proof. Combine Lemmas T.3 and E.5. )

Lemma T.5. Ifo = —, let G = BoFgoFg at a point = that does not belong to H~'[H?(0), H(0)]
or, if o = +, let G = Bo Fx at a point z that does not belong to [z~,z*], where B: B = 7, 13
the function associated to some B € Bn. Then

1 \a?;,‘-|<01: ;

2. |G| < 261l

3. | Game| < 281 bl

i | Sty | < OO [
5. ’m‘ﬁﬂm[ <chfzh;

6. |za€;g;,—| <Ch T,

Proof. With the Appendix and almost all the previous Lemmas, provided ¢ is sufficiently small
with respect to 61. ]

As an immediate application of Lemma T.5 we can prove the differential conditions of H' =
G* o H, since G* satisfies the hypothesis of Lemma T.5.

Lemma T.6. |H, | =~ 2|G} o H| in yp41.
Proof. We write
H.\ = Giy(Ho) + Gl Hue.
A8 o = 4faf? S s, [Hau| = 2 a0d [G2] = [yl - I5°|" then

G;z(Hz)z < 1|7”+1|2 . '7n| . G;z

GiHzz | ™2 In*] [(@%)?
By Lemma T.5 and since |yn41|? < 4|n°| we conclude that |H!,| ~ |H.,| - |G%| and the Lemma
is proven. O

Lemma T.7. For £ € yp41

1.

| <



2

| <o

3. al- ‘{gj:gﬂ“ < bo;

4 '7»"7{%'}'{‘:‘ < do.

Proof. We use the Appendix, Lemma T.5 for G* and many other lemmas. 0
In Subsection 1.14 we used the following Lemma.
Lemma T.8. Whenever esc> 1 then [H2*°(0)| > H,(0)|.

Proof. We write H®¢ = FgoFgoHif o = — and H* = Fgo H if ¢ = +. In the latter case,
H* = Fg 4 + Fp,, with Fg, < 0 and |Fg,q| - |FEz|™! & %, by Lemma E.4. But |Fg .| > 4
and the Lemma follows in this case. In the former case, H®* = Fgo + Fgo(Fsa + FgoH,).
Since in this case all z—derivatives are positive on iterates of the critical value and H, ~ 1, this
number is positive. The Lemma follows since Fg . > H, (use the Appendix and the fact that
in expanding regions the derivatives are bigger than one). O

3.6 Mean expansion

The main goal of this subsection is to obtain some properties for the z—derivative of the functions
P, that enter in the composition of B. This is will be the main ingredient to control distortion
of mixed derivatives. .

Let Y be the distance between the center of H(f) and H(0), let Z = [ImH)| and X =Z-Y.
Define w = X/Z and v = X/Y. The variables X, ¥, Z, w and 7 are functions of 2.

We say that £ is in Case A if w < § and in Case B otherwise (see Figure 9).

Here we determine once and for all the neighbourhood 2/(B) of J referred to in Subsection 1.9.
Writing B = Pjo..-.oPyorB= i"oP,-_l o---0 P, as in the beginning of the previous Subsection,
we observe in particular that, in Case A, Pi = B, o H, and therefore %(5) C #,. In Case B it
will be useful to note that there are basically two cases to consider: (a) dist(3, Bvy,) > E>1
and (b) otherwise. The latter situation also obliges P, = B, o H and U(8) C =,.

Lemma M.1. In Case B, if ImH' NU(B) # @ then
[ ImHNn*| > §|r; |-

Proof. If dist(B,8yn) > & then the Lemma is immediate. Otherwise /(8) C m; and as G* has
small distortion,

[ImHNg*|  [ImH| .

" Il
Since ImH’ Nx; # @ then [ImH’' N y,| > dist(m1, 8yn). But dist(ay,8y,) =~ dist(§, 8v,) >
1- JL;—i)llmHll/2 > 1}va| and the Lemma follows. O
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m=

Figure 9: Two cases for the position of B.

Lemma M.2. In Case A, if InH' Nxy, # 0 then
Pt} 2 w2 M2
Proof. As dist(f1,8vm—1) = w|ImH| and |H,| < |7a| then
dist(m1,87a) 2 a| " wllmH|
Therefore

.11/2
Prasal 2 2 [dist(n,tm) m] 2 w212,

Lemma M.3. In Case A, if InH' N #xy # @ then
1 4 -1
|Prel 2 597w

Proof. Tn Case A, Py = By o H, hence |Pya| = |Buo| - 1Hal 2 P2} - Lival. But 18] < potyal?
by Lemma T.1. 0

Lemma M.4. For all § = 1,...,j, if 1; is subordinated to n* then |P; ;| > |(G; o H).| >
q—1/2p—1/2_ .
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Proof. As P; = G0 Ho Fy; and Fy; is an expansion (if it is not the identity), by Lemmas
H.3 and H4, then [P, .| > |(G; o H),| > ¢~'/2p~1/2, We have |Gizl = |vm] - Ins]~* and since
dist(m,1*) 2 ¢~ ), then |H,| 2 2g71/2|5;['/2. Hence

[(Gi o H)z| > 2¢7"|ya] - | =12 > g~ 1/2p~113

by Lemma T.1. ]
Lemma M.5. If n* is subordinated to n; or n* and 1; are independent then
=|1/2
|Biz| 2 I(G: o H)g| >P_l In™| .
hnl

Proof. In both cases dist(n;,7*) >> [n*], so that |H.| >> |n*|'/2. Hence

In*'?  fal®
Fyal ||

(Gio H)| >>

and the Lemma follows using Lemma T.1. 0O
Lemma M.8. Let % be the point in §; = Fy ;(n;) at the greatest distance from the origin. Then
(Gio H)z(2)] 2 max |(G; o H)s(2)]-

Proof. As the distortion of G; is small any eventual big non—uniformity of (G; o H), is due to
H. In other words, as |G| is almost constant in 7; and |H.|¢,| attains its maximum at , the
Lemma follows. O

Lemma M.7. Let z € §; and let
& = &(Hz) = || - dist(Hz, boundary point of 1; nearest *).

Then |Piz(Fg3())] 2 |(Gi 0 H)z(2)| 2 p~1/%0/2.

Proof. We have

1 lval —1/2

2 [ 1Gio Hyldz = 22 > 0p

&l & K )al ]
hence |(G; o H);(£)| > 3p~'/2, where  is defined as in Lemma M.6. Write

_ = Giz(Hz)| |H(z) || —-1/2

(o utal = Geo e (G - (75| >

It is easy to see that |¥| > &/2, proving the Lemma. a

Corollary M.8.
1. If B=Pjo---o P then |P;z| > (4p)~V/? for all z € P} (yns1);
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2 ifB=FoPj_yo---0oP then|Pj_1.|> (10p)~3 for all z € P;”}, (Br);
3. more generally, if Fy41 # Id for somei=1,...,j — 1 then |Piq| > (10p)~2/2 for all
z € P (mia).
Proof. Use Lemma M.7, with & =~ 1 in the first case and & > {5 in the second and third
cases. O
Remark. The conclusion for the P;,’s in the Corollary M.8 are exactly the same for the
corresponding (G o H).'s.
Lemma M.9. Foralli=1,...,j
Pia

P, H

bl 1)
<O it Wt

or even smaller than C{W.T} if Fas = Id.
Proof. Write P; = G,oHoFH;andusetheAppendmmthLemma.sT2 T.3, T.5, H.6 and H.7.

IfFH,;;éIdbutd> thclalsomthmcasethebou.ndcanbeta.kenasCHW (]
Lemma M.10. In Case A
Pl.a
P H < C{r +p).

Proof. It is enough to apply Lemma M.9 after observing that in Case A, [Wo|~? < 2p'/3|n*|~/2,
and since |n*|}/2 - |ya|~! < p'/?, by Lemma T.1. O

Lemma M.11. In Case B, if ImH' NU(B) # 0 then
| Pia
| Pz HE |

[Yn+al
Irnl

foralli=1,...,5

Proof. By Lemma M.1, [Wi_s| > }In*|/2 for all i = 1,... , j, hence by Lemmas M.1 (implying
[a+1] > 3In°|*/3) and M.9 we obtain the inequality. a

Lemma M.12. In Case A, if InH' N # 0 then

Pia

lPl,zI—l "

<p
°

foranyi=1,...,5.
Proof In Case A, |P, .| < 2pw, by Lemma M.3. On the other hand, as [Wi_1|™! < |[Yn41|™} <
w=32|*[1/2 by Lemma M.2, then the expression above is smaller than

2pClr + "’l 2 i,

which is smaller than p if r and p are sufficiently small. [m|
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Lemma M.13. Let 1 < < j — 1. If |Pio| <2 for some zg € P (miyy) then
1 |(Pi10P)e| 2 3072,

- Pit1.00P
2 [Pal ™ | piitiepln
forallz e P,-_l(1r.~+1).

Proof. Let z € P;"(mi41) be such that |P;.(z)| < 2 and z = Fy4(z). Tt means, by Lemma M.7,
that &(Hz) < 4p. As the distortion of G; is small, then we have dist(m;11,8vn) - [7a|~! <o lt
is not difficult to see that in fact dist(z, &vy) - |va|™! ~ @ for all £ € m;,;. Let us estimate Pz
for T € mi41 as a function of &, if & < 5p. First, we note that in this case H (7i41) = Biya.

Let Y be the distance between the center of fi11 and T(0), Z = Z = |ImH| and X = Z - 7.
We have IH, o P,l Z 2Y1/2 restricted to P.-_l(ﬂ’H.l) and |B.'+1'z ocHo P,l ~ |7n| . lﬂ,‘+1|-l >

[tnlp™ X 1. But }|ya| =~ VZ=V¥+X implies

<p

.\ 1/2 >
Y Y
'-Pi+:l,z| = 'Bi+l,z cHy| > 4p-l (}) 1+ J—Y'
for all z € m;3;. We claim that ¥X~! > (10&)~!, which implies, by Lemma M.7, the first
assertion of the Lemma. )
To prove the claim, observe only that ¥ > [\/2 1- 412:)] .
To prove the second assertion, note that |P;| ~ L|y,|, s0 by Lemma M.9,

Fit100 B 77
et S < 20—,
(Pi+1,z o R)H, |~ [ynl?

since Fy; = Id. On the other hand, according to Lemma M.4, as there is z € 7; such that
|Piz| < 2 then 7; cannot be subordinated to n°*, hence by Lemma M.5

*11/2
P’z > —lI” '
IPocl 29 [yal

and the result follows, since J7*['/2 - |7,|~! < p*/? and p is small. O

Remark. The first assertion of Lemma M.13 can be stated for (G; o H) instead of P; in the
following way. If |(G; o H),| < 2 for some zg such that G; o H(zq) € 741 then

1
[(Git10H)z - (Gio H)| > EP_2:

where Giq1 o H is taken at G; o H(zo) (in fact, by the proof of Lemma M.13 we see that
Giy10H = Fyy,y).

Corollary M.14. For all 1 <i < j and 0<io < j—i let Ay = |[[1F0 Bp 0 44|

L if |Piyi,z| > 2 then Az, > 2%;
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2 if'Pi+io.=| < 2 then Ai,io 2> 2io_lp_1|ﬂ.l1/2|'7n|—1;
8. if |Piyig.s] = 3p7V2 then Ay > L - 207 1p71/3
4. in any case A, i > 2071t n* |12}y | 1.

Proof. According to Lemma M.13(1) if |P:¢| < 2 then |{Piy1,2| > 2, moreover |P; ;- Piisl 2
1p=2 > 22, Hence (1) is immediate. If |Piyi,2| < 2 then by Lemmas M.4 and M.5 we must have
[Pitiossl 2 P2 10° 1/} ynl~2. A8 |Pigip—1,2] > 2 then by item (1) we must have Az > 207
and item (2) follows. If [Piyipz| > 1p~'/2 then in particular |Pio,q| > 2. There are two
possibilities: if |}’.'+|'°_1,=| > 2 then Ai,(o—l > 2%-1 and item (3) follows, otherwise IR‘Ho-l,zl <
2 implies |Piyso—2,2| 2 2 and A;j_2 2 20~3; moreover, |Pitio—1,8 - Pitioizl > §p72 2 p7'/
and item (3) follows as well. Finally, similar reasonings and the fact that the estimate of Lemma
M.5 is always worse than the estimate of Lemma M.4 imply item (4). a

Remark. The Lemma is also valid if we define
i+io

[1(Geo H)o(Wi-n)

t=i

Ai,in =i

and consider |(Giyi, © H):| instead of |Pit4y,2|, according to the Remark following Lemma M.13.
Corollary M.15. |B;| > 4.

Proof. Just apply Corollary M.8 and M.14(3), for the two types of decomposition of B, as well
as the results of Subsection 3.3. 0
3.7 Derivatives of the F,’s

To prove the Lemmas below it is enough to carefully apply the Appendix to P; = Gjo H o Fy;,
with the help of the Lemmas proven in the preceding subsections. The inequalities involving
F are always consequences of Lemmas H.6 (for d < }) and H.7 (for d > }) together with
sl - 37412 < 112,

Lemma P.1. Foralli=1,...,j

P
FF| < a2+ A D

but the first term of the R.H.S can be ommited if Fg; = Id. Moreover,

|"Yn+1| -

2
ool 55| < el < o

Lemma P.2. Foralli=1,...,j

}Di,uzz

PP < %(1 +(Gi o H)o|™' +|(Gi 0 H).|™?).

a1 I2
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Moreover,

Fea
|‘7n-4-1|2 - —(1;2): < Cq.
Lemma P.3. Foralli=1,...,j
R:’ za Z0
frnsa] - (P VEL =);H,’. <6g;+O%;,

where
(51+6o)C "" 5 (1+1(Gi o H)a|™)

and, if Fiy; # Id,

bl 1Ly 5, el o H). -1
T L A

otherwise ©F; = 0. Moreover,

bl |7 FS’ 771 Y2
Lemma P.4. Foralli=1,...,5
ol | e | < O + O3
where
e =@+ mo o (Bl G0 )
and

e =1+ |(Gio H)|™ + |(Gio H),|™

if Fu; # Id, otherwise 9},’:3‘ = 0. Moreover,

Fz:
[Ynsal* - 2 Cq.
Lemma P.5.
}7 ll' R,GB <eau.+ean_
PR ER| T TR
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where

»|2
8. = (5 +8)C I"' 'P (L+ (G 0 Hal™* + [Wica| ™)

and

%, = (Ch) :’7 II’ +C|(Gs o H)al .

Moreover,

cq'/?.

T
Tl Eoyay)y?

3.8 Proof of the differentiable conditions

Now we are ready to prove the induction for the quocients involving the derivatives of B. The
estimates are valid for every z € § and we always assume that a is such that ImH' NU/(B) # 0
(even if sometimes this condition is not used).

From now on we define

i+ip 1

[1G:om)

t=i

i.l+-o

Lemma D.1. Fordli=1,...,],

4,8

i
Proof. Based on the Appendix we write, if B = Pjo---0 P,

<61.

Ai,a = Pl,u Pta

AiH, P H, + Z(At-l")_ e HY

This expression holds for ¢ <jorfori=jif1§=P,-o---oP1. Fi=jand B=FoPj_jo0---0P
we change the term in ¢ = j by

Ry

(Aj— .z)_ FH!

which is smaller than Cp!/2, using Corollaries M.8 and M.14 for A;_; . and for the rest Lemma
H.6 and Corollary T.4, if d < 1/2, or else Lemmas H.7 and T.3 if d > 1/2. Returning to the first
expression, we suppose first that we are in Case B. Using Lemma M.11 and Corollary M.14(4)
we obtain the bound C(r + p).
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In Case A, C(r + p) bounds the first term, by Lemma M.10. Next, we use conveniently
Lemmas M.12 and M.13(2), in the following way. For t > 2, if [Pi-1,z] > 2 then by Corollary
M.14(1) |P—1,z - - Poz| ™! € 272, g0 that by Lemma M.12

P,
-1_fta —t+2
(At—l,:) P'ZH; S 2 D
Otherwise, by Lemma M.13(1) we have |P,_3,| > 2 and so |{Pige - Prz|™! < 27442 by
Corollary M.14(1). Now we can use Lemma M.13(2) to obtain exactly the same expression as
above. The Lemma follows if p and r are sufficiently small with respect to 4;. m}

Lemma D.2. Foralli=1,...,j~1orfori=jand B=Pjo.--0o P,

Ai 2T : -1 -1
[Tl - ; <2 Bt Ay
(Ai2)? ,; ! !
Proof. By the Appendix
A(.zz . i Al,z Pt,::

(42~ S A, (Poa)?
and the Lemma immediately follows using Lemma P.1. We use also that

F‘zz | |7n+1| /2
[vata] - 7ad <C i < Cq'/2.
O
Corollary D.3.
Bz:
1l - B.7 <&
Proof. We take i = j in the previous Lemma, if B = Pjo--- o P, and use Corollaries M.8 and
M14. ¥ B=FoPj_ 0-. 0P, the procedure is analogous. a
Lemma D.4.
» 2 I B:zz ! <é
I7n+l| !(Bz)ai 1

Proof. Suppose B = Pj o--.0 Py, without loss of generality. Using the Appendix we write

[Tn4a]? Peas _ EJ: YL~ N -
Gy g (Piz2)® (Bisr,2)?

i—-1,2x 1

|'--l,==)2 ' éi+l,=éi.z )

J
Pi cid
+3) |’7u+1|W ‘|‘7n+1|(A
=2 et
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The first sum is bounded by

[}
= Z(A|+1J +4;, l) )
which is smaller than 66;p, following the remark just after Corollary M.14. By Lemmas P.2 and
D.2 the second sum is bounded by

i—1
12ZE(A_1 +ATL DB + A5

=3 t=1
which is smaller than, for example, 3000p, using Corollary M.14 and the Remark following it.
The Lemma follows if p is small. a

Lemma D.5. Foralli=1,...,j—1lorfori=jand B=Pjo...0 P,

i A‘::')Q“H, \ (1 + Z Af, ) +CiAT}

=2

Mn]

Proof. By the Appendix

,:u Ptza At— ,a Pt,zz g 1
(Al,z)z Z Ai.l (Piyl)a Z A 1,2 (Pt.z)z Pi,z «-Piy1a

where Py +++ Py, =1 if t = i. Let us first analyse the second term of the sum, multiplied by
a4l - JH.| 1. By Lemmas D.1 and P.1 it is bounded by

61 ( ' —1)

— |14+ A7 ].

w\'"
For the first term of the sum we use Lemma P.3 and Corollary M.14 (and its Remark) a few
times to get, if p is small,

ALk BTi-186. < 27
and
AZH AT 1Ome <pAZ +CATY,

and the Lemma follows. O
Corollary D.8.

Wata] - W
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Pmof IfB= Pjo.. oP11t|senoughtoapplyLemmaD5w1thz—Ja.nduseCorolla.ryM14
¥B= FoP-l ©--+o P it is a combination of Lemma D.5 with i = j — 1, Corollaries M.8(2)
andM14andLemmaP3 O

Lemma D.7.

sl B’j;;;ﬂli <&
Proof. We write
[Yt1f? (B-)3H' =51+8+83+5+58s
where
Z PRYRE - Tp—

(PiglH (Biy12)2Aire

i=1

J P; Ay 1
S, = 2 Hdzzz i-la = ,
2 Z;'%wll (P2 Ay H! (Bis1,2)?

1
=9 . ,z:l: l,za . — ,
3 Z |7 +1| (P )2 I7ﬂ+1 I (Al—-l,z) H' Bi+l,zBi,z

:—l.z: 1

l za
; ‘71!1-1 ' (P )zH; I’YTH'II (At—-l,z)2 (Bi+1'z)2A.',z 3

—1,zz Ai—l.n 1
Zh""'ll(P )2 hw“'(A, 12)? Ai—l,:H' Bi+1 zéiz .

Special attention must be paid to S; and S, since in these cases one needs to distinguish
between Fy; = Id and Fy.#1d. If Fg; # 14,

i
151] < Z(A:I:-llg)iAl,t—l + Al,;A:—+11,J +Ap A_l

By Corollaries M.8(3) and M.14(3), AT}, < p!/2. The remaining A’s are well controlled by
Corollaries M.8(1) and M.14(3) and after all lSll can be bound by a multiple of p. If Fiy; = Id
then the ‘problematic’ term

(6 + Jo)c |"I l E(A:}}I,J)ZAI i—1

=1
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is also bounded by a multiple of p (for p small, of course, to kill constants), since by Corollary
M.14(4) ATi_; < phml - |7*|=}/2. For S, we proceed similarly. The sums 53, Ss and Sy are

easier,andalsothecasewheref?:FOPj_l0---0P1. )
Lemma D.8.
. ?ﬂ_ <&
el | B acas | <™
Proof. By the Appendix
(g";z =51+85+85:,
x

where

i P, 1
S = 1,60 e ,
! g Mol (Pi2)*(Hi)? Biy1,z(Aicr,2)?

i
P; Ay 1
S, = 22 (XTI 8 ,
’ =2 i ll(Pi.z)’H:'. AirH, BiyizAi1,e

i 2
F; A1 1
S=Y1 "’-( ') :
3 - 'Yn+!'(P‘_“)2 Ai1H, Birre

The sums S2 and Ss and part of S) are treated in the same way as in the preceding Lemmas,
with an eventual distinction between Fy s = Id and Fg; # Id. The only new problem comes
from S, where we have to bound

j ®
C(6 & l"I I’ Wi —IA—I A—l 2
Z (6 + 0)—|,y l3| 1|7 A 5 (AT ) -
=1 n

In Case B, [Wi_.|™! < 5i7*|~/2, hence using Corollary M.14(4)

[n*? 1 a-1 2 5/2

|7ﬂl3 IW‘-II (Al.i—-l) <5p”°.
In Case A we use AT} < 2pw (by Lemma M.3) and 7a41 2 w'/?y*|*/? (by Lemma M.2), hence
[Wi—i1|~! S 2w=1/2in*|~1/2, Then, as A7}, = A[1A7;

i—17

-2
In |3|Wi—1|_1(A1_§_1)2 < 8p9/2w3/2 .
1ral !
Asw<1, T, A7 ; < Cp'/? (by Corollaries M.8(2) and M.14(3)) and p is small with respect
to d;, the Lemma follows. The case where B=Fo Pj_; 0.0 P is analogous. O
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A Glossary of formula

A.a Iterates near the saddle—node

The formula below are used in the context of Subsection 3.2. We use the following nota~
tional conventions: HJ means the z-partial derivative of the function H7 defined by indue-
tion by H(a,2) = H(a, H/~(a,z)). We consider z € (H**(a,2,), H(a,z,)), for i such that
H,(a,H'(a,2,)) < 1 (the remaining cases are similar). In this case, we write Hi(a,z) =
¥(~ai(a) + ti(a,),0,2;), where ¥ is the flow of the field X and the functions o; and t; are
explained in the referred Subsection. This expression is used for Hf and H3,. When there is no
argument it means that the derivative is taken in (a, z). For the field X , X itself means X (a, z)
and X o HY means X (a, H#(g,z)). Finally, ¥ is evaluated always at (~ay(a) + ti(a, z),a,2;) (as
well as its partial derivatives).

. XOHJ
H=— (a.1)
: j ,
Hi, =% ;ff (X, 0 Hi - X,) (a2)
1, =0 H) +2X.)? ~3X, - X, o B + X o HI - Xy o HY = X - Xpa] (a3)
H,., = X3 [(Xzo ) +2( ) —3X; - X, 0 +Xo zz © zz a.
: . AN
= o - |—0 == —_— 4
Hi=XoH [a'+6a]+3a (a.4)
X , . 5
Hgnz%(X,on-f-Hg-X,oHJ)_X;FH g (a.5)
. i .
H,, = —-22{—;.,{1X,.(X,OH’—X,)+
+ %{[Xaon+H£-X,on]-[X,on—X,]}+
+ Yl,;{xcfp'-[X,,,oHJ'+H£-X,,aHJ'—X,,]} (a-6)
; v 7 ;
Hl, = w+[—61+5§]-xolfj+
+ 2[~&,+%::-']-[X,oH" + Hj - X, o HY| (a.7)
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A.b . Compositions of diffeomorphisms.

let G; = Fyo

..OFl,G=G,forr>1andQ,-= vo...0F;.

Fia
Z Gi x

Gz: |.=z
(Gz)2 Z Qw}-l z(Fl z)2

(G=)?

F‘,ua z Fl',za Gi—l,a S Fi,zz

G:u Z 1 za zr: Fi,u . Gi—l,u
FisGr. & Qinz(Fiz)® Gi-ie

. +
(G=)2 z Gl sGra‘ 22 Fi,:Gr,n Gi—l.: =2 Qi+l.z(Fi

. (Gi—l,u
2 \Gi-1a

1 Gi-1.zs

Gzzz ) Fﬂ.:sti,z i,z i
G = 2 Qe 22 Qo Pl Q

Gzza — . Fizza
(G:)3 - g Gr zQw+l,z(Fi,z)’

A I“i,zzz 1,z Gi—l.u = Fi,za 1
L '

i=2

_i,_z (Gi—l,z )2

G(—l,sz

+ e
i1 (Fie)t Gim1s L5 FisGre Qi (Gim1,2)?
F{.zz 2 Gi—l,sa Gi—l.a 1 Gi—l,::

+2§ Qir1e(Fia)? |Qiz (Gie?  Gic1a Q

A.c Critical compositions.

Let H'

=G*o H. Then

H, =G, +GiH,
H,, =G5, (H,)’ + G;Hes
H.,, = GiHyae + Gopp(Hz) + 3H Hia Gy
H,, = H.G; + H:G:, + H.H.G;.
H., = GiHoo + Gy + GooHa + Go (Ha)

H;“ = GiHero + G::::«(Ht)2 +
+ GlepHo(H.)? +2G HooH, + G Hex +

58

i,2 (Gi—l.z)z

T

G, HoHez

:

(b.1)

(b:2)

(b.3)

(b.4)

(b.5)

(b.6)

(1)
(c2)
(c3)
(c4)

{c.5)

(c.6)
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