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Abstract 

We control parameter distortion in the generalized renormalization procedure provided 

a certain set of starting conditions is satisfied. This allows us to prove that for a C""-open 

set of unimodal families, almost all parameters inside an interval preBe11t either stochastic 

dynamics or a renormalization (in the classical sense). Moreover, easy consequences are 

that renormalization happens densely on this interval and stochastic behaviour with pomtive 

measure. A wide range use of ihis approach would rely mostly on proving thai the starting 
conditiODS aze aatwied lor general famili.,,.. 

1 Introduction and results. 

1.1 Introduction 

The main purpose of this work is to discuss the distortion of parameter derivatives in the onset of 

generalized renormalization or inducing (names vary according to the authors), a concept which 

first appeared in the beginning of the 80's with a paper of Jacobson [5) and underwent many 

developments in the last two decades as a tool for the study of the quadndic famil'IJ and, more 

generally, families of unimodal functions (see definitions in Subsection 1.4). 
The use of generali7.ed renormalization has proven to be fruitful, but the main assertioil8 were 

achieved only by enlargement to the complex setting, motivated, among others, by the lack of 

estimates on the distortion of parameter derivatives. The importance of this kind of estimates 

is that once they are obtained conclusions on the parameter space follow almOllt automatically 

from results on the configuration space. 
With this in mind Jacobson proved that in the quadratic family parameters with stochastic 

behavior have positive Lebesgue measure, but at the expense of some excluded set of parameters 

for which distortion could not be controlled. 

•Partially wpported by CNPq, Grant #201118/96-3, and FAPESP, Grant #98/1~39-9. E-mail: 

colliGime.uap.br 
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Here we intend to show that distortion control is possible even without parameter exclusions. 
The price to pay is to show that for some stage of the generalized renormalization procedure a 
set of c.onditions is satisfied, in order that for subsequent steps the induction works. This kind of 
approach resembles very much how the decay of geometrJ, (see Subsection 1.6) has been proven 
for a class of unimodal functions ( called quaai-quadratic), in the beginning of the 90's. First ([6], 
[7]) decay of geometry was obtained provided a certain ,tarting condition was satisfied. Secondly, 
one had to show that for every map in this class the starting condition could be achieved for 
some stage of the generalized renormalization ([7], [4]). 

In this analogy, the present work corresponds to the first part: we give a starting condition set 
of bounds on certain parameter derivatives that can be kept by induction for every subsequent 
step of the generalized renormalization. It is not clear yet in what generality this approach can 
be used or, in other words, what do we need to arrive at a step for which the starting condition is 
valid. However we are able to show its potentiality, by applying it to some families of unimodal 
functions specially constructed to satisfy the starting condition at the firat step of the induction. 
These families, which we call ,pecial, contain a C 00-open set of the space of families of quasi­
quadratic functions, but the parameters are taken only near the usual last bifurcating value of 
unimodal families. 

We prove that for these special families almost all parameters are renonnalizable or atochastic, 
a result related to the one proven by Lyubich [9] for the quadratic family or, more generally, to 
families of functions which admit a quadratic-like extension to the complex plane. Moreover, we 
are able to recover a Jacobeon-like assertion, showing that fJ4f"Ometen tDitl& nochaatic bt!havior 
have positive measure, and also to obtain that renormalizable parameters are deme. 

All the undefined expressions of this introduction will be clarified along the text. In the 
remaining of Section 1 we tell what is generalized renormalization, who are the B]>eCial families 
for which we apply our techniques (its existence is postponed to Subsection 2.2) and the results 
above mentioned. Moreover, we discuss a criterium for stochasticity due to Martens and Nowicki 
[12] which is also used by Lyubich in [9]. 

Up until this point generalized renormalization is performed for a~ parameter. We show 
still in this Section how to do it for (one-parameter) families, although the procedure will only 
make sense after the control of parameter distortion. In the sequel, we precisely state the bounds 
on parameter and mixed derivatives we need to control distortion. These bounds are much more 
than what is necessary to application11, but the only set of inequalities we found that could be 
kept independently by induction. 

We also prove in this Section the application11 mentioned above, ll88Ullling that our special 
families satisfy the starting conditions and that the induction procedure is true. In between, 
we explain generalized renormalization in more detail, taking profit to introduce the technical 
notation to be used in the rest of the paper. 

Section 2 is dedicated to show the starting conditions for the special families and also the 
existence of such families. Finally, in Section 3 the induction step is proven. 

A comment about notation. We use the symbols "~", " ;::: w and " ~ ", meaning that equal­
ity or inequality is true up to a small multiplicative factor, whenever there is no danger of 
accumulation of small errors. In the same way C and c will denote sufficiently large constants, 
independent from the remaining specific constants that appear along the text. 

Aknowledgements. I would like to aknowledge J .-C. Yoccoz for many discussions during my 
stay at Orsay, where the core of this work was developed, J . Palis for his inspiring conjectures 
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Figure 1: Maps in which generalized renormalization is applied. 

and wholehearted support, C. Ragazzo for the hospitality at the University of Sao Paulo, where 
the article has been finished, and many other colleagues for enlightening conversations. 

1.2 Generalized renormalization 

Generalized renormalization is a concept whose precise definition may vary according to the 
specific needings or results one is looking for. Here we apply it for maps • of the following kind 

(see Figure 1). There is an intenal 'Y which contains the (disconnected) domain of+ and a 
central interval i C 'Y such that +(i) C 'Y, +(or') C fry and +Ii is a unimodal function, i.e. 
a function with one and only one turning point c in its interval of definition. The TeDJaining of 
dom(+) is a union of pairwise disjoint intervals from a collection B, all of them contained in the 
interior of 'Y (there could be nonempty open sets in the complement of the closure of this union, 

but here this will never be the case). Fbr each /3 EB, we have that +(/3) = i and +l/3: /3 ➔ i 
is a diffeomorphism. We may suppose that + is C00 inside each connected component of its 
domain, although CS is enough to our considerations. 

Let 1 $ esc $ oo be the first positive integer BUch that •-cc) E 'Y \ i- The renormalized 
function +' = Ren(+) will be defined if and only if esc < oo and +"""(c) E int(P), for some 
p E B. In this case we set 

-r" = +--cP> 
as the central interval of dom(+') and +'Ji' = +IP o +-=Jy'. Besides 7'', the domain of+' is 
composed by the union of all pre-images of 7'1 under + taken outside 7'' and contained in 7'. 
This collection of intenals will be called B'. For each P' E B' there is a power of + which sends 
P' diffeomorphically onto 'Y", and this will be exaetly the definition of +'IP'. 

This scheme is described with more details in Subsection 1.13. For the moment, we observe 
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that starting from a map t = to, having 

dom(+o) = 1'1J U U fJ C '1-1 
ltEBo 

( where 'Yo corresponds to 1 and 'Y-i corresponds to '1 ), we obtain a sequence of maps { +n }n~o, 
where t,. = Ren(tn-1), n ~ 1. The only a priori assumption is that for each n the critical value 
position implies that t,. is renormalizable in this sense. This procedure generates a decreasing 
nested sequence of intervals 'Y-i :::> 'YO :::> 'Yl :::> ••• and collections B,. of pairwise disjoint intervals 
inside 'Yn-1 for all n ~ 0. 

For the sake of clarity and later use, we call 

H,. = +nhn, 

the central branch of 'Yn, and for each fJ E Bn we let B: fJ ➔ 'Yn be the diffeomorphism B = +nl/J-

1.3 The quadratic family 

This whole procedure ariBes naturally for families of unimodal functions of the interval, as for 
example the quadratic fomilv. The quadratic family is the family of functions (4>.) 11 , ;. : ll ➔ R, 
where cf>.(x) = a - x2. Although the parameter a is intended to vary along the real line, there 
is a special range, the interval [-f,2], with the following property: "there ill an interval I,., 
symmetric with respect to the origin, 8Uch that cf>,. (111) C I,. and 9'>11 (81,.) C 8111". The interval I,. 
is defined by [-x.,:i:11], where -:i:11 is the leftmost fixed point of cf>., {by a parameter dependent 
affine change of coordinates the interval Io. could be sent onto [O, l], and in this case the family 
would be written as xi-+ rx(I - x), with r varying between 1 and 4 as a runs through [-¼, 21). 

For a > 0 we define the interval '1• = (-q,., q,.], where q,. is the rightmost fixed point of cf>,. 
and consider the first return map i in 'Yo., as depicted in Figure 2. We call aM(= 'l'o) and of, 
k = 2, ... , M -1, the closure of the connected components of the domain of continuity of i and 
consider the (continuous) extensions of i to these intervals, giving the names At = +lat = 
cf>!lat and Ho = +laM = cf>!'laM (of course all the functions depend on a, but we omit the 
index to avoid a cumbersome notation). 

To obtain a map +o like the ones described above, we look at the collection Bo of all pre-­
images fJ of 'Yo = OM under i which are taken outside 'Yo• Then, for each fJ E Bo, +olfJ is 
defined as the power of i which sends fJ diffeomo1phically onto 'Yo• The interval '1-l is 'Yea and 
+ol1b = iho-

The same construction can be done for other unimodal familiea, 111! for example the apecial 
/amilie, we describe in the sequel. These families will be important here since for them our 
methods can be easily applied, as it was stressed in the introduction. 

1.4 Special families 

We start by some definitions. The Schwarzian derivative of a C3 function cf> is given by 
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Figure 2: First return map in -y4 • 

except for the points where the derivative vanishes. We say that</> is S-unimodal in I if S</> $; O 
and rf, is unimodal in I (i.e. tp has one and only one turning point in I), and q,.&ll$i-quadrntic 
if moreover the critical point is non-degenerate. It is easy to verify that the functions of the 

quadratic family are quasi-quadratic. We refer the reader to (13], Chap.IV, for the distortion 
properties resulting from the assumption of non- positive Schwarzian derivative. 

_ ~ fo_ > 0 (which will be made small accordingly), 3 > >. > 2, i = i,. = [-2, +2] and 
ip,. : I ➔ I satisfy: 

• a E (2 - Eo, 2]; 

• i,,.(.f) Ci and 4,,.(8.T) C lJi, Va, i.e. i is a resmctive interval for i,,.; 

• (a,x) i-+ 4>,.(x) is C°°; 

• 4>,.(x) = -2 + >.(x + 2} for x e [-2,-x>.], where X>. = 2t;_;1ll; 
• 4>,.(x) = -2 + >.(x - 2) for x E [x>., 2]; 

• 4>,.(x) = a - 1x2 for x E [-¼, ¼J, for some µ > >.; 

• D4>,.(x) is monotone in i and D2i,,.(x) is monotone (separately) in l n {x < O} and 
in {x ·> O}; 

• D34>,.(x) :S O for x :SO and D,4> .. (x) ~ 0 for x ~ 0. 

In Subsection 2.2 we prove that such a family does exist, but in fact we have to restrict 
the possible range of >.'s to certains values between 2.3 and 2.4. From the definition it is easy 
to verify that (D4>,.)2S4>. :S O in i, hence j,. is always quasi-quadratic. We now say that a 
C"" family of quasi-quadratic functions (ip,.),. for which (-2, +2] is a restrictive interval (i.e. 

</>.((-2,+2]} c (-2,+2] and <f,,.({-2,+2}) c {-2,+2}) is special if it ill C°° 6-near (4>,.),. in 
(-2, +2] for some 6 > 0 that we will specify later in Section 2. It is clear that there exist open 
,eu of special families (among the families of maps having [-2, +2] as a restrictive interval). In 
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fact our results are essentially true for C3 families which are C3 near(~ .. ) .. , but we adopt infinite 
differentiability and C00 topology to avoid technical difficulties in Subsection 3.2. 

The definition of (~ .. ) .. resembles the family of unimodal functiom studied in [l], where a 
Jacobson-like theorem is proven, but there the coefficient of the quadratic part varies with the 
parameter. 

We can use the same notation as for the quadratic family. H (IPa)o. is a special family, there 
is an int.erval 'Yo. whose boundary points are the two pre-images of the rightmost fixed point of 
(/,., (equal to x~ if(/,,. = ~ .. ), and also the intervals OM = 'Yo and at, k = 2, ... , M - 1, which 
are the closure of the components where the return time to 'Y• is constant. We can also suppose 
without 1068 of generality that O is the critical point for all a. 

1.5 Results for special families 
We say that (/,4 is renormalizable if there is an interval i = i., C int(/.) containing O and a 
number n > 1 such that i,. is a restrictive interval for the n-th power of (/,,. and il>:li., is a 
unimodal function. Let 

1l = { o ; If)., is renormalizable} . 

We say that (/,., is ,tochutic if there is an absolutely continuous 1/).,-invariant probability measure 
(a.c.p.i.m) and define · 

e = { (J i tp,. is stochastic} . 

AB a Corollary of (11] (see also [13),Chap.ill.5), if tp,. is renormalizable in an interval f,. then for 
almost all x EI,. there is n = n(x) such that 1/):(x) E f0 • If not, then according to (7) for almost 
all,: EI,. we have w(z) = [IP!(0),ip,.(0)]. If moreover IP• is stochastic and 11,. is the conesponding 
a.c.pJ.m. then suppµ= [IP!(0),ip,.(0)]. We prove the following Theorem. 

Theorem 1. If (ip,.),. ia o apeciol famil11, then there u 1: > 0 auch that (/,,. i, renonnali.z:able or 
11tochaatic for almo11t all a E [2 - 1:, 2]. 

Despite being a 'bifurcation-like' result, it is of the same kind as the one which appears in (9] 
(and we make use as well of the result in [12], see Subsection 1.7), but there the quasi-quadratic 
families considered admit a quadratic-like extemion (see (13], Chap.VU, for a definition) and no 
parameter restriction is made. AB the quasi-quadratic families coming from the renormalizations 
are also in the same class, the analysis can go beyond any finite number of renormalizations, 
and the conclusion is that almost all finitely renormalizable parameters are stochastic. In the 
present case the analysis is no longer valid for the renormalizations, since neither they are in the 
same class as the original family nor all parameters can be embraced. 

On the other hand, our result is valid for an open set offamilies (in the C00 topology), while 
the class of families in (9] has empty interior among C00 families. 

Notwithstanding, besides the discussion above, the important fact to retain in this work is 
that control of JS&I'ameter distortion can be achieved inductively provided some starting condition 
is satisfied (see Subsection 1.9). AB the special families are constructed to satisfy these starting 
conditions, the theorems of this section can be derived as easy corollaries. 

We will be also able to prove Jacobson's Theorem (5] for these special families, as a conse­
quence of our methods and (12]. 
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Theorem 2. If (,t,11 ) 11 i., a 1pecial family thm Leb(_c) > 0. 

We say that <fl,. is Misiurewicz if the critical point is neither recurrent nor attracted to a 
periodic orbit, and denote by M the set of Misiurewicz parameters. It turns out (see [14] or 

[13], Chap.V.3) that if a E Mn 'R! then </111 is stochastic. These parameters however are rare, 
as stated in the following Theorem. 

Theorem 3. If (</1,.)11 is a special family and E > 0 is sufficiently nnall, then 

Leb(M n 'R,c n (2 - f, 21) = 0 . 

This result was already obtained by Sands [16] for general S-unimodal families. 

Finally, another Corollary of our methods will be 

Theorem 4. If ( ¢,,.),. i, a apecial family thm 'R, is dense in (2-£, 2], for E > 0 mfficiently small. 

This result goes, with the limitations exposed above as well, in the same direction as [4] and 

[8]. 

1.6 Decay of geometry 

We add some data to the renormalization scheme and carry this information throughout the 
induction. Suppose that we have defined a sequence (+n)n>o, where +n = Ren(+n-1), for all 
n ~ 1. Assume that the Schwarzian derivative of +0 is non=poeitive in every component of its 
domain. Moreover, for each /J E Bo, the corresponding dilfeomorphism B : /J ➔ 'Yo admits a 
dilfeomorphic extension from P :::, /J to 'Y-i with negative Schwarzian derivative, which implies 
small distortion of DB in /J, i£ the ratio hol/l-r-1 I is small (see [13],Chap.IV). 

For each /J E 8,. define 

I/JI I.Bl 
p,.(/J) = dist(/J,8-yn-1) 'q,.(/J) = dist(/J,'Yn) · 

Let 

rn = sup I hnl I ,Pn = sup sup Pn(/J) , qn = sup sup q .. (/J) . 
o 'Yn-1 a {JEB. a /JEB. 

The supremum is taken among the parameters a for which renormalization is defined up to the 
n-th stage, inside the parameter interval of definition of -lo (see Subsection 1.8 below). We use 

the following Theorem. 

Theorem 5 {(6),(7]). If ro, Po and 'lo an! ,mall enough, then r .. , Pn and q .. tend to zero aa 
n ➔ oo, and in particular rn do it exponentiall11. Although thei, ma11 not decrm.,e monotonicall11, 
given r, p and q sufficientl11 ,mall (and greater than zero), if ro, Po and 'lo are sufficientl11 ,mall 
then r,. $ r, p,, $ p and qn $ q for all n ~ O. Moreover, for each ,8 EB,. the dif!eomorph~ 
B : /J ➔ 'Yn is e:itendible to a 9;;-1 I.Bl-neighborhood of ,8 as the same power i such that B = ~IP, 
diffeomorphicall11 onto it, image (which i., containea in 'Yn-1), where 9,. = 9(q .. , rn) and 9 goe.s 
to zero as it, arguments go to zero. 
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The exponential decrease of r,. is called deca11 of geometrv of the generalized renormalization. 
The growth of the extendibility neighborhood of the {J's, t.ogether with a negative Schwarzian 
derivative of the iterates imply that the distortion of the B : /J ➔ -y,. is becoming smaller with 
n, or in other words these functions a.re becoming 'linear'. 

We also obtain some expansion on the functions B. 

Theorem 6. There ia T > 0 ,udi that if r0 , PO and !lo are ,u[fidenUy ,mall and IDBI ?: 1 +,,. 
for all fJ E Bo then IDBI ?: 1 + 'T" for all fl E B,., n ?: 1. 

This result cannot be explicitly used in our applications, but the expansion we get along 
iterates underlies the distortion control which is central in this work. 

1. 7 A sufficient condition for stochasticity 
H (</10 ) 0 ia the quadratic family or one of the special families defined in Subeection 1.4 then the 
corresponding initial map •o we have defined satisfies the hypotheses in Subsection 1.6. The 
Schwarzian derivative property is immediate, by its invariance under compositions. Also, the 
construction of <J0 from i gives the extendibility property of the diffeomorphisms B: fl ➔ ;o, 
for fJ E B0 • 

In addition, ro = l;ol/17-1 I can be made as small as we wish (and also Po and l/0, which 
depend directly on r0), provided that a is sufficiently near 2 (or equivalently M is sufficiently 
big), and moreover the expanding property of the functions B : fJ ➔ "lb is assured. This will be 
shown in Section 2 for the special families, although for the quadratic family the reasoning is 
analogous. 

Therefore, for a near 2 we can apply Theorems 4 and 5, In particular to conclude that In these 
cases there is decay of geometry. In fact the decay of geometry turns out to be valid in a much 
larger extent, even if r0 is not sufficiently small. This can be proven if one shows, for example, 
that there is a qulJli-lllfflIDt:tric CODjugacy between •o and a map io such that ro = l"rol/l"Y-11 
is sufficiently small (see [7]), or by direct means (see (3]). 

We continue to mppose that (<Jn)n>o is well defined. This is guaranteed if and only if 4',. is 
neither renormalizable nor Misiurewicz-(since hnl ➔ 0, by Theorem Theorem 5). 

As in Subsection 1.2, for each n ~ 0 there is a number esc,. ~ 1 which is the first Integer 
mch that ~:"- (0) E 'Yt1-1 \ -y,.. Following [7], we say that ~n has a central return if esc,. > 1, 
i.e. <Jn(O) E --,,., and a non-central retumotherwise. Martens and Nowicki prove 

Theorem 7 (112]). If (t/1.,)., i., a qua,i-quadrotic famil11 and 

l{n; e,c,. = e.,c,.(a) > 1} < +oo 

then 4'0 ia stochastic. 

This result is used In (9] applied to families which admit a complex quadratic-like extension 
to a neighborhood of their original lnten-al of definition. Here we use it for the special families 
constructed above, with real techniques, to show 

Theorem 8, If (t/1,.)o ii a ,pecial family, then for almo,t all a E 'Rf either¢,. ii Muiurewicz or 
#{n; e,c,. = e,c,.(a) > l} < +oo. 

Clearly Theorem 8 implies Theorem 1, by Theorem 7, and the fact that Misiurewicz param­
eters a.re automatically stochastic. 
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1.8 Generalized renormalization in families 

Let us now describe the renormalization procedure for families, instead of fixing a parameter. 
We start with a parameter interval Jo where to = to, .. is defined. If (q,11 )11 is the quadratic 
family or a special family then we choose J0 = AM, where 

AM= {a; 1/1!(0) t 10 , VO< j <Mand q,!4'(0) E 111}. 

Although the domain of c}io may vary with a, each connected component of dom(cJ0) has a 
continuation defined for all a E Jo. The next generation c}i1 is defined only for the parameters a 
such that ~(O) E int(,8) for flOme fJ E Bo. Therefore the family cJ1 is defined for parameters 
in a union of intenials and inside each interval the connected components of the domain always 
admit a continuation. All connected components of dom(c}ii) shrink to a point as H~(O) 
approaches one of the boundary points of f3. 

Precisely speaking, we proceed by induction. Let tn = (cJn,11)11EJ,Je.J. be the n-th renor­
malization of to = ( to,11 )11EJ0 , where :In is a collection of intervals, each one inside some interval 
of the collection .1n-t, for n ~ 1 (and .Jo= {Jo}). For each J E .Jn there is a central interval 
'Yn = 'Yn ( J) which varies continuously with a E J, a collection Bn = Bn ( J) of pre-images of the 
central branch, varying contin110Sly with o E J, a-dependent diffeomorphisms B : /3 ➔ 'Yn and 
a central branch Hn : 'Yn ➔ 'Yn-l with the property that Hn(O) completely crosses 'Yn-1 as a 
varies inside J. 

At this point of the exposition we may assume that cJn is well behaved in both space and 
parameter. Fbr example, the central branch is approximately quadratic, the velocity of the 
critical value is almost constant and the elements P = P. move themselves with much smaller 
velocities. These assumptions are justified by induction and we show they are preserved under 
generali2ed renormalization. In fact, they are exactly what we want to prove! Moreover, without 
1088 of generality we suppose that D2Hn < 0 and llmHnl grows with a (see Figure 3). 

We divide the parameter interval J E :Tn in the following way. First, let R = R(J) be the 
cl08ed interval of parameters for which Hn is renormalizable (similarly to the interval[-¼, 2] for 
the quadratic family). It is easy to eee that a E R if and only if esc = esc(a) = +oo (see for 
example the explicit descriptions in Subsection 1.13). Secondly, let u(a) = - if O ¢ lmHn and 
u(a) =+otherwise, and define .P = {a E J; u(a) = ±,escn{a) < +oo}, in such a way that 
J = J- U R U J+. For each A: ~ 1 define 

Jt = {a E .F ; esc,.(a) = k}. 

Therefore {R, { ,Tt},.~i} defines a partition of J (see Figure 3) and as a varies along ,Tt the point 
H!{O) crosses the left connected component of '}'11-1 \ 'Yn {except for Jt, where H,.(O) crossea 
the right one). 

The next step is to define the collection :Tn+1(J) of the elements of :Tn+1 contained in J. 
Each J' E :Tn+i {J) can be written as 

J' = J'(u,k,P) = {a E J;u{a) = u,esc,.(a) = k,H!{O) e /Jo} 

for some u = ±, k ~ 1 and /3 E Bn- Of course J'(u,k,/3) C Jf and if P belongs to the right 
component of 'Yn-l \ 'Yn then J' ( +, k, /3) is not empty only if k = 1. 
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J: r ' 
. 1+ a 

I , ' ' 
1 - ' .,. ...... --......................... -..... ... .. _ ----____ .... 

r 2 r 3 R(J) 1+ 
3 

1+ 
2 

Figure 3: Parameter dependence of the critical ~ue and the domain of +n-

1.9 Parameter distortion in generalized. renormalization 
The main contribution of this work is to add and control some new data about +,. related to its 
derivatives involving space and parameter. We establish the following notation. For fixed n ~ 0 
and J E .1n, each {J = (/30 )aeJ (or 'Yn = (-,,.,.) 11eJ) is a continuous family of intervals. Note that 
{J is used to denote both the family and a particular {J = /1,. if a is fixed (we believe that this 
ambiguity will not cause confusion). The function B: /1 ➔ 'Yn (resp. H = H,.: 'Yn ➔ 'Yn-d can 
be regarded as a two-variable real function in z and in a, with domain {(a,z); a E J,x e .B .. } 
(resp. {(a,x) ; a E J,x E 'Yn, .. }), such that B(a,.B .. ) = 'Yn,o, for a fixed a E J. However, we 
keep the old notation when dealing with compositions: for example, Bo H menas B(a, H(a, x)), 
H2 means H(a,H(a,x)) and B-1 = »-1(a,x) is the function such that B(a,B-1(a,x)) = x. 
Moreover, whenever we write B(x) we mean B(a,x), if there is no reason for doubt. The partial 
deriw.tives are written as Bz, B.,, H.,., etc. H j is an integer, Hi will mean (Hi)z and (H,,)i is 
Ha to the j-th power. 

We will say that the subfamily +,. = (+n,11)aeJ, for J E .7,., n;?: 0, 11atufiu the inequalitiu 
(Po)lo if the central branch H = H,. : 'Yn ➔ 'Yn-1 obeys 

IHa:arl > 0, IH .. I > 0 

and 

l"Ynl· IH,,,,z l , l'Ynl· IH"" I , IJl· IH"" I , IJl· ]H""" l <.So H.,. H,. Ho. H..a 

for all x e -,,. = -,,.,. and all a e J. 
Let us see what these conditions imply. Integrating /; log IH,..,I we get, for sufficiently small 
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C• Hu 
1 - oo $ 2S $ 1 + C6o 

for all x E 'Yn and for some constant S = S0 , where C is a universal constant. By integration of 
this last inequality we obtain 

(1 - C6o) · 2Sx $H.~ $ {l + C6o) · 2Sx, 

{1 - C6o) · Sx2 $ H(x) - H(O) $ (1 + C6o) -Sx2 , 

that is, H is nearly quadratic for all a E J, but the curvature S = S,. may (in principle) vary 
with a. By integration of-/; log jH0 I we get 

1 - C6o $ Ho $ 1 + C6o 
V 

for all z E in and for some constant t1 = t10 • In other words, the velocity of H(a, :i:) with respect 
to a is approximately equal to the velocity of H(a,0), for any z E -y,.. Similarly, using the 
other two inequalities we show that v0 and S0 are almost constants along a E J, justifying the 
definition of constants v,. = v,.(J) and S,. = S,.(J), which approximate the values of H.,(a,z) 
and H,.,.(a,z) for all a E J and z E 'Yn = in.a• 

Let us observe that generalized renormalization preserves the sign of the product Vn • S.,. 
In Suhllection 1.8 we supposed it to be negative, and it is indeed negative in the way we have 
defined the quadratic family and the special families. 

We now define a second set of derivative inequalities. We say that <In= (~n •• ) .. eJ, J e .J.,, 
n ~ 0, 1atufiu the inequalitie.s (Pi)61 if for all /J E Bn = B,.(J) and the corresponding function 
B : /J ➔ in the quotients 

I B,. i I I B.,., I I Bn I I 12 I B""'" 1 1 12 j B,.so 1 1 I I Bo.o I B,,H,. ' inl. (B.,)2 'hnl . (B,J2 H.. ' in . (B,.)3 ' in . (B.,)3 Ho ' in . (B.,)2(H .. )2 

are smaller than 61 for all z E /J,. and a E J such that jlmH,.I ~ ihn-1 I or ImH,. nU(/J) ::/:- 0 for 
a certain neighborhood U(/J) of fJ {for the induction we only need Imn{J ,:f:. 0, the U(/J) is used in 
Subsection 1.14. Here H,. means H,.(a, 0), not H,.(a, x) since z lies inside /J (or else tin = t1,.(J), 
if inequalities (Po)6o are already satisfied). The condition 

1, .. 1 - I (!:)2 I < 61 
assures us small distortion in /J, since for z1,z2 E P 

This quotient, in particular, can be controlled in two ways: by direct calculation (as for the 
others) or by extendibility properties, with the use of Koebe's Lemma (see [13),Chap.N). It 
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stays as an open question if there is a method other than direct calculation to control the 
remaining quotients. 

The condition 

IB~~J < 61 

can be easily understood if we translate it into the form 

JB;-11 < 61JH .. (0)I, 

that is to say, the velocity of /30 is much smaller than the velocity of H:C(0). This is valid for 
values of a which include the moment when /3 is crossed by H:C(0). 

Let us remark that the final goal is to keep under control the velocity of the critical value: it 
has to be almost constant along any interval J e .J,., n ~ 0. This corresponds to the quotient in 
H,. ... But it turns out that to control this quotient we need also the others involving the function 
Hand, as a consequence, all the ones involving the functions B. 

Theorem 9. If ilio = (ilio,a) .. eJo aatisfie, inequalitie, (Po).so and (P1).s1 for aufficiently amall 
60,61 > 0, then iii,. = (ili,.,,.)aeJ alao aatisfie, the inequalitiea for all J E :Tn, n ~ 0, provided 
rm, Pm and qm are aufficiently small for all m ~ 0 (which is the .same as requiring ro, Po and /JO 
sufficiently small, by Theorem 5). · 

The proof of Theorem 9 is the content of Section 3. The following Lemma, which will be 
proven in Subsection 2.1 , guarantees that Theorem 9 can be used for the special families: they 
satisfy the atarting condition in the hypotheses of Theorem 9. 

Lemma 10. Let (,t, .. ). be a special family. Given 6o,61 > 0, if M is large enough then ilio = 
(ilio,,.),.eA.., aatisfiea inequalitiea (Po).so and (Pi).s,. 

AB we have already observed, also ro (and hence Po and go) can be made sufficiently small 
by choosing M large. The conclusion is that Theorem 9 can be applied for the special families. 
Unfortunately, the same cannot be said for the quadratic family: H.,,. and H0 have a fixed 
amount of distortion a.long x E 'Yo and a E AM, for arbitrarily large M. Inequalities (Pi).s,, 
however, can be proven in the same way as for the special families. 

1.10 Infinitely many central returns are rare: proof of Theorem 8. 

We assume that (t/l.)a is a special family and J0 = AM, with M sufficiently large, so that by 
Lemma 10 (ilio,a)aeJ0 satisfies properties (Po).so and (Pi)6, for sufficiently small 6o and 61. The 
constants 6o and 61 will be cllosen in the proof of Theorem 9, and M is taken accordingly. 
Therefore Theorem 9 is applied, and in particular a good control of the critical value's velocity 
is attained. 

To use this consequence we first remark the following fact: "/or any J E :T,., n ~ 0, hn-1,al 
is approximately constant". This can be easily proven by induction, using the quadratic ap­
proximation of the central branch and the fact that the distance between each /3 E B,. and the 
boundary of '"Yn-1 is much larger than p. For each J E :T,., n ~ 0, let 

Cent(J) = {a E J; Hn(O) E ')',.} . 
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By the above considerations, 

ICent(J)I c 
IJI $ rn' 

for some universal constant C > O. 
Let C be the parameter subset such that if a E C then <p,,. is not renonnalizable and the 

critical point is recurrent (shortly, C ='Rf\ M), corresponding exactly to the set of parameters 
for which (tn)~o is well defined. We restrict ourselves to 

CnAM= n LJ J, 
n~OJE.7. 

where Jo = AM and :lo = {Jo}. For each J E :In, n ~ O, the collection :ln+i(J) = {J' E 
Jn+t ; J' C J} can be decomposed into two parts: 

where J' E .7~t(J) if and only if J' = J'(u,k,/3) for some k > 1, <T =±and /3 E Bn, and 
J' E .7:+\ ( J) if and only if J' = J' ( u, 1, /3) for some <T = ± and fJ E Bn, 

Hence for any a e C nAM there is a sequence J0 ::> J1 ::> ••• ::> Jn ::> ••• converging to a (since 
IJ,.I $ ½IJn-11, Vn ~ 1), such that fur each n ~ 1 either J,. E .:T:"'tPn-1) or J,. E :f:"(Jn-1), 
thUB defining a function 80 : N-+ {cent,ext}. According to Theorem 7, if 9;1({cent}) contains 
only finitely many elements then a E E. We will prove that the set of a E AM such that 
9;1 ({cent}) is infinite has Lebesgue measure 7.erO, consequently proving Theorem 8. 

For this purpose we use the so-called Borel-Cantelli Lemma: "if g};>o ia a collection of 
intenuw Ji C [O, l] ruch that E,>o llil < oo then the 11et of x E [O, l] ,udl that x belongs to 
infinitel'II manr, I, '11 ha, Lebugue mea.aure zero". 

For UB, 9;1 ( {cent}) is infinite if and only if a belongs to infinitely many intervals of the set 

u u ~t(J). 
n~OJE.7. 

For any J E .:,,., n ~ 0, the intervals of the collection .:T~'it ( J) are pairwise disjoint and contained 
in the interval Cent(J). Hence 

l~I '1)1J'I; J' E .7~t(J)} $ Cr,. , 

as we remarked above. Since E{IJI; J E .7,.} :S IJol we get 

L L {IJ'I; J' E .7~t(J)} $ CIJol L rn , 
n~OJE.1. n~ 

By Theorem 5 r,. decreases exponentially and therefore the sum is finite. 
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1.11 Abundance of stochasticity: proof of Theorem 2 
Let n :?: 0, J E .Jn, Sn = Sn(J) and tin = tln(J) . As Hn is almost quadratic and the velocity 
of the critical value is almost constant, we can estimate the size of the renormalization interval 
R(J): 

2 3 
ISn • tin! < IR(J)I < ISn · Vnl' 

But we want to express IR(J)I as a fraction of IJI- Note that if a= supJ, then 

Sn(~bnl)
2 ~ hn-11-

By the other hand, 

taking into account that hn-1 I is almost constant. Hence 

IR(J}I < r!IJI . 

As r,. < 1, 'tin~ 0, and (r,.),. decreases exponentially, there isl< 1 such that r! < l", 'tin~ 0. 
Then, for some C{~) > 0, 

00 00 

Leb{A.v \ 'R) ~ IA.vi• II (1 - ~n) ~ IA.vi · exp{-C(~) L ~n} > 0. 
nxl 

By Theorem 1, almost all parameteni in AM \ 'R, are stochastic, proving Theorem 2. 
Observe that without any additional cost if one shows that the series En>0 r! is dominated 

by ri, this would iniply Leb('R n A)M) !5 IA.vl2 , since ro ,S 2IA.vl1' 2 (see S~bsection 2.1, just 
before Lemma 2.2), and therefore we would have Leb('R n [2 - E, 21) ~ Ce (a slightly weaker 
estimate was obtained by Tsujii in [17] using other methods). This is the best superior bound 
po88ible, since IR(A.v )I is of the order of IA.v 12• 

1.12 Denseness of renormalization: proof of Theorem 4 
If 'R, was not dense in A.v = Jo then there would be an infinite sequence Jo :::> Ji :::> J2 :> · · · Jn · · · 
of nested intervals, Jn E .1n, Vn ~ 0, such that nn>O Jn is an interval. On the other hand, as 
the velocity of the critical value is almost constant 1or every J E .J .. , n ~ 0, then it is easy to 
see that IJn+il << ½IJnl, implying that the intersection must be a single point. 

1.13 Generalized renormalization in detail: notation 
We explain a bit more how •n+l = Ren{• .. ) is obtained, taking profit to establish the notation 
which will be used in Section 3. We will suppose that •n is well behaved, for example that it 
satisfies inequalities (Po).s,, and (Pi),, for small Oo,61 > 0. In particular, H = Hn: 'Yn ➔ 'Yn-1 
is almost quadratic. We suppose without loss of generality that D2Hn < 0. 
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Figure 4: Two possibilities for the critical value's position. 

There are essentially two cases to consider, as shown in Figure 4: (a) beneath renormalization 

or u(a) = - and (b) beyond renonnalization or u(a) = +. Observe that situation (b) always 
occurs after (a) in the parameter line, since in our setting Sn· Vn < 0. 

Beneath renormalization. We establish a division of the configuration space into fundamental 

domains. Define first D1 as the left connected component of 'Yn-1 \ 'Yn and Dt as the right 
one. Then by induction define D, (resp. Dt) as the left (resp. right) connected component of 
H-1(D;:_1), for t ~ 2. This definition must stop at t = esc, since H(O) E D;;.,. The extremal 

points of D;- are defined by D;- = [d;-_1 , d;') for t ~ 1 and we also define a central domain 
D, =[~.~](see Figure 5 with esc = 4). 

Let P = P n+1 be the set of pre-images of elements of Bn under H. That is to say, for every 

,r E P there is 1 5 t 5 esc such that H'(1r) = {J, for /J E Bn. It means that 1r C D'tt-1 U Di+1 if 
t < esc and 1r c D, if t = esc. 

To this element ,r E P we associate the diffeomorphism P : ,r ➔ 'Yn given by P = B o H', 
where B : fJ ➔ 'Yn is the diffeomorphism associated to fJ = H'(1r). Now it is clear that Bn+l is 
the set of pre-images of 'Yn+l under compositions P; o • • • o P1 for iri, ••• , ,r; E 'P. The interval 
'Yn+l itself can be defined as 'Yn+l = H-1(,r•), where ,r• E P is the element in D;;., to which 
H(O) belongs. 

H x E -,,. then there is t ~ 1 such that H*(z) E 'Yn-1 \-y,.. These iterates can be decomposed, 
in general, as 

Ir = FE o Fs o F0 o FH . 

This decomposition will be made in the same way for both beneath and beyond renormalization. 
In the case we treat here, beneath renormalization, FH = Id. H x E n-1 ((H2 (0),H(O))) (see 
Figure 6) or esc = 1 then Fo = H, otherwise Fo = Id. Observe that IHi(z)I and IDH(Hiz)I are 
growing with i. Let io be the first integer such that IDH(Hio(Foz))I ~ 4 and define Fs = Bio. 
It may happen that IDH(Foz)I ~ 4, in this case set Fs = Id. Finally, FE is defined by the 
remaining powers of H. 

Beyond renormalization. Let z- be the leftmost fixed point of H and z+ ,:/ z- such that 
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Figure 5: Fundamental domains beneath renormalization. 
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Figure 6: Detail of the critical region beneath renormalization. 
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Figure 7: Fundamental domains beyond renormalization. 

H(:i:+) = :,:-. As in the other case, we divide the space outside [:i:-,x+J into fundamental 

domains. Let D1 (resp. Dt) be the left (resp. right) connected component of 'Yn-1 \ 'Yn• By 

induction, define D;- and D't as the left and right connected components of H-1(D,_1 ), for 

t ~ 2. Differently &om belore, this induction never stops, and the D;- and Dt accumulate, 

respectively, on :,:- and x+. For t ~ 1, let Dr = (df_1 , df] (see Figure 7). 

Also inside (:i:-,x+] we make subdivisions. Let fp-,p+j = H-1 ({:r ~ :,:+}), q+ be the 

rightmost fixed point of Hand q- f= q+ be such that H(q-) = q+. We divide the interval 

[x-,q-J (resp. [q+,x+)) into intervals w; = (q;,q;_i] (resp. wt= (qt_1 ,qt]), fork~ 1, such 

that the functions H" : wt ➔ (q-, q+J are diffeomorphisms. In addition, we divide [q- ,p-J 

{resp. [p+,q+]) into intervals o; (resp. at), fork~ 2, such that H(a;) = wt_1 (analogously 

to the definitions in Subsections 1.3 and Subsection 1.4, but we keep the same notation since 

there is no danger of confusion). 
Let B!f+1 C Bn+i be the set of direct pre-images of 'Yn+l UJ1der powers of H. These pre­

images are 19(:&ted in the gaps of the Cantor set AH = ni>O H-i ([x-, :,:+]) and if fJ H e 8:{+l 

then its corresponding diffeomorphism iJH: fJH ➔ 'Yn+1 is given by iJH = Hi for some i ~ 1. 

As in the previous case we also produce a set 'P = 'Pn+i of pre-images of 'Yn, taking all 

possible pre-images of the elements of Bn under iterates of H. These pre-images spread around 

in the domains Dr, inside the central gap fp- ,p+j and between the gaps of the Cantor set A.H. 

The set Bn+l is the union of s::+l with all the pre-images of hn+1}uB!'+1 under all possible 

compositions P; o • • • o Pi, for 71'1 , ••• ,,r; E 'P. Therefore to each fJ E Bn+l the diffeomorphism 

iJ : fJ ➔ 'Yn+l is given either by the composition iJH o P;-1 o · · · o P1 or by the composition 

P; o P;-1 o • •· o Pi, for some fJH E 8:{+1, 71'1, ••• ,71'; E P, j ~ 1. 
I! x E 'Yn, either:,: E AH or there is t ~ 1 such that Ht(x) E 'Yn-1 \-y,.. The latter is the only 

possibility if x E fJ for some iJ E Bn+i. We decompose the orbit as Ht = FE o Fs o Foo FH, where 
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this time Fs = Id. If z belongs to (z-, q-J or [q+, z+] then Fu = Hi, where i is the first integer 
such that Hi(,:) E (p-,p+], otherwise FH = Id. If FH(x) E {p-,p+] then Fo = H, otherwise 
F0 = Id. And FE= Hi if FsoFooF»(z) E Df+1 , for some i ~ 1, otherwise FsoFooFn(z) E Dt 
and FE= Id. 

Notation remark. For coherence, we define the set 'Po 11B the set 

in the seDBe of the definitions in Subsections 1.3 and 1.4. 

1.14 Misiurewicz are rare: proof of Theorem 3 
We only sketch the main ideas involved and let the details to the reader, using the notation 
introduced until now. 

As we have already observed before, 4,,. is Misiurewicz if and only if 4>. is not renonnalizable 
and tn+1 is not defined for some n ~ 0. This will happen if and only if n:ic(o) E f n, where 

r n = ( u int(P)) C 

fJEB., 

The set r n (which clearly dependa on a) admits a decompOBition 

fn:: r;-1 u~ ur~ U •.• ur: 
defined in the following way. For each n ~ 0, let 

M-1 

r:~ = LJ /Jot, 
l•l 

r~ = n u (PJ O • ' • 0 P1)-1 
C'Yn-1 \ int(-yn)) , 

(AH = 0 if <T = - ), and 

i2:l {1r1 , ... ,,r1}EP! 

AH = n H;' ([z-, z+]) , 
i2;0 

By induction on n, for each -1 ~ m < n define 
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The sets r,:, n ~ 1 and AH are called dvnamically define.ti Cantor ,eta (see (15], Chap. 4), 
the former with infinitely many branches. They clearly have measure zero since for each j ~ 1 a 
hole with a definite fraction of the total remaining measure is supressed. This is guaranteed by 
the non-positive Schwarzian derivative and the resulting distortion properties. The supressed 
fraction is given by, up to a constant factor, the ratio hn-11/hnl• The sets r,. have as well 
measure zero, for they 3!e formed by countable pre-images of the r,::, 0 $ m $ n. 

To each point x in r: it is naturally assigned a code, which is given by the sequence 11: = 
{1r1, 1r2, ••• } E P';;; such that x E 1r1 and Pio··· o Pi(x) E 1r;+1 for all j ~ l. As each 1r E P,. 
has a continuation ,r = 1r .. defined for all a E J, then also x E t: has a continuation x = x .. 
defined for all a E J. The same idea can be applied to the Cantor set AH, 

Moreover, a code can be also assigned to each pointy E r ,., by determining how it is obtained 
by successive pre-images of a point x E r:;: for some m :S n. Anyway, as a varies along J the 
escaping image of the critical point H:C(O), esc = esc(a) crosses a countable intertwined union of 
(pre-)images of dynamically defined Cantor sets r::! in 'Yn-l \ 'Yn· It turns out that this crossing 
is always tron.wer,e. This can be proven directly in the same way as we calculate the quotients 

IBa/B.,Hal for each fJ EB,.. 
We want to show that 

has Lebesgue measure zero. However, the informations we have above are, at least in principle, 
not enough to prove it. We illustrate the idea of the proof by showing that the set 

M*(J) = {a E J;H,.(O) E f':} 
has Lebesgue measure zero. The ideas can be easily applied to M(J), remarking in addition 
that IH:-C(O)I ~ IH .. (O)I (see Lemma T.8. 

If we admit Theorem 9 to be valid, then inequalities (P1),1 are satisfied for some 61 > O 
small. In particular, this implies that 

ls~~..I < 61 

for all x E /J .. and a E J such that llm.Hnl ~ ½hn-11 or ImH,. n U(/J) ¢ iJ for a certain 
neighborhood U({J) of {3. The neighborhood U(/J) can be specified at this point (see Subsection 
3.6). H fJ = (P;o- .. oP1)-1(-y,.), for some collection {1r1, ..• ,1r;} cP,., thenU(/J) = (PJ o•••o 
P1r1bn-1). As remarked above, by distortion properties, 

~>c-1J& 
IU(/J)I - hn-1 I 

for some universal constant C > O. H we take the parameter intervals 

J(/3) = {a E J;H,.(O) E /J .. } C ](IJ) = {a E J;H,.(O) E U(/3.,)} 

then 

l~(/Jll > c-1 inf ~ . 
IJ{P)I - aEl(/3) l'Yn-1, .. J 

The right hand side of this last inequation constitutes in fact an inferior bound for the proportion 
supressed after each step;+ i, i ~ 0, inside ](fJ). The result is a zero Lebesgue measure set. 
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Figure 8: Partition of Ia. 

2 The starting condition 

2.1 Proof of Lemma 10. 

~ 

In this Section we prove that inequalities (Po)&,, and (P1).i1 are satisfied for (~o,a)ae.A..., with 6o, 
61 small, provided that M is sufficiently large. For this purpose, we will need to evaluate all the 
mixed derivatives listed in Subsection 1.9. Some problems arising here and their solutions give 
us a clue of the proof of Theorem 9, postponed to Section 3. 

We have already defined the intervals 'Ya = [q;, qt] C la = [x;, x;], where ip .. (qt) = qt 
and '?a(x;') ::::: x;, a partition {aM,{at}.,,.2, ... ,.v-il of 'Ya, as well as the diffeomorphisms 
At : at ➔ 'Y• and the unimodal function H : au ➔ 'Ya• As we wish to study these functions, 
we also need aome terminology for iterates outside ,y.. Let 

wr::::: wt,.= ip;1b· .. ) n {±z > o} 
and by induction define, for all k ~ 1, 

w;+i ::::: cp;1{w;) n {±x > O} 

(see Figure 8) . We remark that o E cl(AM) if and only if IPe(O) E wt-_1. With these definitions, 
we have 

OM= ip;1(wt--1), ar::::: cp;1(wt) n {±x > 0}, 

For each wr, k ~ 1, there is a diffeomorphism W:' : w; ➔ 'Ya, where wt = cp!lwr. To avoid 
confusion, we define F{o, ·) = tp,., BO that now Fa must be undenrtood as the derivative of F 
with respect to the parameter. In this way, we have 

H = wt-1 oFlaM, Af = w:=-1 oFlat, 

Observe that by our construction, Fis nearly quadratic in aM-l UaMUa"t,_1 , if Mis large (it 
might be exactly quadratic if 'Pa = ~,., see Subsection 1.4). 

As {IPa)a is C3 near {'?a)a, we assume that there is 6 > 0 and C > 0 such that 

1. IFo -11,IFn + µj < 6 if% E {-¼,+¼); 

2. /Fol, JF,.,.j, jF...,I, jF..,.,I, IFaal, IF.,,...I < C if XE 'Yoi 
3. IFal, IFnl < 6 if X '1 -y,.; 
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4. IFul, jF.,.,.,I, IFaal, IFzzal < 6 if X ¢ 'Ya or XE [-¼, +¼]. 

Lemma 2.1. Let W = Wf=, for k 2: 1. Then 

1. the absolute value, of the quotients 

are smaller than 6, for all x E wf; 

B. W., ~ -h .. l · lwt1-1
. 

Proof. The proof is straightforward, using the Appendix and the uniform expansion of nearly ,\ 
along the iterates. D 

Before continuing, we observe that 

laMI $ G1w;t._1if'2 

, 

lw:t_11 is almost constant for a E AM (by Le=a 2.1) and !AMI~ lw:t_1 1. 
Lemma 2.2. For all x E OIM and a E AM, 

1. IHal ~ hal · lw:t-11-1; 

J!. IH.,,.I ~ µlwt--11- 1
; 

9. the absolute value, of the quotients 

I I Hu., I I H.,., IA I Haa IA I H.,,.., OIM · -- , OIM · - , M •-, M • --
H.,., H., H.. H.,., 

are smaller than 6. 

Proof. 1) Write W = Wt_ 1• Then H = wt;_1 o F and H., = F,.W., + W,.. By Lemma 
2.1, 1w .. 1 < 6IW.,j, hence IHal ~ IW.,I; 2) As H..., = W.,.,(F.,) 2 + W,.F.,.,, we deduce that 
IH.,,.I ~ IF.,.,I · IW,I, since 

w.,.,(F.,)2 <.!. I w.,.,2 I· (F.,)21w .. 1 < 26, 
W.,F.,., µ (W.,) 

(use Lemma 2.1 and IF.,I ;S (2µlw1i--1'}
112

, for .z E aM)i 3) Appendix plus the previous esti­
mates; note that M does not need to he very large. D 

Lemma 2.3. Let A = At, 2 ::; k ::; M - 1. There i., C > 0 such that for all x E at and 
aEAM, 

1 1~ 1 < l"'t-11 
• A.H. ~• 
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e. j~ \ <o+ IA~F.\' 

3. 1~, < Clwt-11 · (Jtr + ir.1,,;r), 

-'· lcA.t:a(n.>2 ] < c'(i:>t, 
s. J~ J<o+c(~+~). 
6. j~ j < Clw!,_11 (rf.r + ~ + r.cl-J,r + rr.cyr.r), 

where F. = F.(a,x) and H. = H.(a,O). 

Proof. Appendix and evaluations on F. 

Corollary 2.4. , A1:,~ I < lwt,_1 11/ 3 , for all k = 2, ... , M - 2 . .... . 
□ 

The functions Af are uniformly expanding for i = 2, ... , M - 2, but for i = M - 1 there 
may be contracting regions near the boundary of aM, for low values of a E AM. 

Lemma 2.5. IAt.,I ~ 2t, /or all k = 2, .•. , M - 2. 

Proof. We do the prooffor (~a)a and sufficiently large M. With small effort one easy generalizes 
to any special family (,p.,)11 6-C3 near (~a)a, for o sufficiently small. We use that 2 < .\ < 3 and 
µ < 2.\ (see Subsection 2.2, just after Lemma 2.21). 

Consider F(a,x) = ~0 (.x) and F(a,:,;) = a - ix2. By the definition of (~11)., I' coincides 
with F for small .x. Moreover, as lD2F(x)I :5 µ for every:,; E /, then .F(a,z) :5 F(a,:z:), Vz EI. 

Let q1, be the right endpoint of wt, for k ~ 1. For the family (~11 ) 11 , these points do not 
depend on the parameter. We have 

IDA;(:z:)I ~ .\11
- 1 DF(a,F-1(a, q•-1)) 

for all 2 :5 I; :5 M -1. But IDF(a,:z:)I must be greater than tlzl, i.e. greater than .\lzl (since 
:Z:,\ < 1), hence IDA;(z)I ~ .\"IF-1(a,q1,-1)I. 

On the other hand, 

1 • 1 ✓2 IF- (a,q•-1)1 > IF- (a,q1,-1)I = -(a - q1,-1). - µ 

We compare this lam. value with !P-1(2,q,._1)1 = ✓!(2 - q1,-1). AP. k :5 M - 2 and a E wt_1, 

then a - q.1:-1 ~ lwtl + lwt+1I + • • • + lwt-21 and 2- q.1:-1 ~ lwtl + lwt+ll + ... , so 

,/2 - q1-1 < ✓1 + 2.\i-M+l . 
,/a- q1,_1 -
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We claim that { ½ )k > 1 + 2>,.J:-M+1 for all 2 ~ k ~ M - 2, if M is sufficiently large, and then the 
Lemma follows. Note that (½f' > 1 + 2>.3-M and (½)M-2 > 1 + 2>,.-1, if Mis big. Ast H (½)' 
and t H 1 + 2>.I-M+l are convex functions, they do not intersect and the claim is valid. □ 

Lemma 2.6. If x E o:i_1 and dist(F(x),w1°f_1 ) ~ -hlw1°f_2 j thrn IDF(x)I > s\-lw1,_2 j1/ 2 and 

IAt-1,.,I > -hlw1"-2l-1I2-

Proo/. HM is big then cti(_1 C [-¼, ¼J, where F(x) ~ a - fx2 and IDF(x)I ~ µI.xi. Let x' 
be the nearest point to x such that F(x) E 8w1°f_1 and Max be the maximum value of IDFI in 
ai,_1 U ctM U at_1 . Then 

On the other hand 

hence 

IDF(x)I ~ 1~J2c1:>,.-l)lwt-211/2. 

As A'.t,_1,,, = (Wt_2,,. o F) · F,. and IW;;_2,.,I ~ 2x,\lwt_2 1-1 then 

I + I 1 ~ I + 1-112 
AM-1,,: > 16 V i+F WM-2 • 

A rough estimate on >. and µ based on their definition in the Appendix implies the Lemma. □ 

To distinguish between low and high values of a E A.v we define 

d = d(a) = IImF nwt,_11. jwt,_11-1 
. 

By Lemma 2.1, the distortion of w;_1,,. is small, so 

Lemma 2.7. lfd ~ 2-8 then, for allx E Oif_1 andM la,ye enough we have IF.I> /elwt,_11112 

and IAi,_1_.,I ~ 4lwt,_11-1t 2
• 
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Proof. If d ~ 2-s then for all :,; f. OM 

JF.,I > ✓2µ·2-8Jwt,_1I > 1
1
6,/2µ1wt-11 112 • 

As Aif-1 = wt-2 OF, then 

IA± I > 2:i:,jw+ 1-1 • lw+ 1112 > 2>.jw+ 1-1/ 2 
M-1,s ~ " M-2 M-1 M-1 • 

□ 

Corollary 2.8. There ii a comtant C > 0 such that in any one of the following hypotheses 
(compatible with a E AM): a) i = 2, ... ,M- 2 and:,; Eat, b) i = 2, ... ,M -1, d ~ 2-s and 
:,; Ea;, c) i = M - 1,:,; E at,_1 and dist(F(x),wtJ_ 1) ~ i\JwL,_2 1, if we call A= At then 

1 l...d,...I < Clw+ 1112 • A.H. M-1 ' 

!. I 11:~11 I < 6 + rf.ylwt-21-112
, 

9. lr.t.,n; I < Clwt_1 j1l2
, 

-'· I (AJ (h.)11 I < CJwL, _1 I, 

s. ltr:> .. I< 6 + rf.Tiwt-21-112. 

Proof. Appendix and the previous Lemmas. 

Lemma 2.9. For all i = 2, ... , M - 1 and :,; E at, 

I At,. I 1 1 
~ < -i"':.'3:i· A;,.,H,. 4 JA;,.,I 

□ 

Proof. Appendix plus the facts that F,. ~ 1 for z E at, i large, and M is large enough. □ 

Having already the estimates for the At's, we can now consider their compositions. The next 
lemma is the easiest situation. 

Lemma 2.10. Let d = d(a) ~ 2-s. Given 61 > 0, then 

ln~i..l < 61 

for everi, fJ E Bo and:,; E fl, if M ii sufficientl11 large. 

24 



Proof. Write B = P; o ... o Pi, where Pi= A::, u; E { +, -} and k. E 2, ... , M -1. Then, using 
the Appendix, 

if Mis sufficiently large, 11Bing Corollary 2.8 with hypothesis b) and Lemma 2.5. D 

Now we look at the more difficult situation where d = d(a) < 2-8 • Remark that we are only 
interested in the case where {JnimH ::/; 0 (to be precise, U({J)nimH =/: 0, for some neighborhood 
U(fJ) of /J), following the requirements of inequalities (P1)6, (Subsection 1.9). First we state a 

sinlple Lemma. 

Lemma 2.11. la;I > 3-2hal• 
Proof. As Af(at) = 'Ya, Ai' = F21af and IDFI $ ~ < 3 the Lemma follows. □ 

H d = d(a) < 2-8 and /3 n ImH ,:j: 0 then in particular /3 Cat, by Le=a 2.11. More than 
that, we have 

dist(/3, q.,) $ d. 

As a consequence, the first iterates of x E /3 are done inside ar, near q0 • For z E fJ, define 
no= no(x) 2:: 1 as the mininlal number such that (At)""(x) ¢ a 2 • 

Let a+ = a+(M) (resp. a- = a-(M)) be the interval contained in at,_1 (resp. aM_1) such 

that if x E a+ (resp. x Ea-) then dist(F(x),w:t,_1 ) < ftrlw:t,_2 1 (in particular, such an x must 
satisfy Art_1 (x) E at). As remarked above, this is the region of possible '1088' of derivative. 

Assuming that P; o • · · oPi(fJ} ='Yo= OM, where P; = A::, u; E {+, -}, ~ E 2, ... ,M - 1, 
i = 1, ... ,;, we propose the following decomposition of orbits. For x E fJ, let 1 < i 1 < i2 < 
... < ir < j be the maximal sequence such that 

for all l = 1, .. . , r. 
By the definitions above, i1 (x) > no(z). Lemma 2.12 below says that eventual l088e8 when 

the orbit of x E /3 visits the 'bad' region a+ U a- are compensated by the no(z) first iterates. 
This kind of compensation is used only for the last visit to the bad region. The previous visits are 
compensated by iterates in the way stated by Lemma 2.13. From Lemma 2.15 on both Lemmas 
are put together to control inequalities (Pi),1 • 

Lemma 2.12. For any I= 1, .. . , r, 

and 
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Proof. By Lemma 2.3, 

I P,,,a I< clwt-1I
112

. 
P,,,.,Ha \I'd 

On the other hand, for any 1,1,z: E c4 we have IA.f.,.(11)1 < (1 + o)IA.f,,.(z:)I, for some 6 > 0 small 
(since Di,0 is monotone and tf,0 is 0 3 near 4'0 ). Observe that P, = At for all i = 1, ... , no. We 
have, for z e /J, 

IPno,.Pno-1,z • •. P2,,.P1,.(z)I · lz - q+I > c-1 
1 

since Pno o • · • o Pi(:i:) t/. at and the distortion of the derivative of Pno o · · · o Pi is controlled in 
[z, q+], by the expansivity for each iterate. We get (assuming no even, without loss of generality) 

IP¥,• ... P2, .. P1,.. I · (1 +.;)not•> c-1,r112_ 

Hence 

by Lemma 2.5. D 

The following Lemma says that IP,, ... 1-1 can be compensated by the subsequent iterates 
before i1+1-

Lemma 2.lS. There i, i < i1+1 - i1 tmch that 

IP.,, .. 1-1 · IP.,+1,aP,,+2,., • • . .f'i,+1,.l-1 <CG~)-' lwt-2I112 • 

Proof. The idea is the following. If /P;,,,.j is small it means that 11 = P,,_1 o • • • o Pi(z) is very 
near aM. But this implies that P,,(s,) is in aJ and very near q+. The subsequent iterates, all 
done near q+, compensate the loss of derivative coming from IP1,,:1I• 

First we put P,, .• = At_1,. in relation with IP,,(11) - q+j: 

. IA± I~ __hl_lF. (11)1 > IF~ dist(F(s,),wM-1) 
( 

. + )1/2 
M-I,a: - lw+ I "' V"'µjw+ I I + I ' M-2 111-2 WM-2 

hence, by the small distortion of wt_2 , 

IP,, (11) - q+J-112 > lwt-2i-112IAif--1,,.l-1 • 

Choose the first integer i satisfying 
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As in the proof of Lemma 2.12, using the Mean Value Theorem and bounded distortion properties 
to obtain 

and 

ID(At>;12(P;, (11))1 · (1 + o)il• > c-11P;,(11) - q+,-112 

and the Lemma follows. □ 

In the decomposition of orbits, add the following definitions; i0 = 0, i0 = no and i1 = i1 + i, 
where i is given by the previous Lemma, for each l 2".: 1. 

For the next Lemmas, let fJ E Bo be given by fJ = (P;o• · -oPi)-1 (-yo) and let .B = P;o• · -oP1 1/J, 
where 1 :5 J :5 j. 

All the results are valid for x E fJ and a E AM, with the condition that f) n ImH f:- 0. In 
fact, this restriction in the parameter is only needed when d = d(a) < 2-8 and when Lemma 
2.12 must be used. 

Let us remark at this point that the same idea underlies the proof of Theorem 9, in Section 3. 
Every loss of derivative must be compensated, if possible, by subsequent iterates, otherwise by 
the first iterates, which is only guaranteed with a restriction on the parameter. It is to be noted, 
however, that this restriction on the parameter is not a problem when one passes to the next 
stage of the induction {only pre-images of 'Yn intersected by H are used to generate pre-images 
of 'Yn+i). 

For some of the proofs we will use the following simple Corollary of Lemma 2.12. It means 
that when the orbit of /J hits 'Yo all previous losses in the derivative are already compensated, 
and a definite expansion is indeed obtained. This kind of reasoning is also behind the proof 
of Theorem 6, which we do in Section 3. This Corollary gives us, indeed, the 11811umption of 
Theorem 6. 

Corollary 2.14. For every z E /J and 1 :5 i < j 

IP;,:o • • .P;+1,:i:I !'.'.: (!~)j-i , 
if M i., &tJ.fficiently large. 

Lemma 2.15. Given 61 > 0, if M ii sufficiently large then 

I _Ba. I< 61 
B.,H,. 

for all z E /J, fJ E Bo, and a such that d = d(a) 2".: 2-s or lmH n /J-:# 8. 
Proof. In view of Lemma 2.10 we can suppose d < 2-s. We consider two cases: i = i1 or 
i1 < i < i1+1, for some l 2".: 0. H i = i1, l ~ l, we write 

P;,a 1 
P;,.,Ha. • P;-1,,. ... P1,z 

1 1-1 . 1 1-1 1 
= P;,.. . --- II -1- . ----IT----­

P;,.,Ha. P1,z ..• flio,z o=l P;.,., P;,+1.z • • -P.,,,. o=O P.,+1,,. • · .P;,+i-1,,. 
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which, by Lemmas 2.12 and 2.13, is bounded by 

( Clwt-2I112
)

1 G~ri. 
H i, < i < i,+1 for some l ~ 0 then the reasoning is analogo11S, but one has to 11Se that 

I 1-1 I n 1-1 C (u)-io I + 11/2 P;.,. · P1,s • • • "10 ,., < l0 WM-1 , 

from the second inequality of Lemma 2.12. 

Lemma 2.16. 

i'Yol · I ~n I < 61 • 
IP;, .. ·•• .P;+l, .. I (B,.)2 

Proof. Write, using the Appendix, 

By Lemma 2.3, 

D 

We have two cases: i = ii, for some I ~ 1 or i1 < i < i1+1, for some l ~ 0. H i == i1 then the i-th 
term is bounded by 

l1bl JP \~ I (6 + (F.
0

)2 • lwt,_,1) i,• • • • 1+1,.- • 

1 < 6holr;+i +Chol· lwt,_21 IP 
1
p, I 

i,a · · · .,+1,c l~,,a • • • P.+1,.,.l(F.,)2 
' 

using Corollary 2.14. The last fraction is bounded by a constant, since lwt,_2 l(F.,>-2 is bounded 
by 3jP" - q+ 1-1 and the fifth inequality of the proof of Lemma 2.13 applies, by the definition of 
,,. Therefore for i == i1 the i-th term is bounded by Cl'Yol(½3)-J+1,. 

H i1 < i < i1+1 then the i-th term is bounded by 

C (u)-J+4 
l1bl. IP· P. I < c 10 l'Yol , J,s • • • 1+l 1z 

by Corollaries 2.8 and 2.14. 
Therefore the Lemma follows provided hol is sufficiently small, i.e. M is sufficiently large. D 

We ommit the proof of the following Lemmas, as they follow the same ideas of Lemmas 2.15 
and 2.16. Lemmas 2.15, 2.16 and 2.17 a.re stated for iJ, since their quotients appeac in the proof 
of Lemmas 2.17, 2.18, 2.19 and 2.20. 
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Lemma 2.17. 

Lemma 2.18. 

Lemma 2.19. 

Lemma 2.20. 

2.2 Existence of special families 

We show here that the family (~ .. ) .. referred in Subsection 1.4 does actually exist. This task will 

be splitted into two parts: find a suitable A and then define the family. 
We consider only the negative axis and force J .. to be an even function. Take two (continuous, 

piecewise linear} functions, which later will be related to Di,.,, called/,. and g,., defined in the 
following way: 

1. b.(z) = A, Vz E [-2, -z:,. + tc;], 

2. f:,.(z) = -µz, Vz E [-z:,. + fo,O), 

3. g:,.(z) = /:,.(z), Vz E [-2, -z:,. + fo) U [-z:,. + /o, OJ , 

4. g:,.(z) = -jlx + d, Vz E [-z:,. + fo, -z:,. + /o], 

whereµ= µ(A)= .,~:t andµ> 0, d > 0 are such that g:,.(-z:,. + fo) = A and g:,.(-z:,. + /o) = 

-µ(-xi.+ /c;) (note thatµ<µ). 

LeDlDla 2.21. If .X E [2.36, 2.37] then 

[
2 

g:,.(z)dz < 4 < [
2 

f:,.(z)dz. 

Proo/. The functiorui f.2 g:,. and f.2 1:i. grow with A, for A > 2. By straightforward calculation, 

f.2 I:,. = 4 for A = 2.359 ... and f.2 g:,. = 4 for A = 2.374.... □ 
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Now pick a fixed .\ as in Lemma 2.21 (for example .\ = 2.365) and call / = f>,, g = 9>. (this 
implies, in particular,µ E [3.8,3.91). Let rp be a positive even 0 00 bump function with support 

in [-1, +lJ and f~: rp(z)t.U = 1 and define the 8880ciated family rp1(z) = jrp(i). Observe that 
if 

1/1,(z) = [~ rp1(11)d11 

then, by the symmetry of rp, J~; 1/1,(z)t.U is independent from 6 and always equal to 1. Let 

:z:, = -:z:,. + *• i = 1, 2, 3, and consider the following two families of functions, 

h1,1(:z:} = -µrp,(z - z2), 

• 
for 6 < ,Jo. Ol>IM:"e that ht,6 ~ D2[ and h1,1 ~ D2~ in the sense of distributions. 

Let fPJ,I and IP,,, be defined by D3fPJ,1 = hJ.6 and D3tp1,1 = h,.,, with constants of integration 
given by 4>1,1(-2) = -2 = 4>,.,(-2), D4>1,1(-2) = .\ = Di,1,1(-2) and D24>1.1(-2) = 0 = 
D2~1.,(-2). 

Some properties are verified: i) t., D24'1.1(z)dz = -.\· = f.2 D,, •. ,(z)dz, since v, is even; 
in other words, Di,1,1(0} = Di,11,,(0) = O; ii) DJ,1,1(z) = Di,11,,(z) =.\for all z E [-2,-z,.]; iii} 
DJ,1,1(:z:) = D4>1,,(x);::: -µz, for all z E [-z,. + '4,0); iv) f-.2 D4>1,1(z)dz ~ f-.2 f(x)dz and 

f-.2 DJ,1 ,,(z}dz ~ f-.2 g(z)dz. 
By property iv} and Lemma 2.21, we can chooee cf.i sufficiently small in BUch a way that 

l DJ,,,,(:z:}t.U < 4 < l D4'J,1(:z:)t.U 

and then let 4>t E J,J,lo, 4>1 E J,,,6o· 
Finally, take the family of convex combinations 

i>a = c1 - t)J,, + t,h. 

Then i,a aatisfies, for all t E [0, 1), 

1. Dsi>a(z) ~ 0, for x ~ 0; 

2. Di,.(:z:) = .X for z E [-2, -z,.] and D~(z) = -µz for z E [-:z:,. + '4,0); 

3. ~(O) < 2 fort= 0 and ~(0) > 2 for t = 1, hence equal to 2 for some 0 < to < 1. 

By an affine coordinate change in the parameter t t-+ a, given by a(t) ;::: ~(0), we have 

J,0 (:z:) = a - !!:z:2 
2 
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3 Parameter distortion by induction: proof of Theorem 9 

3.1 Coordinates, extendibility and subordination. 

First we introduce coordinate changes both in space and parameter to obtain uniform estimates 
along the induction, independent from n. Recalling the notation presented in Section 1, we 
look at some J E .1n and the correspondent subfamily i}n = (l}n,a.}a.eJ, with its central branch 
H = Hn : 'Yn ➔ 'Yn-1 and its pre-images of the central branch B : /J ➔ 'Yn, fJ E Bn- Let 
ao = ao(J) be such that H(ao,0) = 0, S = S(J) be the "mean" curvature of Hand"= v(J) 
the "mean" velocity of the critical value, as defined in Subsection 1.9. Then define w = -Sx 
and b = -Sv(a - ao) and let T be the expression of H = H(a,x) in these new coordinates, i.e. 

T(b,w}::;: -SH(ao - s-1v-1b, -s-1w). 

It is easy to see that such a coordinate change does not affect inequalities (Po)6o, and the same 
is true for the new expressions of the functions B : /J ➔ 'YO• The main feature of the particular 
coordinate change above is that Tis near the quadratic family b - w2 (for b varying along the 
interval -SvJ + Svao and w along S'Yn,a.), in the sense that jT..,.., + 21 S 60 and IT• - 11 S 6o. 

However it will be easier to keep the old notation, with H, a and x instead of T, band w, 
i.e. from now on we suppose that the coordinate change is already done. Moreover, based on 
Theorem 5 we assume that there are small numbers r > 0, p > 0 and q > 0 such that r,. Sr, 
p,. :5 p and q,. $ q, for all n ~ 0. 

First we state two simple quantitative facts which are consequence of the linear coordinate 
change above. 

Lemma 3.1. In the neto coordinate.,, IJI ~ hn-11 and i/ H(O) E 'Yn then hnl > r-1
• 

Proof. The first aasertion follows from Ha. ~ 1 and that hn-1 I is approximately constant for 
a E J, as remarked in Subsection 1.10. If H(O) E ,,. then (½hnl)2 ~ ½hn-11, which implies 
hnl ~ 2r-1 > r-1. D 

Now we recall the definition of fundamental domains in Subsection 1.13, in the case where 
esc = esc,, > 1 (or in other words H(O) E 'Yn, a central return). The following Lemma is a 
standard application of the distortion properties of H, which has negative Schwarzian derivative 
(this follows from the inequalities (Po),1g, together with the monotonicity of its derivative). We 
skip the proof and refer the reader to (13], Chap.IV, for standard techniques. 

Lemma 3.2~ Let fJ E Bn, /Jc D1, t ~ 2 and f/ C Df- such that IP-1 (11) = /J. Then 

If/I < lOp (/3) If/I < (/3) 
dist(f/, d{i) - " ' dist(f/, d'f) - qn · 

From the statement of Theorem 5 we know that for every fJ E Bn there is a concentric 9~1 1/31-
neighborhood of fJ where B : /J ➔ 'Yn can be extended diffeomorphically as the same power of 
the original return map iJ : ,-1 ➔ ,-1, where 9n = 9n(r,., qn-1)-

This fact is simple to prove by induction, so let us show it for n + 1. F!)~g the notation 
of Subsection 1.13, for each p E Bn+l the corresponding difieomorphism B : /J ➔ 'Yn+1 is given 
either by P; o • .. o Pi or by iJH o P;-1 o • · • o Pi, where ~ : 11"; ➔ 'Yn, i = 1, ... , j, 1r, a pre-image 
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of some /J; e 8,. under iterates of H (hence P; = B; o JP•, where B; : /J; ➔ -y,.) and iJH is an 
iterate of H landing on 'Yn+l · 

In the fim case, .Bis extendible to .B: (P,o• .. 0P1)-1(-y,.) ➔ "fn• As P = (P;o• · •oA)-1 (-y,.+1) 
and hn+il • hn1-1 :s; rn+l then the domain has been at least enlarged by c-1rn+1, where C is a 
universal constant, by the distortion properties coming from the negative Schwarzian derivative 
([13], Chap.IV). 

In the other case the extendibility is determined by a (universal) constant factor of the 
codomain extendibility of iJH, by two reasons: fim, P;-1 o • · · o A(P) must be an element of 
B!!+i, the set of pre-images of 'Yn+l under iterates of H, each one placed inside a gap of the 
Cantor set AH, 110 that BB extends (in the codomain) at most to the boundary of -y,. by one 
side and at most to the critical point by the other; second, P;-1 o · · · o Pi extends in such a way 
that its codomain is the whole -y,., hence containing the possible extension of the domain of iJ H. 
Now the codomain extendibility of iJH is at least tp+ - p-1 · l7n+1i-1. which is approximately 
greater than q;112

' by Lemma 3.2. Once more the negative Schwarzian derivative implies our 
claim. 

We can define for each {J e B,. a neighborhood U(fJ) to which B : fJ ➔ -y,. is extendible 
with small distortion. Here "small distortion" means that there is some small 6 > 0 such that 
B,.(z1)/B,.(z2) :s; 1+6 for any z1,z2 E fJ. This neighbOl'hoodis still much greater than fl, bya 
factor c-19;1 , for a universal constant C > 0. 

H /31,/J,J E Bn then we say (following (61) that /J1 is aubordinoted to /J2 if /31 C U(/J,J), and 
that /J1 and fJ2 are independent if neither fJ1 is 1111bordinated to fJ2 nor fJ2 is subordinated to /Ji. 

Observe that the 9;11/31-neighborhood of a pre-image /J e B,. is always contained in the 
connected component of 'Yn-t \-y,. to which fJ belongs {this can be seen in the arguments above). 
Therefore to each fJ EB,., t ~ 2 and '1 c D"f such that W-1('1) = /J we also usure a 9;1 !'11-
neighborhood of extendibility contained in Dr and a neighborhood U('I) where this extension 
has small distortion. This allows us to define the notion of subordination and independence for 
a pair '11, '1'l inside the ,ame fundamental domain Dr. 

The following Lemma is valid as well for J/1, '1'l as above. 

Lemma 3.3. If fJ1 E B,. ii •ul>onlinoted to fJ2 E B,. then 

l/311 < 
diat(/J1,/J,) ~ q. 

Proof. A3 U(fJ2) is mapped with small distOl'tion on a neighborhood of 'Yn and the image of /J1 
is also a pre-image of 7,., say /33, which satisfies I.Bsl :s; q,.dist(/1,,-y,.), the Lemma follows. D 

3.2 Iterates near the saddle-node bifurcation 

For some estimates in the parameter region "beneath renormalization" (a e J- or u{a) = -) we 
will proceed in a slightly different way according to the value of k. First we take ko such that if 
k :s; ko and a E J6 then /H(a, O)I ~ 2, maximal with this property. The value of ko is big if hnl 
is big, so that it can be controlled directly by r (see Lemma 3.1). Then we define the following 
partition of J-: J. = Ji, J. = u:~2 r., Jc = u:!c..,+1 J;;, Jd = u.>., J;, where k1 will be 
defined below. 

Let a. = supi, J;, corresponding to the lower boundary point of the renormalization interval 
R(J), which is the parameter where the saddle-node bifurcation occurs. We can assume that 
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a, = -¼ by a linear parameter change of coordinates very near the identity, in view of the 6o­
proximity of H to the true quadratic family. Analogously we can suppose that x0 , the saddle­
node point for a,, is equal to -½- The higher order differential estimates of H are invariant 
under these changes, although not the absolute values of Hzz and H0 • But the factor of the 
linear change of coordinates is near 1, for example between 1 - 1080 and 1 + 10.fo, so that for 
all practical purposes the new values of Hu and H0 are still very near respectively to -2 and 1 
and do not affect the estimates. 

According to (18] (see also (2]) there are points z, < .:z;0 < .Zr and a parameter value ii < a, 
such that for all a E (ii, a,] and .:z; E (.z1, Zr] the map His the time-one map of the flow determined 
by a vector field X. In fact, .z1, .Zr and ii can be chosen fixed with respect to any family H 
sufficiently near the quadratic family. Hence the constant 80 , which determines this proximity, 
is chosen accordingly to the choice of :z:1, Zr and ii for the quadratic family. Moreover, if 6o is 
sufficiently small, all the bounds on the derivatives of X can be supposed to be uniform over all 
such H. We can write 

H(a,x) = x -A(a, - a) - B(x - x0)
2 + D(a. - a)(x - x0 ) + E(a, - a)2 + ,p(a,x) 

where A, B > 0 and 

,p(a,:z:) -t 0 
l(a, :z:) - (a,, :z:o)l2 

as (a,x) tends to (a,,:z:o). Analogously, 

X(a, x) = -A(a, - a) - B(x - :z:0 )
2 + D(a, - a)(x - xo) + E(a, - a)2 + ¢(a, :z:) 

where ii, B > 0 and 

¢(a,.:z;) -t 0 
l(a, z) - (a.,.zo)l2 

as (a,x) tends to (a.,:z:o). 
We choose :z:1 and Xr sufficiently near :z:0 and ii sufficiently near a, so that the following two 

lemmas are satisfied. 

Lemma S.1. IX(a,:z:)I ~ ½A(a, - a) for all :z: E [z1,xr) and ii< a< a,. 

Proof. Straightforward, using the expressions above. D 

Lemma S.2. There i., C > 0 such that IH(a,x) - :z:I :S CIX(a,y)I for all v E [Hx,x], :z: E 
[H- 1:z:1,Xr] and ii< a< a,. 

Proof. If x1, :Z:r and ii are conveniently chosen, then 

IH(a, :z:)I :S 2A(a, - a)+ W(:z: - xo)2 

and 
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implying 

IH(a,z) - zl :S CjX(a,z)j. 

Let M,. = min{IX(a,11)1;v E (Hz,z]}. There are only three possibilities for the point where 
M., is attained: 1. M,. = IX(a,x)I, 2. M., = IX(a,Hz)I, and~- M., = IX(a,110)1 for some 
1/o E (Hz,z). H 1. is valid then. the Lemma is proven with C = C. In case 2., we observe that 
X(a,Hz) = DH(z) · X(~,z), hence IX(a,z)I $ 2IX(a,Hz)I if z1 RI zo RI Zr and ii RI a., proving 
the Lemma with C = 2C. Finally in case 3. we observe that 

IX(a,llo)I < IX{a,z)I < IX(a,n-1110)1 

since D2X < 0. By the previous argument 

1 _ 1 
IX(a,llo)I > 21X(a,H 1llo)I > 21X(a,z)I 

and the Lemma is also proven with C = 2C. D 

From now on we fix z1, Zr and ii and define a new parameter value a1 between ii and a •. 
The parameter a1 will be sufficiently near a. to validate the following assertions and will define 
the number A:1 of the beginning of this section in the following way: 

A:1 = min{A:; J-; C (a1,a.]}. 

Define 

1
.,, 1 

r(a) = z. X(a,z)dz 

so that 

Zf = iJ.ir(a)(a,zr), 

where q; is the flow of X. We will also use the notation ti{t,a,z) = ti,(a, z) for this flow. 
Fbr a. > a > a1 the function r is COO and strictly increasing (see [21). Therefore for each 

l bigger than some lo there is a unique aj satisfying r(aj) = l. H we write r(a) = l + u1(a) 
then 111 : [aj, aj+1J ➔ [O, 1) is an increasing C00 diffeomorphism onto [O, 1). So we can define the 
inverse maJ>ll 

a,= (u,1[ .. ;, .. ;+1lrl: [0,1]-+ [aj,ai+il· 

The proof of the following Lemma is contained in [2]. 

LemmaS.3. 

1. lim,.,..oo l(a. - aj)112 = M, 10 that for large l · 

1M2 M 2 2r :5 (a. - aj) :5 212; 
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2. for a E [aj, aj+l] and large l 

(a) c-113 $ D1f(a) $ Cl3 ; 

(b) c-115 $ D2r(a) $ Cl5 • 

Let x E [x1,xr) and let j be the integer such that H1+1x1 <Hix$ H1xr. We are interested 
in the derivatives of Hi. For that, define first the function 

/.

:It 1 
r(a,z,x) == z X(a,u)du 

which satisfies x == ~(T(a,z,x),a,z) and for each O $ i $ l the function 

t;(a,x) = r(a,H;(a,xr),x). 

The number t,(a,x) is positive and smaller than one if Hi+1xr < x $ H'xr, In this case i+ j = l 
and 

(1) 

This expression will be used for derivatives of Hi involving the parameter, but only when i is 
such that H,.(a,H;xr) < 1. The other cases can be recovered ifwe write 

Hi(a,x) = ~(r(a,H-1+i(a,xi),x),a,x1) 

and work with estimates on n-1 instead of H. 
For the first parameter derivative of t,(a,x) we apply the chain rule 

(2) 

d 1H'(a,.,.) l {JX l d . 
dat;(a,x) = "' X(a,u)2 8a (a,u)du- X(a,H'xr)daH'(a,xr)- (3) 

Lemma S.4. Let i be 11uch that H.,(a,H•x,) < 1 /or all B $ i. Then l.t,H•(a,xr)I < 21 and 

'"H'(a,xr) I $ Cl3 • 

Proof As, for each 1 < s $ i 

!H"(a,xr) = H,..(a,n•-1
) + H.,(a,n•-1) !n•-1 (a,zr) 

then, using the hypothesis and H,. ::::: 1, 

]!H"(a,xr)I < 2+ l!n•-1(a,xr) J. 

The result follows by induction. For the other derivative the reasoning is analogous. D 

Lemma S.5. There is C > 0 such that for all i mch that H,.(a,x) < 1, z E [Hi+l:z:,.,H'zr] and 
a> a1 then 

l ! t;(a,x) I $ Cl
3

• 

If i = 0 the den1Jati1Je is I/imply bounded by C. 
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Proof. The minimum of IX(a,z}I in (H'+1zr,Hizr] is attained for some UQ. By Lemma S.2, 
IH'x, - Hi+lzrl :S CIX(a, 'l.l())j. So the first term of the R.H.S. of Equation (3) is bounded by 
012 , according to Lemma S.1 and Lemma S.3.1. Also by these Lemmas and Lemma S.4, the 
second term is bounded by 013 • Fori = Oobserveonly that IX(a,z)I ~ c-1 for all z E [Hzr,zr], 
a> 01. D 

Lemma S.6. There iaC > 0 ruch thotforalli ruch thatH,.(a,z) < 1, z E [Hi+1zr,H;zr) and 
a> a1 then 

Proof. Write 

where 

and proceed as in Lemma S.S. 

Lemma S.7. There i8 C > 0 ,uch that for a> a1 

1. c-1 :S IH11 :S 012 for all XE (z1,z,]; 

B. c-1 !:: !Hll :$ C for all XE (Hz,.,z,]; 

9. IHll !:: Cl3 for all z E [z,,z,); 

"· IHll ~ c-113 for all Z E (H:rr,z,); 

5. IH.l.l :5 Cl6 for all x E [z1,z,); 

6. IH!.I :5 CIHlf' for all z E [x,.z,.]; 

1. IHl...,1 :5 CIHll3 /or all x E [z1,z,.); 

8. IHl .. l :5 C1Hlll3 /or all z E [z,,z,.]; 

9. IHl ... 1 :5 C1Hll213 for all XE [z,,z.] . 

□ 

Proof. The proof is carried on with the help of the Appendix of formula in the Appendix. We 
use Equation (1), 888U1Ding that z E [Hi+lz,, Hix,.), for i such that H,. o Hix,. < 1. Otherwise 
a similar procedure can be done using Equation (2) for Hi and adapting Lemmas S.5 and S.6 
for H-1 and z, instead of H and z,. 

1. IHll :5 Cmin{IX(a,z)l-1;z E [z,,z,.)}, according to (a.1) (see Appendix). So IHll :5 Cl2 

using Lemmas S.1 and S.3.1. As IXI ~ c-1 in [Hz,,H-1z,) and IXI :5 C in [z1,zr] the 
other inequality follows easily; 
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2. JXJ ~ C in [Hz,.,z,.]; 
3. the first term of (a.4) is bounded by Cl3 , by Lemmas S.3.2a and S.5. The function (It is 

evaluated in a bounded domain, since I - u, + t;J $ 2 and>. E [a1 , a.], so ~ is bounded 
by ~ome canst.ant C ~if one wants to be more precise, it is enough to observe that 8 = i! 
satisfies the differential equation 8' = b4 ,:r(t) + d0 ,.,(t)8, where b0 ,,.(t) = X 0 (a, it(t, a, z)) 
and d..,.,(t) = Xz(a, it(t, a, z))); 

4. by Lemma S.5, if i = 0 then Jr:J $ C, and J&1J 2: c-113 by Lemma S.3.2a. As JX o HiJ 2: 
c-1 and Ii: I $ C the result follows; 

5. by Lemmas S.3.2b and S.6, the dominant term of (a.7) is 

H£ · X., o H; . [-u1 + ~~] , 
which is smaller than Cl8 by item (3), Lemma S.3.2a and Lemma S.5; 

6. using (a.2), with JX o HiJ > c-1; 

7. using (a.3); 

s. IHt.l $ CJx1-1 + c1x1-1 
• tHiJ + 1x1-2 $ c1x1-1(13 + 1x1-1) by (a.5); but 1x1-1 $ 012, 

so IHl .. 1 $ c1x1-1z3 $ CJH~Jl3
; 

9. JHizal $ CJxJ-3 + CJXJ-2 
• JHil $ CJH4J213, by (a.6). 

□ 

Lemma S.S. Let x E [-2, H(O)] U[-H(O), 2] and Fs be the least power of H such that F5 (x) $ 
-2. Then 

IFs,zJ-1' I c::::)21 ' I~/:)~ I $ C1;' 

JFs,ol, IFs,zl, ,i~:1 • Ji~j, l~;~j~ j $ C2, 
IFs,ool $ Cs' 

where (C1,C2,Cs) = (C,Cl3,C18) if a E J,1 and {C1,C2,Cs) = (C,C,C) ifa E Jc . Moreover if 
z E [H2(0), H(O)] then IFs,al 2: c-113 i/ a E h IFs,al 2: c-1 i/ a E Jc and IFs,al, IFs,ul $ C 
in both casea. 

Proo/. When a E J,1 it suffices to divide the orbit of z into three parts: to the right of x,., 
inside [z,,z,.] and to the left of x, . The first and third parts have all the derivatives bounded 
by constants, the second is dealed with Lemma S. 7 and the comJ)08ition of the three gives the 
result. For a E J0 we bound all the derivatives by some constant which may depend on the 
choice of a,. □ 

Remark. The constant C > 0 that appear in the lemmas of this subsection depends mostly on 
the estimates for Fs when a E Jc U J,1 and is directly affected by the choice of a1 (as well as 
x1 and x,.). However this constant can be 'killed' by the small constants r, p, q, 6o and 61 (and 
even JH;J for 11 2: ko) since by their dependence on t (or M) they can be made small after the 
choice of a1 , x1 and z,.. 
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3.3 Horseshoe estimates 

Consider now the parameter region "beyond renormalization", i.e. u = + (or else a E J+), 
recalling the definitions given in Subsection 1.13. There we have defined a partition of the interval 
[x- ,z+]: (a) the central interval [p- ,p+], which is the pre-image of {x ~ z+}; (b) the point q+ E 
(p+ ,z+), fixed point of H, and its pre-image q- E (x- ,p-); (c) a partition {wt = [qt, qt.1]}i~l 

(resp. {wj" = [qj:_1 ,q;-]},~1) of [q+,z+] (resp. [x-,q-]) such that Hi(w±) = [q-,q+]; and (d) a 

partition {at= [w,¢1Jh~1 (resp. {aj'" = [qj:.1.~n.~2) of[p+,q+J (resp. [,r,P-D such that 
H'(ar) = wt.1 . Observe that ~ = q+ and qi- = q-. 

The following two Lemmas are easily proven by straightforward calculations. 

Lemma H.l. Let x 'F y be ,uch that H(a,x) == H(a, y). Then lxl/lYI S 1 - :Mo, if 6o i, ,mall. 

Lemma H.2. jx+j ~ 2(1 - Jo) i/ .So ia ,mall. 

Define d = d,. = H(a, 0) - x;t and for x E [x-, x+] \ [p- ,p+j Jet l = l(x) ~ 1 be such that 
H1x E [p- ,p+]. With these hypothesis we state the following Lemmas. 

Lemma H.S. If d ~½then IH~I ~ m; for all IS j :51. 

Proof. For all x ¢ [p-,p+], jH.,I?; 2d1l2 > 1-
LelDDlA H.4. If cl < 1/2 there i., C > 0 auch that the following a1111ertiona are oolicl. 

1. IHll ~ c-1d1l2 (4/3)i, for all 1 S j :5 l; 

B. IH!I ;::,: (4/3)1; 

3. E1=o 1n;i-1 s cc112; 

-'· E1:1 IH! 0 Hi-ij-1 S 0<1""112, for all I S j S l; 

s. E'i=1 IH! o n1- 11-1 s c. 
Proof. Immediate consequence of Lemma H.5, that we state in the sequel. 

D 

D 

Le~ H.5. Let d < 1/2 and 0 :S no< n1 < n2 < ... < n. :S l be ,uch that H"' E [q-,q+J 
and H 1 ¢ [q-, q+] if j 'F n,, for all t = 0, ... , ,. Then, for all t, 

1. jH.,oH"'l~Jd1/2. 

B. IH4 o H"' I ~ v-1 jH,. o H"' I, for all 2 :S j :S n1+1 - n,; 

3. 1n:•+1 -n, 0 H"' I ~ m Rt+1 -n,; 

-'· IHll ~ 2J, for j S no. 

Proof. For O S t S s, the point H"' of the orbit belongs to (q- ,p-J U [p+, q+], hence to some 
af, for i ~ 2. If t < s then nn•+i is the first return to [q-, q+J, and in this case nt+i - n, = i. 
The Lemma follows from the estimates below: 
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i. 2(1 + f - cdo) $ x+ $ 2(1 + d + cdo) and 1 + 1 - cdo $ q+ $ 1 + 2d + cJ0, for some 
constant c > O; 

ii. if x $ q1 or x ~ qi then I Hz I ~ 3; 

iii. if d < 1/2 and ho is small then IH.,I $ 5 for all x E (x-, x+]; 

iv. as a consequence of the previous item, x+ - qt ~ 5-•, for all i ~ O; 

v. let x E ar, i ~ 2; then IH.,I;?: IH.,(~1 )1 ~ 2/ d + x+ - qt_2 ~ 2(.z+ - qt_ 2 ) 1l2 ~ 
10 x 5-•/2 • Hence, for x E af, i ~ 2, 

IH!I ~ 10 X 5-•/2 X 3•-2 X 2 > G); 
using that IH.,I ~ 2 for x E [q1,qt] U {qt,qi'"J. 

□ 

Lemma H.6. Let d < 1/2, x E [x-,x+] \ [p-,p+] and l be the first integer such that H 1x E 
(p- ,p+]. Then there ii C > 0 such that 

1. I~[$ Cd-1/ 2 for all l $ j $ l; 

e. I n!-!oHi c=h• I $ cd-1/2 for all I $ j $ l; 

3. l H!-toHi c=h• I $ Cd-
1 

for all l $ j $ l; 

4. I c!h2 I s cd-s12; 

s. j r:itr• I s cd-1; 

6. I t:itf/J I $ Cd-3/2; 

Proof. The proof is a straightforward application of the Appendix, the properties of H, the 
preceding Lemmas and also itens (1), (2) and (3), which are used to prove (3), (4), (5) and 
(6). □ 

Lemma H.7. Letd ~ ½, x E [x-,x+] \ [p-,p+] and j ~ 1 such that H;x E [x-,x+]. Then 

1. l~I < 2d-1/2; 

e. I c=h• I < 2d-1; 

3 
1
~ ] <3d-1 

. (H!)2 ' 
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-'· I cZ?i• I < iOd-s/
2

; 

5. ,~ I< 25d-3l 2 • 
(H.)• ' 

6. I t:f t)'i I < 25a3/2; 

Proof. H d ~ ½ all iterates are expanded by M = 2d1l2• We use the Appendix, together with 
the following facts: jM-i $ f for all j ~ 1 and d < ½hn-11, hence hnJ-1 < M-1

• D 

3.4 Estimates on expanding regions 

In this BUbeection we will be dealing with the properties of powers of H taken far away from 
the origin. To be more specific, we consider as hypothesis an initial point z0 outside [z-, z+] 
if ti = +, or outside (-2, 2] U H- 1([H2 (0), H(O))) if u = - (see Figures 6 and 7). We denote 
z, = H'(zo) for OS t S j, where xi E D1 and j ~ 1. The following two lemmas relate x, and 
ZHt for subsequent use in Lemma E.3. 

Lemma E.l. If <T = + then lz,12 ~ lzH1I for all O $ t $ j - 1. 

Proof. As z, < 0 for all t ~ 1, a+ lzt+t I ~ lz,12 together with a > 0 implies the Lemma. D 

Lemma E.2. If <T = - then lzol2 ~ Jlz1l and lz,12 ~ Jlzt+1I for all 1 St$ j - 1. 

Proof. For all t ~ 0 

lzt+1I ~ IH(O)I + Jz,12 
_ 1 + IH(O)I 

lz,12 - lz,12 - lz,12 • 

We consider two cases: if IH(O)I ~ 2 we use lz,I ~ IH(O)I and if IH{O)I < 2 we use lz,I ~ 2. In 
both cases 

and, for t ~ 1, 

proving the Lemma. □ 

In what follows we consider an additional hypothesis. We suppose that z; e /J for some 
/J EB,. and let 'I be such that z0 E 'I and Hi('I) = fJ. 

Lemma E.3. Following the notation above, 

i 1 
I/JI . E J-1 2 < q. 

1• 1 H~ (z,)[H,.(z,_1 )] 
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Proof. First we verify that the sum is geometric, with the dominant term given by t = ; . Dividing 
the (t + 1)-tenn by the t-tenn we obtain, approximately, 

[H.,(Xt-d]2 41.Xt-112 

H.,(xt) ~ ~ -

By Lemmas E.l and E.2 (in fact E.2 gives the worst estimate) this quotient is greater than f for 
t ;:: 2 and greater than J fort= 1, characterizing the geometric growth with t. The dominant 
term is given by t = j and is approximately equal to 

! _ l_ <~-1-
4 lxi-d2 ~ 9 Ix;!" 

The Lemma follows since I.Bl • lx;l-1 :Sq. 

Remark. As a Corollary of the proof of Lemma E.3 we also have 

and, for 1 :S 8 <i, 

□ 

using also Lemma 3.2 for this inequality. Moreover we observe that by distortion properties we 
have IH"{,,)I ~I.Bl· IHl-•(z.)1-1 . 

We call FE = Hi and, using the Appendix together with the estimates above and the 
induction hypotheses, we obtain the following Lemma. 

LemmaE.4. 

1. 1~ ,~½; 
2. I.Bl • I 1~:::J• I < 2q; 

s. I.Bl· I c~:::i• l < 2q; 

"· I.Bl· I (~:::J. I < 2q; 

5. l.81 2 
. I (Fj,;~.Y· 1 < 4rf; 

6. i.012 . I (~~-■ii I < 5q2. 

Proof. Observe also that I.Bl· hnl-1 
· IFE,,.l-1 $ q. 
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The following Lemma is about the expansion in the critical value's orbit when t1 = + and 
d< 1/2. 

Lemma E.5. lf <1 =+and d < ½ then IH~<-1(H(O))I ~ ~ '1;:j''ir1 ~ ½r-1ir1
, where d was 

defined in Subsection 9.9. 

Proo/. Write k = esc to avoid a cumbersome notation. Let x E Dt+i be such that IH!(x)I · 
IDt+il = ID1j. We have 

IH!-1(H{O))I ~ IH!-1(x)I = ,:P, • IH,.(H•-1x)r1
• 

Hl 

We have IDt+il < d and jH,.(H•-1x)I < IH,.(di)!. Moreover, ID1 I ~ ½hn-11 and also 

IH,.(di")I $ h .. l, so that 

D 

3.5 Tools to prove differential conditions 

We set now all the notational convention needed to the following two sections, in such a way that 
all the statements and symbols have to be adressed to this introduction or to previous definitions 
(mainly Subsection 1.13). 

Let p• e 8,. be the pre-image of the central branch which contains neoc(o), esc = esc(a), 
and let B• : p• ➔ 'Yn be its associated function. We write H' = B* o Fii; o F's o H : 'Yn+l ➔ 'Yn 
if u = -, and H' = B* o Fii; o H : 'Yn+l ➔ -y,. if t1 = +, according to the decomposition of orbits 
explained in Subsection 1.13. Here 'Yn+i = n-1(,n, where ri• is the connected component of 
n--+1(/J*) to the left of the origin if t1 =-,to the right of the origin if u = + (and 11• = p• 
if esc = 1). The function associa.ted to,,. is denoted by a· : ,,. ➔ 'Yn and 1a:,1 ~ ,,,•,-l . hnl, 
by usual distortion properties. 

For each ,r E 'P n+l in 'Yn there is an associated diffeomorphism P : ,r ➔ 'Yn given by the 
composition P = Bo FE oFs oFo if u = - or P = Bo FE oF0 oFH if u =+,where B: fJ ➔ 'Yn 
is the function associated to an element fJ e 8,. contained in D1. 

Moreover, for each PH E 8:f+1 the associated function BB : PH ➔ 'Yn+l is a power of H 
whose corresponding orbit is done inside [:z;-, :z;+]. This kind of pre-image only occurs for u = + 
as it has been stressed in Subsection 1.13. 

For each P e 8n+1 there are two ways of writing its associated function B ; P ➔ 'Yn+l: 
B =Pio Pj-1 o • • · o Pi or B = F o Pi-1 o · · · o P1, for some j ~ 1, where each Pi : 'll'i ➔ 'Yn is 
associated to ,r, e 'P,.+1, for all i = 1, ... ,j. The second decomposition is allowed only if <1 = +. 
By the definition of 'lri E 1'n+1 there is an element /3, E 8,. such that 'lrj is sent onto /3i by some 
power of H. To be more specific, we can formally write, taking together cases <1 = + and <1 = -
and in the same way as described before, 

P; = B; o F8 ,; o Fs,, o F0,1 o FH,i, 
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where each one of the functions, except B;, can be the identity, depending on the sign of u or the 
position of 1r,. We call J/i = (Fo,; o FH,;}(1r;), ~; = FH,,(1r;) and G; = B; o FE,; o Fs,;: J/; ➔ 'Yn· 

Following Subsection 3.1 we can also define a concentric c-1e;;11JJ,1-neighborhood U(JJ,) of 
'Ii such that G: f/i ➔ 'Yn is extendible with cHiistortion to U(11,), so that we can use the notion 
of subordination for the pair (f/;, J/•) (17; and f/0 will be automatically independent if 17; does not 
belong to the same fundamental domain that 11• belongs). 

Forl ~ i ~ j-1 define the compositions A,= P;oP,_1 o- ••oP1 , A;= .B,and.B; = P;o---oP; 
or B; = F o P;-1 o · · · o P;, according to the case considered, and the intervals fJ, = iJ;1('Yn+il­
In the first case, /J; C i-1 = .B,-1 ('Yn) C 11'i - Also the definition W; = FH,i+l oA; will be important 
for our purposes. 

The following Lemma collects a few small tricks which will be used in the proof of many 
other Lemmas. 

Lemma T.1. 

t . 1,,•1 · l1nl-1 < 1; 

2. 111• I · h-nl-2 < p ( and other as11ertions involving {J; 's, '1, 'a, etc); 

s. l'Yn+1I · ½lw,1-1 :S 1 for i = o, ... ,; -1; 

4- IB,.I ~ hnl · ltW1 for fJ E B,.; 

5. if Fs,; #- Id then IFs('li)I < lOq, if Fs I- Id then 111·1 < lOq and l'Yn+i/2 < 40q. 

Proof 1. By induction, IB:,I > 1 and FE, Fi O Fs are expanding; 2. for (T = - use Lemma 
3.2, the expansion of Fi, and the geometry; for u = + analogous, taking into account tha.t 
now dist(11• ,&rn-1) is always smaller than IImHI; 3. for W, does not belong to 'Yn+l; 4. by 
the small distortion property of the pre-images of the central branch; 5. if Fs,, is non-trivial, 
Fs,,(J/i) C F8j(Dj'") and we apply Lemma 3.2 to the fact that IFi,!(Di")I is not much bigger 
than one; the other two inequalities follow similar reasonings. D 

LemmaT.2. 

1. c-113 ~ IH~I -1a:1-1 ~ Cl3 if a e Jd ; 

2. c-1 5 IH~I -IG:1-1 5 C if a E J< ; 

s. 1 ~ lH~l- 1a;1-1 < I i/ a E J• ; 

, . IH~I -1a;1-1 ~ 1 if a E J,.. 

Proof. We write, using the Appendix: 

H' F• 1 F• 1 B• 
_!!. = H + s,,. + -- . E,G + =---c-- . .....!!.. 
G; " Fs,z F5,., Fi,z F5,zFE,:r: B; 

Le=a S.8 says that c-1 $ IFs, .. I $ C for a E J< u Jd, c-113 ~ IF.s,ol 5 Cl3 if a E Jd, 

c-1 $ IFs,,.I ~ C if a E J< and Fs = Id if a E J,. u Jb. Moreover IF.s,,.I . IFi,zl-11 ;$ ½ by 
Le=a E.4 and IB:l · IB;l-1 < 61 by induction, and the Le=a follows. D 
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Lemma T.3. If (1 = + then i :S IH~I · 1a;1-1 .$1. 

Proof. By an analogous development as in the proof of Lemma T.2, but now paying attention 
to signals. D 

Corollary T.4. If t1 = + and d < ½ then IH~I ~ ¼ '1;:j'a1
• 

Proof. Combine Lemmas T.3 and E.5. D 

Lemma T.5. If t1 = -, letG = BoFEoFs at apointz that dou not belong to H-1(.H2(0),H(O)] 
or, if t1 = +, let G = Bo FB at a point z that dou not belong to [z-, z+], where B : fJ ➔ 'Yn i., 

the function associated to some fJ E Bn• Then 

1. /~l<C~; 
f. l~I < 261hnl-1; 

9. lb-I< 261hnl-2
; 

,I. I (G~)-•°H~ I < 061 ~; 

5. I (G.f~'1~)• I < C61 ~; 

6. l<!.>•h~ I< C61 JS. 
Proof. With the Appendix and almost all the previous Lemmas, provided q is sufficiently small 
with respect to 61. D 

As an immediate application of Lemma T.5 we can prove the differential conditions of H' = 
G* o H, since G• satisfies the hypothesis of Lemma T .5. 

Lemma T.6. IH~.,I ~ 21G: o HI in 'Yn+l · 

Proof We write 

As 1Hsl2 ~ 4jzl2 :S l'Yn+il2, IH:n:I ~ 2 and 1a:1 ~ hnl. 111•1-1 then 

IG;,.(H,.)2 1 < !1 12. hnl. j a:., I 
G;H..., ~ 2 'Yn+t lrtl (G;)2 • 

By Lemma T.5 and since l1n+112 :S 4111*1 we conclude that IH~.,I ~ IH.,.,I • IG:I and the Lemma 
is proven. D 

Lemma T.7. For z E 'Yn+l 

1· I ":fr:· I < 6o; 
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2· i"':f· I< !So; 

9. hnl · I c:h1, I < !So; 

./. hnl · I£:»~ I< 4o. 

Proof. We use the Appendix, Lemma T.5 for G* and many other lemmas. D 

In Subsection 1.14 we used the following Lemma. 

Lemma T.8. Whenever esc > 1 then IH,:ac(O)I ~ H41 (0)1. 

Proof We write Hf!flC = FE O Fs OH if <1 = - and nesc = FE OH if O = +. ln the latter case, 
H:C =FE,,.+ FE,o:, with FE,o: < 0 and IFE,cl · IFE,o:l-1 $½,by Lemma E.4. But IFE,zl ~ 4 
and the Lemma follows in this ta.'!e. In the former case, H:,C = FE,a + FE,o:(Fs,a + Fs,.,H,.). 
Since in this case all .:r-derivatives are positive on iterates of the critical value and H,. ~ 1, this 
number is positive. The Lemma follows since FE," > H,. (use the Appendix and the fact that 
in expanding regions the derivatives are bigger than one). □ 

3.6 Mean expansion 
The main goal of this subsection is to obtain some properties for the z-derivative of the functions 
Pi that enter in the composition of iJ. This is will be the main ingredient to control distortion 
of mixed derivatives. 

Let Y be the distance between the center of H({J) and H(O), let Z = llmHI and X = Z-Y. 
Define w = X/Z and T = X/Y. The variables X, Y, Z, wand.,,- are functions of p. 

We say that fJ is in Caae A if w < ½ and in Ca,e B otherwise (see Figure 9). 
Here we determine once and for all the neighbourhood U(ft) of fJ referred to in Subsection 1.9. 

Writing B = P;o• • •oP1 or iJ = FoP;-i o, • ,0P1, asin the beginning of the previous Subsection, 
we observe in particular that, in Case A, Pi = B 1 o H, and therefore U(ft) C 11'1- In Case Bit 
will be useful to note that there are basically two cases to consider: (a) dist(P,O"'fn) ~ ft > ½ 
and (b) otherwise. The latter situation also obliges Pi = B1 o H and U(ft) c 11'1. 

Lemma M.1. In Crue B, if ImH' n U(ft) -::/- 9 then 

1 
IImH n ,,•1 > 81,,•1. 

Proof. H dist({J, o-y,.) ~ ft then the Lemma is immediate. Otherwise U(/3) c 1r1 and as G• has 
small distortion, 

IImH n 11*1 IImH'I 
111·1 ~i'Ynl. 

Since ImH' n ,..1 I 9 then llmH' n "Ynl ~ dist(ir1,ihn)- But dist(ir1,8'Y .. ) ~ dist(.8,ihn) > 
(1 - ~)IImHl1

/
2 > ½bnl and the Lemma follows. D 
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CaseA; w<l 
2 

X 
0>=-z 

Figure 9: Two cases for the position of p. 

Lemma M.2. In Caae A, if ImH' n 1r1 -I: 0 then 

l'Yn+1I ~ w1/2111•1t/2. 

Proof. As dist(.81,8-rn-d !::::WllmHI and IH.,I .:S l'Ynl then 

dist(,ri,8-yn) ~ l'Ynl-1wllmHI 

Therefore 

CaseB: m;;t1 

□ 

Lemma M.3. In C'"e A, if ImH' n 1ft -I: I then 

1 IPi,.,j ~ 2P-1W-t. 

Proof In Case A, Pi = Bi O H, hence JPi.al = JB1,sl ·!Hsi~~· 1hnl• But I.Bil < JlWhnl2 

by Lemma T.l. □ 

Lemma M.4. For all i = 1, ... ,j, if 'Ji i., aubordinated to 11• then IP,, .. I ~ l(Gi o H).,I ~ 
q-l/2p-l/2. 
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Proof. As P; = G; o Ho FH,; and FH,; is an expansion (if it is not the identity), by Lemmas 
H.3 and H.4, then IP;,.,!~ l(G; o H).,j ~ q-1/ 2p-1/ 2 . We have jG;.zl ~ 1-r .. l · 1'7;1-1 and since 
dist('li, 77*) 2: q-l 1'7;1, then IB:.I 2; 2q-1/ 2 l77;11l2 . Hence 

l{G; o H).,I > 2q-l/2l'Ynl. l'7il-1/2 > q-l/2p-1/2 

by Lemma T.l. 

Lemma M.5. If 11• is subordinated to T/i or 11• and 17; are independent then 

-1 IT/•ll/Z 
IP;,.,I ~ l(G; 0 H).,I > p hnf" 

Proof. In both cases dist(T};,T/*) >> 1'7*1, so that IH.,I >> 1'7*1 112. Hence 

I •1112 I 12 
l(G, o H).,I >> _'7 _ · :I!!_ 

hnl l77il 

and the Lemma follows using Lemma T .1. 

D 

D 

Lemma M.6. Let x be the point in e; = FH,,(1r;) at the greatest distance from the origin. Then 

Proof. As the distortion of G; is small any eventual big non-uniformity of (G; o H)., is due to 
H. In other words, as lG,,.,I is almost coruitant inf/. and jH,.IE,I attains its maximum at x, the 
Lemma follows. □ 

Lemma M. 7. Let x E {; and let 

w = w(Hx) = 111;1-1 · dist(Hx, boundary point of 1); nearest.,,-). 

Then IP,,.,(Fi,!(x))I 2": l{G; o H),.(x)I 2": p-1/2,;;1/2. 

Proof. We have 

hence l(G; o H).,(x)I > Jp-1/ 2 , where :i; is defined as in Lemma M.6. Write 

_ IG;,,.(Hx) , 1H,.(x) 1 lxl -l/Z 
l(G; o H).,(x)I = l(G; o H).,(x)I · G;,.,(Hx) . H,,(x) > lxlp . 

It is easy to see that III > ,;;1/ 2 , proving the Lemma.. 

Corollary M.8. 

1. If B = P; o · · · o Pi then IP;,zl > (4p)-l/l for all x E P;-1b'n+1)i 
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!. if iJ = FoP;-1 o•••oPi then IP1-1, .. I > (l0p)-1l2 for all :J: E P;.!1(PH)i 

9. more generally, if FH,,+1 ::/: Id for some i = 1, ... ,; - 1 then IPi,zl > (10pr1
'

2 for all 
x E p,-1(11",+1)-

Proof. Use Lemma M.7, with (i; ~ ½ in the first case and w > f6 in the second and third 
D cases. 

Remark. The conclusion for the P,,. 's in the Corollary M.8 are exactly the same for the 
corresponding ( G, o H),. 's. 

Lemma M.9. For all i = 1, ... ,j 

I P,,. 
1 
I< C(hl + l!Ll • lWi-1i-1

), 
Pi,,.H. l'Yn-11 l'Ynl 

or even ,mailer than Clf.tw,:_~ if FR,,= Id. 

Proof. Write P, = G;oHoFH,, and use the Appendix with Lemmas T.2, T.3, T.5, H.6 and H.7. 
If F8 ,1 ¢ Id but d ;?: ½ then also in this case the bound can be taken as C lf.t w,:_1

1 • D 

Lemma M.10. In Case A 

I p~:n~ ! s C(r + p). 

Proof Ii is enough to apply Lemma M.9 after observing that in Case A, IWoi-1 < 2p1l2 j,7"j-1/ 2 , 

and since 111°1112 • 17,.1-1 < p1l2 , by Lemma T.1. D 

Lemma M.11. In Case B, if ImH' nU(P) ::/: 0 then 

I P,,. I< cl'Yn+il 
1",.H~ hnl 

for all i = 1, ... ,;. 

Proof By Lemma M.l, IWi-11 > }111"1112 for all i = 1, ... ,j, hence by Lemmas M.l (implying 
h .. +il > f lr,"1112) and M.9 we obtain the inequality. □ 

Lemma M.12. In Case A, if ImH' n "'1 ¢ 0 then 

IP1 •• .i-1
• ,P.~'i, I< p 

,,a G 

for any i = 1, ... ,j. 

Proof. In C11t1e A, IP1, .. I ~ 2p.;, by Lemma M.3. On the other hand, as IW,-11-1 < hn+il-1 < 
w-1/ 21r,•11/ 2 , by Lemma M.2, then the expression above is smaller than 

I •11/2 
2pwC(r + -"-- w-1l 2) 

hnl ' 
which is smaller than p if r and p are sufficiently small. 
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Lemma M.13. Let l $ i $ j -1. If IP;,:rl $ 2 for some xo E P;-1(irHi) then 

1. l(P1+1 o P;).,I 2! }p-2
, 

2 IP. 1-1 I P;+i,ooP; I < • i,z • (P;+i,oOP,)H~ - p, 

for all x E P;-1(11";+1)-

Proof. Let x E P,-1 (ir;+1) be such that IP;,,.(x)I $ 2 and z = FH,;(x). It means, by Lemma M.7, 
that w(Hz) $ 4p. As the distortion of G; is small, then we have dist(,r1+1,8rn) · hnl-1 ~ w. It 
is not dilficult to see that in fact dist(x, Orn)· hnl-1 ~ w for all x E '11"1+1. Let us estimate P;+1, .. 
for x E 11';+1 as a function of w, if w < Sp. First, we note that in this case H(1r,+1) = /J;+1• 

Let Y be the distance between the center of /J1+1 and T(O), Z = Z = IImHI and X = Z- Y. 
We have IH:r o P;I ::: 2Y1l 2 restricted to P;-1

(11';+1) and jB;+1,:r o Ho P;j ~ l'Ynl · I.Bi+il-1 ?: 
hnlP-1 f(-I. But ½ hnl ~ ./z = ✓i' + X implies 

for all x E 1r,+1- We claim that yf(-1 ~ (lOw)-1 , which implies, by Lemma M.7, the first 
assertion of the Lemma. 

To prove the claim, observe only that Y ~ [ ../z (1 - 4w)] 2 • 

To prove the second assertion, note that IP,I ~ ½hnl, so by Lemma M.9, 

I ~+!,a oP; I< 2C 11(1 
(P;+t,z O P;)H~ - hnl2

' 

since Fn,; = Id. On the other hand, according to Lemma M.4, as there is x E 11'; such that 
l.f'i,sl $ 2 then 'Ii cannot be subordinated to 11•, hence by Lemma M.5 

IP.- I > p-1 ,,,•,l/2 
'•" - hnl 

and the result follows, since l11"l1l 2 
• 1,,.1-1 < p1l2 and pis small. D 

Remark. The first assertion of Lemma M.13 can be stated for (G, o H) instead of A in the 
following way. If l(G; o H),.I $ 2 for some .z0 such that G; o H(x0 ) E ir,+1 then 

l(G;+1 0 H),. • (G, 0 H):sl ?: ¼p-2
, 

where G,+1 o H is taken at G, o H(x0 ) (in fact, by the proof of Lemma M.13 we see that 
G;+1 o H ~ P1+1), 

Corollary M.14. For all I$ i $ j and O $ io $ j - i let ai,io = lrr~1 Pt,., 0 At-11· 

1. if IPi+io,:sl?: 2 then a,,io ~ 2io; 
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e. if IPi+io ... l < 2 then Ai,io ~ 2io-lp-11,t11' 2 l"Ynl-1
; 

a. i/ IP;+1o.sl 2: ¼P-1/2 then t.,,.., 2: ¼ . 2io-lp-1/2; 

,I. in any ca.,e t.;,io ~ 2io-lp-11'7"11/2hnl-1. 

Proof. According to Lemma M.13(1) if IPt,111 < 2 then IPt+i,sl 2: 2, moreover IPt,a · Pt+i,sl ~ 
lP-2 2: 22• Hence (1) is immediate. If IPi+io,sl < 2 then by Lemmas M.4 and M.5 we must have 

IP;+;,,.al 2:: p-11,,•11t2hnl-1• As IP;+io-1,zl 2:: 2 then by item (1) we must have t.,,io-1 ~ 2io-l 
and item (2) follows. ff IPH1o, .. I ~ ¼p-1/2 then in particular IP;+io,sl ~ 2. There are two 
pollSibilities: if IPi+io-1,sl ~ 2 then t.,,1o-1 ~ 21o-1 and item (3) follows, otherwise IP.+io-1,sl < 
2 implies IPH1o-2, .. I ~ 2 and A;,io-2 ~ 2••-2; moreover, IPH1o-1,,. · P;+1o,sl ~ tP-2 ;:: p-1/2 

and item (3) follows as well. Finally, similar reasonings and the fact that the estimate of Lemma 
M.5 is alwayB worse than the estimate of Lemma M.4 imply item (4). D 

Remark. The Lemma is also valid if we define 

and con.sider l(G;+io oH).,I instead of IP,+;.,,,.I, according to the Remark following Lemma M.13. 

Corollary M.15. I.Bsl ~ f. 
Proof. Just apply Corollary M.8 and M.14(3), for the two types of decomposition of .B, as well 

as the results of Subsection 3.3. D 

3. 7 Derivatives of the ~'s 

To prove the Lemmas below it is enough to carefully apply the Appendix to P; = G, o Ho FH,i, 
~th the help of the Lemmas proven in the preceding subsections. The inequalities involving 
F are always consequences of Lemmas H.6 (for d < ½) and H.7 (for d ~ ½) together with 
hn+il. ½irl/2 < ql/2 . 

. Lemma P.1. For all i = 1, ... ,j 

I I I P.,n I 4 hnl 2~ hn+il l(G ) 1-1 "Yn+l · (P.· )2 < -, -
1 
+ u1 -

1
-

1 
+ 2 i 0 H z , 

••• "Yn-1 "Yn 

but the fint term of the R.H.S can be ommited i/ FH,, = Id. Moreo1Jer, 

Lemma P.2. For all i = 1, ... ,j 
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Moreover, 

Lemma P.3. For all i = 1, ... ,j 

where 

and, if Fn,; -::/ Id, 

I I I P;,,.a I 0"'° 0""' 'Yn+l · (P;,,.)2H~ < G,i + H,i, 

othenuiae 0J;:; = 0. Moreover, 

I 1-1~1 c 1/2 'Yn+l (F,.)2H~ < q 

LeD1IOa P.4. For all i = 1, ... ,j 

where 

9na - (6 + ~-)cl!d. (hn+il + l(G· oH) 1-1) 
G,, - l UO hnl2 hnl • z 

and 

if FH,i -::/ Id, othenuiae Sit,: = 0. Moreover, 

LemmaP.5. 

I I I P.,aa I 9011 + 0"" 'Yn+l · (P;,.,)2(H~)2 < G,i H,i , 
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where 

and 

Mofl!OtJer, 

3.8 Proof of the differentiable conditions 

Now we are ready to prove the induction for the quocients involving the derivatives of iJ. The 
estimates are valid for every z E P and we always assume that a i8 such that JmH' n U(P) I 0 
(even if sometimes this condition i8 not used). 

From now on we define 

l
i+io 1-l 

A-;:;1.tio = II (Gt o H) 
l • i 

Lemma D.1. For all i = 1, ... ,;, 

I A.~~~! I < 6i-

Proof Based on the Appendix we write, if iJ = P; o • • • o P1, 

' A,,. P1,a 'C""(A )-1 Pt.a 
A . H' = P, H' + L- l-l,.. R H' . 
4',s O 1,s G t=2 t,a G 

This expression holds fori <; or fori =; if iJ = P; o-.-oP1 . Hi=; and iJ = FoP;-i o, • •oPi 

we change the term in t = ; by 

(A )-1 P. 
;-1,s F. H'' 

., Q 

which is smaller than Cp1l2
, U8ing Corollaries M.8 and M.14 for A;-i,. and for the rest Lemma 

H.6 and Corollary T.4, if d < 1/2, or else Lemmas H.7 and T.3 if d ~ 1/2. Returning to the first 
expression, we suppose first that we are in Case B. Using Lemma M.11 and Corollary M.14(4) 
we obtain the bound C(r + p). 
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In Case A, C(r + p) bounds the first term, by Lemma M.10. Next, we use conveniently 
Lemmas M.12 and M.13(2), in the following way. For t > 2, if IPt-1,:i:I ~ 2 then by Corollary 
M.14(1) IPt-1,., · · · P2,.,1-1 ~ 2-1+2, so that by Lemma M.12 

l(A )-1 ~ , < 2-t+2 1-1,z ,., H' _ p. 
rt,:,: Cl 

Otherwise, by Lemma M.13(1) we have IPt-2,:i:I;::: 2 and so IP1-2,z···Pi,.,l-1 ~ 2-t+2, by 
Corollary M.14(1). Now we can use Lemma M.13(2) to obtain exactly the same expression as 
above. The Lemma follows if p and r are sufficiently small with respect to 61 . D 
Lemma D.2. For all i = 1, ... ,; -1 or for i = j and B = P; o • • • o Pi, 

Proof. By the Appendix 

A,,.,., = t At,.. . Pt,zz 
(A.,.,)2 t=l A;,., (P1,.,)2 

and the Lemma immediately follows using Lemma P.l. We use also that 

I I· l ~H I< cl'Yn+1I < c..J/2. 'Yn+l (F.,)2 (ll/2 q 

D 

Corollary D.3. 

hn+1I · I ct)2 I< 61 

Proof. We take i = j in the previous Lemma, if B = P; c • • • o Pi, and use Corollaries M.8 and 
M.14. 1f iJ = F o P;-i o • • • o Pi the procedure is analogous. D 
Lemma D.4. 

hn+l 1
2

1 (~:): I < 01 

Proof. Suppoee iJ = P; o • • • o P1 , without loss of generality. Using the Appendix we write 

53 



The first sum is bounded by 

i 
61 "(A-1 A-1)2 
4 L., L.>'i+tJ + iJ , 

i=l 

which is smaller than 6o1p, following the remark just after Corollary M.14. By Lemmas P.2 and 

D.2 the second sum is bounded by 

j i-1 

12 L L(A,J + A,.;1J)(A,;1J + A,A1> , 
i=:I t=l 

which is smaller than, for example, 3000p, using Corollary M.14 and the Remark following it. 

The Lemma follows if p i8 small. □ 

Lemma D.5. For alli = 1, ... ,j-1 or Jori =i and iJ = PJ o. ,,oP1 , 

hn+1 I · I (A~r:i"n~ I < ~ ( 1 + t A,}) + CiAi,}. 

Proof. By the Appendix 

. ; 

A.,.,.. _ t P,,. . P,,.,.. + L At-1,• . Pt,n . 1 

(A.,.)2 t=l A.,,. (P,,,.)2 f=2 A,-1,. (P,,.,)2 P;, •.. · P1+1 •• 

where P;,. · · · P1+1,■ = 1 if t = i. Let us first analyse the second term of the sum, multiplied by 

b..+11 · IH~j-1. By Lemmas D.l and P.1 it is bounded by 

~(1+tA~l)• 
For the first term of the l!11D1 we use Lemma P.3 and Corollary M.14 (and its Remark) a few 

times to get, if p is small, 

and 

and the Lemma followa. 

Corollary D.6. 

D 
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Proof. H iJ = P; o · · · o P1 it is enough to apply Lemma D.5 with i = j and use Corollary M.14. 
If iJ = F o P;-1 o · · · o P1 it is a combination of Lemma D.5 with i = j -1, Corollaries M.8(2) 
and M.14 and Lemma P.3. D 

Lemma D.7. 

I 121 f:J,..,.. I 0 'Yn+l (.B,.)SH~ < l 

Proof. We write 

where 

j 

s - ~ I 12 P;,""'" I 1 - L,, 'Yn+l (P.· )3HI . (B-. )2A . , 1=1 ,,~ o s+l,z t-1,s 

s ~ I 12 Pi,:t:t:O A,-1,11 1 
2 = L,, "Yn+l (P.· )3 . A- H' . (B-. )2 ' i=2 1,z: 1-l,z: a 1+1,~ 

; 
s 2"1 I P;,o;z I I A,-l,H I 3 = L,, 'Yn+l {P.· )2 . 'Yn+l (A )2 H' . B- . B-. , i.=2 1,z i-1,:i- a. •+1,z 1,z 

s ~I I P;,,... I I Ai-1,H 1 
4 = L,, 'Yn+l (P. )2H' • "Yn+l (A· )2 . {B- . )2A. ' i=:l 1-,z: a 1.-l,z 1+1,z: 1,:2 

s ~ I I P;,.,,. I I A;-1,.... A,-1.. 1 5 = L,, 'Yn+l (P.· )2 . 'Yn+l ( A . )2 • A H' . B-. B-. . i=:l t,z .1'1i-l,z i-1,z Cl a+I,• 1,z: 

Special attention must be paid to S1 and S,, since in these cases one needs to distinguish 
between FH,i = Id and FH,i :/: Id. IT FH,i -# Id, 

j 

IS1 I < E<A~1.;}2 A1,L1 + AjA,)1.; + .!li'JA;J. 
i=l 

By Corollaries M.8(3) and M.14(3), A1,L ~ p1l2 • The remaining A's are well controlled by 
Corollaries M.8(1) and M.14(3) and after all IS1l can be bound by a multiple of p. If FH,, = Id 
then the 'problematic' term 
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is also bounded by a multiple of p (for p small, of course, to kill constants), since by Corollary 

M.14(4) A1,}_1 :::; Phnl • 1,t1-1n. For S4 we proceed similarly. The sums S2, Ss and S5 a.re 

easier, and also the C88e where iJ = F o P;-1 o • · • o P1, D 

Lemma D.S. 

Proof By the Appendix 

where 

s ~I I P...... 1 
t = L., 'Y"+l (P. )2(H')2 . B. (A· )2 ' 

i=l i,z a 4+1,s ,-1,s 

S ~ I I P,,,.,. ( A,-1,11 )
2 

1 
3 = L..., 'Yn+l --2 • I • -.-- ' 

i=2 (P. •• ) Ai-1,.H0 B,+1,s 

The ll11Jll8 ~ and S3 and pan of S1 are treated in the ll&Ille way as in the preceding Lemmas, 

with an eventual distinction between FH,, = Id and FH,i i- Id. The only new problem comes 

from S1, where we have to bound 

In Case B, IW,-11-1 < 5!11•1-112, hence UBing Corollary M.14{4) 

111·1
2 ,w. ,-l(A-~ )2 < 5p6/2 

l-y,.js 1-1 1,,-1 . 

In Case A we use A1,~ :::; 2pw (by Lemma M.3) and 'Yn+l ~ w1l2 jq•j1l 2 (by Lemma M.2), hence 

IW1-1l-1 !S 2w-1l2111•i-112. Then, a., A1,L = A1,~A2,i-i, 

111*1
2 IW. 1-1(A-! )2 < g,.,e/2ws/2 

l-y,.p ,-1 1,,-1 ,., . 

As w < 1, I:{=1 A-;_;1J < Cp1l 2 (by Corollaries M.8(2) and M.14(3)) and p is small with respect 

to 61, the Lemma follows. The CMe where iJ = F o P;-i o • • • o Pi is analogoUB. D 
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A Glossary of formula 
A.a Iterates near the saddle-node 
The formula below are used in the context of Subsection 3.2. We use the following nota­tional conventions: Hi means the x-partial derivative of the function Hi defined by induc­tion by Hi(a,x) = H(a,Hi-1 (a,x)). We consider x E [Hi+l(a,xr),H'(a,xr)], for i such that H.,(a,H'(a,xr)) < 1 {the remaining cases are similar). In this case, we write Hi(a,x) = ~(-u1(a) + t,(a,x),a,x1), where~ is the flow of the field X and the functions 0-1 and t; are explained in the referred Subsection. This expression is used for Hi and Ht0 • When there is no argument it means that the derivative is taken in (a,x). For the field X, X itself means X(a, x} and X o Hi means X(a, Hi(a,x)). Finally, ~ is evaluated always at {-0'1{a) + t,(a,x),a,x,) (as well as its partial derivatives}. 

. XoHi 
H'= --

"' X 

H' = X o H' · -0-1 + - + -
. . [ /)t,] 8;Jt 

0 aa 8a 

. 1 ( 1 i .) X o Hi H, = - X o H + H · X o H1 - --X ""Xa a"' x2 .. 

XoHi . = -2----:XS-X., (X., o H1 - X,,) + 
+ ;

2 
{ [X., o Hi + H~ . X., o Hi] . [X,. o Hi - X,.]} + 

+ ;
2 

{ X o Hi . [ X.,.. o Hi + H~ . X:n o Hi - Xz,a]} 

= a2~ + [-u1 + a2t,] · X o H1 + 8a2 8a2 

+ 2 [-a1 + :; ] . [X0 o Hi + Ht . X., o Hi] 
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(a.I) 

(a.2) 

(a.4) 

(a.5) 

(a.6) 

(a.7) 



A.b . Compositions of diffeomorphisms. 

Let G; = F, o ... o F1, G = Gr for r > 1 and Q; =Fro ... o F;. 

A.c Critical compositions. 

Let H' = G• o H. Then 

G0 = t F;,a 
G,, i=al G,, .. 

n~,.. = G;n,.,.. + G;.,..cn.)2 + 

(b.l) 

(b.2) 

(b.3) 

(b.4) 

(b.5) 

(c.1) 

(c.2} 

(c.3} 

(c.4) 

(c.5) 

+ G;,...H0 (H.,)2 + 2G:.,H.,..H., + G;aH,.,, + a:.,H0 H.. (c.6) 
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