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Using stochastic thermodynamics, the properties of interacting linear chains subject to periodic drivings are
investigated. The systems are described by Fokker-Planck-Kramers equation and exact solutions are obtained as
functions of the modulation frequency and strength constants. Analysis will be carried out for short and long
chains. In the former case, explicit expressions are derived for a chain of two particles, in which the entropy

production is written down as a bilinear function of thermodynamic forces and fluxes, whose associated Onsager
coefficients are evaluated for distinct kinds of periodic drivings. The limit of long chains is analyzed by means
of a protocol in which the intermediate temperatures are self-consistently chosen and the entropy production
is decomposed as a sum of two individual contributions, one coming from real baths (placed at extremities
of lattice) and other from self-consistent baths. Whenever the former dominates for short chains, the latter
contribution prevails for long ones. The thermal reservoirs lead to a heat flux according to Fourier’s law.
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I. INTRODUCTION

The description of thermodynamic quantities at the meso-
scopic level gives rise to the stochastic thermodynamics [1-3],
in which fluctuations in the thermodynamic fluxes become
important. This theory not only allows to reproduce the fun-
damental concepts of thermodynamics of equilibrium systems
but can also be extended for the more general case of nonequi-
librium ones. In particular, it shows that stochastic fluxes
satisfy general relations such as the Jarzynski equality [4,5]
or/and it predicts the existence of general bounds among
thermodynamic fluxes [6,7].

Entropy production has played a fundamental role in
nonequilibrium statistical physics not only for typifying the
irreversibility [8-10], but also for tackling general consid-
erations about efficiency of heat engines [11], the analysis
of (irreversible) phase transition portraits [12—14], thermody-
namic uncertainties relations [6,7], and others. A fundamental
relation for the entropy production comes from simple en-
tropic arguments in which the system is coupled to a thermal
reservoir. Its time entropy variation dS/dt is the difference of
two terms

ds () — o(z 1

i (1) — @), ey
where I1(¢) is the entropy production rate and ®(¢) is the
entropy flux rate from/to the system to/from the environment.
Since the environment works as a subsystem in equilibrium,
[1(¢) corresponds to the entropy produced inside the system.
Equation (1) implies that all entropy spontaneously produced
(by the system) has to be delivered to the environment in
the steady state regime. When the system is in thermal equi-
librium, it follows that Il = ®; = 0, whereas Il = &, > 0
out of the equilibrium regime. Thereby entropy production
discerns equilibrium and nonequilibrium systems, since it is
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continuously produced in the latter case. In such case, the
steady entropy production rate can alternatively be evaluated
through the calculation of the steady entropy flux &;.

The thermodynamic properties of Markovian systems
have been extensively studied in the framework of mas-
ter [8-10,15,16] and Fokker-Planck equations [17-25]. A
special recent attention has been devoted to periodically
driven systems [26—29]. In part because their thermodynamic
properties can be experimentally accessible [26,30-47]. In
addition, some of their remarkable features, such as a general
description in the linear regime (Onsager coefficients and
general reciprocal relations can be achieved), the existence
of uncertainties constraints leading to existence of bounds
among macroscopic averages and other features have been put
under a firmer basis. In other cases, the probability distribution
of work for systems described by Langevin equations with
time dependent drivings has also been analyzed [24]. How-
ever, the more general case of interacting particles subject to
time periodic drivings has not been studied thoroughly. In
particular, the question of how the inclusion of interaction
changes the nonequilibrium trademarks as well as the entropy
production properties has not been addressed before.

In this paper, we fill this gap by investigating the thermody-
namic properties of interacting chains of Brownian particles
subject to (time dependent) periodic forces and temperature
drivings. Exact expressions for the thermodynamic quanti-
ties, including the dissipated heat, entropy production, heat
flux and others are obtained. The limits of short and long
particle chains are thoroughly investigated. For the latter
case, intermediate temperatures are self-consistently chosen
through a protocol taking into account an inner entropy
production source. This is meaningfully different from the
original approach by Bosterli er al. [48], in which no heat flux
is exchanged among the particles and self-consistent baths.
Thus, our approach provides us not only to analyze the role
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of two distinct sources of dissipation, but also establishing
which contribution dominates in the limits of short and long
chains. Two main findings can be drawn: For the case of
two interacting particles, the entropy production is derived
as a bilinear function of fluxes and forces for both drivings
in forces and temperatures, whose associated Onsager coef-
ficients depend on the interaction parameters and frequency
driving. Remarkably, the effect of a phase difference (a lag)
between external forces is investigated and the condition for
maximum/minimum entropy production is found to depend
only on the temperature reservoirs and frequency driving,
irrespective of the interaction strength between particles. The
entropy production of long particle chains can be split in two
terms: one coming from the thermal reservoirs and the other
from the self-consistent ones.

This paper is organized as follows. In Sec. I we describe
the theoretical background and the exact solution for time
dependent drivings is evaluated in Sec. IIL. In Secs. IV and V,
the two and several particles cases are analyzed, respectively.
Conclusions are discussed in Sec. VI.

II. FOKKER-PLANCK-KRAMERS EQUATION

We consider a set of N interacting particles with equal
masses m, in which the ith particle evolves in time according
to the following set of coupled Langevin equations:

dl)i %
— = —yv + Fi1), 2
7 1= yvi+ Fi(t) (2)
and
dx,-
— =, 3
dt v ©)

with x; denoting its position with velocity v; = dx;/dt, re-
spectively, whereas y is the dissipation constant. Here, f;*
stands for the force acting to the ith particle, which is assumed
to be decomposed as the sum of a time dependent term
() plus a term f; depending only on the positions. Thus,
fi can be written as the derivative of the potential energy
V, fi = —dV/dx;. The stochastic force F;(t) accounts for
the interaction between particle i and the environment and
satisfies the properties

(Fi(t)) =0, “4)
and
(Fi)F;(t")) =2y T;8;;8(t — 1), )

respectively, where T; > 0 is distinct for each particle. Let
P(x,v,t) = P(x1,...,XxN,V1,...,UN,t) be the joint proba-
bility distribution at time ¢, where x and v denote the col-
lection of particle positions x; and velocities v;, respectively.
Its time evolution is described by the Fokker-Planck-Kramers
(FPK) equation [3,9,18]

aJ;
Z (v,— +[fi+ f“‘(t)]— + 5) (6)
where

kT, OP
Jiz—yviP—y—B—. (7N

If the temperatures of all particles 7; are the same and
the external forces are null, the probability distribution ap-
proaches for large times the Gibbs equilibrium distribution,

Po(x,v) = —e BT, 8)
z¢
where E = mv?/2 +V is the energy of the system. This
result shows that the FPK Eq. (6) indeed describes the contact
of a system with a heat reservoir at a temperature 7. On the
other hand, this will not be the case of the system in contact
with distinct reservoirs and/or when it is subject to time
oscillating forces or temperatures. In such case, the system
dissipates heat and continuously produce entropy.

From the FK equation, the time variation of the energy
U = (E) reads

du AN A
- =" D (20 + ), )
i=1

where the heat flux ®{ from the system to the environment
(thermal bath) is expressed as [9,18]

@y’ =y (m{v7) -

whose first and second terms can be understood as the heating
power and the power of heat losses, respectively. The term
() can be interpreted as the work per unity of time given by

—m{ui) f7(0). (1)

ksT), (10)

oY =

In the absence of external forces all heat flux comes
from/goes to the thermal bath.

The entropy S of the system is determined from the Gibbs
expression

S = —kB/Plndedv. (12)

From the FPK equation, one finds that its time derivative has
the form of Eq. (1), where the first is identified as the rate of
entropy production given by [9,18]

_ ks Z /—dxdv (13)

Note that IT > 0 (as expected). Conversely, the second term
corresponds to the flux of entropy given by

N
ka
_Z T f viJidxdv, (14)
i=1

i

or even rewritten as

N p®
!
— 15
2T "
As mentioned previously, Eq. (15) can be alternatively used
for evaluated the steady production of entropy, since it de-
pends only on averages (v?) and on the temperatures T;.
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III. EXACT SOLUTION FOR TIME DEPENDENT
EXTERNAL FORCES

For simplifying matters, from now on we shall adopt
kg = 1. Except in Sec. IV B, all analyses will be restricted
to the case of a chain of N particles interacting to its nearest
neighbors by means of harmonic forces and also subject to
individual and external forces. The expression for the force of
ith particle f;* then reads

k k*
f;.* = ——(Xl‘ - XH,[) - — X + f;'em(t)v (16)
m m

*

* k k ext
fi=—=i—xi_1)— —xi+ f;7@), (17)
m m

for particles placed at extremities, i = 1 and N, respectively,
and

*

* k k ext
fi=—=Qxi —xio1 —xip) — —xi + f;7 (@), (18)
m m

for the intermediate ones. Quantities k* and k are spring
constants characterizing individual harmonic forces and the
coupling between neighboring particles, respectively. Above
expressions can be conveniently rewritten as

ff=—Kxi + Lxis1 + @), (19)
ff = —Kx; + Lxi_1 + @), (20)

and, fori = 1 and i = N, respectively, and
f= =K+ D+ Ll + ) + 0. @D

respectively, where L = k/m and K = (k + k*)/m for i # 1
andi # N.

The time evolution of a generic average of type (g) =
f g(x, v)P(x, v, t)dxdv is obtained through the expression

d 8Pd d 22
dt<g>—fg(x,v)8t xdv, (22)
and by inserting Eq. (6) into Eq. (22) and performing ap-
propriate partial integrations, an explicit equation for the
time evolution of (g) is evaluated in terms of correlations
associated to the positions and velocities. Due to the time
dependence on the external forces, the evaluation of averages
like (g) becomes cumbersome. However, the calculations
become quite simpler by rewriting the motion equations in
terms of their associate covariances. For instance, let us

take for example a generic average (g) = (vfx;-") (withl > 1

and m > 1) with covariance given by (vfx;.")m, = (vfx;f‘) —
(v))(x7). Unlike the time evolution of (v/x7), the time
equation for d(vfx;-”)cv/dt = d(vij-")/dt — (x;?’)d(vf)/dt —
(vhd (x')/dt does not depend explicitly on ¢. Since the equa-
tions for all covariances are linear and time independent, the
exact solution is possible for all system sizes N. Finally, hav-
ing the covariances (v?)., and the averages (v;), the entropy
flux can be directly evaluated from the usage of Eqs. (10)
and (15).

Below we derive explicit expressions for distinct covari-
ances between the i-th and i+ 1-th particles for a generic

chain of N sites:

d
E(xj2>w = z(vi-xi>cvs (23)
d
E(xixH—l)cv - (vixi+l>cv + (vixi-‘rl)cvv (24)
d 2 2
E(xivi>cv = (v7),, — K{x7),, + Lixixis1)ev — ¥ (XiVi) v
(25)
d 2
E(xiviJrl)cv = (Uivi+1>cu - K(-xi-xi+1)cv + L(xj >cv
— ¥ (XiVir1)evs (26)
d,, 2
E(Ui Joo = 2K (Vixi)ev + 2L{xi11v1)e0 — 2¢(07),, + T,
(27)
d
E(vivtﬂrl)cv = _K(xivi+l>cv +L<xi+lvi+1>cu

_K(xi+lvi>cv +L<xivi)cv - 2y<vivi+1)cv-

(28)

Here, we introduced the rescaled temperature I'; defined by
['; = 2yT;/m and, thereby for fixed I';’s, the achievement of
(v?)¢y’s reduces to systems of linear equations.

The time evolution of single averages (v;) and (x;) are also
required for obtaining (v?), whose expressions read

d
E(vi) = —(K + L){x;) + L({xiz1) + (xi—1))
—y{v) + 20, (29)
fori # 1, N and
d
E(W) = —K(x;) + L{xip1) — y (v) + 540, (30)
d
E(Ui) = —K(x;) + L(xi-1) — y{v;) + @), 3D

for i =1 and N, respectively and from Eq. (3), the time
evolution of (x;) reads

d

dt
Although the previous procedure does not depend on the
shape of external forces, from now on we will restrict
our analysis to harmonic external forces given by f™(r) =
Jfoi cos(wt + ¢) with @ and ¢ being its frequency and phase
difference (lag), respectively. By assuming that each (x;)
has solution of type (x;) = Ao; + Aj; coswt + Ay; sinwt, (v;)
becomes (v;) = w[Ay; cos(wt) — Ay;sin(wt)]. By inserting
above solutions in Eqgs. (29) [or Egs. (30), (31)] and (32), the
coefficients Aj; and Aj; are obtained. It is worth mentioning
that coefficients vary with the number of particles and their
expressions for two particles are listed in Appendix A.

{xi) = (vi). (32)

IV. TWO PARTICLES CASE

A. Oscillating forces

In the first application we analyze a chain of two in-
teracting particles subject to harmonic forces without phase
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difference (lagless case, ¢ = 0). From the solution of linear
set of equations described in Sec. III, we obtain the following
expressions for the covariances:

<v2) _ 1+Ty Ky —T») (33)
Heo ™4y A2+ Ky
and
(v%) _ I+ Ky — Fz)' (34)
cv 4y 4(L2 4+ Ky?)

Taking into account that (viz) = (V)¢ + (v;)> (for i = 1 and

i

2), we see that the entropy flux can be split in two parts,
Q1) = Or + Pr (1), (35)

where @7 and ®((7) read

2)/2 2y2
O = —(vf)cv + _<”§>w —2y, (36)
Fl Fz
and
2 2 2 2
D) = L () + L ()2, 37)
T, I,

respectively. The former term can be identified as the entropy
flux coming from the thermal reservoirs, whereas the latter

J

I =

is associated to the entropy flux coming from the oscillating
forces.

The above expressions can be simplified, acquiring the
following form:

_ yL> (T -=Iy)
C2(L2+Ky?) I,

Dy , (38)

and

Ao, t — Ay; sin ot )?
<I>f(t):2y2a>22<( 2C08W o 1 Sin o) ) (39)

respectively, whose coefficients Aj; and A,; are shown in Ap-
pendix A. Since we are interested in the steady state regime,
we shall appeal to Eq. (1), referring to the first and second
terms as the entropy production rates Iy = ®7 and I =
2 02”/ “ @ ;(t)dt, respectively. Once again, [17 = ®r solely
depends on the difference of temperatures and are similar to
the case with no external forces [18], whereas IT is related to
the time dependent forces averaged over a oscillation period
and it is given by

1 V(DA +4%) + DA, +43)]
'y ’

By substituting the expressions for Aj;’s and A;’s we finally
arrive at the following expression:

(40)

V2P fH T2 (Y2 0? + (K — *)?) + L*T1] + 2 fo1 foL(K — 0*)(T'y 4 T2) + fHIT1(y20? + (K — 0*)?) + LT}

Tialy20? + (K + L — 0?2 + (=K + L+ ?)?]

This is the one of main results of the paper, and we pause to
make a few comments: First, from Eq. (40) it follows that TT is
always greater than 0, vanishing when fy; = fo» = 0 and/or
w = 0. Second, in the limit of slow or fast oscillations, w < 1
or > 1, TI behaves as

= Y21 (fo K + fool)? + To(forL + foaK)*1o?

I1 , (42
[y (K? — L2)? “2)
and
_ 21" 21" 2
I ~ fOl 2+f02 1 Y ’ (43)
F1F2 )/2+0)2

respectively, implying that TT vanishes as w? and 1/w? for low
and large frequencies, respectively.

Third, there is an intermediate frequency @* in which IT is
maximum. Although w* can be evaluated exactly, it displays
an unwieldy dependence on the control parameters. For this
reason, we split the analysis in four parts, by inspecting
its dependence on the interaction parameters K and L, the
dissipation constant y and the ratio between external forces
Jfo2/ for, as depicted in Fig. 1. Whenever w* increases by
raising K, L and the ratio fy,/fo1, it decreases when y is
increased. Fourth, when the interaction between particles is
“weak”, k <« k*, TI reduces to the single forced harmonic
oscillator expression

= v (fale+ feh)
[iTaly20? + (K — o))’

(44)

(41)

(
acquiring the simpler form
. y2a? f2

0™ F e + (K —opl’ 43)

L . L
0 5 10 L 15 20

0.5 —
1.05 — —

) Y I R B 0 N R B
0 5 10 15 20 0 5 10 15

£,/5, Y
FIG. 1. The frequency * in which IT is maximum versus
distinct control parameters for I'y =1 and I'; = 10. In (a), (b),
(c), and (d) we take y = 1,L =2 and fp/for =2,y =1,K =3
and fp/foo=2,y=1,K=3and L=2 and K =3,L =2 and
Jfo2/ for = 2, respectively.
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as I'y = I'; and fy; = fop. Fifth and last, in the strong cou-
pling regime, k > k* and k/m > w* (or equivalently L ~ K
and L > »?), TI becomes

— y? 1 1 2
T~ <m> (F_1 + F—2>(f01 + fo2), (46)

which is independent on strength oscillator parameters K
and L.

1. Bilinear form and Onsager coefficients

The shapes of Eqgs. (38) and (41) show that the entropy
production components can be written as flux-times-force

J

expressions [Ty = Jr fr and

=7/ for + J foo, 47)

respectively, where the forces fr = 1/I'1 — 1/I"> and fo;(;
have associated fluxes Jr, J; lf , and jzf given by

= MhyL? (11 48)
T2+ ky)\, )
and
jlf = Lyifor + Liafoo and jzf = Ly for + Lo fo2,
(49)

respectively. The bilinear form for TT provides to identify the
terms L and L, as the associated Onsager coefficients given
by

Yol Ma(y’e” + (K — 0®)?) + L°T]

(50)

Ly

T IDay?e? + (K + L— 0?20 + (—K + L+ w0? ]’
and
_ LK — &*)(T; +T)

[ Daly2w? + (K + L — 0??][y2w? + (=K + L+ ?)?]’
respectively. Analogous expressions are held valid for L,; and Ly, by exchanging 1 <> 2. Note that L;; > 0 and Ly, > 0 (as
expected). The non-negativity of the entropy production also requires that 4L,;Ly — (Li2 + L,1)? > 0. To verify this, let us

consider I', = rI['; with r being an arbitrary (non-negative) real number. Such above inequality is always satisfied, since the
term

Li» (5D

[v2w? + (K — o) + L?r][r(y20? + (K — 0*)?) + L?]
L2(r + 1)2(K — w?)?

)

is greater than 1/4 for all values of r, K, w, and y.

2. Phase difference between harmonic forces

Here, we extend the results from the previous subsection but taking into account a phase difference between external forces
FP() and f3¥'(r). More specifically, f*'(¢) has the same expression as previously, but f5*'(¢) now reads f5*'(t) = fo cos(wt +
¢). By repeating afore-described procedures, we assume that (v;) = w(Cy; cos wt — Cy; sin wt ), whose coefficients C; and Cy;
are decomposed in two parts: Cj; = Ay; + Bii(¢), whose Aj; and Ay; are the same as Egs. (Al) and (A2) and the dependence
on the phase difference appears only in Bj; and B,;, whose explicit coefficients are listed in Appendix B. We then arrive at the
following expression for the steady entropy production IT:

o y?a?[T1(Ch, + C3y) + T (Chy + C3y)]
rr,
which is quite similar to Eq. (40). As in the lagless case, it has three terms with first and third terms being identical to Eq. (41)
and the phase difference dependence appearing only in middle term reading

|:2f01f02L[)/w(1"2 —Tp)sing + (K — o?)(I'y + T'y) cos ¢]i|
Do (y2e? + (K + L —o?)?)(y20? + (—K + L+ o?)?) |

) (52)

(53)

(

Note that the it reduces to the middle term from Eq. (41)
when ¢ = 0. The position of the maximum and minimum in
[T fulfills the above relation

(54)

N L

(K — ) (' +T)

Note that ¢ depends only on the signs of both I', — I'}
and K — @? and it is independent on L. In particular, in

the regime of I', > '/ (I', <« I'y), ¢ is independent on I';’s,
reading +yw/(K — w?). Conversely, for fast and slow oscil-
lations, it approaches to zero as y(I'y — I'y)/Kw(I', +T'y)
and yw(I'y — I'1)/K(T, + I'y), respectively. Figure 2 plots TT
versus ¢ for distinct set of values of w and I';’s. Note that
the maxima of mean entropy production yields at ¢ ~ 0(x)
for small (large) values of  and ¢ — 7 /2 when w — VK.
The dependence of extremes clearly follows theoretical pre-
dictions from Eq. (54) (see, e.g., panels (a) and (b) in Fig. 2).
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FIG. 2. For distinct frequencies w’s, (a) depicts the average
entropy production IT versus the phase difference ¢ for I'; = 1,
I'h=10,K =3,and y = 1. For K = 3 and y = 1 and distinct sets
of I'y and I';, (b) shows the positions ¢ of maximum/minimum of
entropy production TT versus w.

B. Oscillating temperatures

The investigation of systems under oscillating temperature
has been reported in several works [30-47], which provides a
way of measuring the heat capacity experimentally. Here, we
intend to verify the nonequilibrium trademarks of a chain of
two interacting particles under time oscillating temperatures.
For simplicity, we consider external forces absent. The en-
tropy production can also be evaluated straightforwardly from
Eq. (15), but instead the temperature I';(z) of the each reser-
voir is now time dependent I';(t) = I'o; + F7; cos(wt) with I'y;
and F7. being the reference temperature and the strength of
temperature driving, respectively.

Although such a problem is exactly solvable [see, e.g.,
Fig. 3(b)] and reduces to the findings from Ref. [19] when
gy =T and L = 0, the expression for TI is much more
complex than previous cases and involves many terms related
to distinct powers of interaction parameters K, L and driving
frequency w. For this reason, our analysis will be carried
out close to equilibrium regime, in which a linear treatment

I 1 T 0.15 T T T
— =3 * — I3 ]
L5 | - 3
|
— 1k |
I1 ||
| “ \“ i
05 ;1)2“ \‘\ —
N | /co_z ]
I [
0 0 5 10 15 00 5 10 15

FIG. 3. (a) and (b) depict the steady entropy production rate IT
versus frequency driving  for time dependent oscillating forces and
temperatures, respectively. In all cases we take y = 1, K =2, =
I, =10, and fi» = 2fo1 = 4 [(2)] and Fp, = 2F;, = 4 [(b)]. Inset:
The steady T1 for distinct L’s for low w.

can be performed. More specifically, we take both reference
temperatures to be equal I'gy = I'gy = 'y and the driving
strengths are sufficiently low F7, < I'g. In such case, the
entropy production IT can also be written down in the bilinear
form I = J7, Fr, + Jr,Fr,, where the fluxes Jr, and Jr, read

Jr, = Ly, 7, Fr, + L1, 1, Fry, (55)
and
Jr, = Ly, 1, Fr, + Ly, 1, Fr, (56)

respectively, where Lz 7, are the associated Onsager coeffi-
cients given by

9 20
_oBrw

Ly g = Lz Z;?O—l ’ (57)

2I% > 1o Ge 0*

and
_47/3L2 6_ A@ wZZ

LTlaTZ = ) ZS_O 2 |’ (58)

Lo 200G

respectively, where Ly, 7, = Ly, 1, and Ly, 7, = Ly, 7, and co-
efficients A;’s, B;’s, and G;’s solely depend on the parameters
y and L = 2K and are listed in Appendix C.

We pause again to make some few comments: First, in
the limit of slow and fast frequencies, IT approaches to the
following expressions:

= _4y’LA 2
n~————(F, — Fp,)", 59)
F(%GO ( h T_)
and
= 14 2 2
I ~ o2 (Ff + F7). (60)

respectively. They contrast with the oscillating forced case,
since are independent on w and different from zero in both
extreme cases. Whenever it depends on L for low oscillations,
the entropy production is independent on the coupling for fast
oscillations. Finally, for strong interaction strength, L >> 1
and L > w?, TI reads

= 2

I~ m[yz(frrl _Frz) +2a)2(F7gl +F7gz)], (61)
which is also independent on L. We close this section by
comparing, in Fig. 3(a) and 3(b) the steady entropy production
behaviors versus the frequency driving o for both oscillating
temperature and forces (obtained from the exact solution).
They exhibit meaningfully different dependence on w, even
for extreme w. Whenever TI vanishes for < 1 and w > 1 in
the case of time oscillating forces, it reaches constant values
for temperature drivings, in accordance with asymptotic ex-
pressions Eqs. (59) and (60), respectively, obtained from the
linear regime approximation.

V. MORE THAN TWO PARTICLES

In this section we present the main results for long chains
of oscillators. In real systems, due to the lattice imperfections
and impurities, the difference of temperature between parti-
cles placed at extremities is responsible for a transport of heat
following Fourier’s law. More concretely, it states that the heat
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;Niﬂkm. . mimimm@i

FIG. 4. Schematic diagram consisting of a one-dimensional
chain of N harmonic oscillators with individual and coupling interac-
tions k* and k, respectively. I'; and I'y denote the cold and hot bath
temperatures, respectively, whereas the self-consistent reservoirs
range from I'; to I'y_,. Each intermediate particle is also subject
to an external force f'(¢). The usage of our protocol leads to inter-
mediate temperatures changing linearly from I'"; to I'y, consistent to
a flux of heat along the chain, symbolized by the color gradient from
the red to the blue reservoirs.

current is proportional to the inverse of the length of the chain
given by
dT
Jr =—k—/, (62)
dx

where « is the heat conductivity. In the case of a finite
difference of temperatures AT, it follows that Jr ~ 1/N
and thereby the heat flux is proportional to the inverse of
the system size. Obtaining Fourier’s law from microscopic
models have attracted great interest in the last years [49-52].
In principle, one could suppose that a linear chain of particles
interacting through harmonic forces in contact with two tem-
perature reservoirs placed at extremities would lead to a heat
flux obeying Fourier’s law. However, this is not the case [53].
Among the distinct approaches aimed at obtaining a heat flux
inversely proportional to the system chain, we mention the
self-consistent protocol proposed by Bosterli et al. [48]. It
consists of baths acting on all sites, but intermediate temper-
atures are chosen self-consistently in such a way that they
do not exchange any heat with the system in the steady
state, ensuring that heat flux is only due to particles placed
at extremities. Here, we take a similar approach by Bosterli
et al., in which each intermediate temperature is chosen so
that it equals to the variance (v?).y, ' = 2y (v?),. Although
it reduces to the original protocol when external forces are
absent, here all self-consistent reservoirs are expected to pro-
duce entropy coming from external forces. Figure 4 illustrates
a linear chain in the presence of thermal and self-consistent
baths.

In order to compare the distinct sources of dissipation,
thermal and time oscillating forces, we will consider that
particles placed at extremities are not subjected to external
forces. Thereby, under the above choice of the intermediate
I';’s, the flux of entropy becomes

D) = Pr + Ds(2), (63)
where ®7 read
2)/2 2)/2
R
1 N

and ®(¢) is a sum of individual contributions

2 N-L, 2 2
¢f<r)=2y2<%+2<%{+ w’fv) ) (65)
i=2

; r

201 =3
»se***
L ﬁ*
15+ |
Fi 10+ e
e
5 B -
L S |
9620099%0099@@00@96600999000998600@6@0009990(
0 | | ) | ) | |

i

FIG. 5. For a chain of N = 50 particles with K =2, L =1,y =
1, and w = 1, the rescaled temperatures I";’s versus the position of the
ith site for three set of temperatures (I'y, I'y). The intermediate tem-
peratures are calculated according to the prescription I'} = 2y (v?),,.

Despite the absence of external forces for extreme parti-
cles, the averages (v;) and (vy) present oscillating behavior
coming from couplings with neighboring particles [see, e.g.,
Egs. (30) and (31)].

In all cases, Il; = &7 can be written as for the two
particles case

Nr = Jrfr, (66)

where the thermodynamic force fr and its associate flux Jr
read fr =1/T'y —1/Ty and Jr = «(I'y — I'1)/N, respec-
tively. Thereby, the expression for I1; becomes

k (Dy —T)?

n =
TN Ty

(67)

Since the thermal conduction coefficient « is finite (it depends
only on parameters ['j, 'y, K and L), the entropy production
17 decays as N~! [see, e.g., Fig. 6(b)].

A. Three particles

Here, we derive explicit results for a chain of N =3
particles. In such case, Eq. (65) becomes

292 292
Yo+ Lt (68)

2)/2 s
Qr(t) = —
(@) I (v1)” + r I

and the entropy production I17 due to thermal reservoirs has
the shape of Eq. (66) with Jr given by

D3y L2Q2y%K + L?)

Jr = 2[L2 + y2(4K — 2D)[L2 + y2(K + L)]

Jr- (69)

Once again, I[1r > 0, since 4K — 2L = 2(k + 2k*)/m. Using
the motion equations we arrive at the following expression
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for II:

=

1572 T T3(y2w? + (K — @?)?) + L*T3(T) + I'3)]

T3y %w? + (K 4 2L — 0?)?][y2w? + (=K + L+ 0?)?]’

which is strictly positive and vanishes when f, and/or w are
e_qual to zero. Also, in the regime of slow and fast oscillations,
[T exhibit similar dependencies on w to the two particles case

o KZ LZ r r 2,272
o ~ = 4 (1+ 3) waOZ , (71)
I3 'y (K +2L)*(—K + L)?
forw <« 1 and
202
— 1
m~YJel (72)
r; o?

for w > 1, respectively, implying that for such latter limit the
entropy production is independent on extreme temperatures.
For strong couplings between particles, L ~ K > o?, TI ap-
proaches to

A~ (LiLl, L) (73)
yr+w?\Ty T3 T3)0%

which is quite similar to Eq. (46) [for N = 2] and it is

independent on the interaction strengths.

B. The limit of long particle chains

All results obtained for N = 3 particles can be straight-
forwardly extended for long chains. However, it becomes
very cumbersome to obtain simplified expressions for IT in
such cases. For this reason, we will restrict the next analysis
for specific values of control parameters. Figure 5 shows,
for a chain of N = 50 particles and three sets of tempera-
tures (I'y, I'y), the temperature profiles calculated from the
self-consistent protocol. In all cases, the set of intermediate
temperatures changes linearly from I'; to 'y, consistent to
a flux of heat along the chain from the hot to the cold
Ieservoirs.

Figure 6(a) compares the individual entropy production
contributions for distinct system sizes for fy, = fo3 =+ =
Jov—1. Since external forces are equally presented in all
intermediate particles, the entropy production associated to

a b
L ( ) O K=2and L=1 ( /)%
x K=3and L=2 ,
B ]
s n | os «
/! n v
| wo]
1+ . 3 091
o-
| | | I o
0 : : : - ok PR R B
4 8 12 6 20 0 003 006 009 012 0.I5
N N'1

FIG. 6. For I'y =1 and I'y = 10, (a) depicts the individual en-
tropy production contributions from the thermal and self-consistent
baths versus N for K = 3, L = 2, and w = 1.5. In (b) the behavior of
entropy production from the thermal reservoirs [Ty vs N7,

(70)

(

self-consistent baths increases linearly with N. Also, panel
(a) depicts the existence of two regimes. For small chains
the thermal reservoir contribution I1y dominates over the
self-consistent ones II, whereas II wins over [y upon N
is increased. In the limit N — oo [see e.g., panel (b)], only
the contributions from self-consistent reservoirs prevail, in
consonance with Fourier’s law [Eq. (67)]. Finally, it is worth
emphasizing two distinct linear behaviors of TI. It arises from
the particles closer to the thermal reservoirs providing more
contribution for the entropy production for small chains than
for large ones.

VI. CONCLUSIONS

The nonequilibrium properties of linear chains of Brow-
nian particles were analyzed via stochastic thermodynamics.
Expressions for the heat flux, entropy production, and al-
lied quantities were exactly obtained. The regimes of short
and long chains were detailed inspected. In the former case
the entropy production was derived as bilinear functions
of fluxes and forces, from which the associated Onsager
coefficients depend on interaction couplings and frequency
drivings. Reciprocal relations were also obtained. The limit
of long chains was studied by means of a self-consistent
protocol for choosing intermediate temperatures. The entropy
production is a sum of two terms: one coming from the
real baths and the other from the self-consistent reservoirs.
Whenever the former dominates for short chains, the latter
contribution prevails for long ones. The contribution from
the thermal reservoirs is responsible to heat flux according to
Fourier’s law.

As a final comment, it is worth to discuss future extensions
of the present study. The inclusion of both temperature and
external force drivings in harmonic chains should be inter-
esting, in order to compare not only the structure of entropy
production but also the Onsager coefficients. Also, the inves-
tigation of other kinds of drivings, such as the time discrete
drivings should also be interesting in order to compare with
sinusoidally time dependent ones.
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APPENDIX A: OBTAINING THE COEFFICIENTS 4;; FOR
N = 2 PARTICLES CASE WITH NO PHASE DIFFERENCE

Here, we show explicit expressions for the coefficients
A;;’s for the two particles case subject to oscillating forces.
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The index i stands for the ith particle (i = 1, 2):
foi(K — o®)y?0” + (K — 0*) = L] + fo,L[-?(y* + 2K) + K* — L? + o]
[y20? + (K + L — 0??1[y20? + (—K + L + ?)?]

Ay = (A)

and
_ yolfu(y?e? + (K — o?)? + L?) 4 2 fo;L(K — o?)]
= (yzwz +(K+L-— 0)2)2)()/20)2 +(—K+L+ a)2)2)'

2 (A2)

Having the A;;’s, the steady entropy production T1 is straightforwardly evaluated.

APPENDIX B: OBTAINING THE COEFFICIENTS B;; FOR N = 2 PARTICLES CASE AND PHASE DIFFERENCE

Here, we show explicit expressions for the coefficients B;;’s for the two particles subject to phase difference between
oscillating forces:

_ fooL((cos¢ — 1)(—*(y*> +2K) + K> — L + 0*) + 2y (K — »*)sin¢)

B , Bl
! (Y20 + (K + L — 0*)?)(y?e? + (=K + L + ?)?) B
B — fooL(sing(y*w® — (K — 0*)* + L*) + 2y (K — w*)(cos ¢ — 1)) B2)
T PO KAL)+ (KL e?R)
.,  Jeyosin d(y’0’ + (K — )’ + L) + foo(K — 0*)(cos ¢ — 1)(y?w® + (K — 0?)> — L?) B3)
? (20 + (K + L — o)) (y2? + (=K + L+ 0? ) ’
and
By — Joo(@® = K)sinp(y?w® + (K — 0?)* — L?) + fpyo(cos ¢ — D(y*w’ + (K — @*)* 4+ L?) (B4)
”o (7202 + (K +L = 0?P)(7?0? + (K + L+ &?P) ’
respectively. Note that all of them vanish as ¢ = 0, restoring the expressions (A1) and (A2), respectively.
[
APPENDIX C: OBTAINING THE COEFFICIENTS _ 10 8r2 6713 474
Ai’s, B;’s, AND G;’s FOR N = 2 PARTICLES CASE Bs = 128y "L+608y "L" — 6392y "L" + 85920y 7L
AND OSCILLATING TEMPERATURE 2307204°L5 + 26982415,
Here, we show explicit expressions for the coefficients A;’s,
B;’s, and G;’s for the two particles case and time oscillating B, = 16y'0 — 64y8L + 4536y°L> — 34864y*L?
temperatures:
Ag = 2304L°(2y% + L), + 125488y 2L* — 17049613,
Ay = —128L3(=7y* + 58y2L + 123L2), Bs = 56y% — 792y°L + 8112y*L>—34928y°L> + 54288L*,
Ay = 16L(8y°® — 50y*L + 34y2L? 4+ 931L3), Bg = 73y° —928y*L 4 5120y *L* — 9536L°,
As = 4(—11y° +78y*L + 3199212 — 1606L3), By = 43y — 376y°L + 936L°,
As = —3(17y* + 8292L — 548L2), Bg = 11y* — 48L,
As =3y? —214L, By =1,
Ag = +10, Go = 147456y5LS + 147456y *L” + 36864y°L?,
By = 36864L7 + 18432y2L8, G, = 50176y8L* — 94208y °L> + 262144y*LS
By = 31744y5L° + 112640y*L® + 27648y>L7 + 36864L8, —24576°L7 + 36864L°,
B> = 4608y 8L% + 18176y°L*—77056y*L5 + 203904y 2L° G, = 3584y '°L* — 23552yL* + 166400y °L*
— 17203217, —323584y*L% + 384512y%L° — 172032L7,
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G; = 64y'? — 768y 'L + 14720y L% — 77312y°L?
+262528y*L* — 39987225 + 269824L°,

Gy = 240y — 2688y8L + 24672y°L* — 96960y *L>
+200592y2L* — 17049613,

Gs = 348y® — 3504y°L 4 20024y*L*
—52736y%L3 + 54288L%,

Ge = 245y° — 2064y*L 4 7424y°L* — 9536L°,

G, = 87y* — 528y%L + 936L>,

Gs = 15y% —48L,

Go=1.
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