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Finite Decidability and Polynomials 

Manuel Valentim Pera Garcia• 

Abdrad 
We 1t.udy here some aspecu of k-decidability related with the following featuN!: 

Suppoee that a ~ is not. k-decida.ble, is it. true that are are two polynomial■ that 
show■ this! We explicit. and characterize the situations where the answer is yes (or 
no). 

1 Introduction 
When one speaks roughly, he can says that a germ /: (R'";O) - (R;O) is k-decidable if 
its jet of order k assures that/ has an extremum or a saddle (for precise definitions see the 
section 2). Therefore, if f is not k-decidable there ill a germ g: (R'";O) - (R;O) such that 
the jd of order } of / and g are equal and one of them bas an extremum and another bu 
a saddle. 

The chief' problem that we study here is hov, .simple can 6e g? 
Since/ is k-decidable if, and only if, its jet of order k (which is a polynomial) bu this 

propriety, the fint ~tative is try to find g in the class of polynomials. 
In 1987, we had shown that there a.re situations where this is impossible, see (GO] or the 

section 4 below. Here we do a more accurate study of this problem, 
In the aection 2 we give the basic concepts of k-decidability that. we will need in the 

text. The main reference for this section is the pioneer work of Barone-Netto, (BO}, and a 
reader which is familiar with this text can be start the reading by the section 3, or 4. 

The section 3 is a brief discussion about the relation between k-decidability and algebraic 
curves where we expose some results that we will use in th~ last two sections of the texl. 
In this section we state some proprieties or algebraic curves and sets without the proof. We 
refer the reader to the classical, and excellent, books of Milnor ((MO]) aod Walker ((WO!) 
for this. 

In section 4 we define polynomially k-decidability, state same simple results about this 
and we present ow example of 1987, 

In section 5 we show a result that characterize the relation between k-decidability and 
polynomially k-decidability. 

• Applied MaLbematia Depl., IME • USP, e-mail: mane@ime.usp.br 



2 Preliminaries 

Let f: (R•;O) - (R;0) be a. germ, as usual we will use in this text, unless otherwise 
specified, Lhe l&l1le symbol to design a germ or a function which represents it. 

Definition 2.1 We will say that f haa punctual jet of order k if there is a polynomial 

P of d.egru leu or equl to k1 such that 

l. 11/(z) - P(z)II _ O 
~~ llzll• - . (1) 

We will denote 6y G{k;n) the set of germs of (R•;O) in (R;0) that has punctual jet of order 

k. 

Remark 2.1 It i, easy to see that there is at most one polynomial of degree less or equal to 

k which o6es,, (1). When there ezists such II polJlflomial, we will denote it by k-jet off and 

we will repruent it i11 ;• f. 

Remark 2.2 It is clea.r that if f ha, Taylor polynomial of order k, P, then f E G( k;n) and 

i"f=P. 

Remark 2.3 Lets, k be integers such that 1 S s S k, we see easily that G(k;n) C G(.t;n) 
and, if f e G(k;n) then j• J = j•(j" /). 

Remark 2.4 Consider/ E G(k;n) and, for I S s S k, the polynomial/. = ;• f - ;--1 J 
(note that, 611 the remark f.9 J E G(.,;n)J. It i., immediate that f. is either the null 
polJlflomial, or an homogeneou polynomial of degree 8. It follows from last remark that 

• ;• J = I: f., therefore, f. = ;• f if, and only if, j•-1 / = 0. Then if r are the order of the 
-1 

first non null jet of/ (i.e., j' f -; 0 and ;r-1 f = OJ it folloW3 that j' / is an homogeneous 
polpomial of d.egru r. 

We wiU say that a germ f: (R";O) - (R;O) has a strong maximum (resp. a strong 
minimum) if there ia a repre1entative j: {l - R defined in the an open neighbourhood 0 
of O ■uch that j(z) < 0 (resp. i(z) > 0), for a.ll z E O \ {O}. Analogously, we will say 
that the germ f has a weak maximum (resp. weak minimum) if there is a representative 

j:O - R with /(z) ~ 0 (resp. f(z) ~ 0) for z e {land there is a sequence (z,) in {l\ {O} 
which tends to Osuch that /(z,) = 0. 

It is obvious that. if f bas strong maximum (resp. strong minimum, weak maximum 
or weak minimum) then any representative off has an local strong maximum (resp. local 
strong minimum, local wea.k maximum or local weak minimum) at the origin. 

1We will adopt I.he coavenLioa Lhat the null polynomial bu degree -oo. 
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We will say that the germ/ has a extremum if either it bu a maximum (stron~ or weak) 
or it has a minimum (strong or weak). When / bas not a extremum then we will say that 
it bas a saddle. 

When two germs/ and g has both strong maximum (resp. strong minimum, saddle, 
weak maximum, weak minimum) we will say that they hat1e the same behavior relatively to 
eztn:mum. 

The concept of k-decidahility is due to Barone-Netto, which introduces it in [BO), namely: 

Definition 2.2 Let k ?_ 1 be a natural number and a germ /: (R";O) - (R;O). We "1ill 
say that J is k-decidable i/ / obeys the J ollowing conditions; 

(I) f E G(k;n); 

(JI) For all g E G(k;n) such that i"f = i"g then f and g has same behavior relatitJely to 
eztremum. 

Remark 2.5 It is immediate that f is It-decidable if, and only if, l f is It-decidable. 

Remark 2.6 It is immediate that in the rtal lint (n = l}, f E G( k;l) is It-decidable if, and 
only if, i" I ~ 0. 

Remark 2.7 Let l ~., ~ k be natural numbers. If J E G(l:;n) and it i., .,-decidable then f 
is Tc-decidable. 

Remark 2.8 One see easily that f is le-decidable if, and only if, for all h E G(k;n) Heh 
that i"h = 0 .,e hat1e that/ and/+ h(or, 6y the prettdent remark, i" / and;• J + h} hHe 
the same behavior with res~t to eztremum. 

Remark 2.9 // /: (R";O) --+ (R;0) is k-decida6le and T: (R":O) - (R":O) i., a germ 
of a C00 change of coordinates then / o T is k-decidable. Thi..• follows immediately of the 
following elementary fact8: 

(i) If f E G(k;n) then(/ o T) E G(k;n); 

(ii) If he G(k;n), with i"h = 0, then i"(h o T) = 0; 

(iii} The remari: 2.8. 

Remark 2.10 If f is Tc-decidable then i''f has a saddle of a ~trong ertremum. In fa.ct, if 
i" f has a. .,eak eztremum thera g = i" f + llrll1• has a 6eharnor vnth respect to eztnmum 
distinct than j• f and i"J = jtg. 

The reciprocal of this remark is not true, as we see in the following example. 
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Example 2.1 Cowider f = j 4/ = (y - x2)2 + y4. 
It ia dur that ;4/ hu a 1trong minimum (at the origin), hut/ i1 not ,I-decidable, in 

/ad, / ia ,aot 1-duidahle, tu we 1ee by taJ:ing g = (y - x2)2 + y4 - 2x1 = j7 / - 2z1 . 

We have that j7 / = j7g but g htu a 1addle, since g(z;z3) = -z1 and g(0;y) = y2 + y4 .o 

However, if;• J is an homogeneous polynomial, the reciprocal of the remark 2.10 is true. 
lo order to prove this we will st.ate a useful particular case, namely, the case when ;• / is 
the the first non null jet of /. 

Lemma 2.1 Suppo8e that/ E G(k;n), j" / '¢ 0 and j"-1 / = 0. Then there are equivalent: 

{i) J ia k-decidable. 

(ii) j" / haa • strong eztremum or a saddle (i.e. j" / has not a weak eztremum). 

Proof: (i) => (ii) It is the remark 2.10. 
(ii) => (i) In this situation ;• / is a.n homogeneous polynomial of degree k. 
We will consider two cases: 

• i" / has a saddle: 

Theo there is two points x and y such that / {x) = a > 0 and /{y) = b < 0. 

Since;•/ is homogeneous, j"' /{J.x) = aJ." and j"/{J.y) = bJ.". 

Now, consider h E G{k;n) such that i"h = 0. It is clear that lim ~ = lim MN1- = 0. 
l.-0 l.-0 

Theo, there is an £ > 0 such that, for 0 < J. < £, we have h(J.x) > 0 and h(J.y) < 0. 
Then ;• / and j"' J + h has a saddle and this shows that / is k-decidable, by remark 
2.8 . 

.. i" J has a strong extremum: 

Since ;• / is homogeneous it follows that, in this case, the origin is a global strong 
extremum point of;•/ ( there is a unique polynomial representative of this germ defined 
in R•). Suppose, without loss of generality, that j* f ha.s a strong minimum at origin 
and consider m = min {/(z): llzJI = l}. 

It is clear that m > 0 and, by using the homogeneity of j* /, it follows that, for all 
z ER•\ {O}, j*/(z) = Uzll"'i"' /(n;u) ~ mllzll•• 

Consider h E G(k;n) with i"'h = 0, we have, by (1 ), that lim &l = 0 . 
.. -o 11z11• 

It follows that, there is a£ > 0 such that, j" /(z) + h(z) ~ ~llzll*, for all z with 
Uzi! :5 e.. Then j" / + h has a. strong minimum and this ends the proof. ■ 

Fact 2.1 Coasider J:(R";O) - (R;0), such that f E G(k;n) and j*J is homogeneous. 
Then f ii le-decidable if, and only if, j* f has an strong eztremum or a saddle. 
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Proof: ( ~) If j" / bas a strong extremum or a S&ddle, then;" J "I: 0. Then u, by hypotheses, 
i"J is homogeneous, if a is the degree of i"f, by the remark 2.4, i"J = j' J, and;•-•/= 0. 
Then the result follows, by the remark 2.7 and the lemma 2.1. 
( {;:) It is the remark 2.10. ■ 

We will see now that the first non null jet of a germ determines, at least partially, the 
kind of the behavior of the germ with respect to extremum. 

Fact 2.2 Suppo•e that/ E G(k;n) and i" / is the first non null jd of J. Then, i/ i"f ha 
a weak minim•m (rup. 10eak mazim1&m) then either / haa a saddle or f hu an minimam 
{resp. marimum), in the last cae the minimum (resp. mazimum) could be strong or weak. 

Proof: Consider~ such that ;"/(x) > 0 and proceed as in the proof of the lemma 2.1. ■ 
A simple consequence of this is: 

Fact 2.3 Suppose that f E G(k;n) and f is not k-decidable then there is a germ g E G(k;n) 
such that i" J = i" g and one of the germs { i" / ,g} has a eztremum, while the other haa 11 
saddle. 

Proof: If j" / bas a weak extremum or a saddle the resuh is immediate. 
So, suppose that j" f a strong extremum. Without loss of generality, we will assume 

that i" f has a strong minimum, and consider g e G(k;n) such that / and J have distinct 
behavior with respect to extremum and /' f = i"g. 

It follows, by the fact 2.2, that J has a saddle or a weak minimum. 
In both cases the germ g = J- llz112" has a saddle and i''f = i"g. ■ 

3 Finite Decidability and Algebraic Curves 
In his 1984's paper, [BO}, Barone-Netto has introduced to study k- decida.bility the followin~ 
concept for a polynomial P: R" --+ R. 

Definition 3.1 Let P: R" __. R be a polynomial, 111e define the radial aet1 of P a., 

(2) 

Remark 3.1 This set is an algebraic sub11d of R" ,ind OE V(P). 

Remark 3.2 If S, = {z ER•: llzll = r} then V(P) n S, is thr 11el of the critical points of 
Pis.· 

2Tbia definition ia from Barone'■ work, and it wu denoted by this name by the lint time in this text, 
with the permi•ion of the creator of the idea. 
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Remark 3.3 Since V( P) is cm algebraic subset of R" it follows that V ( P) \ { 0} has a finite 
number of connected component. each one of then is a analytic sub-manifold of R" and there 
is a£> 0 nch that each connected component of V(P) is transversal to S., for O < r < £. 

The rmtkr CH 6e /Hntl a demonstration of this ia {BO). 

The import.&nce of this set is related to the following functions associate to P. 

Definition 3.2 Let P: R" - R 6e 4 pollf'l,omial. We will define the functiona p+ and p­
o/ (O; + 00( in R a.a 

p+(r) = max Pis. and p-(r) = min Pis.• Vr ~ 0. (3) 

Remark 3.4 B'fl the rema.r#: 3.2 toe see that J or all r ~ 0 there ia points z; and z; in 
V(P) n Sr nch that P+(r) = P(z:-) ana P-(r) = P(z;). 

Remark 3.5 B'fl uing the remark 3.3, the isotope theorem of Thom (see [BMO}), and the 
cun,e •electio,a lemma. (•ee {MO)) toe can prove that there are two germs of algebraic curvu, 
7+ and 7- defined in ((0; + oo(;0) in (R";0) such that there are £ > 0 and representatives 
7+ GRcP;- 0/ 7+ and 7-, respectively, defined in (O;t) that obeys P(7+(t)) = P+(ll7+(t)II) 
and Pfi-(t)) = p-(ll;+(t)II), for O $ t $ £. We will call this germs respectively 6y curve 
or maximum or P and curve of minimum of P. For a proof if thu see, again, (/BO)). 

In order to study A:-decidability we will use this concepts applied to the polynomial j" f. 
In the future, we will need the following classical result about algebraic curves (see, by 

eX&lllple, [WO)) 

Lemma 3.1 If o: (O;tJ - R" is an algebraic curve such that o(O) = 0 then a can be 
00 . 

parameterized ,u o(t) = (a1(t);o2(t); ... ;a,.(t)), where o,(t) = E ai.tk, with a{ are real 
l<=I 

nllmbera. 

We will be interested especially in the following corollary: 

Corollary 3.1 // o: (O;t} - R" is an algebraic curve with o(O) = 0 and P is a pollf'l,omial 
of R• ia R, with P(O) = 0 antl (Po o) ~ 0, then there u ar& uniqueµ 2! l auch that 

. P(a(t)) 
1:w lla(t)II" ER\ {O} (4) 

Proo(: Observe tha.t the propriety (4) is invariant by re-parameterizations of a, then we 
choose the parameterization given by the lemma. 3.l. 

Considering tba.t o;(t) = E ai,tk, denote for l $ j $ n, k, = min { k: ai. #: 0 }, when ,._, 
this set in not empty a.nd put k, = 0 otherwise. Observe that, since n "¥ 0, at lea.st one of 
the It; is not zero. Then, choose j0 such that k,. is the minimum of {k;: k; #: O}. 
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It follows that there is a q > 0 such that lim ~ = "· flO I_,. 

Let l be the degree of P and set P( z) = Lo aozr• z~ ... z~, with a" ; 0, {J = 
II 

(/11;/J-J; ••• ;P,.) EN" and E fJ; :S l. 
j:I 

00 

Then, note that P(a(t)) = E b.,t• where, at least one 61, is different from zero, since 
lr•I 

(Po a)~ 0. 
It is clear then that, if I= min {k: 61:; O}, we have I~ k;, for all j E {1; ..• ;n}. 
In particular, I~ k;. and the result follows. ■ 

Remark 3.6 We call the numberµ determined in the corollary 3.1 by the order of P in 
a. If, for an algebraic c11n,e a, Po a= 0, we '!Dill aay that the order of P in a is +oo. 

Remark 3.T If P is a polynomial with P(O) = 0, we can have more than one curve of 
minimum of P (1,y example, consider P( q) = llqll2 J, 6ut it follow., from the reman; 3.5 that, 
if -y1 and 'Tl are curvea of minimum of P, then the order of P in ")'1 is rqual to the order of 
P in -y2 • An analogoua observation is true for curoes of mazimum. 

Now, we can state: 

Fact 3.1 S11ppoae that f E G(k;n) and consider-,+ and,.,- curve., of mazim11m and min• 
imum of;• f. Then f is k-decidable if, and only if, the order of i" f in ,+ and in,- are 
leu or equal to k. 

Proof: ( =>) Suppose that the order of i" J in this two curves are less or equal to k. Then 
(i" f) o "Y+ ~ 0 and (i"J) o-y- jt 0. 

So, by the definition of order, we can assure that (;• /) 07+ and (;" /} o...,- have a strong 
extremum (i.e. any representative of these germs has a strong extremum at 0+ ). 

We have two situations to consider: 

• (;• f) o .,+ hu a minimum and (i" f) o ,-- has a maximum, i.e., i" f has a saddle. 

In this situation is obvious that, if h E G(k;n) with j"h = 0 we have that (remember 

that k ~ µ and l~ W = 0) 

and 
. (U"f)+h}b-(t)) . i"f 

hm -'---,----'--,---- = hm --- < 0. 
110 llr(t)II" 110 117-(tlll" 

This shows that j"/ + h bas a saddle, then by remark 2.8 / is k-decidable. 
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.. (i' f) o-,+ and {i" /) o-,- have a strong extremum of same kind, i.e., i"' / has an strong 
extremum. 

We can assume, without loss of generality that j" / has a strong minimum. 

Now, suppose, by redutio ad absurdum, that/ is not k-decidable, then, by the fact 2.3 
and remark 2.5 there is a germ la E G(k;n) with j"la = 0 and 9 = f + la has a saddle. 

Then, there is a sequence (z;) of points in R" \ {O} such that z; -+ 0 and g(z;) < 0. 
So, we have lµn inf 1M ~ 0 (it could be equal to -oo ). 

,-+ao ~ 

As we have that j"h = 0 and k ~µ,we see that 

I .. fg(z;) 1· . fj"/(z;) >l" . f(j'/)-(Hz;U) >0 1m 10 -- = 1m m --- 1m m , 
.;-+ao llz;II" i-+ao llz;II" - ;-+ao llz;II" 

which is a contradiction with our previous inequality and holds the result. 

( <=) Suppose, without loss of generality, that the order of i" / in ,- is µ with µ > k. 
If (;• f) o -,- = 0 then j 11 / has a weak minimum and by the remark 2.10 / is not 

.!:-decidable. 
Then, either (i" /) o -,- has a minimum (and j 11 / has a strong minimum), or (i" /) o -,­

hu a maximum (and j 11 / has a saddle). 
In the first case, consider g = i"J- 11.rlt-¥. It is clear that j 11g = i"f and go-,- has a 

maximum. Then / and g have different behavior with respect to extremum and this shows 
that / is not k-decidable. 

If (i" !) o -,- has a maximum then choose g = j 11 f + 11.rll.t!:f-!. Obviously, i" / = j"g. 
We cl&im that 9 bas a strong minimum. 
lo order to prove this, it is enough to show that g o -,- has a strong minimum, because 

llzll-¥ is constant in the spheres S., r ~ 0. 

Since the order of i" f in -,- is µ and µ > k, it follows that lim , (-.-(i)) = I, which 
110 ~ 

shows the claim and ends the proof. ■ 

Remark S.8 The fact 9.1 show, that a germ f E G(k;n) is k-decidable if, and only if, 
lim~ arul lim ~ are both in (R \ {O}) U {-oo; + oo}. 
110 110 

Corollary S.2 S1&ppo1e that P: R" -o R is a polynomial with P(O) = 0 and P ha, a 
,addle or a ,trong eztremum at the origin. Thrn there is a natural k ~ 1 such that P i, 

k-du:idable. 

Proo(: Consider -r+ a.nd -,- , respectively, curves of maximum and minimum of P. Since P 
has not a weak extremum, we have that P o -,+ 'f: 0 and P o -,- 'f: 0. Then the order of 
Po-,+ and Po-,- a.re re&! numbers µ+ and µ-. 
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It followa from the fact. 3.1 t.ha.t., if k = max {f µ+l, f µ-l }, then Pis !:-decidable. ■ 
The fact 3.1, or the remark 3.8, shows tha.t, io order to study the k-decidability off 

it is enough to study the behavior of two germs of one variable, namely, (i* f) o 1+ and 
{jl• f) o -,- , or (j")+ and (j")-. This is the main result of (BO]. 

Remark 3.9 In the proof of fact 9.1 we exhibit, when f E G(k;n) is not k - decidable, a 
germ g with i" / = i"g Heh that / and g have different behavior with rt3PtCt to eztrema. 
The germ g ia equal to i"J + llzll", with II a real number that belongs to the interval (k;µ), 
where µ is the muirrn,m of the ordera of (i" f) o -y+ and (i" I) o ,-- . 

Obaen,e that whenµ > k + 2, we can choose II a.a the even numkr of { k + 1 ;k + 2} a.nd, 
in this cue, g is a. polynomial. 

In the oext t.wo sections we will study this remark in detail. 

4 Polynomial Decidability 
Definition 4,1 We will say that f: (R";O) --+ (R;0) is polynomially k-decidable if 

(i) I e G(k;n); 

(ii) For a.II polynomial g, auch that j"g = j" /, f and g haa the same behavior with respect 
to eztrem11m. 

Remark 4.1 As in 1.:-decidability, f is polynomially 1.: - decidable if, and only if i" f is pol,­
nomially k-decidal,le. 

Remark 4.2 It is clear that if f is 1.:-decidable then it ia polynomially 1.:-decida.ble. We are 
intereated in the reciprocal of thia statement. 

Remark 4.3 Since i"J + llzllli is a polynomial, the remark !.10 is true in the contezt 
of polynomial k-decidability, too. If i" f has a weal eztremum then J is not polynomially 
1.: - decidable. 

This remark and the fact 2.1 show imply the following result. 

Fact 4.1 If j'•J is an homogentoua polynomial, j"J, 0. Then f is 1.:-decidable if, and only 
if, f is polynomially le-decidable. 

Proof: Immediate. • 
Corollary 4.1 // / E G(2;n) is polynom,ally 2- decidablt the11 J is 2 - dtcidable. 
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Proof: If j' / "I. 0, then it is clear that / is I-decidable, since this jet is homogeneous and 

has a saddle. 
Otherwise, we must have j2 f an homogeneous polynomial and the the result follows from 

the fact 4.1. ■ 

Remark 4.4 Another case where k-decidability ~ equir1alent to the polynomially k-decida­

bility is when n = 1, since in R, by thr remark 2.6, the first non null jet off always decides 

the question. 

We will state now a less trivial result. 

Fact 4.2 Suppose that f E G(k;n) and that j2 / is a quadratic form with rank n - I. Then 

are equivalent 

(i) f u k-decidable. 

(ii) J ii polynomially k-decidable. 

Proof: ((i) => (ii)) It is the remark 4.1. 
((ii)=> (i)) Since j2 / is quadratic form, this is an homogeneous polynomial. 

Then, if j2 f has a saddle, the lemma 2.1 shows that f is two-decidable and we are done. 
So, we can assume that Pf is a quadratic form semi-defined. Without loss of generality, 

we will suppose that it is positive semi-defined. 
Then, by the splitting lemma (see (BO) for a version of this on our context) we can 

do a convenient change of coordinates T of class C00 such that, in the news coordinates, cc 

(u1; ... ;u,._1;u,.) = (u;u,.), we have that ~ 
c 

n-1 

(/ o T) (u;u,.) = L uJ + g(u,.) , 
;~1 

with j"g = O. 
n-1 r;:·; 

Then it is clear that i"(/ o T) = _L uJ + j"g(u,.). 
J=I c. 

Since / is polynomially k-decidable, it follows by the remark 4.3 that j" f has not a weak¾.. 

minimum. Then, bV the corollary 3.2, there exists an natural l such that i" f is l-decidable. 

Therefore, the re<nark 2.9 implies that i"U o T) is l-decidable and this shows that 

i"g , 0, otherwise j"(f o T) would have a weak minimum against our conclusion. 
n-1 

Lets be the order of the first non null jet of g, then j'(/ o T) = I: uj + ou!, with a -I 0 
,=t 

and 3 $a$ k. 
A direct calculus shows that the germ of the radial set of j•(/ o T) at the origin is 

(V;0) = ({(u;u,.) ER": u,. = 0} U {(u;u,.) E R":U = 0} ;0). 

IO 



Then, it follows immedi&tely, that the order of j•(J o T) in the curves of maximum and 
minimum are respectively 2 a.nd s. 

The fa.ct 3.1 holds that / o T is s-decidable and, by the remark 2.9, this assures that f 
is s-decidable. 

Since , S k this ends the proof. • 
Corollary 4.2 Ld f 6e a germ of (R1;0) in (R;0). If f E G(k;2), with I. ~ 2, and f' f , 0 
then f i, k-decidable if, and onl'fl if, f is polynomial k-decidable. 

Proof: It follows immediately from the facts 4.1 and 4.2. ■ 
As we will see, if the rank of j2 f is less or equal than n - 2, the fact 4.2 can be false (see 

the remark 5.1 ). 
Now, we will show that polynomial k-decidability does not imply k-tiecidability. 

Example 4.1 (see {GO}} Consider /{z;y) = y4 - x◄y + x6•2 • We wall prove that: 

(A} If g E G{6;2) and j5g = j5 / then g has saddle. 

(BJ f ha, a atrong minimum at the origin. 

It is clear that (A} shows that f is polynomially 5-decidable (really, it show, that J is 5-
decidable in the class of the germs that are in G(6;2)) and these two statements show that 
/ is not 5-decidable. 
Proof of (A): As g E G(6;2) and ?9 = f' /, we have that g = j6g + R = j 5 

/ + !/6 + R, 
where j 8 R = 0 and either !/8 is an homogeneous polynomial of degree 6 or 9f1 is th!! null 
polynomial (see rem&rk 2.4). 

Consider '7 the germ of the algebraic curve y = xu, z ~ 0, at the origin and note tba.t 
j8g(z;z 1 •◄) = z'-' - z 5·4 + 9e(z;z1·4). 

It follows from the definition of g, that!~~= O • . 
Moreover, since j 8 R = 0, it is clea.r tha.t !~ R(7 ;•> = 0. 
Then, we have 

. g(z;z1·4) 
hm 

54 
= -1. 

r-0 X. 

This sbow11 tha.t the order of g o -y is 5.4 and that. g o -y has a strong maximum. 
Since g(O;y) has a. &trong minimum, we have showed (A). 

Proof of (B): Consider (z.;yD) E R 2 \ {O} such tha.t /(zD;yD) = 0. 
We must ha.ve !I• > 0, zD 'I O and 

Therefore 
t 0 <Yo< z •. 

Now, choose E > 0 such that z 5·7 ~ zf, for all z € R with lzl < ~-

11 
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By and (5) and (6), we see that lzol 2: e:, because, if this fails, we would have 

Y
4 _ ~ty _ :,:s.2 < xl/- _ .rs.2 < 0 
o - •o o o O o - t 

which is a contradiction. 
Then /(z;y) 1' 0, for all (z:;y) E R2 

\ {O}, with lz:I < e. As /(O;y) = y4, it follows that 

/ has a strong minimum at origin. ■ 

In an analogous way, we will see that: 

Example 4,2 Coruider the polynomial P(:i:;y) = y8 - :,:
7y3 . 

(C) If Q ia a polynomial toith j1°Q = ;1° P, then Q hcu a saddle at the origin (i.e., P ia 

polynomial IO-decidable}. 

( D) The /v.nction /( z;y) = P( x;y) + x11 .1n has a strong maximum at the origin (This is, P 

is not 11-decidable). 

Proof of (C): Consider the curve y5 = ½r7 (i.e. -,(r} = (r;½zl)). 

We see that P('y(z)) = -½x¥ and lh(x}II = lrl~-
Then the order of P o-, is µ = ¥ = 11.2 and Po-, has a strong maximum (in 0). 
We must obaerve here that , i11 defined for :z: E R, but for our proposal it is convenient 

consider two distinct arcs, 71(r) = -,(z}, z ~ 0 and -,2(z) = -,(z), z $ 0. 

/J· 

Then Po 71 (resp. Po ·12) has a strong maximum at z = 0+ (resp. at r = 0-) of order 

Now consider a germ 9: (R2;O) - (R;0) such that g e G(12;2) and j1°9 =pop= P. 

Since P(0;y) = y8 it follows that g(0;11) has a minimum (at y = 0). 

Moreover, g = P + 911 + 912 + R, where j 12 R = 0 and, either 9• = 0, or 9• is an 

homogeneous polynomial of degree k, fork E {I 1,12}. 
II 

Then, we can write 911(.r;y) = aoz 11 + Q(z;y), where Q(r;y) = L a.,z 11 -"'y"' and a., a.re 
11:=I 

real numben, 0 $ /c $ I I. . 

A direct calculus shows that the order of Q(r;½zl) is greater or equal than ¥, = 11.4 > µ. 

Therefore, 

lim (Q + 912 + R) (z;zE) = 0 
r-o ll(z;zt)ll11 

Then, if ao = 0, it is clear that 9 o "f has a strong maximum. So, g has a saddle and we 

have finished the proof, in this casP. 

At lea.st, if ao j 0 we see immediately that P(z;y) + aoz 11 has a strong strong maximum 

of orQer 11 in one of the curves "'Y;,j = 1,2 (and has a strong minimum of order 11 in the 

other). 
Then, in all the cases, g has a saddle. ■ 

Proof of (D}: It is analogous to the proof of (B). ■ 

12 



Remark 4,,5 Observe that in the proof of (C) we have showed that P is 12- decidable, since 
j 1 P i., homogeneous of degree 8 and has a weak mir&imum and Po1 has a mazimum of order 
µ = 11.2 < 12. 

The example 4.2 is more degenerate than lhe firsl one, since the difference of lhe degree of 
polynomial decidability and the degree of decidability is 2, as we wiU see in the next. sect.ion, 
this is the maximum value of this difference. 

To finish this section, we present another example, in order to see that the distinction 
between k-decidahility and polynomial k-decida.bility is not a. honor of the polynomials that 
have a saddle. 

Example 4.3 (aee {GO}) Consider P(z;y) = (z4 - yl)l + zllyl . 

{E) P is polynomially 14-decidable. 

{F) P is not 14-decidable. 

Proof of (E) and (F): A direct calculus shows that the radial set of P = j14 P is given by 

V(P) = { (.r;y) E R2
: 2.ry [(.r4 - y3 )(4.r2 + 3y) + .r10(6y 2 

- z 2
) ] = 0}. 

Then V(P) is the union of the coordinated axes and the algebraic set described by the 
equation (.r4 - y3 )(4.r2 + 3y) + .r10(6y2 - x2) = 0. 

By using the Newton polygon (see [WO]) for this equation we see that this set is an 
algebraic curve -, which is tangent to the .r-axe and it. can be parameterized, in a neigh­
bourhood ofO as JI= 11(.r) = .rth(.r) where his aC1 function defined in an open interval of 
R containing zero and h(O) = l. 

Then, Po-, = P( .r;y( .r)) and a simple verification shows that the order of Po "f is µ. = ¥ 
and P o "f has minimum. 

ll follows that 'Y is the curve of minimum of P (since P(.r;O) = .r:8 and P(O;y) = y8
) and, 

by the fact 3.J that/ is 15-decidable and not 14-decidable. So, we have finished the.proof 
of (F). 

Moreover, if g E G(l5;2) and j 14g = j'4 P = P, then g = P + g1r, + R, where juR = 0 
and g15 is either an homogeneous polynomial of degree 15, or Yu= 0. 

Then it is eaay lo see that, if q; = (.r;;y;) is a sequence in R 2 which converges to the 
origin, then 

lim (91r. + R) (q,) = 0 
;-+00 llq,11,. 

and this shows that g has a minimum al origin. 
lo particular, this proves (E). 

13 
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5 Polynomial k-Decidability => ... Decidability 

We will show in this section the following results: 

Theorem 5.1 Suppose that/: (R";O) - (R;0) i., polvnomially k-decidable and jlr / has a 

strong eztremum. Then f is ( k + I )-decidable. Moreover, it i..'I possible to ezhibit an / that 

obrys this hypothesis and / i., not k-decidable. 

Theorem. 5.2 Suppoae that /: (R";O) __. (R;0) i., polynomially le-decidable, le is odd and 

i' / ha., a saddle. Then f is ( k + 1 )- decidable. Moreover, it is possible to ezhibit an / that 

obeys this hypotheais and / is not le-decidable. 

Theorem 5.3 Suppose that/: (R";O) - (R;0) is polynomially le-decidable, k ia even and 

i" f has a saddle. Then f is (le+ 2)-decidable. Moreover, it is po.ssible to ezhibit an f that 

obeys this hypothesis and / is not ( le + I )-decidable. 

This shows all the possibles relations between polynomial k-decidability and le- decidability. 

We end the text with a simple fact showing that polynomial le-decidability implies, by 

example, C00-le-decidability, namely, we will prove the following: 

Corollary 5.1 Lei 6e / • genn in G(k;n) such that f ia polynomial le-decidable, then, for 

all g E G(le + 2;n) with jll. f = jll.g, we have tha.t / and g has same behavior with respect to 

extremum. 

Now, we will do the proofs of the theorems. 
Proof of the theorem 5.1: Observe that the last part of the statement is proved in the 

example 4.3. 
Since jlr/ has an strong extremum, Wf" can suppose without loss of generality, that jlr/ 

has a strong minimum. 
If / is le-decidable then the thesis holds immediately. 
Then, we will suppose that / is not le-decidable. By the fact 3.1, this implies that, if 

7+ and 7- are, respectively, the curves of maximum and minimum of j" J, or the order of 

/ o 7+ is greater than k, or the order of / o 7- is greater than k. 
Let s be the ot'der of the first non null jet of/. Obviously, s $ k. 
Since / is not &-decidable, j• f has a weak extremum. Then s < k and, as ;1r / has a 

strong minimum, it follows, by the fact 2.2, that j• f has a weak minimum. 
Therefore the order of (;1r /) o 1+ is s. In fact, as j•-1 / = 0 it is dear that this order 

must be greater or equal to s. Now, choose a point x E R" such that j• J(z) > 0 to see that 

in the curve tx, t ~ 0, the order of i" f is s (and j" f has a minimum at t = 0 in this curve). 

Since u•n+(tllzll);?: i" /(f~). we have that the order of/ 0 ,.+ is less or equal to S and our 
claim is proved. 

So, the order of (i" f) o ,.- is µ > k. 
In order to finish the proof we must prove thal µ $ k + I. 

14 



Suppose, by redutio ad a6aurdum thatµ >I.:+ 1 and consider u ER"\ {O} the versor 
of,.- at the origin (u exists because-,- is algebraic). 

Then consider the polynomial g(z) = i"/(z) - ( z tu )H1. 
Obviously g is a polynomial of degree k + I and j"g = j1' /. 
Now, a simple calculus show that 

lim g 
O 

,.-(t) = -1(= -111.111 2) 
110 U7-(t)l1"-1 ' 

Then g o -y- baa order k + 1 and this germ has a maximum, what contradicts our 
assumption that / is polynomial k-decidable. ■ 

Proof of the theorem 5.2: The example 4.1 proves the last part of t:ie theorem. 
Suppose that / is polynomially 1.:-decidable and that i" f has a sadd!e, with I.: an odd 

natural number. 
If/ is 1.:-decidable, there is nothing to do. Theo we will assume that f is not 1.:-decidable. 
As in the previous demonstration, if ., is the order of the first non null jet of f, our 

assumption that f is not 1.:-decidable implies that s < I.: and j• f has an weak extremum. 
We will suppose, without loss of generality, that j' f has a weak minimum. 

Also aa in the demonstration of the theorem 5.1, if -,+ is a curve of maximum of j" f we 
have that the order of;• o -,+ is a. 

Then, if -y- is a curve of minimum of j" f, we must have, by the fact 3.1 that the order 
of (i" /) o -,- is µ > k (in this case (i" f) o -,- has a maximum, since j" / has a saddle and 
j• f bu a weak minimum). 

Then, we must prove that µ ~ k + I. Suppose, by redutio ad a6surdum that µ > I; + 1. 
Observe that, u k is odd, I.: + 1 is even and consider the polynomial 

g(.:r) = j"J(.:r) + llxll"+I. 
Since the order of (P' f) o -,- is µ > k + I we have that g o -y- has a strong minimum 

and since UzU"+' is constant in Sr this shows that g has a strong minimum. 
Then we have a contradiction with our hypothesis about f. ■ 

Proof of the theorem 5.3: The example 4.2 shows the last part of tht> statement. 
The rest. of the proof is the same of the theorem 5.2 changing I.: + 1 by I.: + 2. ■ 

Proof of the corollary 5.1: It is immediate from the previous theorems of this section.■ 

Remark 5.1 We have sun in the fad ,I.!! that, if the ra"k of j1 f is greater or equal n - l 
then polynomial decidability is equivalent to decidability. This is Jalae if the rank of j1 / is lua 
or equal to n-2 as we aee considering, by ezample, for n ~ :), /(z,;z2;z) = x;-z;z2+llzll2

, 
where z = (.:r3; ••• ;z.). It is clear that Pf = IIYll2 and, by the ezample ,I. 1, f i., 5-polynomial 
decidable but not 5-decidable. 
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