








2 Preliminaries

Let f:(R*0) — (R;0) be a germ, as usual we will use in this text, unless otherwise
specified, the same symbol to design a germ or a function which represents it.

Definition 2.1 We will say that f has punctual jet of order k if there is a polynomial
P of degree less or equal to k'such that

. Nf(z) = P(=)l|
ll_!.no —".‘t"—k__— =0. (1)

We will denote by G(k;n) the set of germs of (R*;0) in (R;0) that has punctual jet of order
k.

Remark 2.1 It is casy to sec that there is at most one polynomial of degree less or equal to
k which obeys (1). When there ezists such a polynomial, we will denote it by k—jet of f and
we will represent it by ;5.

Remark 2.2 [t is clear that if f has Taylor polynomial of order k, P, then f € G(kin) and
k
%[ =P.

Remark 2.3 Let s, k be integers such that 1 < s < k, we see easily that G(k;n) C G(s;n)
and, if { € G(kin) then j°f = j*(j*/).

Remark 2.4 Consider f € G(kin) and, for 1 < s < k, the polynomial f, = j*f — j*7'f
{note that, by the remark 2.8 f € G(sin)). It is immediate that f, is either the null
polynomial, or an homogeneous polynomial of degree s. it follows from last remark that

&
i*f = % f., therefore, f, = j*f if, and only if, j*='f = 0. Then if r are the order of the
a=l

first non null jet of f (i.e., j°f £ 0 and "' f = 0) it follows that ;™ f is an homogeneous
polynomial of degree r.

We will say that a germ f:(R™0) — (R;0) has a strong maximum (resp. a strong
minimum) if there is a representative f:{} — R defined in the an open neighbourhood N
of 0 such that f(z) < 0 (resp. f(z) > 0), for all z € 2\ {O}. Analogously, we will say
that the germ f has a weak maximum (resp. weak minimum) if there is a representative
f:9 — R with f(z) <0 (resp. f(z) 2 0) for z € Q and there is a sequence (z,) in 1\ {0}
which tends to 0 such that f(z,) = 0.

It is obvious that if f has strong maximum (resp. strong minimum, weak maximum
or weak minimum) then any representative of f has an local strong maximum (resp. local
strong minimum, local weak maximum or local weak minimum) at the origin.

1We will adopt the convention that the null polynomial has degree —oco.



We will say that the germ f has a extremum if either it has a maximum (strong or weak)
or it has a minimum (strong or weak). When f has not a extremum then we will say that
it has a saddle.

When two germs f and g has both strong maximum (resp. strong minimum, saddle,

weak maximum, weak minimum) we will say that they have the same behavior relatively to
eziremum.

The concept of k-decidability is due to Barone-Netto, which introduces it in [B0], namely:

Definition 2.2 Let k > 1 be a natural number and a germ f:(R™;0) — (R:0). We will
say that f is k—decidable if f obeys the following conditions:

(1) 1 € G(kn);

(Il) For all g € G(k;n) such that j*f = j*q then f and g has same behavior relatively to
extremum.

Remark 2.5 It is immediate that [ is k-decidable if, and only if, j* [ is k-decidable.

Remark 2.6 It is immediate that in the real line (n = 1), f € G(k;1) is k-decidable if, and
only if, j*f #£0.

Remark 2.7 Let 1 < s < k be natural numbers. If f € G(k;n) and it is s-decidable then
is k—decidable.

Remark 2.8 One see casily that f is k-decidable if, and only if, for all h € G(k;n) such
that j*h = 0 we have that [ and f + h(or, by the precedent remark, j*f and j*f + h) have
the same behavior with respect to extremum.

Remark 2.9 If f:(R™0) — (R;0) is k-decidable and T: (R™;0) — (R";0) is a germ
of @ C™ change of coordinates then [ o T is k-decidable, This follows immediately of the
following elementary facts:

(i) If [ € G(kin) then (f o T) € G(k;n);
(i) If h € G(k;n), with j*h = 0, then j*(ho T) = 0;
(iii) The remark 2.8.

Remark 2.10 If f is k-decidable then j*f has a saddle of a strong extremum. In fact, if

j*f has a weak eztremum then g = j*[ + ||z||** has a behavior with respect to extremum
distinct than j*f and j* f = j*g.

The reciprocal of this remark is not true, as we see in the following example.



Example 2.1 Consider f = j*f = (y — 2?)® + y*.

It is clear that j*f has a strong minimum (at the origin), but f is not {-decidable, in
Jact, f is not 7-decidable, as we see by taking g = (y — 2%)? 4+ y* — 22° = ;7f — 28,

We have that j7f = j7g but g has a saddle, since g(z;z%) = —z° end g(0;y) = y* +y*.0

However, if j%f is an homogeneous polynomial, the reciprocal of the remark 2.10 is true.
In order to prove this we will state a useful particular case, namely, the case when j*f is
the the first non null jet of f.

Lemma 2.1 Suppose that f € G(k;n), j*f £ 0 and j*~'f = 0. Then there are equivalent:
(i) | is k-decidable.
(ii) j*f has a strong extremum or a saddle (i.e. j*f has not a weak eztremum).

Proof: (i) = (ii) It is the remark 2.10.

(ii) = (i) In this situation j*{ is an homogeneous polynomial of degree k.

We will consider two cases:

o j*f has a saddle:
Then there is two points T and § such that f(F) =a > 0 and f(y) = b < 0.
Since j* f is homogeneous, j* f(AT) = a)* and j*f(A\g) = bAF.
Now, consider b € G(k;n) such that j*h = 0. It is clear that }\1310 ﬁ%ﬂ = }\erlo !‘-(},ﬂ =0.
Then, there is an &€ > 0 such that, for 0 < A < ¢, we have A(AT) > 0 and h()AF) < 0.
Then j*f and j*f + h has a saddle and this shows that f is k-decidable, by remark
2.8.

ee j*f has a strong extremum:

Since jf is homogeneous it follows that, in this case, the origin is a global strong
extremum point of j* f (there is a unique polynomial representative of this germ defined
in R"®). Suppose, without loss of generality, that j* f has a strong minimum at origin
and consider m = min {f(z): ||z|| = 1}.

It is clear that m > 0 and, by using the homogeneity of j*f, it follows that, for all
z € R*\ {0}, j*f(z) = [l=||*i* F (i) 2 mll=ll*.

Consider h € G(k;n) with j*h = 0, we have, by (1), that lim {&} = 0.

It follows that, there is a € > 0 such that, j*f(z) + h(z) > Z|lz||%, for all z with
llz]| £ €. Then j*f + A has a strong minimum and this ends the proof. a

Fact 2.1 Consider f:(R™;0) — (R;0), such that f € G(kn) and j*f is homogeneous.
Then f is k-decidable if, and only if, j*f has an strong eztremum or a saddle.
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Proof: (=) If j*f has a strong extremum or a saddle, then j*f # 0. Then as, by hypotheses,

j*/ is homogeneous, if 5 is the degree of j* f, by the remark 2.4, j*f = 7*f,and ' f=0.

Then the result follows, by the remark 2.7 and the lemma 2.1.

(¢«=) It is the remark 2.10. u
We will see now that the first non null jet of a germ determines, at least partially, the

kind of the behavior of the germ with respect to extremum.

Fact 2.2 Suppose that f € G(kin) and j*f is the first non null jet of f. Then, if j*f has
a weak minimum (resp. weak mazimum) then either f has a saddle or f has an minimum
(resp. mazimum), in the last case the minimum (resp. mazimum) could be strong or weak.

Proof: Consider Z such that j*f(Z) > 0 and proceed as in the proof of the lemma 2.1. W
A simple consequence of this is:

Fact 2.3 Suppose that f € G(kin) and f is not k-decidable then there is a germ g € G(k;n)

such that j*f = j*g and one of the germs {j"f,g} has a eztremum, while the other has a
saddle.

Proof: If 7%f has a weak extremum or a saddle the result is immediate.

So, suppose that j*f a strong extremum. Without loss of generality, we will assume
that j*f has a strong minimum, and consider § € G(k;n) such that f and g have distinct
behavior with respect to extremum and j*f = j*7.

It follows, by the fact 2.2, that § has a saddle or a weak minimum.

In both cases the germ g = 7 — ||z}|>* has a saddle and j*f = j*g. ]

3 Finite Decidability and Algebraic Curves

In his 1984’s paper, [BO], Barone-Netto has introduced to study k-decidability the following
concept for a polynomial P:R™* — R.

Definition 3.1 Let P:R" — R be a polynomial, we define the radial set? of P as

V(P):{xea-:rk[v;(z)]s 1}. (2)

Remark 3.1 This set is an algebraic subset of R* and O € V(P).

Remark 3.2 If §, = {z € R*|lz]| = r} then V(P) N S, is the set of the critical points of
P,

2This definition is from Barone’s work, and it was denoted by this name by the first time in this text,
with the permission of the creator of the idea.



Remark 3.3 Since V(P) is an algebraic subset of R it follows that V(P)\ {O} has a finite
number of connected components each one of then is a analytic sub-manifold of R* and there
is a € > 0 such that each connected component of V(P) is transversal to S,, for0 < r < e.
The reader can be found a demonsiration of this in [B0].

The importance of this set is related to the following functions associate to P.

Definition 3.2 Let P:R* — R be a polynomial. We will define the functions P+ and P~
of [0;+ 0o in R as

P*(r) = max P, and P~(r) = min P|, , ¥r 0. 3)

Remark 3.4 By the remark 3.2 we see that for all r > 0 there is points z} and z;
V(P)N S, such that P*(r) = P(z}) and P-(r) = P(z]).

Remark 3.5 By using the remark 3.3, the isotope theorem of Thom (see [BM0]), and the
curve selection lemma (see [M0]) we can prove that there are two germs of algebraic curves,
7* and v~ defined in ([0; + 0o[;0) in (R";0) such that there are ¢ > 0 and representatives
J* and 5~ of y* and 4™, respectively, defined in [0;¢] that obeys P(5*(t)) = P*(JI3*(t)|))
end P(1 (t)) = P=([I3*(t)ll), for 0 <t < &. We will call this germs respectively by curve
of maximum of P and curve of minimum of P. For a proof if this see, again, ([B0]).

In order to study k-decidability we will use this concepts applied to the polynomial j* .
In the future, we will need the following classical result about algebraic curves (see, by

example, [W0)])

Lemma 3.1 If a:[0;c] — R™ is an algebraic curve such that a(0) = 0 then a can be

parameterized as a(t) = (a;(t);aa(t); ... ;aa(t)), where a;(t) = § alt*, with aj are real

k=1
numbers.
We will be interested especially in the following corollary:

Corollary 3.1 Ifa:[0;e] — R" is an algebraic curve with a{0) = 0 and P is a polynomial
of R* in R, with P(O) =0 and (Poa) # 0, then there is an unique u > 1 such that

_ Pla(t))
'R ety € RO )

Proof: Observe that the propriety (4) is invariant by re-parameterizations of a, then we
choose the parameterization given by the lemma 3.1.

Considering that o;(t) = E ajt*, denote for | < j < n, &k, = min {k: al # 0}, when
P

=1
this set in not empty and put &, = 0 otherwise. Observe that, since a # 0, at least one of
the k; is not zero. Then, choose jp such that k,, is the minimum of {k;: &; # 0}.
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It follows that there is a o > 0 such that lim I3l = 4.
Let ¢ be the degree of P and set P(z) = Zaa,:f'zg'...te', with ag # 0, g =
(BriBa; .. .:fx) € N™ and Z:l gi<t
J=

Then, note that P(a(t)) = 55 bit* where, at least one b, is different from zero, since
=1

(Poa)#0.
It is clear then that, if E = min {k: by # 0}, we have E > k;, for all j € {1;...;n}.
In particular, k> k;, and the result follows. -

Remark 3.6 We call the number u determined in the corollary 3.1 by the order of P in
a. If, for an algebraic cxrve a, P oa =0, we will say that the order of P in a is +0o.

Remark 3.7 If P is a polynomial with P(O) = 0, we can have more than one curve of
minimum of P (by ezample, consider P(q) = ||q]|*), but it follows from the remark 3.5 that,
if m and y; are curves of minimum of P, then the order of P in v, is equal to the order of
P in y2. An analogous observation is true for curves of mazimum.

Now, we can state:

Fact 3.1 Suppose that f € G(k;n) and consider 4* and v~ curves of mazimum and min-
imum of 3*f. Then f is k—decidable if, and only if, the order of j*f in v+ and in v~ are
less or equal to k.

Proof: (=) Suppose that the order of j*f in this two curves are less or equal to k. Then
() ov* # 0 and (j*f) oy~ £0.

So, by the definition of order, we can assure that (j*j) o9t and (j“f) o4~ have a strong
extremum (i.e. any representative of these germs has a strong extremum at 0+).

We have two situations to consider:

° (J“f) o4* has a minimum and (j"f) 0+~ has a maximum, i.e., j*f has a saddle.

In this situation is obvious that, if A € G(k;n) with j*k = 0 we have that (remember
that &> 4 and lim 442 = 0)
2—0

(G*N+R) (@) iy

R P R Ty TR
and (k )

GN+B) @) g

G Ty R ATy

This shows that j*f + & has a saddle, then by remark 2.8 f is k-decidable.

-~
[]



. (j"'f) oyt and (j"f) o7~ have a strong extremum of same kind, i.e., 7*f has an strong
extremum.

We can assume, without loss of generality that j*f has a strong minimum.

Now, suppose, by redutio ad absurdum, that f is not k-decidable, then, by the fact 2.3
and remark 2.5 there is a germ h € G(k;n) with j*A = 0 and g = f + A has a saddle.

Then, there is a sequence (z;) of points in R\ {O} such that z; —+ 0 and g(z;) < 0.
So, we have l;mlgf ﬁfﬂ); < 0 (it could be equal to —o0).

As we have that j*h = 0 and k > u, we see that

bt 3~ o 08D o UL C)

v flaglle e izl llz;ll

which is a contradiction with our previous inequality and holds the result.

(¢=) Suppose without loss of generality, that the order of j%f in v~ is u with u > k.
S‘b) 0+~ = 0 then j*f has a weak minimum and by the remark 2.10 f is not
k-deci

Then, either (J“f) 07~ has a minimum (and j*f has a strong minimum), or (j“j) oy~
has a maximum (and j*f has a saddle).

In the first case, consider g = j*f — ||z||*}". It is clear that j*g = j*f and goy~ has a
maximum. Then f and g have different behavior with respect to extremum and this shows
that f is not k—decidable.

if (j“f) 07~ has a maximum then choose g = j*f + ||z||**. Obviously, j*f = j*g.

We claim that ¢ has a strong minimum.

In order to prove this, it is enough to show that g 0y~ has a strong minimum, because
||::||‘F is constant in the spheres S,, r > 0.

Since the order of j*f in ¥~ is g and u > k, it follows that hm#%l(lz}_r = 1, which
t

ti0
shows the claim and ends the proof. [ ]

Remark 3.8 The fact 3.1 shows that a germ [ € G(k;n) is k-decidable if, and only if,
l:gxw{)‘ﬂﬂ and l‘i:‘r)l“:%:m are both in (R \ {0}) U {—o0; + o0}.

Corollary 3.2 Suppose that P:R*® — R is a polynomial with P(0) = 0 and P has a
saddle or a strong extremum at the origin. Then there is a natural k > | such that P is
k-decidable.

Proof: Consider v+ and v, respectively, curves of maximum and minimum of P. Since P
has not a weak extremum, we have that Poq* # 0 and P oy~ # 0. Then the order of
Po+4* and Po~4~ are real numbers u* and u-.
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It follows from the fact 3.1 that, if & = max {[ut],[u~]}, then P is k-decidable. W
The fact 3.1, or the remark 3.8, shows that, in order to study the k-decidability of f
it is enough to study the behavior of two germs of one variable, namely, (j" f) oq* and

(j“f) o7, or (7*)* and (j*)~. This is the main result of (Bo).

Remark 3.9 In the proof of fact 8.1 we ezhibit, when f € G(k;n) is not k-decidable, a
germ g with j*f = jkg such that f and g have different behavior with respect to eztrema.
The germ g is equal to j*f 4 ||z||*, with v a real number that belongs to the interval (k;n),
where p is the mazimum of the orders of (j"f) oyt and (j"f) o7,

Observe that when p > k+2, we can choose v as the even number of {k+ 1;k+ 2} and,
in this case, g is a polynomial.

In the next two sections we will study this remark in detail.

4 Polynomial Decidability

Definition 4.1 We will say that f:(R";0) — (R;0) is polynomially k—decidable if
(i) f € G(kin);

(i) For all polynomial g, such that j*g = j*f, { and g has the same behavior with respect
to extremum.

Remark 4.1 As in k-decidability, f is pelynomially k-decidable if, and only if j* f is poly-
nomially k—decidable.

Remark 4.2 It is clear that if f is k-decidable then it is polynomially k-decidable. We are
interested in the reciprocal of this statement.

Remark 4.8 Since j*f + ||z||** is a polynomial, the remark 2.10 is true in the contezt

of polynomial k-decidability, too. If j*f has a weak extremum then [ is not polynomially
k-decidable.

This remark and the fact 2.1 show imply the following result.

Fact 4.1 Ifj*f is an homogeneous polynomial, j*f # 0. Then f is k-decidable if, and only
if, [ is polynomially k-decidable. d

Proof: Immediate. ' (]

Corollary 4.1 If f € G(2;n) is polynomially 2-decidable then [ is 2-decidable.



Proof: If j'f # 0, then it is clear that f is 1-decidable, since this jet is homogeneous and
has a saddle.

Otherwise, we must have jf an homogeneous polynomial and the the result follows from
the fact 4.1. |

Remark 4.4 Another case where k-decidability is equivalent to the polynomially k-decida-
bility is when n = 1, since in R, by the remark 2.6, the first non null jet of f always decides
the question.

We \n{ill state now a less trivial result.

Fact 4.2 Suppose that f € G(kin) and that j*f is a quadratic form with rankn — 1. Then
are equivalent '

(i) { is k-decidable.
(ii) f is polynomially k-decidable.
Proof: ((z) = (if)) It is the remark 4.1.
{(i%) = (i) Since j2f is quadratic form, this is an homogeneous polynomial.
Then, if j2f has a saddle, the lemma 2.1 shows that f is two-decidable and we are done.
So, we can assume that j2f is a quadratic form semi-defined. Without loss of generality,
we will suppose that it is positive semi-defined.
Then, by the splitting lemma (see [B0] for a version of this on our context) we can

do a convenient change of coordinates T of class C* such that, in the news coordinates,
(w1} .. iUne1itin) = (W;ua), we have that

(f o T) (Tun) = 3 62 + glun),

=1
with j2¢g = 0.
Then it is clear that j*(foT) = nf u? + j*g(ua).
=1
Since f is polynomially k-decidable, it follows by the remark 4.3 that j*f has not a weak
minimum. Then, by the corollary 3.2, there exists an natural £ such that j*f is {-decidable.

Therefore, the remark 2.9 implies that j*(f o T) is ¢-decidable and this shows that
j*g £ 0, otherwise j*(/ o T) would have a weak minimum against our conclusion.

Let s be the order of the first non null jet of g, then j*(foT) = nf ul +au}, witha # 0
1=1

and3<s<k.
A direct calculus shows that the germ of the radial set of j°(f o T) at the origin is

(V;0) = ({(Wu.) € R u, =0} U {(T;u.) € R: 7 = 0};0).
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Then, it follows immediately, that the order of J*(f o T} in the curves of maximum and
minimum are respectively 2 and s.

The fact 3.1 holds that f o T is s-decidable and, by the remark 2.9, this assures that f
is s-decidable.

Since s < k this ends the proof. n

Corollary 4.2 Let f be a germ of (R%0) in (R;0). If f € G(k;2), with k > 2, and j3 f #£0
then f is k—decidable if, and only if, [ is polynomial k~decidable. .

Proof: It follows immediately from the facts 4.1 and 4.2. B
As we will see, if the rank of j2 is less or equal than n — 2, the fact 4.2 can be false (see
the remark 5.1).

Now, we will show that polynomial k~decidability does not imply k-decidability.
Example 4.1 (see [GO)) Consider f(z;y) = y* — 2%y + 252, We will prove that:
(A) If g € G(6;2) and j5g = jf then g has saddle.
(B) [ has a strong minimum at the origin.

It is clear that (4) shows that f is polynomially 5-decidable (really, it shows that f is 5-
decidable in the class of the germs that are in G(6;2)) and these two statements show that
f is not 5-decidable.
Proof of (A): As g € G(6;2) and j%g = j*f, we have that g = j% + R = 7% +9+ R,
where j°R = 0 and either gg is an homogeneous polynomial of degree 6 or gg is the null
polynomial (see remark 2.4).

Consider v the germ of the algebraic curve y = z'4, z > 0, at the origin and note that
78g(z;214) = 288 — 254 4 gg(z;24).

It follows from the definition of g¢ that i'—'."o m;‘%—)- =0.

Moreover, since jR = 0, it is clear that l-l-!.no ﬂ;ﬁ.‘_‘l = 0.
Then, we have
. g(z;z")
ll_r."q 54 L.
This shows that the order of g0y is 5.4 and that g oy has a strong maximum.
Since g(0;y) has a strong minimum, we have showed (A). [ |
Proof of (B): Consider (z.;y,) € R?\ {0} such that f(z.;y.) = 0.
We must have y, > 0, z, # 0 and

Ys — Toye = ya(yd — 2¥) = —23% < 0. (8)

Therefore .
0 <y, <23, (6)

Now, choose € > 0 such that 252 > z ¥, for all z € R with [£] < e.
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By and (5) and (6), we see that |zo| > €, because, if this fails, we would have

vt =ty - st <2 - 227 <0,
which is a contradiction.
Then f(z;y) # 0, for all (z;y) € R?\ {0}, with |z[ < &. As f(Oy) = y%, it follows that
[ has a strong minimum at origin. |
In an analogous way, we will see that:

Example 4.2 Consider the polynomial P(z;y) = y® — z'y’.

(C) If Q is a polynomial with j'°Q = j'°P, then Q has a saddle at the origin (i.c., P is
polynomial 10-decidable).

(D) The function f(z:y) = P(z:y) + 2! has a strong mazimum at the origin (This is, P
is not 11-decidable).

Proof of (C): Consider the curve y* = 127 (i.e. 7(z) = (x;%.t%)).

We see that P(y(z)) = —1z% and [l(z)]| = lzlV1 + zt.
Then the order of P oy is p = 32 =11.2 and P o v has a strong maximum (in 0).
We must observe here that 7 is defined for z € R, but for our proposal it is convenient
consider two distinct arcs, 73(z) = 7(z), z 2 0 and 2(z) = 7(z), z < 0.
Then P oy, (resp. P o72) has a strong maximum at z = 0+ (resp. at z = 0-) of order
B
Now consider a germ g: (R?;0) — (R;0) such that g € G(12;2) and j% = j1°P = P.
Since P(0;y) = y® it follows that g(0;y) has a minimum (at y = 0).
Moreover, ¢ = P + g1 + ¢12 + R, where j'?R = 0 and, either g, = 0, or gk is an
homogeneous polynomial of degree k, for k € {11,12}.

1
Then, we can write gn(z;y) = aoz'' + Q(ziy), where Q(ziy) = X agz''~*y* and a; are
k=1
real numbers, 0 < k < 11.

A direct calculus shows that the order of Q(z;%zi) is greater or equal than £ = 11.4 > p.
Therefore,

i (@ 490+ Rz _ g
== (== %)l

Then, if ap = 0, it is clear that g o v has a strong maximum. So, g has a saddle and we
have finished the proof, in this case.

At least, if ag # 0 we see immediately that P(z;y) + apz'" has a strong strong maximum

of order 11 in one of the curves v;,j = 1,2 (and has a strong minimum of order 11 in the
other).

Then, in all the cases, g has a saddle. [
Proof of (D): It is analogous to the proof of (B). =
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Remark 4.5 Observe that in the proof of (C) we have showed that P is 12-decidable, since
7P is homogeneous of degree 8 and has a weak minimum and Po+y has a mazimum of order

p=112< 12

The example 4.2 is more degenerate than the first one, since the difference of the degree of
polynomial decidability and the degree of decidability is 2, as we will see in the next section,
this is the maximum value of this difference.

To finish this section, we present another example, in order to see that the distinction
between k-decidability and polynomial k-decidability is not a honor of the polynomials that
have a saddle.

Example 4.3 (see [G0]) Consider P(z;y) = (2% — y3)? + 2122,
(E) P is polynomially 14~decidable.
(F) P is not 14-decidable.

Proof of (E) and (F): A direct calculus shows that the radial set of P = j1P is given by
V(P) = {(s) € R*: 2zy [(z* - y*)(4z? + 3y) + 2"°(6y° — )| = 0}.

Then V(P) is the union of the coordinated axes and the algebraic set described by the
equation (z* — y*)(42% + 3y) + '%(6y* — z?) = 0.

By using the Newton polygon (see [WO0]) for this equation we see that this set is an
algebraic curve 4 which is ta.nfent to the z-axe and it can be parameterized, in a neigh-
bourhood of 0 as y = y(z) = z¥h(z) where h is a C! function defined in an open interval of
R containing zero and A(0) = 1.

Then, Poy = P(z;y(z)) and a simple verification shows that the order of Poyis y = o
and P o+ has minimum.

It follows that 7 is the curve of minimum of P (since P(z;0) = £ and P(0;y) = y®) and,
by the fact 3.1 that f is 15-decidable and not 14-decidable. So, we have finished the proof
of (F).

Moreover, if g € G(15;2) and j'g = j"P = P, then ¢ = P + g1s + R, where j'*R =0
and g;s is either an homogeneous polynomial of degree 15, or ;5 = 0.

Then it is easy to see that, if ¢; = (z;;y;) is a sequence in R? which converges to the

origin, then
li (g5 + ) (g;)
im ———
Jimtee fla, Il

and this shows that ¢ has a minimum at origin.
In particular, this proves (E). [ ]

=0
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5 Polynomial k-Decidability = ... Decidability
We will show in this section the following results:

Theorem 5.1 Suppose that f:(R™;0) — (R;0) is polynomially k-decidable and j*f hasa
strong extremum. Then f is (k + 1)~decidable. Moreover, it is possible to ezhibit an f that
obeys this hypothesis and [ is not k-decidable.

Theorem 5.2 Suppose that f:(R™0) — (R;0) is polynomially k-decidable, k is odd and
j*J has @ saddle. Then f is (k + 1)-decidable. Morcover, it is possible to ezhibit an f that
obeys this hypothesis and [ is nol k-decidable.

Theorem 5.3 Suppose that f:(R™;0) — (R;0) is polynomially k—decidable, k is even and
j*f has a saddle. Then [ is (k + 2)-decidable. Moreover, it is possible to ezhibit an [ that
obeys this hypothesis and [ is not (k + 1)-decidable.

This shows all the possibles relations between polynomial k-decidability and k-decidability.
We end the text with a simple fact showing that polynomial k-decidability implies, by
example, C°-k-decidability, namely, we will prove the following:

Corollary 5.1 Let be f a germ in G(kin) such that f is polynomial k—decidable, then, for
all g € G(k + 2;n) with j*f = j*g, we have that [ and g has same behavior with respect to
eztremum,.

Now, we will do the proofs of the theorems.
Proof of the theorem 5.1: Observe that the last part of the statement is proved in the
example 4.3.

Since j*f has an strong extremum, we can suppose without loss of generality, that j*f
has a strong minimum.

If f is k-decidable then the thesis holds immediately.

Then, we will suppose that f is not k-decidable. By the fact 3.1, this implies that, if
4+ and 4~ are, respectively, the curves of maximum and minimum of j*f, or the order of
f ot is greater than k, or the order of f 04~ is greater than k.

Let s be the order of the first non null jet of f. Qbviously, s < k.

Since f is not s-decidable, j*f has a weak extremum. Then s < k and, as j*f has a
strong minimum, it follows, by the fact 2.2, that j* f has a weak minimum.

Therefore the order of (j"f) ov* is 5. In fact, as j*='f = 0 it is clear that this order
must be greater or equal to s. Now, choose a point ¥ € R" such that j*f(T) > 0 to see that
in the curve (¥, t > 0, the order of j*f is s (and j*f has a minimum at ¢ = 0 in this curve).
Since (*f)*(t|Z]}) = j*f(tZ), we have that the order of f ay* is less or equal to s and our
claim is proved.

So, the order of (j"f) oy is pu > k.

In order to finish the proof we must prove that u < k+ 1.
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Suppose, by redutio ad absurdum that s > k + | and consider u € R™\ {0} the versor
of 7~ at the origin (u exists because 7~ is algebraic).

Then consider the polynomial g(z) = j*f(z) - ( z [ u kel

Obviously g is a polynomial of degree k + 1 and j*g = j* /.

Now, a simple calculus show that

. 9oy ()

O

Then g 0 9~ has order k + | and this germ has a maximum, what contradicts our
assumption that f is polynomial k-decidable. s

= -1(= ~ful?).

Proof of the theorem 5.2: The example 4.1 proves the last part of the theorem.

Suppose that f is polynomially k-decidable and that j* J has a saddle, with k an odd
natural number.

If f is k-decidable, there is nothing to do. Then we will assume that [ is not k-decidable.

As in the previous demonstration, if s is the order of the first non null jet of f, our
assumption that f is not k-decidable implies that s < k and J°f has an weak extremum.
We will suppose, without loss of generality, that j*f has a weak minimum.

Also as in the demonstration of the theorem 5.1, if 7% is a curve of maximum of j*f we
have that the order of j* o y* is s.

Then, if v~ is a curve of minimum of j*f, we must have, by the fact 3.1 that the order
of (j"f) 09~ is u > k (in this case (j"f) 09~ has a maximum, since j*f has a saddle and
7/ has a weak minimum).

Then, we must prove that u < k + 1. Suppose, by redutio ad absurdum that x> k + 1.

Observe that, as k is odd, k + 1 is even and consider the polynomial

9(z) = ;*f(z) + ||l=|f**".

Since the order of (j"f) 09" is y > k+ | we have that goq~ has a strong minimum
and since [|z||**" is constant in S, this shows that g has a strong minimum.
Then we have a contradiction with our hypothesis about f. |

Proof of the theorem 5.3: The example 4.2 shows the last part of the statement.
The rest of the proof is the same of the theorem 5.2 changing k + 1 by k + 2. u

Proof of the corollary 5.1: It is immediate from the previous theorems of this section |

Remark 5.1 We have seen in the fact {.2 that, if the rank of j2f is greater or equaln — 1
then polynomial decidability is equivalent to decidability. This is false if the rank of j3f is less
or equal to n—2 as we see considering, by ezample, forn > 3, [(x1;2::T) = 3 —ziea+|z|?,
where T = (z3;...;2a). It is clear that j* f = ||Z||? and, by the ezample 4.1, [ is 5-polynomial
decidable but not 5-decidable.
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