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Abstract
We study the effects of the coupling to the first 2+ 12C excited state on the elastic
scattering and capture reaction for the α + 12C system. The flux absorption
from the elastic channel to the capture reaction is simulated by a tiny imaginary
part included in the optical potential. Our analyses show that the effect of the
coupling is quite significant even at energies below the threshold of the inelastic
channel. We also study the behavior of the polarization potential as a function
of the energy and angular momentum.

Keywords: nuclear reactions, nuclear astrophysics, resonances

(Some figures may appear in colour only in the online journal)

1. Introduction

The collision between heavy-ions is a problem that involves a large number of degrees of
freedom. Most often, this complicated problem is solved using a simplified approach. In the
coupled-channel (CC) formalism (see e.g. [1]), usually a few reaction channels are explicitly
taken into account in the numerical calculations, through the corresponding coupled equations,
while the effect of the remaining channels is simulated by an effective optical potential. The
contribution of these other channels, which should be included in the optical interaction, is
named as polarization potential (PP). The PP is, in general, angular momentum and energy
dependent, and also has a complicated shape that may include poles at some points. Even
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Figure 1. Energy levels of several channels involved in the α + 12C scattering. The
scale at the left side corresponds to the energy of the α particle at the laboratory frame
of reference, while that at the right side represents the excitation energy in 16O. The
corresponding spin and parity are indicated for some levels.

so, in many elastic scattering data analyzes, quite simple models are assumed for the optical
potential. Frequently, an angular momentum independent complex potential is assumed, where
the real and imaginary parts have a Woods–Saxon shape with adjustable parameters. Another
simplified model, often adopted in data analyzes, corresponds to the use of some folding
model to calculate the bare nuclear interaction. In this approach, the real and imaginary parts
of the optical potential are assumed to be proportional to the bare interaction. In this case,
the normalization factors of the real and imaginary parts are usually considered adjustable
parameters to fit the data. The behavior and properties of the optical potential have been
extensively studied (see [2, 3]).

In earlier works [4, 5], we analyzed α +α scattering at low energies. This is a particularly
interesting system because there are no open reaction channels at low energies, except the
α(α,γ )8Be process which presents very small cross sections. Therefore, due to the lack of
open reaction channels, the elastic scattering data analyzes for this system must be performed
with an optical interaction without an imaginary part. We obtained a satisfactory description of
the experimental elastic phase-shifts, for several angular momenta, with an energy and angular
momentum independent real potential [5]. The same interaction also successfully describes
the s-wave ground-state (g.s.) resonance of 8Be.

The 12C(α,γ )16O reaction is important for nucleosynthesis and stellar evolution, since
it defines the 12C/16O ratio at the end of stellar core helium burning in massive stars. In
figure 1, we present an energy level scheme of the main reaction channels involved in the
α + 12C scattering. The scale at the left side of the figure corresponds to the energy of the α

particle at the laboratory frame of reference, while the scale on the right side represents the
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excitation energy in 16O. As seen in the figure, apart from the capture channel, 12C(α,γ )16O,
the threshold for reactions occurs at Eα = 5.92 MeV (see figure 1) and it corresponds to the
inelastic excitation of the first 12C 2+ state (E∗ = 4.439 MeV). The capture cross sections are
very small and present resonances at energies that correspond to the low-lying levels in 16O.
These important characteristics make the α + 12C reaction quite similar to that of the α + α

system mentioned above.
These considerations have motivated this study of α + 12C scattering at low energies.

Data for the corresponding capture channel have already been consistently analyzed within
the R-matrix formalism, together with data of other related reactions such as 15N(p,α)12C and
12C(α,α)12C (elastic and inelastic channels, see e.g. [6]). In this work, the data analysis is
performed in the context of the CC formalism, considering the coupling between the elastic
and the first 12C 2+ inelastic channels. The (real) nuclear interaction for α+α of [5] is adapted
to the α + 12C system, while the coupling between the elastic and inelastic channels is treated
within the well-established vibrational model. The very small cross sections of the capture
reaction are simulated in our CC calculations by including a tiny imaginary part in the optical
potential. In this simple approach, experimental data for elastic phase-shifts, inelastic cross
sections and capture reaction are reasonably described, although the R-matrix fits present
better results. Indeed, the data fits are not our main purpose here. Since we have not included
all the relevant channels in our CC calculations, the resulting cross sections are not intended
to describe the data perfectly. The main goal of this work is to study the effects of the inelastic
couplings on the elastic process. For the α + 12C system, this is a quite interesting subject
since, in this case, due to the lack of significant reaction cross sections, the imaginary part of
the optical potential is expected to be almost negligible.

The paper is organized as follows. The next two sections present the data and the CC
analyzes. The effects of the couplings and the behavior of the PP are discussed in section 4.
In section 5, we show how the small imaginary potential is capable of simulating the capture
reaction resonances. The main conclusions are found in section 6, while appendix presents
details of the CC calculations.

2. The data set

Angular distributions for the α + 12C∗ (2+ E∗ = 4.439 MeV) inelastic excitation have been
measured at 7.85 � Eα � 8.40 MeV by Mitchel et al [7] and 8.30 � Eα � 10.42 by Ophel
et al [8]. We obtained the corresponding total (integrated) inelastic cross sections from the
first coefficient of the Legendre expansions which fit those distributions (see table 2 of [7] and
figure 7 of [8]). However, those data were reported in arbitrary units. To normalize the lower
energy data set of [7], we considered the R-matrix data fits of [9], and we used the normalized
inelastic cross sections of [10] to normalize the data set of [8]. The results of the normalized
experimental (total) inelastic cross sections are shown in figure 2 (blue circle and black star
symbols). In [11], there are data, again in arbitrary units, for the γ -ray arising from the 12C
2+ de-excitation measured at θ = 45◦. We have also normalized these data to match the
corresponding cross sections with those from the other references. With this procedure, we
could use the γ data set (small red circle symbols in figure 2) to represent the behavior of the
total 12C 2+ inelastic cross section as a function of the energy of the α particle.

In figure 3, we present cross section data (from [12]) and R-matrix predictions (according
to [9]) of different channels involved in the α + 12C scattering: capture reaction, p + 15N
and 12C 2+ inelastic excitation. The positions of the energy levels for these three channels,
as a function of the energy of the α particle, are represented at the top part of the figure.
Obviously, the predictions for the p + 15N and inelastic excitation cross sections vanish below
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Figure 2. Integrated inelastic cross sections for the first 12C 2+ excited state as a function
of the energy of the α particle. The blue circle and black star symbols are data obtained
from [7] and [8], respectively. The small red circle symbols represent data of the
corresponding γ -ray at θ = 45◦ from [11]. All these data were normalized as described
in the text.

the corresponding thresholds: the ground-state of p + 15N and the 2+ state of α + 12C (shown
at the top of the figure). Clearly, the capture reaction presents cross sections which are several
orders of magnitude smaller than those of the two other reaction channels. It is interesting to
turn the attention to the fact that the cross sections for the three channels show resonances at
energies that have a clear correspondence with some levels of the 16O compound nucleus (see
the dashed lines used as guide to the eyes in figure 3).

Figure 4 presents data for 12C 2+ inelastic excitation (red line) and 12C(α, p)15N (blue
circles). The (α, p) data set of this figure was actually obtained through cross sections of the
inverse reaction, from [13–15], taking into account the principle of detailed balance. The black
line in the figure represents total reaction cross sections obtained, through (A.13), from the
modulus of the elastic S-matrix (which we have extracted from figure 10 of [16]) arising from
elastic scattering data analyzes. For the energy region shown in figure 4, the inelastic and
(α, p) are the only open reaction channels, with exception of the quite small cross sections
related to the capture reaction and the four α break-up (for Eα � 9.7 MeV). Thus, the total
reaction cross section should be almost equal to the sum of the cross sections for these two
channels. However, this is not the case for the total reaction cross section shown in figure 4,
which is much larger than the sum in several energy regions. Part of this discrepancy can arise
from our difficulty to obtain the values of the S-matrix from figure 10 of [16]. Another part is
possibly related to slightly imprecise values for the modulus of the S-matrix obtained from the
elastic scattering data analyzes in [16]. Again, the cross sections of figure 4 present resonances
at energies related to levels of the compound nucleus. The resonance of the inelastic channel
at about Eα = 10.2 MeV is at a level that could correspond to two different states: 12C 0+ and
16O 6+. As discussed in the next paragraph, the experimental elastic phase-shifts indicate that
this resonance in fact corresponds to the 16O 6+ state.

There is a large number of data for α + 12C elastic scattering in the literature. We have
considered the corresponding phase-shifts obtained from the data analyzes of [16–20]. In
general, the sets of phase-shifts from different papers are consistent to each other and, then,
we have compiled a less extensive set of values that is representative of the quite large
amount of the available data. Figures 5–8 show the corresponding results (closed circles). The
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Figure 3. Cross sections for different channels involved in the scattering of the α particle
on 12C, as a function of the energy. The black circles and solid black line correspond to
data (from [12]) and R-matrix calculations (according to [9]) for the capture reaction.
The blue and red lines represent R-matrix calculations (also from [9]) for the p + 15N and
α + 12C∗ (2+) reaction channels, respectively. In the top part of the figure, we present
the energy levels of some channels. The dashed lines in the figure show the connection
between the energy of some resonances with the levels of the compound nucleus.

phase-shift data also present resonances (in form of ‘steps’) at energies that correspond to the
16O levels, as indicated by the black dashed lines in these figures. It is interesting to observe
the consistency between the J (angular momentum) values of the phase-shifts with the spin
and parity (−1)J of the corresponding 16O levels. Also the ‘width of the steps’ are consistent
with the level widths. In particular, the J = 6 phase-shift data of figure 8 show a resonance at
Eα ≈ 10.2 MeV, indicating that the resonance in the inelastic cross section at this same energy
(see figure 4) is, in fact, related to the 6+ state of the 16O.

3. The CC data analyzes

Besides the elastic, the only channel explicitly coupled in our calculations corresponds to
the first excited state of 12C. We tried to fit the data set for α + 12C within the framework
of the vibrational and rotational models, and also with a hybrid model that would represent
a rotation–vibration approach. The best results were obtained with the vibrational model.
Probably, the first 12C 2+ state cannot be completely described within collective models like
the vibrational or rotational. Even so, as we have free parameters to fit the data, we assumed
the vibrational model to perform our final calculations.
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Figure 4. Cross section data for the 12C 2+ inelastic excitation (red line) and for the p +
15N channel (from [13–15]—blue circles). The black line represents total reaction cross
sections obtained through the modulus of the elastic S-matrix extracted from [16]. The
meaning of the top part of the figure and of the dashed lines is the same as in figure 3.

Appendix presents a detailed description of the approach that we assumed in our CC
calculations. Basically, we have solved numerically the following set of coupled equations:{−�

2

2μ

[
d2

dR2
− J(J + 1)

R2

]
+ VN (R) + VC(R) + iW (R) − E

}
F0J(R)

= −
∑

�

VJ�(R)F (J)

2�
(R), (1)

{−�
2

2μ

[
d2

dR2
− �(� + 1)

R2

]
+ VN (R) + VC(R) + iW (R) − (E − E∗)

}
F (J)

2�
(R)

= −VJ�(R)F0J(R), (2)

with � = J − 2, J, J + 2 (� � 0), resulting in four coupled equations for each total angular
momentum J. The terms at the right side of (1) represent the couplings of the inelastic F (J)

2�
to

the elastic F0J wave-functions. In these equations, the coupling potentials are given by

VJ� = iJ−�
CJ 2 �

0 0 0√
4π

[
βC R2

0
3Z1Z2e2

5
f (R) − βN R0

dVN

dR

]
, (3)

CJ 2 J
0 0 0 = −

√
J(J + 1)

(2J − 1)(2J + 3)
, (4)

CJ 2 J−2
0 0 0 =

√
3J(J − 1)

2(2J − 1)(2J + 1)
, (5)
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Figure 5. Experimental elastic phase-shifts for J = 0 and 1. The solid red and dashed
blue lines represent the results of our calculations, with or without the coupling to the
12C 2+ state, respectively. The meaning of the top part of the figure and of the dashed
(black) lines is the same as in figure 3.

CJ 2 J+2
0 0 0 =

√
3(J + 1)(J + 2)

2(2J + 1)(2J + 3)
, (6)

where R0 is the undeformed radius of 12C, and βC and βN are the Coulomb and nuclear
deformation parameters, respectively.

The boundary conditions for the elastic and inelastic wave-functions are represented,
respectively, by

F0J(R → ∞) = i

2
[H−

J (R) − S0JH+
J (R)], (7)

F (J)

2�
(R → ∞) = − i

2
S2�H+

� (R), (8)

H±
� = GC� ± iFC�, (9)

where GC� and FC� are the Coulomb wave-functions and S0J and S2� are the elastic and inelastic
S-matrices. The elastic S-matrix can be written in terms of the corresponding phase-shifts, δJ ,
as:

S0J = |S0J|e2iδJ . (10)

For energies below the threshold of the inelastic channel, the inelastic S-matrix vanishes since
(8) cannot be satisfied. In this case, the inelastic wave-function is proportional to the Whittaker
function [21].
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Figure 6. The same as figure 5, but for J = 2 and 3.

The nuclear interaction is given by

VN (R) + iW (R) = (NR + iNI )V0(R), (11)

where V0(R) is the nuclear interaction proposed for the α + α system [5] adapted to the present
case. NI is the normalization factor for the imaginary part of the interaction, which simulates
the absorption of flux from the elastic and inelastic channels to the capture reaction. As the
corresponding cross sections are very small, we obtained NI values of the order of 10−9.

The nuclear deformation, βN , and the normalization factor for the real part of the
interaction, NR, were considered as adjustable parameters to fit the data. Furthermore, we
also assumed that NR could have different values for different total angular momenta J. We
consider thatV0(R) is a realistic model for the nuclear potential and, therefore, the NR parameter
value was assumed to vary only in the region 0.8 � NR � 1.2. Also the βN value was limited
to the region βN � 0.6. In these conditions, the βN and NR values were obtained from the fit of
the elastic phase-shifts at the region of lower energies. According to (10), the phase-shifts can
be modified by n×180◦, n integer, without affecting the elastic S-matrix. Thus, in some energy
regions, the theoretical phase-shifts (red lines in figures 5–8) were displaced by n × 180◦. Our
theoretical results miss some resonances, but the overall agreement between the theoretical
and experimental phase-shifts is good, mainly at the region of lower energies (see figures 5–8).
Due to the restrictions imposed on the values of the adjustable parameters, in this low energy
region (Eα � 7 MeV) two resonances could not be described: 2+ at about 3.6 MeV and 4+

at about 5.2 MeV. It is possible to obtain resonances at these energies within our theoretical
approach, but with width values much larger than those observed in the data and, in this case,
the adjustments of resonances at other energies become worse.
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Figure 7. The same as figure 5, but for J = 4 and 5.

As earlier mentioned, the first 2+ excited state of 12C was the only reaction channel
included in the CC calculations. Accordingly, we do not expect to describe the experimental
data set with a high degree of precision. Taking this into account, the general trend of the
experimental inelastic cross section is reasonably reproduced by our theoretical calculations,
as shown in figure 9.

In our calculations, the capture cross section is associated with the absorption arising from
the imaginary part of the potential: σC = ∑

σCJ , where [22]

σCJ = −(2J + 1)
4π

kE

∫ ∞

0
W (R) |F(R)|2 dR, with |F(R)|2 = |F0J|2 +

∑
�

∣∣F (J)

2�

∣∣2
. (12)

Figure 10 contains data [12] and CC results for the astrophysical S factor of the capture reaction.
The S factor is related to the total cross section by S = E e2πησc, where η is the Sommerfeld
parameter. The NI parameter values for J = 1, 2, 3 and 4 were adjusted to fit the data. The
corresponding results of the CC partial cross sections are also shown in figure 10. As can be seen
in this figure, our theoretical results (solid black line) describe the capture data quite well. The
position and width of the capture reaction resonances are intrinsically related to the behavior of
the respective elastic phase-shifts as a function of the energy. Therefore, the centroid and width
of the capture reaction resonances are naturally reproduced in our calculations, due to our fits of
the elastic phase-shifts. The NI parameter is then responsible just to provide the right magnitude
of the capture reaction cross section. However, our theoretical calculations predict an extremely
narrow resonance for J = 3 at Eα ≈ 1.3 MeV, which corresponds to an excitation energy of
about 8.2 MeV in 16O (with minuscule 2 eV of width). In fact, also the theoretical phase-shifts
for J = 3 present a very narrow 180◦ jump at Eα ≈ 1.3 MeV (see figure 6). There is a known
3− level in 16O at the excitation energy of 6.13 MeV, but no level has been experimentally
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Figure 8. The same as figure 5, but for J = 6.

Figure 9. Data (red line) and theoretical results (black line) for the integrated 12C 2+

inelastic cross section.

observed at E∗ = 8.2 MeV. It simply might be a spurious result of our calculations. On
the other hand, there is an alternative explanation for these facts. Considering its quantum
numbers, the 3− 16O state could be an one-particle-one-hole excitation, or it could also be a
molecular excitation, or even a mixture of both. Within the hypothetical case of a mixture,
both with E∗ ≈ 8 MeV, due to mixing of them (or with more molecular states) the lower
eigenstate is pushed below the barrier to about 6 MeV and the other moves up to 11.5 MeV
in the spectrum of 16O. Therefore, the 3− state at E∗ = 8.2 MeV obtained in the present
model is conceivable even if there is no observed state in the 16O spectrum at this energy.
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Table 1. Values of NR and NI for the indicated angular momentum J obtained from our
CC analyzes. The readjusted values of the normalization factors, NRA, used to simulate
the CC results for phase-shifts from calculations without couplings are also presented.

J NR NI NRA NRA/NR

0 0.8950 0 0.986 1.10
1 0.9688 0.38 × 10−9 0.998 1.03
2 0.9167 0.81 × 10−8 1.150 1.25
3 0.9750 1.22 × 10−9 1.012 1.04
4 0.8952 0.52 × 10−9 0.945 1.06
5 0.9650 0 1.055 1.09
6 0.8674 0 0.934 1.08

Since, in principle, NI might have some energy dependence, there is no guarantee that
the present theoretical calculations can be reliably extrapolated to the very low energy region
that would be interesting for astrophysics. Indeed, the results of the R-matrix calculations
presented in figure 1 of [6] are quite similar to our CC results for J = 1 at Eα ≈ 3 MeV, but
these two calculations provide quite different behaviors for the E1 contribution in the region
of low energies. Even so, we provide the present total S factor value for the capture reaction at
the relevant Gamow energy of Eα = 0.3 MeV: S = 95 keV b. This result is about 40% smaller
than the values obtained from R-matrix calculations, which are typically around 160 keV b
(e.g. [6]).

The best value for the deformation parameter obtained from our fits is βN = 0.285. The
NR and NI values resulting from our analyzes are presented in table 1. As already mentioned,
the order of magnitude of the NI values is 10−9. The NR values (for the different J) spread
by less than 6% around NR ≈ 0.92 (which in turn is quite close to the unity). This small
variation may arise from the polarization effects due to other reaction channels not included
in our CC calculations. Indeed, as we will see in the next section, the effects of the PP due to
the inelastic 2+ coupling do represent a renormalization of about 10% in comparison with the
bare interaction.

4. The effects of the inelastic coupling

A first insight about the effects of the 12C 2+ inelastic coupling on the elastic scattering
process can be provided just by turning the coupling off (βN = βC = 0) and recalculating
the phase-shifts. The corresponding results are presented as dashed blue lines in figures 5–8.
The effect is quite significant for all J values, and particularly strong for J = 2 where two
resonances observed in the CC results are washed out when the coupling is turned off.

As an attempt of obtaining a ‘quantitative measurement’ of the effects of the coupling,
we performed other calculations with βN = βC = 0, but this time renormalizing the NR values
in order to match the corresponding phase-shifts with those obtained within the context of
the CC calculations. The corresponding phase-shift results are shown in figure 11 as dotted
black lines. For comparison, the CC phase-shifts and also those obtained just turning the
coupling off (without renormalizing NR) are shown in figure 11, as solid red and dashed blue
lines, respectively. With this procedure, some resonances observed in the CC case for J = 0
and 4 are missed within the readjusted case. Particularly for J = 2, we could not obtain any
readjusted NR value to reproduce, with reasonable degree of similarity, the CC phase-shifts
at low energies (see figure 11). Table 1 provides the values of the readjusted normalization
factors (NRA) and their corresponding ratios to the CC NR values. The NRA values are roughly

11
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Figure 10. Experimental (closed circles) and theoretical CC (solid black line)
astrophysical S factors for the capture reaction. The CC partial contributions of some
angular momenta are also represented in the figure. The top part of the figure presents
levels of the 16O compound nucleus, including some in the sub-threshold energy region
for α + 12C.

Figure 11. Theoretical phase-shifts obtained with (solid red lines) and without (dashed
blue lines) coupling. The dotted black lines in the figure correspond to calculations
without coupling, but with different NR values which were adjusted to approach the CC
results at low energies.

10% larger than the NR ones (from 3% for J = 1 to 25% for J = 2). In this limited sense, as
stated in the last section, the effect of the polarization due to the inelastic coupling represents
a renormalization of the bare interaction by about 10%.
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(a) (b)

(c) (d)

Figure 12. Real part of the local-equivalent polarization potential at Eα = 5 MeV for
J = (a) 0, (b) 1 and (c) 2. In (d), we show the mean, angular momentum independent,
polarization potential obtained from (16).

Due to the small number of open reaction channels at low energies, the study of the
behavior of the PP is particularly interesting in the present case of α + 12C. The local equivalent
PP corresponding to the inelastic channel is defined as

Upol = − 1

F0J(R)

∑
�

VJ�(R)F (J)

2�
(R). (13)

We name the real and imaginary parts of Upol as Vpol and Wpol, respectively. With this, (1) can
be re-written as[−�

2

2μ

[
d2

dR2
− J(J + 1)

R2

]
+ UOp(R) + VC(R)

]
F0J(R) = EF0J(R), (14)

where

UOp(R) = VN (R) + Vpol(R) + i[W (R) + Wpol(R)]. (15)

Clearly, (14) is the usual Schrödinger equation for one single channel (elastic) with an optical
potential given by (15).

Taking into account (13), the PP is energy and angular momentum dependent.
Figures 12(a)–(c) show the real part of the polarization for J = 0, 1 and 2, respectively,
at Eα = 5 MeV. This energy is below the threshold and, therefore, the imaginary part of the
polarization vanishes. Due to the presence of the elastic wave-function in the denominator of
(13), the local equivalent PP has poles where this wave-function vanishes. On the other hand,
the probability of finding the system around these particular distances also vanishes since it is
proportional to the square of the wave-function. In this sense, the corresponding poles in the
polarization are not significant. In order to avoid this complication, we define a mean (average
over the angular momenta) PP as

〈Upol(R)〉 = 〈Vpol(R)〉 + i〈Wpol(R)〉 =
∑

J aJ|F0J(R)|2Upol(R)∑
J aJ|F0J(R)|2 , (16)

where

aJ = (2J + 1)|1 − S0J|2. (17)
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(a)

(b)

(c)

(d)

Figure 13. Real (black lines) and imaginary (red lines) parts of the mean polarization
potential for Eα = (a) 2, (b) 9 and (c) 10 MeV. For comparison, in (d) we show the
nuclear bare interaction.

(a)

(b)

(c) (d)

Figure 14. Real (black lines) and imaginary (red lines) parts of the mean polarization
potential, as a function of the bombarding energy, for different distances of the
interaction: R = 1, 2, 3 and 4 fm. At these radii, the strengths of the bare nuclear
interaction (V0) are, respectively, −163.8, −110.5, −55.1 and −19.8 MeV.

This expression is quite similar to that proposed in [23], except for the definition of the aJ

coefficients, assumed in that paper as aJ = (2J + 1)(1 − |S0J|2). Expression (17) is more
appropriated in the present case because below the reaction threshold all the elastic S-matrix
elements have unitary modulus. In figure 12(d), we can notice that the poles actually disappear
in the case of the mean PP at Eα = 5 MeV.

Figures 13(a)–(c) show the real (black lines) and imaginary (red lines) parts of the mean
PP, as a function of the distance, for three different energies. For comparison, in figure 13(d)
we also present the nuclear bare interaction V0. The behavior of the mean PP as a function
of the energy is shown in figure 14 for four different distances of interaction. As can be seen
in figures 13 and 14, the shape and also the energy dependence of the polarization present
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Figure 15. Experimental and theoretical CC astrophysical S factors, for the capture
reaction, in an energy region around the 2+ resonance. The 2+ 16O level positioned at
Eα ≈ 5.81 MeV is indicated by the arrow in the figure. This same resonance is also
shown in figure 10 in another scale.

(a)

(b)

(c)

Figure 16. (a) Square of the elastic (|F0J |2, dashed blue line), inelastic (
∑

� |F (J)

2� |2,
short-dashed red line) and total (|F(R)|2 = |F0J |2 + ∑

� |F (J)

2� |2, solid black line) wave-
functions, for J = 2 at Eα = 7 MeV, as functions of the radius. (b) The bare nuclear
interaction V0(R). (c) The folding between the potential and the square of the total wave
function: Fold. = −V0(R) × |F(R)|2.

quite complex structures. It is thus remarkable that just a small renormalization of the bare
interaction can partially simulate the effects of the PP on the elastic phase-shifts (as illustrated
in figure 11).
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Figure 17. Square of total wave-functions for J = 2 at different energies, as indicated
in the figure. Note that the change from linear (bottom) to logarithmic (top) scale.

5. The simulation of the capture reaction

As already mentioned, we have used a tiny imaginary potential, which is proportional to the
nuclear bare interaction, W (R) = NI V0(R), to simulate the absorption of flux from the elastic
and inelastic channels to the capture process. The corresponding cross section was obtained
through (12). In this section, we discuss the reason for the success of this procedure in some
cases.

We take as example the 2+ excited state of the 16O, corresponding to the excitation energy
of 11.52 MeV with width of 0.071 MeV. In the laboratory frame of reference, this resonance
is positioned at Eα = 5.81 MeV with width of 0.095 MeV. The data and the results of the CC
calculations for the respective capture S factor are presented in figure 15. As can be seen in
this figure, our theoretical results are in quite good agreement with the data. To understand
the reason for that, we should study the behavior of the wave-function for J = 2 at energies
around 5.81 MeV, as follows.

Figure 16(a) shows the square of the elastic, inelastic and total wave-functions, for J = 2
at Eα = 7 MeV, as a function of the radius. In figure 16(b), we present the nuclear bare
interaction, and, in figure 16(c), one can see the folding of the interaction with the square of
the total wave-function: −V0(R) × |F(R)|2. Considering that W (R) is proportional to V0(R),
this folding basically represents the integrand of expression (12), which is used to calculate
the capture cross section. As V0(R) has a short range, the folding values become significant
only for small distances (compare figure 16(a) with (c)). That is the key idea of using the
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imaginary potential proportional to the nuclear interaction (with the purpose of simulating the
absorption from the capture reaction). If the system has large values for the wave-function at
small R values, which means a large probability of finding the α particle quite close to the
12C, then the capture reaction cross section should also be large. This seems to be a reasonable
idea which is automatically contained in the folding of (12) according to the model proposed
here. Indeed, the description of the fusion process through an inner imaginary potential is an
idea already applied in many works. Here, we have just adapted this procedure to the resonant
process of the capture reaction.

Figure 17 presents the square of the total J = 2 wave-function at several energies around
the 2+ resonance. Let us focus on the region of small R values of this figure. The wave-function
is relatively small at Eα = 5.6 MeV (about two widths far from the centroid of the resonance).
The wave-function values become larger for increasing energies, reaching maximum values
at about Eα = 5.8 MeV (centroid of the resonance). Then the wave-function values become
smaller for higher energies. This resonant behavior of the wave-function results, thus, through
(12), in the respective behavior of the S factor shown in figure 15.

Our model works well because the capture cross sections are very small and, consequently,
NI has tiny values. This results in quite small strength for the imaginary potential, which is
an important condition to guarantee that the imaginary potential does not affect the wave-
function. In fact, we checked that the wave-functions and also the elastic phase-shifts present
totally negligible changes if we turn the imaginary potential off (using NI = 0). Thus, the
resonances in the cross sections are contained, in some form, in the real part of the interaction,
since it is responsible for the resonant behavior of the wave-function.

6. Summary and conclusion

We have chosen the α + 12C system to study the effects of the inelastic couplings on the
elastic scattering and capture reaction processes. This choice was made due to several reasons.
First because this system presents a small number of open reaction channels at low energies,
which allowed us to assume an almost negligible (except by the tiny NI) imaginary potential
in our analyzes. Furthermore, the adopted vibrational model for the inelastic coupling is well
established. In addition, there is a large set of data available for this system. The data fit was not
the main purpose of this work. Even so, we obtained a reasonable description of experimental
elastic phase-shifts, inelastic cross sections and S factor for capture reactions, although the
precision of our results is not comparable with the remarkable data fits obtained with R-matrix
calculations (see e.g. [6, 24]).

As we have demonstrated, the effects of the coupling on the elastic phase-shifts are
significant even at energies well below the threshold. The shape, angular momentum and
energy dependencies of the corresponding PP are quite complicated. Despite its complexity,
the effects of the PP (inelastic coupling) on the elastic phase-shifts can be simulated, only
partially, with a J-dependent renormalization of the bare interaction of roughly 10%.

Our model includes a simulation for the absorption of the flux by the capture reaction.
With this model, we described some resonances observed in the capture cross sections, which
are closely related to the behavior of the corresponding elastic phase-shifts as a function of
the energy. Somehow these resonances are contained in the real part of the nuclear interaction
between the α and the 12C nuclei, which ultimately is the responsible for the resonant behavior
of the wave-function. Our analyzes clearly show that a few of these resonances are related
to the inelastic coupling since they are washed out when it is turned off. On the other hand,
there are also other resonances observed in the data set that could not be described by our
calculations.
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A logical next step of this work would be to increase the number of channels explicitly
included in the CC calculations. The present approach could be easily adapted to include the
4+ state of 12C, which probably has significant effects on the elastic phase-shifts and capture
reaction. Other natural candidates would be the (α, p) and (α, γ ) channels which, however,
are not simple direct channels since the compound nucleus certainly plays an important role
in these processes. Thus, possibly a new model for the coupling of this kind of channels is
required to appropriately describe such processes.
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Appendix. The coupled-channel calculations

A general description of CC calculations for heavy-ion systems can be found, for instance, in
[1]. In this section, we present the approach assumed in our CC calculations within the context
of the vibrational model, which is similar to that reported in [25]. In the present case, the α +
12C (g.s.) is the entrance channel, while α + 12C (g.s.) and 12C (2+ E∗ = 4.439 MeV) are the
possible exit channels.

The radius of the deformed 12C nucleus is described by a quadrupole deformation written,
in its intrinsic frame of reference, as

R(θI, φI ) = R0

[
1 +

∑
m

a2mY2m(θI, φI )

]
, (A.1)

with

a20 = β cos γ

a21 = a2−1 = 0

a22 = a2−2 = β sin γ /
√

2. (A.2)

In the laboratory frame of reference, where the z-axis has the same direction of the beam, the
target radius is given by

R(θL, φL) = R0

[
1 +

∑
m

α∗
2mY2m(θL, φL)

]
, (A.3)

with

α2m =
∑

m′
a2m′D2∗

mm′ (θ1, θ2, θ3), (A.4)

where D2∗
mm′ is the rotation matrix and θi ≡ (θ1, θ2, θ3) is the set of the Euler angles between

both frames of reference (see e.g. [26]).
As usual (see e.g. [25, 27–29]), the deformed nuclear and Coulomb interactions are

expanded to first order in the corresponding deformation parameters as

U (�R, α) = VN (R) + VC(R) + iW (R) −
[

dVN

dR
− R0

3Z1Z2e2

5
f (R)

]
R0

∑
m

α∗
2mY2m(θ, φ),

(A.5)
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Figure A1. Schematic representation of the collision between a spherical (α) and a
deformed (12C) nucleus. ZI and ZLAB.are Z axes in the intrinsic and laboratory frames of
reference, respectively. θi represents the set of Euler angles between these frames. The
radius of the deformed nucleus at a particular direction is shown in the figure and can
be described through (A.1) or (A.3) in both systems of references. Finally, the figure
also shows the �R vector that connects the centers of mass of the two nuclei.

where f (R) = 1/R3 for R � R0 and f (R) = R2/R5
0 for R � R0, R0 = 1.06 A1/3

2 fm, A1, A2,
Z1, Z2 are the numbers of nucleons and protons of the alpha and 12C nuclei. In (A.5), R is the
distance between the centers of mass of both nuclei and (θ, φ) represents the direction of �R in
the laboratory frame of reference. Figure A1 shows a schematic representation of the collision.

In (A.5), VN (R) and VC(R) are the central parts of the nuclear and Coulomb potentials,
respectively, and W (R) is a quite small imaginary potential used to simulate the absorption
from the capture reaction. We assume VN (R) = NR V0(R) and W (R) = NI V0(R), where NR

and NI are normalization factors for the real and imaginary parts of the optical potential, and
V0(R) is the nuclear interaction proposed in [5]:

V0(R) =
∫

ρ1(r1)ρ2(r2)v(�R − �r1 + �r2) d�r1 d�r2, (A.6)

with

v(�r) = −U0e−(r/a)2
, (A.7)

U0 = 87.226 MeV and a = 0.95 fm. In (A.6), ρi(ri) represent the undeformed matter densities
of the nuclei, which we associate with the corresponding charge densities multiplied by two
(due to the normalization). In our analyzes, NR is close to the unity and NI is of the order of
10−9. Also the Coulomb potential has been obtained from folding procedures:

VC(R) =
∫

ρC1(r1)ρC2(r2)
e2

|�R − �r1 + �r2|
d�r1 d�r2. (A.8)

The undeformed ground-state charge distributions, ρCi(ri), were obtained from [30].
The Schrödinger equation for the present case is

[T̂ + Ĥ(α) + U (�R, α)]
(�R, α) = E
(�R, α), (A.9)
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where α represents the complete set of deformation coordinates: β, γ , θi. In (A.9), T̂ is the
kinetic energy operator, Ĥ is the intrinsic Hamiltonian (vibrational model) of the deformed
nucleus (12C) and 
 is the total wave-function of the system. We expand the wave-function
into a sum involving the total angular momentum (J) as


 =
∑

J

1

kR

√
4π(2J + 1) ei σJ ψJ(�R, α), (A.10)

where σJ are the pure Coulomb phase-shifts and k is related to the total energy E = �
2k2/2μ.

The partial wave-functions are given by

ψJ(�R, α) = iJF0J(R)YJ0(θ, φ)�00(α) +
∑

�

∑
m

CJ 2 �
0 −m mi�F (J)

2�
(R)Y�m(θ, φ)�2m(α). (A.11)

In (A.11), �00 and �2m, which are related to F0J and F (J)

2�
, respectively, are the intrinsic

wave-functions for the ground-state and first 2+ excited state of the 12C. The sum over the
Clebsh–Gordan coefficients, CJ 2 �

0 −m m, warrants the angular momentum conservation.
Taking into account the properties of the intrinsic wave-functions, it is possible to

demonstrate (see e.g. [25]) that the non vanishing terms in (A.11) correspond only to � = J−2,
J and J + 2 (with, of course, � � 0). Replacing 
 in (A.9) by (A.10) and (A.11), the set of
coupled equations (1) and (2) of section 3 is obtained. In (2), βN and βC actually represent
the root–mean–square (rms) values of the nuclear and Coulomb deformations [25, 26]. In our
calculations, we have assumed the βC parameter from its relation with the B(E2) ↑

B(E2) ↑=
(

3ZeβCR2
0

4π

)2

. (A.12)

Considering B(E2) ↑= 0.0041 e2b2 for 12C [31], we obtain βC = 0.76. The βN parameter
was considered an adjustable value in order to fit the data.

Due to the long range of the Coulomb potential, the wave-functions must have the
asymptotic behavior expressed by (3) and (4). The reaction and total inelastic cross sections
can be obtained from

σR = π

k2

∑
J

(2J + 1)(1 − |S0J|2), (A.13)

σIn = πk′

k3

∑
J

(2J + 1)
∑

�

|S2�|2, (A.14)

where E − E∗ = �
2k′2/2μ. Considering the definition (13) of the equivalent PP, the reaction

cross section can also be obtained from σR = ∑
σRJ , where [22]:

σRJ = −(2J + 1)
4π

kE

∫ ∞

0
[W (R) + Wpol(R)]|F0J|2 dR. (A.15)

For vanishing imaginary potential, W (R) = 0, there is flux conservation (lost of flux in
the elastic channel = gain of flux in the inelastic channel) and σR = σIn. For W (R) 
= 0, part of
the flux is absorbed by the imaginary potential, which we associatewith the capture reaction:
α +12 C →16 O + γ . In principle, this flux could be calculated from σC = σR − σIn. However,
σC is very small (therefore σR ≈ σIn) and the corresponding numerical calculation can become
quite imprecise. Thus, we prefer to calculate the capture cross section by the equivalent and
alternative (12) of section 3.
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