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In this paper, we deal with the semi-parametric estimation of the extreme value
index, an important parameter in extreme value analysis. It is well known that
many classic estimators, such as the Hill estimator, reveal a strong bias. This
problem motivated the study of two classes of kernel estimators. Those classes
generalize the classical Hill estimator and have a tuning parameter that enables
us to modify the asymptotic mean squared error and eventually to improve their
efficiency. Since the improvement in efficiency is not very expressive, we also
study new reduced bias estimators based on the two classes of kernel statistics.
Under suitable conditions, we prove their asymptotic normality. Moreover, an
asymptotic comparison, at optimal levels, shows that the new classes of reduced
bias estimators are more efficient than other reduced bias estimator from the lit-
erature. An illustration of the finite sample behaviour of the kernel reduced-bias
estimators is also provided through the analysis of a data set in the field of
insurance.
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1 INTRODUCTION

Suppose we have a sample X1,X2, … ,Xn, of independent and identically distributed (i.i.d.) random variables (r.v.'s) with
a common distribution function (d.f.) F with F a heavy tailed model. Then 1 − F is of regular variation with index of
regular variation equal to −1∕𝜉 > 0 (see Bingham et al1 for details); ie, for every x > 0,

lim
t→∞

1 − F(tx)
1 − F(t)

= x−1∕𝜉 ,

and we write 1 − F ∈ RV−1/𝜉 . In the case 𝜉 > 0, it is known that the quantile function U(t) ∶= F←(1 − 1∕t), t ≥ 1, with
F←(𝑦) ∶= inf {x ∶ F(x) ≥ 𝑦} the generalized inverse of F, is of regular variation with index 𝜉 > 0, ie,

lim
t→∞

U(tx)
U(t)

= x𝜉 . (1)

Consequentially, F is in the max-domain of attraction of the extreme value d.f., given by

EV𝜉(x) =
{

exp(−(1 + 𝜉x)−1∕𝜉), 1 + 𝜉x > 0, if 𝜉 ≠ 0,
exp(− exp(−x)), x ∈ R, if 𝜉 = 0, (2)
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and the notation F ∈ M
(
EV𝜉

)
is used. The parameter 𝜉, in (2), is usually called the extreme value index (EVI), and

it is the primary parameter of extreme and rare events. This index measures the weight of the right tail. Let X1:n ≤
X2:n ≤ … ≤ Xn:n be the associated ascending order statistics (o.s.) of the sample of size n. For 𝜉 > 0, the most popular
semi-parametric EVI-estimator is the Hill estimator,2 the average of the k log-excesses, Vik ∶= ln Xn−i+1∶n − ln Xn−k∶n,
1 ≤ i ≤ k < n, above the high level Xn−k:n or the average of the k-scaled log-spacings of consecutive order statistics
Ui ∶= i(ln Xn−i+1∶n − ln Xn−i∶n), 1 ≤ i ≤ k < n,

𝜉H
n (k) ≡ H(k) ∶= 1

k

k∑
i=1

Ui, 1 ≤ k < n. (3)

Consistency is achieved for an intermediate threshold k, ie, for sequences of integers k = kn, 1 ≤ k < n, such that

k → ∞ and k∕n → 0, as n → ∞. (4)

If we assume a second-order condition that measures the rate of convergence in (1), the Hill estimator in (3) is asymp-
totically normally distributed with asymptotic variance equal to 𝜉2∕k. Moreover, if F is not the strict Pareto model, with
d.f. F(x) = 1−(x∕c)−1/𝜉 , x > c > 0, then H(k) is also asymptotically biased. The bias of the Hill estimator can be very small,
moderate, or large and increases as k increases. Thus, we always have to deal with the bias-variance trade-off problem
when we choose the threshold k. This problem has motivated several researchers to improve the Hill estimator by deal-
ing with the correction of the dominant component of asymptotic bias or through the introduction of new EVI estimators
(see Beirlant et al,3,4 Reiss and Thomas,5 and Gomes and Guillou6 and references therein).

In this paper, we shall consider the following generalizations of the classical Hill estimator, defined as

𝜉
(𝜔)
n (k) ∶= 𝜔

k

k∑
i=1

( i
k

)𝜔−1
Ui, 1 ≤ k < n (5)

and

𝜉
(𝜔)
n (k) ∶= 1

kΓ(𝜔)

k∑
i=1

(
− ln

( i
k

))𝜔−1
Ui, 1 ≤ k < n (6)

where 𝜔 > 0 is a tuning parameter. Different classes of generalized Hill estimators can be found in previous studies.7-12

The classes of EVI-estimators in (5) and (6) belong to the class of kernel EVI-estimators studied in Csörgő et al13 and
Goegebeur et al,14

𝜉n (k) = 1
k

n∑
i=1


( i

k

)
Ui, 1 ≤ k < n, (7)

where  is a kernel function integrating to one. Indeed, the statistics in (5) and (6) are kernel EVI estimators, of the type
(7), built with the power () and log () kernel functions,

(w) ≡ (𝜔,u) ∶= 𝜔u𝜔−1, and (w) ≡ (𝜔,u) ∶= 1
Γ(𝜔)

(− ln u)𝜔−1, 0 < u < 1, (8)

respectively, where𝜔 is a tuning parameter and Γ denotes the complete Gamma function, defined by Γ(t) = ∫ ∞
0 xt−1e−x dx,

t > 0. Also, the class of estimators in (5) was studied in Gomes and Martins15 and Gomes et al16 for any real 𝜔 ≥ 1 and
in Diop and Lo,17 Lo et al,18 and Caeiro et al19 for any real parameter 𝜔 > 0. Ratios of differences of the statistics in (5)
with 𝜔 ≥ 1 were considered in Goegebeur et al14 and Caeiro and Gomes20 to estimate high-order tail parameters.

Remark 1. The class of kernel EVI-estimators in (5) and (6) generalize the Hill estimator in (3). Indeed, (1,u) and
(1,u) are the uniform kernel function, with (𝜔,u) and (𝜔,u) given in (8).

This paper is organized as follows: After the introduction, in Section 2, of a few technical details in the field of EVT,
we study the asymptotic behaviour of the classes of kernel EVI estimators in (5) and (6) and compare them asymptoti-
cally. Since the improvement in the efficiency of the aforementioned classes of kernel EVI-estimators is not expressive, in
Section 3, we propose new classes of reduced bias EVI estimators based on the classes of kernel estimators. Those classes
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are compared asymptotically with a bias-corrected Hill estimator from the literature. In Section 4, we illustrate the finite
sample behaviour of the kernel reduced-bias estimators through the analysis of a data set in the field of insurance. Finally,
some conclusions are presented in Section 5.

2 RESULTS FOR THE CLASSES OF KERNEL EVI ESTIMATORS

2.1 Second- and third-order conditions for a heavy right tail model
To study the asymptotic distributional behaviour of the EVI estimators under study, we need to assume a second-order
condition for the quantile function U that measures the rate of convergence of ln U(tx) − ln U(t) towards 𝜉 ln x, in the
relation

lim
t→∞

ln U(tx) − ln U(t) − 𝜉 ln x
A(t)

= x𝜌 − 1
𝜌

∀x > 0, (9)

where 𝜌 < 0 is a second-order shape parameter, which measures the rate of convergence and |A(t)| must then be a regular
variation function with index 𝜌. To obtain additional information on the asymptotic bias of the EVI estimators, we shall
further assume a third-order condition, ruling now the rate of convergence in (9), and which guarantees that

lim
t→∞

ln U(tx)−ln U(t)−𝜉 ln x
A(t)

− x𝜌−1
𝜌

B(t)
= x𝜌+𝜌′ − 1

𝜌 + 𝜌′
, ∀x > 0, (10)

where |B| must then be of regular variation with index 𝜌′. For more details on the second- and third-order conditions, see
Beirlant et al3 and De Haan and Ferreira.21

For simplicity, we shall further assume a slightly more restrictive third-order condition. We assume that the third-order
condition in (10) is satisfied with 𝜌′ = 𝜌 < 0,

A(t) = 𝜉𝛽t𝜌, B(t) = 𝛽′t𝜌′ = 𝛿A(t)
𝜉

, 𝛿 = 𝛽′

𝛽
, (11)

with 𝛽 ∈ R ≠ 0 and 𝛽′ ∈ R scale second-order parameters. This is equivalent to assume that the tail quantile function of
the underlying model can be written as

U(t) = ct𝜉
(
1 + 𝜉𝛽t𝜌∕𝜌 + O(t2𝜌)

)
, as t → ∞.

Among the models, used in applications, under slightly restrictive third-order condition, we mention the Fréchet, the
Student t, the Burr, or the generalized Pareto. Algorithms for the estimation of the second-order parameters (𝜌, 𝛽) can be
found in previous studies,22-24 among others.

2.2 Asymptotic behaviour of the estimators under consideration
We will now derive the asymptotic behaviour of the above generalizations of the Hill estimator in (5) and (6). Theorem 1
in Goegebeur et al14 enables us to state the following theorem and corollary. The proof of Theorem 1 follows closely the
proof of theorem 1 in Goegebeur et al.14

Theorem 1. Suppose the second-order framework in (9) holds and let k = kn be an intermediate sequence. Then,
with 𝜉•n(k) generally denoting the classes of estimators in (5) and (6), we have the validity of the following asymptotic
distributional representation for any real number 𝜔 > 0.5

𝜉•n(k)
d
= 𝜉 + 𝜎•√

k
Z•

k + b•A(n∕k)(1 + op(1)) (12)

with

𝜎2
(𝜔) =

𝜉2𝜔2

2𝜔 − 1
, 𝜎2

(𝜔) =
𝜉2Γ(2𝜔 − 1)

Γ2(𝜔)
, (13)
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FIGURE 1 Graph of the
normalized standard deviation,
𝜎•∕𝜉, as a function of 𝜔 (left) and of
the bias component, b•, for
𝜌 = −1,−0.5 and −0.25, as a function
of 𝜔 (right) [Colour figure can be
viewed at wileyonlinelibrary.com]

b(𝜔) =
𝜔

𝜔 − 𝜌
, b(𝜔) =

1
(1 − 𝜌)𝜔

, (14)

and

Z(𝜔)
k =

√
k

1
k

k∑
i=1
𝜔
(

i
k

)𝜔−1
(Ei − 1)

𝜎(𝜔)
, Z(𝜔)

k =
√

k

1
k

k∑
i=1

1
Γ(𝜔)

(
− ln

(
i
k

))𝜔−1
(Ei − 1)

𝜎(𝜔)
,

are asymptotically standard normal r.v.'s, with Ei, i = 1, 2, … a sequence of i.i.d. exponential random variables.

Notice that the asymptotic variance and bias of the EVI-estimator 𝜉•n(k), in (12), are given by Var(𝜉•n(k)) = 𝜎2
•∕k and

Bias(𝜉•n(k)) = b•A(n∕k), respectively. Then the asymptotic mean squared error (AMSE) of 𝜉•n(k) is

AMSE(𝜉•n(k)) =
𝜎2
•

k
+ b2

•A2(n∕k). (15)

Moreover, if we assume A(t) = 𝜉𝛽t𝜌, 𝜌 < 0 and 𝜔 a fixed value, the threshold k0 that minimizes the AMSE, the so-called
optimal level for the estimation of 𝜉 (Brilhante et al,8 Hall,25 and Caeiro and Gomes,26 among others), is given by

k•
0 = k•

0(n) = argmin
k

AMSE(𝜉•n(k)) =
(

𝜎2
•

(−2𝜌)b2
•𝜉

2𝛽2

) 1
1−2𝜌

n
−2𝜌

1−2𝜌 (1 + o(1)).

For the estimators under consideration, it should be noted that 𝜎2
•∕𝜉2, and consequently, k•

0 are independent of 𝜉.

Corollary 1. Under the assumptions of Theorem 1 and assuming that the intermediate sequence k = kn, in (4), satisfies√
A(n∕k) → 𝜆, finite, as n → ∞, we have √

k(𝜉•n(k) − 𝜉)
d

−−→
n→∞


(
𝜆b•, 𝜎

2
•
)
,

where  (𝜇, 𝜎2) denotes a Normal r.v. with mean value 𝜇 and variance 𝜎2.

Remark 2. By replacing 𝜔 by 1 in the expressions of b• and 𝜎2
• of both classes of EVI estimators considered in the

previous corollary, we obtain the well-known asymptotically normal limit behaviour of the Hill estimator in (3),27 ie,

√
k(𝜉H

n (k) − 𝜉)
d
→ 

(
𝜆

1 − 𝜌
, 𝜉2

)
, as n → ∞.

Further note that the normalized standard deviations, 𝜎(𝜔)∕𝜉 and 𝜎(𝜔)∕𝜉, with 𝜎2
(𝜔) and 𝜎2

(𝜔) given in (13), are inde-
pendent of 𝜉 and have a global minimum for 𝜔 = 1. Additionally, the classes of generalized Hill estimators in (5) and (6)
are asymptotically biased. Indeed, both b(𝜔) and b(𝜔) bias components in (14) are also independent of 𝜉 and take only
positive values for 𝜔 > 0. Also, b(𝜔) (b(𝜔)) increases (decreases) as the 𝜔-value increases and b(𝜔) → 1, and b(𝜔) → 0,
as 𝜔→ ∞. In Figure 1, we illustrate the behaviour of the normalized standard deviations and bias components.

http://wileyonlinelibrary.com
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We expect that the class of EVI estimators 𝜉(𝜔)
n (k), defined in (5), to be less efficient than the Hill estimator for 𝜔 > 1.

The same happens with the class of EVI estimators 𝜉(𝜔)n (k) in (6) for 𝜔 < 1.

2.3 Asymptotic comparison at optimal levels
Following De Haan and Peng28 (see also Gomes and Martins,7 Gomes et al,16,29 and Gomes and Henriques-Rodrigues,30

among others) for the classical EVI estimators and recently in Caeiro and Gomes31 for reduced-bias (RB) EVI estimators,
we now proceed to an asymptotic comparison of the estimators under study at their optimal levels, k•

0. As a first step, we
minimize the AMSE with respect to the threshold k, assuming that the tuning parameter 𝜔 is fixed. Next, we improve the
efficiency of the classes of EVI-estimators by dealing with the choice of the parameter 𝜔.

Let us assume that 𝜉•n(k) denotes any arbitrary semi-parametric estimator of the EVI with an AMSE given in (15). The
use of regular variation theory1 enables us to guarantee that, whenever b• ≠ 0, there exists a function𝜑(n, 𝜉, 𝜌), dependent
only on the underlying model, and not on the estimator,28 such that

lim
n→∞

𝜑(n, 𝜉, 𝜌)AMSE
(
𝜉•0
)
=
(
𝜎2
•
)− 2𝜌

1−2𝜌
(

b2
•
) 1

1−2𝜌 =∶ LMSE
(
𝜉•0
)
,

with 𝜉•0 = 𝜉•n(k•
0) the EVI-estimator computed at its optimal level and with LMSE standing for limiting mean square error.

By considering the ratio of the LMSE for two different EVI estimators, we get a measure independent of the 𝜑(.) function.
We can then consider the following measure of efficiency:

Definition 1. Given two biased estimators 𝜉(1)n (k) and 𝜉(2)n (k), for which a distributional representation of the type
of the one in (12) holds, with constants (𝜎1, b1) and (𝜎2, b2), b1, b2 ≠ 0, respectively, both computed at their optimal
levels, the asymptotic root efficiency (AREFF) of 𝜉(1)0 relatively to 𝜉(2)0 is

AREFF1|2 ≡ AREFF𝜉(1)0 |𝜉(2)0
∶=

√√√√LMSE[𝜉(2)0 ]

LMSE[𝜉(1)0 ]
=
((

𝜎2

𝜎1

)−2𝜌 ||||b2

b1

||||
) 1

1−2𝜌

. (16)

The measure, in (16), was devised so that if AREFF is equal to 1, the estimators have the same efficiency at their optimal
levels. The higher the AREFF measure is, the better is the estimator identified with the superscript (1). If the asymptotic
comparison of the aforementioned classes of EVI estimators is made with the Hill estimator, we have

AREFF(𝜔)|H ≡ AREFF𝜉(𝜔)
0 |𝜉H

0
∶=

(2𝜔 − 1
𝜔2

) −𝜌
1−2𝜌

(
𝜔 − 𝜌
𝜔(1 − 𝜌)

) 1
1−2𝜌

, (17)

and

AREFF(𝜔)|H ≡ AREFF𝜉(𝜔)
0 |𝜉H

0
∶=

(
Γ2(𝜔)

Γ(2𝜔 − 1)

) −𝜌
1−2𝜌 (

(1 − 𝜌)𝜔−1) 1
1−2𝜌 , (18)

for 𝜔 > 0.5. It should be noted that both AREFF indicators in (17) and (18) are independent of 𝜉 and 𝛽 and depend only
on the values of 𝜌 and 𝜔. Figure 2 shows a contour plot of AREFF(𝜔)|H and AREFF(𝜔)|H in (17) and (18), respectively,
in the (𝜔, 𝜌)-plane. As may be seen in the figure, there is a region where both 𝜉(𝜔)

0 and 𝜉(𝜔)0 outperforms asymptotically
the Hill estimator. For an arbitrary values of the second-order parameter 𝜌 < 0, the asymptotic efficiency of 𝜉(𝜔)

0 and
𝜉
(𝜔)
0 relatively to 𝜉H

0 is larger than 1 in a region of 𝜔-values, dependent on 𝜌. The region includes more values of w
as 𝜌 approaches 0. However, the improvement is not impressive. The maximal value of the measures AREFF(𝜔)|H and
AREFF(𝜔)|H is 1.02505 and 1.04211, respectively.

Remark 3. By considering the possibility of working with a tuning parameter 𝜔 in the interval (0.5, 1), we were able
to improve the conclusions presented in Gomes et al,16 for the class of EVI estimators in (17), in which 𝜔 = 1 was
considered optimal. Indeed, Figure 2 shows that we can have an AREFF(𝜔)|H indicator greater than 1 for 𝜔 < 1.
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FIGURE 2 Contour plot of AREFF(𝜔)|H
(top) and AREFF(𝜔)|H (bottom) as a function of
(𝜔, 𝜌) [Colour figure can be viewed at
wileyonlinelibrary.com]

TABLE 1 Values of 𝜔0| and
𝜔0| for some selected values of 𝜌

𝜌 −∞ −3 −2.5 −2 −1.5 −1 −0.75 −0.5 −0.25 −0.1 −0.01 0
𝜔0| 1 0.898 0.886 0.871 0.851 0.823 0.804 0.781 0.750 0.726 0.709 1√

2
𝜔0| 1 1.204 1.231 1.266 1.318 1.400 1.464 1.557 1.708 1.855 1.983 2

Regarding the optimal choice of𝜔, it is easy to verify that the maximization of AREFF(𝜔)|H or AREFF(𝜔)|H is equivalent
to the minimization of the LMSE of the classes of EVI estimators 𝜉(𝜔)

0 and 𝜉(𝜔)0 , respectively. Therefore, with respect to
𝜉
(𝜔)
0 , it follows that the optimal value of 𝜔, denoted by 𝜔0| , is the solution of the equation 𝜔2 − 𝜌𝜔+ 𝜌− 0.5 = 0; ie, it is

explicitly given by

𝜔0| = argmin
𝜔

LMSE
(
𝜉
(𝜔)
0

)
= arg max

𝜔
AREFF(𝜔)|H = 𝜌

2
+
√(

1 − 𝜌

2

)2
− 1

2
.

As for the class of EVI estimators 𝜉(𝜔)0 , the optimal value of 𝜔, now denoted 𝜔0|, is a function of 𝜌 and is the solution of
the equation𝜓(2𝜔)−𝜓(𝜔) = − ln(1−𝜌)∕(2𝜌), where𝜓(t) = Γ′(t)∕Γ(t), t > 0 denotes the Digamma function. This equation
can be easily solved numerically. In Table 1, we present the optimal values 𝜔0| and 𝜔0| for some selected values of 𝜌.
The limits of the optimal levels, when 𝜌 → −∞ or 𝜌 → 0, are also presented in the aforementioned table.

Let us now denote 0 ∶= (𝜔0| ) and 0 ∶= (𝜔0|). Then we have AREFF0|H > 1 and AREFF0|H > 1 for every
𝜌 < 0. Consequently, it is thus sensible to compare directly both estimators 𝜉0

0 and 𝜉0
0 , ie, the classes of EVI estimators

http://wileyonlinelibrary.com
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FIGURE 3 Graph of AREFF0|0
, as a function of 𝜌

(5) and (6) at their optimal values of the parameters k and𝜔. In Figure 3, we provide a plot of AREFF0|0 . The plot shows
that AREFF0|0 < 1 for −2.5 < 𝜌 < 0; ie, at the corresponding optimal levels k and𝜔, 𝜉0

0 is asymptotically more efficient
than 𝜉0

0 .
The asymptotic results here presented provide us important information about the behaviour of the estimators for very

large samples. Empirical simulation results such as the ones in Gomes and Martins7 and Brilhante et al8 show that the
empirical efficiency of many estimators, comparatively with the Hill estimator, is usually much larger than the asymptotic
efficiency.

Remark 4. On the basis of the theoretical results here presented, we can suggest the following adaptive
EVI-estimators:

𝜉
̂0
n (k) = 𝜉

(𝜔̂0| )
n (k) and 𝜉

̂0
n (k) = 𝜉

(𝜔̂0|)
n (k), 1 ≤ k < n, (19)

where 𝜌̂ is an adequate estimator of the second-order parameter 𝜌 in (9),

𝜔̂0| = 𝜌̂

2
+

√(
1 − 𝜌̂

2

)2

− 1
2
,

and 𝜔̂0| is the solution of the equation 𝜓(2𝜔̂0|) − 𝜓(𝜔̂0|) = − ln(1 − 𝜌̂)∕(2𝜌̂). The study of the estimators in (19) is
beyond the scope of this paper and will be be addressed in future work.

3 NEW CLASSES OF REDUCED BIAS KERNEL ESTIMATORS

The problem of the bias of classic EVI estimators, such as the estimators in (3), (5), and (6), has stimulate researchers to
consider the correction of the dominant term of asymptotic bias. In the first papers, the classical bias-variance trade-off
always appears. Such a trade-off was only removed with an appropriate estimation of the second-order parameters (𝜌, 𝛽),
as done in previous studies.23,32-35 Those second-order reduced-bias estimators are usually called minimum variance
reduced-bias (MVRB) EVI estimators because they have an asymptotic variance equal to that of the Hill estimator but an
asymptotic bias of smaller order and thus outperform the Hill estimator for all k. The simplest MVRB estimator is the one
introduced in Caeiro et al,32 with the functional form

𝜉CH
n (k) = 𝜉CH

n (k|𝛽, 𝜌̂) ≡ CH(k) = 𝜉H
n (k)

(
1 − 𝛽

1 − 𝜌̂

(n
k

)𝜌̂)
, 1 ≤ k < n, (20)

with (𝛽, 𝜌̂) adequate estimators of the vector of second-order parameters, (𝛽, 𝜌) ∈ (R,R−), computed at the high level
k1 = ⌊n1−𝜖⌋, with 𝜖 → 0, a threshold used in Caeiro et al32 and Gomes and Pestana,22 among others. As usual, for
the estimation of 𝜌, it has been advised the use of the simplest class of estimators in Fraga Alves et al,36 denoted now
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𝜌̂ = 𝜌̂(k1). The estimation of 𝛽 has been performed through the use of a statistics dependent on a consistent estimator of
𝜌, denoted 𝛽(k; 𝜌̂), introduced in Gomes and Martins,37 and also computed at the same k1, ie, 𝛽 = 𝛽(k1; 𝜌̂). Algorithms for
the estimation of the second-order parameters (𝜌, 𝛽) can be found in Gomes and Pestana,22 Gomes et al,23 and Caeiro and
Gomes,26 among others.

Since there is not any RB or MVRB estimator that can always dominate all the alternative estimators, the study of new
EVI-estimators is still an important and relevant research topic. Using the method of direct reduction of the dominant
component of asymptotic bias used in Caeiro et al,32 in this paper, we further consider the RB estimators

𝜉
(𝜔)
n (k) = 𝜉

(𝜔)
n (k|𝛽, 𝜌̂) = 𝜉

(𝜔)
n (k)

(
1 − 𝜔𝛽

𝜔 − 𝜌̂

(n
k

)𝜌̂)
, 1 ≤ k < n (21)

and

𝜉
(𝜔)
n (k) = 𝜉

(𝜔)
n (k|𝛽, 𝜌̂) = 𝜉

(𝜔)
n (k)

(
1 − 𝛽

(1 − 𝜌̂)𝜔
(n

k

)𝜌̂)
, 1 ≤ k < n (22)

where𝜔 > 0.5 is a tuning parameter and (𝛽, 𝜌̂) adequate estimators of the vector of second order parameters (𝛽, 𝜌). Further
note that the class of RB EVI-estimators (21) and (22) extends the MVRB estimators in (20).

3.1 Asymptotic behaviour of the reduced-bias estimators
Adaptations of the theorem 2 in Goegebeur et al14 and proposition 4.1.1. in Caeiro and Gomes35 enable us to state the
following proposition.

Proposition 1. Suppose the third-order framework in (10) with A(t) and B(t) satisfying (11) and let k = kn be an inter-
mediate sequence. Then, with 𝜉•n(k) generally denoting any of the classes of estimators in (5) and (6), we have the validity
of the following asymptotic distributional representation for any real number 𝜔 > 0.5

𝜉•n(k)
d
= 𝜉 + 𝜎•√

k
Z•

k + b(1)
• A(n∕k) + Op

(
A(n∕k)√

k

)
+ b(2)

• A2(n∕k)(1 + op(1))

with 𝜎•, Z•
k and b(1)

• = b• defined in Theorem 1 and

b(2)
(𝜔) =

𝛿𝜔

𝜉(𝜔 − 2𝜌)
, b(2)

(𝜔) =
𝛿

𝜉(1 − 2𝜌)𝜔
.

Next, we formulate the main results about the asymptotic behaviour of the EVI estimators in Equations (21) and (22).

Theorem 2. Under the conditions of Proposition 1, and if we consider consistent estimators (𝛽, 𝜌̂) of (𝛽, 𝜌) both computed
at a level k1 such that k = o(k1), and assuming (𝜌̂−𝜌) ln n = op(1) and (𝛽−𝛽)∕𝛽 p∼−(𝜌̂−𝜌) ln(n∕k1), a condition that holds
for several estimators of 𝛽, then for intermediate k such that

√
kA(n∕k) → 𝜆1, 𝜉•n(k) have a null dominant component of

asymptotic bias. More specifically,

√
k
(
𝜉•n(k) − 𝜉

) d
→ 

(
0, 𝜎2

•
)
, as n → ∞. (23)

Moreover, for levels k such that
√

kA(n∕k) → ∞ and
√

kA2(n∕k) → 𝜆2, finite, and further assuming that k1 is optimal
for the estimation of 𝜌, ie, 𝜌̂ − 𝜌 = Op(1∕

√
k1A(n∕k1)),

√
k
(
𝜉•n(k) − 𝜉

) d
→ N(𝜆2b̃•, 𝜎

2
•), as n → ∞, (24)

with

b̃(𝜔) =
1
𝜉

(
𝛿𝜔

𝜔 − 2𝜌
− 𝜔2

(𝜔 − 𝜌)2

)
, b̃(𝜔) =

1
𝜉

(
𝛿

(1 − 2𝜌)𝜔
− 1

(1 − 𝜌)2𝜔

)
.
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Proof. Trivial computations allow us to get

𝜉•n(k|𝛽, 𝜌) d
= 𝜉 + 𝜎•√

k
Z•

k + Op

(
A(n∕k)√

k

)
+ b̃•A2(n∕k)(1 + op(1)).

Consequently,
√

k(𝜉•n(k|𝛽, 𝜌) − 𝜉))
d
→ N

(
0, 𝜎2

•
)

if
√

kA(n∕k) → 𝜆1 and
√

k(𝜉•n(k|𝛽, 𝜌) − 𝜉))
d
→ N

(
𝜆2b̃•, 𝜎

2
•
)

if√
kA(n∕k) → 𝜆2.
Cramer delta method allows us to check that it holds

b(1)
• (𝜌̂)𝛽

(n
k

)𝜌̂
= b(1)

• (𝜌̂)
A(n∕k)
𝜉

[
1 + (a• + ln(n∕k))(𝜌̂ − 𝜌)(1 + op(1)) +

𝛽 − 𝛽
𝛽

(1 + op(1))
]

for some suitable a• = a•(𝜌, 𝜔). Next, we obtain

𝜉•n(k|𝛽, 𝜌) − 𝜉•n(k|𝛽, 𝜌) d
= b(1)

• (𝜌̂)
A(n∕k)
𝜉

(
ln(n∕k)(𝜌̂ − 𝜌)(1 + op(1)) +

𝛽 − 𝛽
𝛽

(1 + op(1))
)

and the first part of the theorem, in (23), follows straightforwardly.
To prove (24), we use (𝛽 − 𝛽)∕𝛽 p∼−(𝜌̂ − 𝜌) ln(n∕k1) and obtain

Dk,k1,n ∶= 𝜉•n(k|𝛽, 𝜌̂) − 𝜉•n(k|𝛽, 𝜌) d
= −b(1)

• (𝜌̂)
A(n∕k)
𝜉

ln(k1∕k)(𝜌̂ − 𝜌)(1 + op(1)).

By using 𝜌̂ − 𝜌 = Op(1∕
√

k1A(n∕k1)), we deduce
√

kDk,k1,n = op(1), and the second part of the theorem follows.

Remark 5. The asymptotic behaviour in Theorem 2 is also true for the CH estimator in (20). Indeed, we have 𝜎2
CH =

𝜎2
(1) = 𝜎2

(1) = 𝜉2 and

b̃CH = b̃(1) = b̃(1) =
1
𝜉

(
𝛿

1 − 2𝜌
− 1

(1 − 𝜌)2

)
.

It is worth to mention that all RB EVI estimators considered in this section can be third-order reduced bias estimators,
ie, can have b̃• = 0 in (24) for certain values of the parameters (𝛿, 𝜌). For the estimator 𝜉CH

n (k), in (20), the asymptotic bias
is null if and only if the parameters (𝛿, 𝜌) satisfy the relation

𝜌 = 1 − 1
1 −

√
1 − 𝛿

, 0 < 𝛿 < 1.

With respect to 𝜉(𝜔)
n (k) and 𝜉(𝜔)n (k), in (21) and (22), respectively, the adequate choice of the tuning parameter 𝜔 allow

us to have a larger region of the plane (𝛿, 𝜌) where b̃• = 0. For the RB EVI estimators in (21) and (22), the asymptotic bias
is null whenever we choose 𝜔 = 𝜔̃0 and 𝜔 = 𝜔̃0 , respectively, with 𝜔̃0 and 𝜔̃0 given by

𝜔̃0 = 𝜌

(
1 − 1√

1 − 𝛿

)
, with 𝜌 <

−
√

1 − 𝛿

2(
√

1 − 𝛿 − 1)
, 0 < 𝛿 < 1, (25)

and

𝜔̃0 = − ln(𝛿)
ln (1 − 𝜌)2 − ln(1 − 2𝜌)

, with 𝜌 >
𝛿2 − 1 −

√
1 − 𝛿2

𝛿2 , 0 < 𝛿 < 1. (26)

The direct estimation of the tuning parameters in (25) and (26) is outside the scope of this work. This is due to the fact
that the estimation of the third-order parameter 𝛽′ in (11) is still an open topic in statistics of extremes.

In Figure 4, we present the region in the plane (𝛿, 𝜌), where the aforementioned RB EVI estimators can be third-order
reduced bias estimators. Notice that such region is a curve for the CH estimator in (20). For the two other RB EVI estima-
tors in (21) and (22), there is a large region on the plane (𝛿, 𝜌) where we can have can have b̃• = 0. Moreover, if b̃(𝜔) = 0
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FIGURE 4 Region the region
in the plane (𝛿, 𝜌), where the RB
EVI estimators 𝜉CH

n (k) (left),
𝜉
(𝜔)
n (k) (centre), and 𝜉(𝜔)n (k)

(right) can be third-order
reduced bias estimators.
[Colour figure can be viewed at
wileyonlinelibrary.com]

or b̃(𝜔) = 0 and b̃CH ≠ 0, then the new RB EVI estimators in (21) and (22) outperform the state of the art in RB EVI esti-
mation by having lower mean squared error. Such behaviour holds, for example, for Student t distribution with 𝜈 degrees
of freedom.

3.2 Asymptotic comparison at optimal levels
We now proceed to an asymptotic comparison of the RB estimators under study at their optimal levels. This is again done
in a way similar to the one used in Section 2.3. Let us now assume that 𝜉•n(k) denotes any arbitrary RB semi-parametric
estimator of the EVI. Then the AMSE of 𝜉•n(k) is given by 𝜎2

•∕k + b̃2
• A4(n∕k). Let k̃•

0(n):=arg minkAMSE(𝜉•n(k)) be the
optimal level for the estimation of 𝜉 through 𝜉•n(k) and let us denote 𝜉•0 ∶= 𝜉•n(k̃0), the estimator computed at its optimal
level. Then, whenever b̃• ≠ 0, there exists a function 𝜑(n, 𝜉, 𝜌) such that

lim
n→∞

𝜑(n, 𝜉, 𝜌)AMSE
(
𝜉•0
)
=
(
𝜎2
•
)− 4𝜌

1−4𝜌
(

b̃2
•
) 1

1−4𝜌 =∶ LMSE
(
𝜉•0
)
.

Let us now consider two estimators 𝜉(1)0 and 𝜉(2)0 , for which the distributional representation in (24) holds, with constants
(𝜎1, b̃1) and (𝜎2, b̃2), b̃1, b̃2 ≠ 0, respectively, both computed at their optimal levels. Then the AREFF measure of efficiency,
presented in Definition 1, of 𝜉(1)0 relatively to 𝜉(2)0 , is

AMSE1̃|2̃ ≡ AMSE𝜉(1)0 |𝜉(2)0
∶=

√√√√LMSE[𝜉(2)0 ]

LMSE[𝜉(1)0 ]
=

((
𝜎2

𝜎1

)−4𝜌 ||||| b̃2

b̃1

|||||
) 1

1−4𝜌

.

Now, we are able to compare the RB EVI estimators 𝜉(𝜔)
0 and 𝜉(𝜔)0 with the 𝜉CH

0 RB EVI estimator. It is not difficult to
obtain

AMSE̃(𝜔)|CH ∶=

((2𝜔 − 1
𝜔2

)−2𝜌 ||||| 𝛿(1 − 2𝜌)−1 − (1 − 𝜌)−2

𝛿𝜔(𝜔 − 2𝜌)−1 − 𝜔2(𝜔 − 𝜌)−2

|||||
) 1

1−4𝜌

(27)

and

AMSE̃(𝜔)|CH ∶=

((
Γ2(𝜔)

Γ(2𝜔 − 1)

)−2𝜌 ||||| (1 − 2𝜌)−1 − (1 − 𝜌)−2

𝛿(1 − 2𝜌)−w − (1 − 𝜌)−2w

|||||
) 1

1−4𝜌

. (28)

We observe that the AREFF measures in (27) and (28) depends on the the values of the parameters 𝜔, 𝛿, and 𝜌, and it
is convenient to consider their maximization with respect to 𝜔. For a large region of the parameter space of (𝛿, 𝜌), such
maximization must be done by using numerical algorithms. Moreover, the adequate asymptotic comparison of the RB
EVI estimators in (20), (21), and (22) is not trivial when 0 < 𝛿 < 1, due to the fact that the asymptotic bias for these
estimators can be null at some values of the parameters. The complete study of the estimators for this type of 𝛿-values
would require a fourth-order framework, like the one considered in Goegebeur and De Wet,38 and such study is beyond
the scope of this work.

For 𝛿 ≥ 1, we can maximize the AREFF measure with respect to𝜔 and perform a comparison of the estimators. For the
sake of simplicity, we shall only perform the comparison for 𝛿 = 1, the true value of this parameter for important models
such as the Burr or the generalized Pareto (GP) models with d.f. F(x) = 1 − (1 + x−𝜌/𝜉)1/𝜌, x > 0, and F(x) = 1 + ln EV𝜉(x),
x > 0 (𝜌 = −𝜉), respectively. In Figure 5, we present a contour plot of AREFF̃(𝜔)|CH and AREFF̃(𝜔)|CH defined in (27)
and (28), respectively, in the (𝜔, 𝜌)-plane.

http://wileyonlinelibrary.com
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FIGURE 5 Contour plot of AREFF̃(𝜔)|CH

(top) and AREFF̃(𝜔)|CH (bottom) as a function
of (𝜔, 𝜌) [Colour figure can be viewed at
wileyonlinelibrary.com]

As may be seen in this figure, there is a region of 𝜔-values where both 𝜉(𝜔)
0 and 𝜉(𝜔)0 outperforms asymptotically the

estimator 𝜉CH
0 . With an adequate choice of 𝜔, the improvement of the new classes of reduced bias estimators is more

expressive for values of the shape second order parameter 𝜌 close to 0.

4 A CASE-STUDY IN THE FIELD OF INSURANCE

We next consider the application of the proposed reduced bias kernel estimators in (21) and (22) to the analysis of the
n = 371 automobile claim amounts exceeding 1,200,000 euros from several insurance companies operating with the
re-insurer Secura Belgian Re. This data set is censored to the left, and the underlying model has a heavy right tail (see
Beirlant et al3,39 and Brilhante et al8).

Since it is not yet possible to estimate all third-order parameters, we cannot estimate directly the optimal parameters
(𝜔, k) and extreme value index the associated reduced bias estimator. Therefore, we shall consider a two-step data-driven
heuristic procedure based on the stability of the sample path of the estimates, similar to the ones we can find in Gomes
et al40 and Neves et al.41 Bootstrap procedures like the ones described in previous studies42-45 could also be used. The
estimates of the second-order parameters (𝜌, 𝛽) were computed at the level k1 = [n0.995] = 360 and are given by (𝜌̂, 𝛽) =
(−0.65, 0.78).39

In Figure 6, we present, at the left, the sample paths of the estimates provided by (21) generally denoted by ̃(𝜔), for
the selected values of 𝜔, 𝜔 = 0.75, 1, 1.5, 2, and at the right, the sample paths of the estimates provided by (22) generally
denoted by ̃(𝜔) also for the selected values of 𝜔, 𝜔 = 1, 1.5, 2, 2.5. From Remark 1, we know that the MVRB estimator in

http://wileyonlinelibrary.com
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FIGURE 6 Estimates of the
extreme value index provided by the
estimators 𝜉(𝜔)

n (left) and 𝜉(𝜔)n

(right) for several values of 𝜔
[Colour figure can be viewed at
wileyonlinelibrary.com]

(20) is a particular case of both kernel reduced bias estimators when 𝜔 = 1; ie, 𝜉(1)
n (k) ≡ 𝜉

(1)
n (k) ≡ CH(k). For this data

set, the sample paths associated with the estimator 𝜉(𝜔)
n , in (21), almost overlap for a wide region of k values, independent

of tuning parameter 𝜔 chosen, while the ones associated with 𝜉
(𝜔)
n , in (22), exhibit the same pattern for all values of

𝜔 ≠ 1 and for a wide region of k values. Also, the sample paths of the new class of estimators, ̃(𝜔), 𝜔 > 0.5, and 𝜔 ≠ 1,
are less volatile and more stable than the one associated with the estimator CH ≡ ̃(1) (see Figure 6, right). Using a
heuristic procedure based on the stability of the sample paths, we get for the ̃(𝜔) estimator (𝜔̂, k̂) = (0.75, 186), leading
to an adaptive estimate 𝜉 = 0.24, pictured in Figure 6 (left), and for the ̃(𝜔) estimator (𝜔̂, k̂) = (2.0, 169), leading to an
adaptive estimate 𝜉 = 0.23, pictured in Figure 6 (right). The EVI estimates obtained for these new classes of kernel RB
estimators are in line with the EVI estimate obtained in Beirlant et al.39

5 CONCLUSIONS

In this paper, we considered two classes of kernel estimators that generalize the Hill EVI estimator. We proved their
asymptotic normality and demonstrate that those classes of EVI estimators can be more efficient than the Hill estimator.
In addition, we studied new classes of reduced bias versions of the aforementioned classes of kernel estimators. The
asymptotic results show that with an adequate choice of the parameters 𝜔 and k, the new reduced bias estimators have
a good performance. The choice of the nuisance parameters 𝜔 and k can be done on the basis of data-driven heuristic
procedures related to the sample path stability or based on the double-bootstrap procedure. In real case studies, we advise
the practitioners to plot the sample paths of the new estimators for several values of 𝜔 to identify patterns behaviour and
to hint the best adaptive procedure to estimate 𝜔 and k. Although the results here presented for the new reduced bias
EVI-estimators are appealing, future work on the behaviour of the estimators for finite sample sizes and applications of
the estimators in other real case studies are still needed.
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