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The algebra of octonions O forms the largest normed division algebra over the real
numbers R, complex numbers C and quaternions H. The usual three-dimensional vec-
tor product is given by quaternions, while octonions produce seven-dimensional vector
product. Thus, octonionic algebra is closely related to the seven-dimensional algebra,
therefore one can extend generalization of rotations in three dimensions to seven dimen-
sions using octonions. An explicit algebraic description of octonions has been given to
describe rotational transformation in seven-dimensional space. We have also constructed
a gauge theory based on non-associative algebra to discuss Yang–Mills theory and field
equation in seven-dimensional space.
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1. Introduction

According to the Hurwitz theorem1,2 the only composition algebras are real num-

bers R, complex numbers C, quaternions H and octonions O out of which octonion

forms the largest division algebra (see e.g. Refs. 3 and 4). Complex numbers C

can be described as pairs of real numbers R. Quaternion H forms noncommutative

algebra and can be defined as pair of complex numbers. The algebra of octonions O

defined on the eight-dimensional real vector space R8 and is a non-associative ex-

tension of the algebra of quaternions H. Octonion represents an alternative (the

alternation of associator under the permutation of arguments) and composition (it

satisfy the property N(xy) = N(x)N(y) for the norm N(y) = yȳ = ȳy; x, y ∈ O)

algebra. These composition algebras2 are responsible for many important math-

ematical structures of interest for physicists in various ways to describe proper-

ties of electromagnetism,5 quantum mechanics,6 field theory,7 gauge theory,8–10
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gravitation,11,12 and they have various applications in seven-dimensional space13–15

as well. Various applications of octonion have been widely discussed by Baez.16 It

has also played an important role in the context of various physical problems of

higher-dimensional space-like supersymmetry17,18 and superstring theory.19

Here, we have described the matrix formulation of the vector product in

seven-dimensional space with the help of octonion algebra. This formulation gives

extension of non-Abelian Maxwell equations from three- to seven-dimensional space.

Our presentation is organized as follows. A brief description of octonions and

its algebraic properties have been given in Sec. 2. The rotational transformation in

seven-dimensional space has been constructed by using the algebraic property of

octonions in Sec. 3. Such rotational transformations give SO(7) group generators

as shown in Sec. 4. SO(7) Lagrangian and seven-dimensional Yang–Mills theory

have been described in Sec. 5, which give gauge field and field equation in seven-

dimensional space. Concluding remarks have been given in Sec. 6.

2. Octonions

The octonions, also known as Cayley–Graves numbers, are an algebraic structure

defined on the eight-dimensional real vector space such that two octonions can be

added, multiplied and divided, except that multiplication is neither commutative

or associative. Its elements can be represented as

y = e0y0 + e1y1 + e2y2 + e3y3 + e4y4 + e5y5 + e6y6 + e7y7

= e0y0 +

7∑
a=1

eaya , (1)

where yk (k = 0, 1, . . . , 7) are real numbers, ea (a = 1, 2, . . . , 7) are imagi-

nary octonion units and e0 is the multiplicative unit element. The set of octets

(e0, e1, e2, e3, e4, e5, e6, e7) is known as the octonion basis and its elements satisfy

the following multiplication rules:

e0 = 1 , i.e. e0ea = eae0 = ea ,

eaeb = −δabe0 + fabcec , (a, b, c = 1, 2, . . . , 7) ,
(2)

where δab is the usual Krönecker symbol and the structure constants fabc are com-

pletely antisymmetric, take the value 1 for the following combinations:

fabc = +1 ∀ (abc) = (123), (471), (257), (165), (624), (543), (736) (3)

and vanish otherwise.

Octonion multiplication can be described with the help of Fig. 1. Here, the cyclic

symmetry for the multiplication of octonions can be obtained by ordering seven

points clockwise on a circle with the numbering 1243657 (shown as e1, e2, . . . , e7).

Different triangles like e1e2e3 or e2e4e6 represents the octonion multiplication and

can be obtained by the successive rotations of each by an angle 2π/7.
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Fig. 1. Schematic representation of octonion multiplication.

The octonion basis elements satisfy the following additional relations:

[ea, eb] = 2fabcec ,

{ea, eb} = −2δabe0 ,

ea(ebec) �= (eaeb)ec ,

(4)

where the brackets [ , ] and { , } denote, as usual, the commutator and the anti-

commutator, respectively. Octonion conjugate is defined as

ȳ = e0y0 − e1y1 − e2y2 − e3y3 − e4y4 − e5y5 − e6y6 − e7y7

= e0y0 −
7∑

A=1

eAyA , (5)

where we have used the conjugates of basis elements as e0 = e0 and eA = −eA.

Hence, an octonion can be decomposed in terms of its scalar (Sc(y)) and vector

(Vec(y)) parts as

Sc(y) =
1

2
(y + ȳ) ,

Vec(y) =
1

2
(y − ȳ) =

7∑
A=1

eAyA .

(6)

Conjugates of product of two octonions and its own are described as

(xy) = ȳ x̄ ; (x̄) = x . (7)

The norm N(y) and inverse y−1 (for a nonzero y) of an octonion are respectively

defined as

N(y) = yȳ = ȳy ,

y−1 =
ȳ

N(y)
⇒ yy−1 = y−1y = 1 .

(8)

1550047-3

M
od

. P
hy

s.
 L

et
t. 

A
 2

01
5.

30
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
D

A
D

E
 D

E
 S

A
O

 P
A

U
L

O
 o

n 
03

/2
5/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



March 5, 2015 9:50 MPLA S0217732315500479 page 4

P. Kalauni & J. C. A. Barata

The norm N(y) of an octonion y is zero if y = 0, and is always positive otherwise.

It also satisfies the following property of normed algebra

N(xy) = N(x)N(y) = N(y)N(x) . (9)

Octonions are not associative in nature and thus do not form the group in their

usual form. Non-associativity of octonion algebra O is provided by the associ-

ator (x, y, z) = (xy)z − x(yz) ∀x, y, z ∈ O defined for any three octonions.

If the associator is totally antisymmetric for exchanges of any three variables,

i.e. [x, y, z] = −(z, y, x) = −(y, x, z) = −(x, z, y), then the algebra is called alter-

native. Hence, the octonion algebra is neither commutative nor associative but, is

alternative.

The basic associator with three octonion basis units satisfies the following

relation

[ea, eb, ec] = 2fabcded , (10)

where fabcd is a fully antisymmetric four index object.

fabcd = −1 ∀ (abcd) = (4567), (3751), (6172), (5214), (7423), (1346), (2635) .

Octonion structure constant satisfies the following properties,

fmijfmkl = fijkl − δilδjk + δikδjl ,

faijfbij = 6δab .
(11)

Octonions satisfy weak associative properties called alternativity and flexibility as

follows:

• Alternative property

a(ab) = a2b ,

ba2 = (ba)a .
(12)

• Flexible property

a(ba) = (ab)a . (13)

The sub-algebra generated by (e0, e7) is isomorphic to the algebra C of the complex

numbers while the sub-algebra generated by (e0, e1, e2, e3) is isomorphic to the

algebra H of quaternions.

3. Rotation in Seven-Dimensional Space

An infinitesimal rotation by an angle θ in the plane (i, j) is obtained by the following

operator,

Rij = 1 + θfijkek , (14)

Rij represents the rotations corresponding to various combinations of i and j and it

gives the three same rotational transformations of vectors corresponding to indices

1550047-4
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(i, j, k) of structure constants fijk of octonions. Since the sub-algebra of octonions

composed by e0 and any other three units of octonion with nonvanishing structure

constants is isomorphic to the quaternionic algebra. It means that the product

of octonions in this subspace is associative. Therefore, we can describe rotation

operator Rij acts on a vector x to form a rotated vector x′ as,

x′ = RijxR
−1
ij . (15)

Rotation operator in plane (1, 2), i.e. R12 becomes as

R12 = 1 + θe3 . (16)

Therefore, the rotated vector x′ takes the form

x′ = e1(x1 − 2θx2) + e2(x2 + 2θx1) + e3x3 + e4(x4 + 2θx5)

+ e5(x5 − 2θx4) + e6(x6 − 2θx7) + e7(x7 + 2θx6) . (17)

It shows that under R12 rotation, vectors transform as

x′
1 ⇒ x1 − 2θx2 ,

x′
2 ⇒ x2 + 2θx1 ,

x′
3 ⇒ x3 ,

x′
4 ⇒ x4 + 2θx5 ,

x′
5 ⇒ x5 − 2θx4 ,

x′
6 ⇒ x6 − 2θx7 ,

x′
7 ⇒ x7 + 2θx6 .

(18)

It shows that rotation R12 changes all the vectors except x3. Rotation R12 yields

three simultaneous rotations by an angle 2θ in three planes (1, 2), (5, 4) and (6, 7)

and leaves x3 unchanged. The above transformations of x′ under R12 can be written

as

x′[R12] = x− 2θf123J3x . (19)

In general, we can write

x′[Rij ] = x− 2θfijkJkx , (20)

where i, j, k = 1, 2, . . . , 7 and Jk represents the real 7 × 7 matrix associated with

octonions.

1550047-5
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4. Generators for SO(7) Group

In Eq. (19), J3 is 7 × 7 matrix which represents rotation around the x3 axis or in

the (1, 2), (5, 4) and (6, 7) planes, and it can be written as

J3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0 0

−1 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 −1 0 0

0 0 0 1 0 0 0

0 0 0 0 0 0 1

0 0 0 0 0 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (21)

We can write Ja (a = 1, 2, . . . , 7) in compact form as,

Jk =

7∑
i,j=1

fijkuij =
1

2
fijkUij , (22)

where uij is a 7 × 7 matrix in which the ijth matrix element is unity and Uij =

uij − uji, rest other elements are zero. These 7 × 7 matrices satisfy the following

commutation relations

Jk =
1

3

7∑
i,j=1

fijk[Ji, Jj] . (23)

Since J1, J2, . . . , J7 do not form any algebra so we will describe Jab as the commu-

tator of Ja and Jb, i.e.

Jab = [Ja, Jb] . (24)

There are 21 independents such as Jab’s. Therefore, we consider these 21 generators

as the generators of SO(7) group. Now using Eq. (22), we can write

Jkr = [Jk, Jr] =
1

4
fpqrfijk[Uij , Upq]

=
1

4
fpqrfijk[Uiqδ

jp + Ujpδ
iq − Uipδ

jq − Ujqδ
ip]

=
1

2
fpqr[fipkUiq + fqjkUjp] . (25)

Furthermore, we observe that Jm satisfies the following relationships

fqrkiUiq + frpjkUjp + 4Ukr = 4fkrmJm , (26)

[Ukr, Jn] = −[fknαUαr + frnβUkβ ] . (27)

Now, using Eq. (26) in Eq. (25), we obtain

Jkr = [−3Ukr + 2fkrmJm] . (28)

1550047-6
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Also with the help of Eqs. (28) and (27), the commutation relation between Jab
and Jcd can be obtained as

[Jab, Jcd] = 2fabpfcdqfpqrJr − (3Jbcδad + 3Jadδbc − 3Jbdδac − 3Jacδbd) , (29)

where fabp, fcdq, fpqr are the structure constants of octonions and Jr = 1
3frxyJxy.

In what follows, by using Eq. (29), we define seven-dimensional gauge field, field

tensor, Lagrangian and field equation.

5. Seven-Dimensional Field Equations

We start with covariant derivative

Dμ = ∂μ − igAab
μ (Jab) ,

Dν = ∂ν − igAcd
ν (Jcd) ,

(30)

where Aab
μ is the gauge field. Commutation between Dμ and Dν can be calculated

as

[Dμ, Dν ] = −ig(∂μA
cd
ν )Jcd + ig(∂νA

ab
μ )Jab − g2[Jab, Jcd]A

ab
μ Acd

ν . (31)

Field strength tensor Fμν can be defined by the commutation of two covariant

derivative as

[Dμ, Dν ] = −igFμν . (32)

We can write

−igF xy
μν Jxy = −ig(∂μA

cd
ν )Jcd + ig(∂νA

ab
μ )Jab − g2Aab

μ Acd
ν

(
2

3
fabpfcdqfpqrfrxyJxy

− (3Jbcδad + 3Jadδbc − 3Jbdδac − 3Jacδbd)

)
. (33)

Comparing the coefficient of Jxy on both sides, we get the electromagnetic field

tensor as

F xy
μν = ∂μA

xy
ν − ∂νA

xy
μ +

2g

3
fabpfcdqfpqrfrxyA

ab
μ Acd

ν + 12g(Aax
μ Ady

ν δad) . (34)

In general, we can write

Fμν = F xy
μν Jxy . (35)

With the help of electromagnetic field tensor (34), we can describe Lagrangian as

L =
1

2
FμνF

μν . (36)

Now, we will describe field equation in seven-dimensional space. Since Euler

Lagrangian equation is given by

∂L

∂Aαβ
μ

− ∂ν

[
∂L

∂(∂νA
αβ
μ )

]
= 0 . (37)
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By using Eq. (36), we can calculate

∂L

∂Aαβ
μ

=
4g

3
F xy
μν fαβmfabnfmnλfλxyA

ab
ν − 12g[Fαd

μν A
cd
ν δβc + F βd

μν A
γd
ν δαd] (38)

and also

∂L

∂(∂νA
αβ
μ )

= 2Fαβ
νμ . (39)

Now with the help of Eqs. (38) and (39), Eq. (37) becomes,

∂νF
αβ
μν +

2g

3
F xy
μν fαβmfabnfmnλfλxyA

ab
ν − 6g[Fαd

μν A
cd
ν δβc + F βd

μν A
γd
ν δαd] = 0 ,

∂νF
αβ
μν +

2g

3
fαβmfmnλF

λ
μνA

n
ν − 6g[Fαd

μν A
cd
ν δβc + F βd

μν A
γd
ν δαd] = 0 ,

(40)

which represents the field equation in seven-dimensional space. Therefore, we have

described the importance of octonion algebra to obtain the non-Abelian field equa-

tions in seven-dimensional space.

6. Conclusion

We have described the algebraic properties of octonions to obtain the seven-

dimensional rotational transformations. It gives the 7 × 7 matrix representation

which is associated with octonions. We obtained generators of SO(7) group with

the help of this matrix representation. Afterwards, we have described Lagrangian

for SO(7) gauge group which provides Yang–Mills theory and non-Abelian Maxwell

equations in seven-dimensional space. We have shown the generalization of Yang–

Mills theory from SO(3) group to SO(7) group with the help of multiplication

property of the structure constants of octonions. Thus, we have reproduced a non-

associative octonionic gauge theory based on SO(7) Lie algebras.
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