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Abstract

In this paper non-linear, unstable, SISO and MIMO mechanical systems are considered. Among three case
studies, the first one consists of a lightly damped flexible beam hinged at one end and magnetically
Jevitated at the other end; the second system consists of a magnetically supported rotor, which acts as a
water pump in a water tunnel; the third system consists of a magnetically levitated vehicle prototype. Due
to the unstable characteristic, several aspects related to closed loop experimental identification of each
system are discussed. Analytical and/or experimental models are obtained for each system,

Introduction

Mechanical systems that use magnetic bearings are frequently employed in many situations
related to rotating machines, robotics and more recently for levitated transport systems (Sinha, 1987). This
paper is concerned with the identification of three unstable mechanical systems which employ magnetic
bearings. The electromagnet systems adopted are inherently unstable, which introduces additional

difficulties for any experiment.

The first system is the simplest one in the sense that it is inherently SISO. It consists of a lightly
damped flexible beam hinged at one end and magnetically levitated at the other end. The second system
consists of a magnetically supported rotor, which acts as a water pump in a water tunnel for hydrodynamic
tests; the supporting system for the rotor avoids thus the introduction of turbulence in the water flow. In
this case study, resonance frequencies are not relevant, and although it is a MIMO system, the
identification procedure could be carried out as in the previous SISO case; the specific characteristics of
the rotor resulted in a 5 input-5 output model, particularly suitable for the design of 5 independent
controllers. Finally, the third system, a magnetically levitated vehicle prototype, is considered as an
inherently MIMO system; in this case, resonance frequencies are present, and too high order models are
obtained if some approximations are not taken into account. This system has 4 inputs and 4 outputs.

The paper is outlined as follows: firstly a brief description of each system is presented. The
identification procedures and experimental results are then presented for each system. The last section
contains general comments and conclusions.

Description of the Systems

Description of the Beam System

The flexible beam considered in this section constitutes a research set up developed for the
investigation of different control design techniques when the resonance frequency of the system varies. A
schematic diagram of this system is shown in Fig. 1.
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Figure 1: Schematic diagram of the magnetically levitated flexible beam.

In this figure, m, is a mass of steel through which the magnetic circuit of the electromagnet is
closed. The mass m, represents a varying load in the middle of the beam, i represents the electrical
current, z, and z, represent the gap of the electromagnet and the deflection of the beam, respectively. The
movement of the beam is only in the vertical plane. In order to keep the beam levitated, the gap z, of the
electromagnet must be controlled. The dimensions of the flexible beam are shown in Table 1.

Length 1.28 m
Width 5.08 cm
Thickness 6.35 mm

Table 1: Dimensions of the flexible beam

It is worth to mention some points on the choice of the steady state gap for the electromagnet.
Figure 2 shows a schematic diagram of the designed electromagnet.
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Figure 2: Electromagnet scheme.



For this type of electromagnet, the attraction force is given by:

. t "
F(t) =k, % (1)
1

where:
i(t): input electrical current,
z,(t): output air gap,

_ pacN?
= 2

: constant.

Ky

Loosely speaking, the choice of the steady state gap is directly related to the opposite
requirements of energy consumption and levitation system robustness. In terms of energy consumption, it
is interesting to set the gap as small as possible, in order to get smaller current intensity for levitation.
However, for very small gaps, magnetic core saturation may occur, increasing the coil inductance, and
leading thus to slow control action; hence, from the point of view of the levitation system robustness,
higher gaps are more suitable. In this work, the nominal gap was set as Zo = 5mm. This choice 1s also
function of the total mass of the system and electromagnet dimensions. In Table 2 some design data for
the electromagnet are presented.

Nominal air gap Zy=5mm

Steady state current I,=07A
Dimensions a=3cm c=6cm
Number of turns N=1300

Air permeability w, = 410”7 (H/m)

Table 2: Data for the electromagnet.

Description of the Rotor System

This section describes a magnetically supported rotor, which acts as a water pump in a closed
circuit water tunnel. Figure 3 shows a schematic diagram of the rotor and its supporting bearings. The
purpose of such system is to avoid vibrations through the water flow, which degrades the quality of
hydrodynamic tests.

The rotor consists of a 60 cm diameter ring with the propeller in its center; the complete system
mass is 75 Kg. The set up is mounted to operate in the vertical plane. The magnetic supporting system
consists of 6 electromagnets to levitate and stabilize the ring in the radial plane (electromagnets 7 to 12),
and 6 electromagnets to stabilize the rotor in the axial direction (electromagnets I to 6).

The electromagnets operate in pairs: 1 - 4, 2 - 5, 3 - 6 in the axial axis and 10 - 11 in the
horizontal axis; the only exception is the vertical axis in which the electromagnets 7, 8 and 9 operate with
the electromagnet 12, in order to compensate the gravity action. We have thus 5 points to be controlled; a
position sensor is placed at each point.




1,2,3,4,5,6: Axial bearings
7,8,9,10,11,12: Radial bearings

Figure 3: Schematic diagram of the rotor system

Description of the Vehicle System

The constructed system consists of a magnetically levitated vehicle prototype. The levitation is
achieved by attraction forces developed by four electromagnets which were positioned in each extremity

of the vehicle as shown in Fig. 4. There are also four gap sensors to measure the gaps of these
electromagnets.
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Figure 4: Schematic diagram of the vehicle prototype.



Since the magnetic forces in this case are always attraction forces, an elevated way was also
constructed. A vehicle frontal view in levitation state is presented in Fig. 5. The vehicle levitation is
achieved through the control of the gaps z;, j =1, 2, 3, 4.
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Figure 5: Vehicle frontal view.

The vehicle has six degrees of freedom which correspond to the three translation motions (x, y, z)
and to the three rotation motions (¢, 8, ). The vehicle will have independent lift, guide and propulsion
systems, but only the levitation system (control of z, ¢ and 0) has been considered in this paper. In order
to control the guide system (y e 1), it would be necessary to add four lateral electromagnets and to control

the respective gaps.

The vehicle was constructed with aluminum plates. The guideways, through which the magnetic
flux flows, were constructed with iron bars of small thickness. Laminated guideways would be an
alternative choice in order to reduce eddy currents which produce drag and repulsive forces. Drag forces
causes power loss and repulsive forces reduce the lift forces (Sinha, 1984). However, iron bars were
employed in order to simulate such problems that will be certainly present in any real system. Table 3

presents some prototype data.

Length 70 cm
Width 60 cm
Height 43 cm
Mass M,=97.6 kg
Supply Voltage 55V DC
Levitation power 37T W

Table 3: Prototype data.

Electromagnets for Levitation

The prototype studied in this work has independent electromagnets to lift and to guide the
vehicle. This kind of construction provides controllers with simpler structures and improves the reliability




of the system (Sinha. 1984). The levitation electromagnets have an “E"” shape as in the beam system (Fig.
2), and its design data are also those of Table 2, except the steady state current, Iy, which is equal to
I 71A

Identification of the Systems

In this section identification procedures and results for each system described before are
presented. The common characteristics of the three systems are the fact that they are non-linear and open
loop unstable. On the other hand, they present particular features from the point of view of control design.
As it will be seen, the flexible beam is an inherently SISO system; in spite of the fact that the rotor is a
MIMO system, its particular mechanical characteristics allow the employment of 5 independent
controllers, i.e., the plant behaves in fact as a set of SISO decoupled systems; finally, the vehicle prototype
will be treated as a MIMO system. Although the unstable characteristic leads o similar identification
experiments, the SISO/MIMO behavior imposes specific data treatment.

In the three cases the system to be identified includes the power circuit, the electromagnet, the
plant and the sensor. Due to open loop instability, experimental models can be obtained only through
closed loop experiments. The first step in the identification procedure was always the adjustment of
simple SISO lead-lag controllers in order to stabilize the system. In the case of the beam, such preliminary
design consists of the design of a single one input - one output controller; for the rotor and the vehicle 5
and 4 independent SISO controllers, respectively, have to be designed. Some details on the controller
designs are presented in (Bittar, Sales, Lucchesi and Lima, 1995).

All the experiments are based on the injection of sinusoidal signals in the closed loop. An “HP
3562A Dynamic Signal Analyzer" was employed to inject the sinusoidal signal, and to compute the
desired frequency responses as it will be described in the sequel. The noise presence was permanently
monitored and for all practical considerations it could be disregarded.

Identification of the Beam System

In order to get some insight into the physics of this system, a simple mathematical model, which
can be synthesized in two nonlinear equations relating the involved forces, is presented below - see
(Fujita, Matsumura and Shimizu, 1990) for more details;

d’z, e
m =mg—k¢ —
dt? £

a*%, d
Mb-—gz—=Mbg-—20t(2vzzﬂzl)v2ﬂa(2-zz—z,)

]4—0:(2- Z, —zr)+[3%(2- Z; —1Z;)

! (2)

where

m
M, = ——”2““’” +m,

m
m=~——b2“"" +m,

k¢ - constant proportional to the air permitivity and dependent of the electromagnet dimensions,

o, B - constants that represent forces due to the deflection of the beam,
vl
i
l(!c — | - attraction force produced by the electromagnet,
Z,
i - electric current,
g - gravity.



The linearization of Eq.(2) produces, in addition to the resonant mode (poles in +80j), two real
poles (£70), one stable and one unstable, as shown in Eq.(4). This transfer function includes also one
stable pole in -250, which reflects the power circuit dynamic effects and the inductance of the
electromagnet (Eq.3). It is assumed that:

Is) Kk,

= 3
V.(s)  s+250 )

where V. is the input of the power circuit.

This term was estimated experimentally and incorporated in the final transfer function (Eq.4).
Since many of the involved constants in Eq.(2) are not easily computed with precision, the obtained
transfer function must be taken just as a rough approximation, which will be used for the first controller

design.

Z,(s) 1690(s + 76j)(s — 76)

V.(5)  (5+250)(s+70)(s—T0)(s+80j)(s —80)) *)

The preliminary stabilizing controller allows to go on the experiments. In this case, the block
diagram that represents the stabilized closed loop system for the identification experiments is shown in

Fig. 6.
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Figure 6: Closed loop block diagram.

Sinusoidal signals of suitable frequencies are injected in point 3. The signals in points 1 and 2 are
then measured and their Fourier transforms computed, resulting thus the corresponding frequency
response. The injected frequency signal ranges from 10" Hz to 10* Hz.

It is assumed that m, may vary in its position and mass; this assumption leads to specific
difficulties since it produces changes in the resonance frequencies. As control specification, it is
considered that only the first resonance frequency should be "controlled”, in the sense that it will be the
only one included in the controller bandwidth; in addition, the controller should stabilize robustly the
plant. These facts have direct implications in the final identified mathematical model.

After measurements are taken, the magnitude and phase plots of Z,(jw)/V.(jw) may be obtained.
Nine situations are considered accordance to the position d,, and the value of the mass my, as shown in
Table 4 (the entries of the table represent the model numbers associated to the measurements when the
corresponding dn and m, are considered). Thus, as an example, model number 5 corresponds to

m,=1.50kg and d,=0.71m.




dm(m)
ms 0.565 0.710 0.850
(kg)
1.25 1 2 3
1.50 4 5
1.75 7 8 9

Table 4: Variations of m; and d,,

Then, for each data set a curve fit was carried out. In order to fit suitably all data set, a transfer
function with 16 zeros and 17 poles was adopted, resulting thus 9 transfer functions. Table (5) presents the
poles and zeros of the model number 5.

Zeros (Hz) Poles (Hz)
—72.50080 -1.55922
+6.99363 -1.29456
—0.02875+£5.38535 j +8.47039

+0.02845+34.23650 j

-0.05321+£6.02771-

+0.55359+57.12440.

-0.19195+34.01600-

—1.26296+65.78970- j

—141261+65.62790- j

—0.16784£94.87340- j

—0.15000+94.83800- j

+0.13702+£99.90610- |

—-0.65930+54.18950- j

—33.82840+102.46800- j

+0.14164+99.88560- |

Gain = -1.09

—-25.22210%£117.55200- j

Table 5: Poles and zeros of the model number 5.

A simple validation procedure for each transfer function can be obtained through the
computation of the controller K, (jw):

Gmens(jw) — Tmens(jw)
TmL‘aS(jWJG[ﬂEES(jW)

K eus (JW) = (5)

where Gpeas(jW)represents the measured open loop frequency response from point 1 to point 2, and
Tineas(jW) represents the measured closed loop frequency response. The designed controller K(jw), which
is obviously known, should be equal to K;,..(jw) computed from Eq.(5). Figure (7) shows this comparison
for the model number 5. The differences are due to difficulties to measure precisely the resonance
frequencies (5Hz, 30Hz and 55 Hz, approximately).

The model number 5 (mpy=1.5kg and d=0.710m), for which the values of “d,” and “m,”
correspond to central values for the admissible variations, was adopted as the nominal one. According to
the control specifications, the controller should be robust for variations as in Table (4). Clearly, the order
of the fitted nominal transfer function is too high (16 zeros and 17 poles) for control purposes. With this
fact in mind, a model reduction algorithm was applied to this nominal transfer function.
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Figure 7: Comparison between Kimeas(jw) and K(Gw).

Firstly, it can be observed that if it is desired that the model represents 3 resonance frequencies,
then the least necessary degree for the denominator of the transfer function is 9, six of them representing
the resonances. Similarly, if it is desired to model 2 resonance frequencies the least degree is 7, and to
model 1 resonance frequency the least degree is 5. A mathematical model of order 3 is not able to
represent any resonance frequency. Although this model of order 3 represents just the rigid mode of the
beam and the electromagnet dynamic, it was chosen for control design. In order to justify this result, let’s
focus our attention on the modeling uncertainties, by computing the quantities:

|A ,(GW)|=|GGwW)- G (W)
and

; ‘GUW)-(}N(jw)|
A (W)=
A (i) | G (jw)

where
A ,(jw) and A ,, (jW) represent additive and multiplicative uncertainties, respectively;

Gy (jw) represents the nominal model after order reduction to 3 poles, (Fig.8), and 5 poles,

(Fig.9);
G(jw) represents each one of the models (1, 2, 3,4, 6,7, 8,9 in Table 4) of order 17.

Thus, from Table (4) the respective uncertainties are obtained:
- 8 uncertainty curves of the type |A & (jw)\ with respect to Gy(jw) of order 3;

- 8 uncertainty curves of the type ‘A a (_]W)l with respect to Gn(jw) of order 5;
- 8 uncertainty curves of the type |A M (_]w)| with respect to Gn(jw) of order 3;

- 8 uncertainty curves of the type |A - (jW)1 with respect to Gy(jw) of order 5.

In Figs. (8) and (9) some of these plots are shown.
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It is interesting to note that the superior contour for the uncertainty curves are very similar in both
figures, above 5 Hz (similar results were obtained from the additive uncertainty plots). This is a
consequence of the resonance frequency variation when m; and d,, vary. Hence, from the point of view of
uncertainty modeling both transfer functions, of order 5 and 3, are equivalent. For simplicity the third
order model is recommended for future control design. Equations (6) and (7) present below the transfer

functions of order 5 and 3, respectively.

g _7.19(s — 408.56)(s + 412.90)(s — 0.18 £ 33.83]) i
§)=
N (s497.97)(s +81340)(s —53.22)(s + 334 +37.87})
and
—7.19(s —408.56)(s + 412.90)
Gy(s) (7)

T (s+107.77)(s +89.47)(s—53.22)

Identification of the Rotor System

For each pair of electromagnets a simple mathematical model can be derived from the schematic
diagram of Fig. (10), where a pair of electromagnets applies forces F+ and F- to the mass, M,, placed

between them.
X+ O x\ ? X
N n/

ML
AL

Figure 10: A pair of electromagnets.

-0X

[+0l

>
X

In this case,

(I+ 8I)°
+ m (X . ax)z

_ (I-38I)
- ™ (I+81)?

and

(1+80)?  (1-38I) ]

A
=M -8%=F —F = = -
B=M, =E-E K“’[(x -8x)*  (x+8x)’

The state space nonlinear equations result as:

11




x]iﬁx

X, =X,

o K, | (I+8D)>  (1-381)] }
T M, | (x-8x) (x+8x)*

and the linearized corresponding equations present two eigenvalues:

Km
Mz =£1 S

similar to the beam case.

Following this procedure, the complete model was derived by considering each pair of
electromagnet independently. In fact, the mechanical characteristics of the rotor suggested that there
should have weak couplings between distinct pairs of electromagnets; this was experimentally confirmed

as it will be seen in the sequel.

The parameter values for the rotor system are presented in Table (6).

M, 75 kg

K, (D, E and I electromagnets constants) 1.5x10™ Nm/A*
K, (X and Y axis electromagnets constants) 1.78x107* NmY/A?
Gap 0,015 mm

Table 6: Parameter Values for the Rotor System

The linear dynamic equations, in the case of the horizontal axis, are:

Eﬂ{zsio-‘ LHQJJ{&]“

% (8)
y=[02-10° OJ-LJ}

2

where X, = 0X, X, = 0%, u= 81, and the output matrix represents the position sensor gain (V/m). The
equilibrium point is around IT=1 A.

As in the analytical modeling, the experimental measurements were taken independently for each
bearing pair. In this case, the experimental procedure follows exactly that one of the beam system.

From Fig. (9) it can be noted that the experimental measurements are close to the analytical
model (Eq.8), confirming so the weak couplings in the system. Note that, differently from the beam case,
the power circuit and the inductance dynamic effects were neglected in Eq. (8), without introducing
significant errors.

12
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Identification of the Vehicle

Although an analytical model could be developed as in (Jayawant, Sinha, Wheeler, Whorlow and
Willsher, 1976), in this section only the experimental identification procedure and the corresponding
results for the vehicle prototype are presented. The point that makes this case different from the above
considered systems is the multivariable characteristic. As it will be seen, this fact may lead to very high
order models, and some special care must be taken.

As in the rotor case, the first step consists in the design of four independent stabilizing controllers
kiG.(s) (i=1, 2, 3, 4), implemented as in Fig. (12).

1
L. A kGe(s) g—.é’-)— Sy o,
#18 2
re s [5nGee) | v Z,
Q) ksGels) | G(s)

r

e cy s B

e

A A

Figure 12: System block diagram.
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The second step consists in the measurement of the closed loop frequency response. A sinusoidal
signal, dy, is injected as in Fig. (12) and the 4 system outputs, Z;, 22, Z3 and z,, are acquired. The same
procedure is repeated separately for the remaining inputs d, ds and dy, and thus 16 closed loop frequency
responses are obtained.

The same number of inputs and outputs allows some simple operations in order to get an
experimental model, i.e.:

A
z_ (jw)=(1+G(jw)K(jw)) " G(jw)d(jw) ©)
or
A
2, (jW)=G  (jw)d(jw) (10)
and hence
G(jw) =G (jW)I = K(jW)G (jW))™ (1

for every w such that (I - K(jw)Gpg(j W)) is invertible,

In the above equations K(jw) = G.(jw) diag(k, ky k3 ke, ki (i=1, 2, 3, 4) constant, and

d,(jw) z,(jw)
A d,(w) A Z,(jW)
dGjw) = .’ =
(W) {ds(jW) Zn{JW) z,(jw) |

d,(jw) z,(jw)

Clearly, the computation of Eq. (11) can be easily performed in the numerical case, i.e., the gain
and the phase of G(jw) can be computed for each w. On the other hand, if a curve fit is performed for each
experimental frequency response in Gn(jw), then an analytical expression can be obtained for G(jw).
However, in this last case too long expressions may occur. This fact can be illustrated for a system with
the same number of inputs and outputs, as follows. Let:

£ : number of inputs or outputs of the system;

p: degree of the denominator of G(s);

o: degree of the common denominator of Gud(s);
A

G(jw)=G,(jw): open loop frequency response computed numerically through Eq. (11);
A

G(s) =G,(s): open loop transfer function matrix computed analytically through Eq. (11).

If there is not any zero-pole cancellation, the common denominator degree, V., of the transfer
function matrix G,(s) is given by:

v=(p+0o)¥

In this case, the minimal state space realization (Kailath, 1980) for G.(s) is given by the
McMillan degree, y, which in the considered problem results as:

y=Ltv=(p+0)f’ (12)
Using a controller Ge(s) with p=6, Eq.(12) results as:
v=(6+0)-4*=96+16-0 (13)
Equation (13) shows that even for small values of G, the number of open loop states results high,
which leads naturally to the application of order reduction algorithms. On the other hand, mechanical

models with resonances are frequently ill conditioned, and under these conditions convergence of order
reduction algorithms may fail. Fortunately, as a consequence of the geometrical and mechanical

14



symmetries of the vehicle, the 16 identified closed loop frequency responses are very similar; this allowed
the approximation shown in the sequel.

In this sense, each one of the 16 closed loop frequency responses were approximated by the same
transfer function with degree 4, producing a transfer function matrix Gue(s) with common denominator
with degree 4 (o=4). Figure (14) shows a typical frequency response, which relates the input d, to the
output z;, Gpe11(s), for the experimental identification and for the adjusted transfer function with degree 4,
The rigid body movement of the vehicle in 12rad/s was the main characteristic which was taken into
account in this approximation. This curve fit produces, thus, an open loop model, G,(s), with 160 states

(see Eq. 13).
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Figure 13: Frequency responses of G (jw) for the experimental identification and for
the approximated transfer function with degree 4.

Using Eq. (11), the computation of the numerical model G,(jw) and of the analytical model Gy(s)
produced the singular values presented in Fig. (14). In order to validate the model G, (s) with 160 states,
step disturbances dy, da, d; and ds were applied simultaneously to the real and simulated closed loop

system. Fig. (15) shows the corresponding time responses.

Although the results in Figs. (14) and (15) may be satisfactory, the identified model Gy(s) with
160 states is considered a high order model for control design, for example. An order reduction algorithm,
based on Schur method, was then applied. It is worth to mention that many algorithms were tested, and
that due to numerical problems, convergence was achieved only when the state space equations were
written using Gilbert's realization (Kailath, 1980). The model of 160 states, G,(s), was, thus, reduced to a
model of 16 states. The singular values for the complete and the reduced order model resulted very

similar, as shown in Fig. (16).
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Equations (14) and (15) present the identified closed loop transfer function matrix, Gui(s), with
common denominator of degree 4 and the controller transfer function matrix, K(s), respectively.

1000
0218
O (=71 390
0916
02775

0

K(s)=- 5

0

0308 0395 1259

1.665 1004 0.285

1191 1221 0549

0391 0374 1894

0 0 0
0.2667 0 0

0 0.2503 0

0 0 0.2394

0.0256(s + 1.6285)(s +10.2255)(s — 248.5757)(s + 683.0728)

(s+2.0718+10.5878)(s+22.0294£2.6509j)

(14)

(s+0.84)(s+103.27)(s +126.21)(s £ 7000.00)(s + 783497)

s(s+368.42)(s+34030+178.65j)(s+7196.12% 347.33j))

Control Design and Implementation Considerations

(15)

In this section some brief comments on control design and implementation are presented. As
observed in the “Identification of the Systems” section, the first step in the identification procedure was
the adjustment of simple SISO lead-lag controllers to stabilize the plant. For the beam and the vehicle

17




systems, digital controllers to run a sampling frequency of 3 kHz were employed; the rotor controller was
analogic.

The final model obtained for the flexible beam was used for Hs, H_ and H»/H_ controller design
purposes. The main results are presented in (Bittar, Sales, Lucchesi and Lima, 1995). The final model
obtained for the rotor was used for an analogic H_ controller design. The main results are presented in
(Porsch, 1996). In the case of the vehicle prototype, the final MIMO system has been the subject of
research of H, and H_ digital controller designs. Robustness and performance are the main characteristics
to be investigated.

Concluding Remarks

In this paper identification case studies for non-linear unstable SISO and MIMO mechanical
systems were considered. The unstable characteristic imposes that any identification experiment should be
carried out in a closed loop configuration.

In the first case study, a flexible beam, emphasis was given to the modeling uncertainty
characterization, and the final model, potentially for control design, consisted of a third order model. The
system has one input and one output, and the conclusion followed as a direct consequence of the variation
of the resonance frequency of the beam. An interesting point to be noted is that, although the resonance
frequency is not modeled in the suggested model, such model is suitable for control design even if it is
desired that the controller actuates in this frequency range. It seems that some other approach, e.g., p-
synthesis, should be used in order to take into account the effect of the varying resonance.

In the second case study, a magnetically supported rotor, a simple mathematical model was
analytically derived. The simplicity of the model relies on the fact that couplings among bearings were
neglected. The analytical model was compared with experimental frequency responses and very good
results were obtained, confirming so the low coupling assumed.

In the third case study, a magnetically levitated vehicle prototype, an experimental model was
obtained. Special emphasis was dedicated to the characterization of the multivariable behavior of the
plant. The first experimental model resulted a high order one, and order reduction algorithms had to be
employed. In order to get convergence of these algorithms, Gilbert's state space realization developed a
decisive role due to ill numerical conditioning of the model. The final 16 states model was validated
through its singular values and time responses.
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