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Abstract

Let F, be a finite field with g elements and G be a finite abelian group. In this work
we gave conditions to ensure that a code in F,G is a one-weight code in the case
when G is a cyclic group with n elements, such that gcd(n, g) = 1, and also when G
is an abelian group.
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1 Introduction

A type of code of particular interest is the case when the code has constant weight,
that is, all its non zero words have the same Hamming weight. Many works in this
area consider binary one-weight codes which have many applications, for example
in mobile communication. Nowadays, the interest in non binary one-weight codes is
also increasing (see for example [4]).

In [11], Vega characterized one-weight codes in F,C,, with n = %, where A

divides g — 1, and obtained the number of one-weight codes in this ring. His paper
made use of polynomial tools, specially linear recurrence sequences.

Inspired by these results, we use group ring theory to extend his results to codes
in [Fan, with n arbitrary such that gcd(n, g) = 1, that is, when the group ring is semi-
simple. We then characterize one-weight codes in abelian group rings, first when the
group ring is semisimple and then in the general case.
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We recall that, in the context of group rings, a g-ary code is an ideal of a group
ring F,G, and we shall use throughout these words as synonyms. This view point
started with the works of Berman [1, 2] and MacWilliams [8] who worked mainly
with Abelian groups. Since then, many authors have used group rings to study error-
correcting codes. See, for example, [6, 7, 9, 10].

Throughout the paper, all codes considered are linear cyclic (or Abelian) over a
field I, are viewed as ideals in appropriate group rings. All the groups considered in
this paper are finite.

2 Cyclic groups

Let n, g be positive integers, ¢ a power of a prime rational integer such that
ged(n, q) = 1. Let F, be the finite field with g elements and G be an abelian group of
order n. Then the group rmg F,G is semisimple. Given a subgroup H of G, we denote

by H the element H = T Z h € F,G which is an idempotent in F,G. In [3], the
heH
following definition is given:

Definition 1 ([3, Definition 2.2]) A primitive idempotent e in F, G is called essential
if eH = 0, for all subgroups H of G such that H # 1.

Let e be a non essential primitive idempotent in F,G. Set H, = {H < G:He = e}.

Since H,H, \H, = H\H,, if H, H, € H,, then H,H, € H,. Let H, := II H. Then
HEM,
H, € 'H,, and it is the biggest subgroup H in G such that eH = e.

Let e be a primitive idempotent. Given an 1demp0tent k, it is is easy to see that
either ek = 0 or ek = e. So, if K ¢ H,, then eK = 0. In fact, as KH is an idempo-
tent, if eK # 0, we have ¢ = eK = eKH , contradicting the max1mahty of H,. Thus
ek = eif, and only if, K C H,.

Lemma 1 ([3], Theorem 3.1) Let e be a primitive idempotent of F,G and H, as
defined above. The map

¥ : F,GH, - F,[G/H,]

given by

Z aggﬁe - Z agg

geG geG
is a ring isomorphism, and Y(e) is an essential idempotent.
Lemma 2 ([3], Proposition 2.3) Let G be a finite abelian group and e a primitive

idempotent inF,G. Then e is essential if, and only if, G ~ Ge via the homomorphism
w . G- Gegivenby g — ge, forall g € G.
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We shall need the following results.

Lemma 3 Let C be a one-weight code of dimension k in a group ring F,G. Then, the
weight of any word a € C is

q"'(g—Dn

o(a) = o

Proof For any linear code, the j”-projection z; : C - F, which maps « € C to its Jik
component ¢; is an F -linear functional. Then z; is either the zero mapping or it is
surjective. Since the code is cyclic, 7; is non-zero. In fact, write G = {g,, 85, ..., 8,}
and let @ = a,8, + a,8, + - + a,8, be a non-zero word in C. Then a; # 0 for some
index i. Hence for every index j, 1 <j < n there exists a word a; € C such that the
coefficient of g; in @; is non zero. Actually, if ¢ € G is such that gg; = g; then ; = gar
is one such word.

Thus. each r; is surjective and every element of F, is an image of |Ker(x;)| ele-
ments. Hence

D o)=Y [Ker(m)| Y, w(@) =ng"'(g—1).
j=1

ceC a€k,

Since the code is of constant weight, the result follows. O
As an immediate consequence we have the following.
Lemma 4 A code of constant weight in a cyclic group algebra is minimal.

Proof Let C be a code of constant weight of dimension  in a group algebra F,G and
let C; C C be another code of dimension k. For an element & € C; we have

g~ (q—Dn
w(a) = —
g —1
As also a € C we have
k-1
g~ (q—Dn
o(a) = 1

Therefore

&7 ¢ - =4""(¢" - D.

If k, < k, after cancelling ¢1~!, the right-hand member of the equation is a multiple
of ¢ while the left hand member is not. So k; = kand C; =C. O

We recall the following elementary result.
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Lemma 5 If G is a cyclic group and H,, H, are subgroups of G, then
|H\H,| = lem(|H,|, |H,|), and |H, N H,| = gcd(|H\, H,|).

We are now ready to state the main result of this section.

Theorem 1 Let F, be a field with q elements, n a positive integer such that
ged(q,n) = 1, C, = (g) a cyclic group with n elements, and F,C, the group ring of C,
over . Let e be a primitive idempotent of F,C, and C = F,C,e the minimal code it
generates. Set dim[FqC = k. The following assertions are equivalent:

C has constant weight,

(q Dn,

2. Every non zero element of C has welght >

¢~ (g=Dn,

3. There is an element in C whose weight is P

4. The set of non zero elements inF,C,e is

(F,C,0) = [Fq*e -Ce.

Proof (1 = 2) Itis Lemma 3. (2 = 3) It is trivial.

(3 = 4) Assume first that e is essential. In this case, |Cne| = n, according to
Lemma 2 and by Lemma 5 we have u = |Cne N [F;e| = ged(|Cel. |[Fq*e') and
= lem(|C e, Fre|). Sett = n/u. There is only one subgroup of order y in
(F,C,e)*, which is ((g'e)). As C,en [F*e is of that order, it follows that
c en[F*e—(ge) So g'e = Ze, forsomeﬂe F,.

Let a be an element of C of weight [¢*"'(g — 1)n]/(¢F — 1). As e is the unity in
F,Ce. g'a = g'ea = lea = Aa. Write

a=aqy+a g+ + Otn_lg”'1
SO
t+1

ag' = apg + gt + ot a8+, g = Aa

Thus =@, @ =ayd, that is, ay =i =aA and in general,
Gy =A%, 0<i<t—1,0<k<pu-1
Denote f = ay o g+ + at—lgt_l- So

a=p+ ﬂ_lﬁgt + A_zﬂng 4o A‘(ﬂ—l)ﬂg(ll—l)t
n—1
- Z A_[g”ﬂ,
i=0
with supp(A~g" ) N supp(A~7 g B) = @, if i # j. From this we have

(@) = o(B) + -+ + w(A*' Bg* V) = pa(p)
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and then p = ged(|Ce| = ged(n, g — 1), ([Fq*e|) divides [¢~' (g — Dnl/(g" = 1).

As ged(¢*!, ged(n, g — 1)) = 1, it follows that gcd(n, g — 1) divides (Z;—_“

So ¢* —1 divides [(g — 1)n]/gcd(n,q — 1) = lem(g — 1,n). That is, |(F,C,e)*
[F*eC el. eC e is a subgroup of (F,C,e)*, therefore (F,C, e)* = [F*eC e.

Suppose now that e is not essential. Take H the biggest subgroup of C such
that eH, = e. As seen before F,C, H ~F,[C,/H,] via the isomorphism y such that
W(gH) = 3. Consider |H,| = d1,| /H | = d,, with H, = (g*). Leta € F,C, H, be
an element of weight [¢~ (g — 1)n](q —1). Then, as aH, = a, it follows as before
that

divides

a=(ay+o g+ -+ adz_lgdz'l) + apg® + -
=(ap + a8+ + adz—lgdz_l)ﬁl\e’
and so
w(a) = o(ay +a;g+ - + adz—lgdz_l)lHe|'
but
Y(a)=ay+a, g+ -+ adz_lgdz_l
therefore w(¥(a)) = w(a)/d,, and thus

_ (47 (q—=1n _¢"(g-Dd,
o(¥(a) = <W>/d1 =TT

But W(e) is essential in [Fq[C,, /H,1¥(e) and, in this case,
F,¥(lC,/H,]¥(e) = (F,[C,/H,]¥(e)"

and we have that every element is of the form Ag'¥(e). So, applying ¥~', it follows
that the elements in ([Fane)* have the form Ag'e, and the result follows also in this
case.

(4= 1): As (F,C,e)" =F eC,e, the non zero elements of F,C,e are the form
Agle, with 4 € [Fq*, so they all have the same weight as e. a

An immediate consequence of this result is the following:

Corollary 1 If C is a code of F,C, (with gcd(n, q) = 1), then C has constant weight if,
and only if,C = {0} U {kg'e|k € [F;,gi eC,}.

From the Theorem 1 the following result, found in the paper of Vega [11], also
follows in a simple way. Recall that for a polynomial of positive degree i € F, [X],
such that 4(0) # 0, the quasi-order of h, denoted gord(h), is the least positive integer
p such that X” is congruent to an element in F, modulo /(X).
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Corollary 2 [ [11], Theorem 9] Let F, be a field with q elements,
n= Mg~ —=1)/(g—1), with A dividing (g — 1), and C be a cyclic code of F, with
length n and dimension k generated by g(x), and with check polynomial h(x). Then
gord(ge) = (¢" — 1)/(q — 1) if, and only if, w(ge) = A(g"™").

Proof Indeed, o(ge)/gcd(o(ge),q — 1) is equal to (¢ —1)/(g — 1) if, and only if
o(ge)(qg — 1)/gcd(o(ge), g — 1) = g* — 1, that is if, and only if, (F,Che) = [F;eCne
which, according to Theorem 1, occurs if and only if C has constant weight. So, this
occurs if and only if w(ge) = ¢* (g — )n/(g* —1). Since 1 =n(g—1)/(g" - 1),
this happens if and only if w(ge) = A(g — 1). O

3 The number of one-weight codes inF,C,

We shall use Theorem 1, as well as properties of essential idempotents found in [3],
to extend Theorem 12 in [11] to codes in F,C, with ged(n, q) = 1.

Letn =p|'p? - p,. So C, = P; X - X P,, where P, is the p-Sylow of C,. As C,
is cyclic, its subgroups are cyclic then there exists one minimal subgroup K; C P;,
foreachi,1 <i <t. Then

eo=(1-K)1-K)(1-K)

is an idempotent. A primitive idempotent e of F, C,, is essential if, and only if, ee; = ¢
ande, = Y e(see[3, Theorem 2.6]).

e essential
Theorem 2 ( [3], Theorem 4.2) Let C, be a cyclic group with n elements generated
by g, and m be the least positive integer such that n|(q™ — 1). Then:

1. a’im([Fan)eo = @(n), where @ denotes the Euler function.
2. There are precisely % essential idempotents inF,C,.

Theorem 3 Let [, be the field with q elements, n a positive integer withgcd(q,n) = 1,
C, = (g) a cyclic group with n elements, and [,C, the group ring of C, over . The
number of cyclic one-weight codes of length n and dimension k is

5rsM
20

where @ is the Euler function, r = qk — 1,5 =lcm(d, q — 1) and 6 denotes Kroneck-
er’s symbol.

Proof By Theorem 1, given a primitive idempotent e of F,C,, the ideal F,C,e of
dimension k has constant weight if and only if (F,C,e)* =F eC,e and, since
d = o(ge), this happens if and only if ¢ — 1 = lem(q — 1, d).
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Given a divisor d of n such that q" — 1 =lIem(qg — 1,d), taking the primitive
essential idempotents in [, C, with o(ge) = d, we have:

F,Cio= @ F,Che
e essential
o) dlm[Fq[Fqueo = Z dlm[Fq[Fque
e essential

o(d) =l-k
thus
l=qp(d)/k.

As the number of essential idempotents will determine the number of different one-
weight codes we have, for such d, that the number of one-weight codes is @(n)/k.
Adding, for each dIn satisfying q" — 1 =lem(q — 1,d), the result follows. O

4 Abelian groups

In this section we shall extend the results above to the case when A in an Abelian
group.

Theorem 4 Let I, field with q elements, n a positive integer with gcd(q,n) = 1, A an
Abelian group with n elements, and F A be the group ring of A overF,. Consider e a
primitive idempotent of F A and let C = F Ae be the corresponding minimal code.
Set k = dim[FqC. Then, the following statements are equivalent:

1. Cis a one-weight code;

k=1, _
2. Every non zero element of C has weight qqf+ll)n;

; ; ; . 147N g=Dn,
3. There is an element in C with weight o

(F,Ae)* = F*Ae.

Proof: The implications (1 = 2), (2 = 3) and (4 = 1) follow as in the proof of
Theorem 1. Now consider the case (3 = 4). If the idempotent e is essential, the
proof is similar to that in the Theorem 1, since the arguments use only the fact
that I Ae is a field, which implies that (F,Ae)* is a cyclic group, and this is still
true when A is Abelian.

Assume that e in non essential. Observe that in the proof of Theorem 1 for this
case, the arguments depend only on the fact that C,,/H, is a cyclic group. We will
show that A/H, is cyclic, also in this case.

Consider the homomorphism
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@ A-> (ﬂ:qu)*
aw— ae.

Let a € Ker(p). Then ae = e, thus d’e = e, therefore a )lZa e = e and, as a conse-

quence, (a) € He, thatis, (a) C H,, so Ker(¢) C H,. If h € H,, then he = hHee =e,
so ker(¢) = H,. Thus, A/H, is isomorphic to a subgroup of (F,Ae)*, which is cyclic.
Hence (3 = 4). O

Now we consider case when A is an Abelian group with n elements,
but without the hypothesis that gcd(n,q)=1. Write A=A, XA, where
ged(p,|A,) =1 and A, is the p-Sylow subgroup of A. Then F A, is semi-
simple, of the form [Fqu, = [Fqu,e1 Db [Fqu,et, where ¢, | <i<t are
primitive idempotents, and FA,e; =K;, is a field. In this case, we have

i’

FA=F(A, xA)=(FA,A, _(Klea @ K)A, =K A, & ®KA,

Lemma 6 With the notation above, Kl-Ap is a local ring, 1 <i <t, whose radical is
its augmentation ideal.

Proof Givena € K/A,, we shall denote by e(a), its augmentation. It suffices to prove
that e(ar) # 0 implies that a is a unit.
We observe thatifa = ), _, a,g and p* is the exponent of A,,, we have
14

g€
p P
Zagg =Za§= Zag =¢e(a)’ #0.
8€A, 8€A, 8€A,
Since K; is a field it follows that a” is a unit, and hence « is a unit. O

Denote by A, = agA aandlet (A)) = K,A A be the ideal of K;A, generated by

~ 14
Ap. Then we have:

Lemma 7 With the notation above, <A~p> is the unique minimal ideal of K;,A

Then, the minimal ideals in F A are of the form [Fqu,e,Ap We also call these
minimal ideals as irreducible Abellan codes. The same proof as in Lemma 6

shows the following.

Lemma 8 Let I, be a field with q elements and A be an Abelian group with n ele-
ments. If a code inF A is a one-weight code, then it is irreducible.

So, for a code in F A to be a one-weight code, it must be minimal; then by
Lemma 7, the code has to be of the form F,A ,eA‘,7 As an element of such a set is
of the form a = alA with a; € F A e, (and for each g # h € A, supp(a,g) and

qp i .
supp(a, h) are disjoint sets), its weight is w(a, | ol , the study of the weight
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of the elements of the code is reduced to the study of the weight of the elements
inF A, e;. Then we have:

Theorem 5 Let F, a field with q elements, n a positive integer with gcd(q,n) # 1, A
an Abelian group with n elements, and F,A the group ring~0f A over F,. Consider a
primitive idempotent e of F A and let C = F Ae = F A eA, be the respective mini-
mal code. Set dim[FqC = k. Then C is a one-weight code if, and only if, given any ele-
ment a = a1A~p, with ay € F A e, w(a) = (¢ 'n)/(¢F = 1), that is, if, and only if,
F,A, e; is a one-weight code.

5 A two-weight code

In this section we construct two-weight codes, using the information he have about
one-weight codes from the previous sections.

Let(g) = (h) be two cyclic subgroups of order p" — 1. Denote by e(g) an essential
idempotent of I, (g) and denote by e(h) the essential idempotent of [ (k) obtained by
exchanging g Wlth h. As ¢ and T are idempotents then also e(g)h and e(h)g are idem-
potents. Set ¢, = e(g)h +e(h)g.

We now consider the code

F,(Cpu_y X Con_y)eq

and wish to determine the weights of the non zero elements in this code. We first
determine which are the elements of this code.

Theorem 6 With the notation above, the non zero elements off (Cpn_; X Cyn_y)e
are of the form g e(g)h 1<i<q"—1, he(hWg,1<i<q™— 1 and gthseo,
1<t,s<qg"-1

Proof.' Consider L= {0} U{gle(g)h} U {We(h)g} U {g'hey}. We claim that

= (€p)-

The inclusion L C (e,) holds because e(h) and e(g) are essential in (h) and (g),
respectively. In particular, we have that e(h) - 7=0 so e(h)g = e(h)ge,. A similar
argument shows that e(g)h € e(h)ge,.

To verify that (e,) C L, since ¢, € L, it is enough to show that L is an ideal. We
show first that L is closed under addition.

We start analysing g'h'e, + g h're,. We have

ghey + g1 h*req =g'h (e()h + e(h)3) + g (e()h + e(h)3)
=g'e(e)h + g e(Qh + Ke(h)g + h'e(h)g
=((g" + g"Me(@)h + (K + h*)e(h))3.
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Note that (g’ + g')e(g) is an element of F,C,._je(g). Suppose first that g' + g"
is different from zero. As F,C,._je(g) has constant weight we have, by
Theorem 1, that (F,C,._,e(g))* = [F;e(T)C -1€(8). As e(g) is essential, by Lemma

2,Cpr_ye(g) = Cp_y, hence |cqm_1e(g) — 1 and thus |[Fqum_le(g)| —q"—1,

50 |(ﬂ:qu,,,_le(g))*| = g"— 1. As e(g) is essential, g'e(g) # ge(g), if i #j, and
then |{g'e(g)}| = ¢" — 150 (g' + g")e(g) = g'e(g), for some index i,1 <i < g™ —1

The same holds for (A* + h*1)e(h). So

g'h'ey + g"h'ey =((g" + g" )e(g))ﬁ + ((h* + h*)e(h)g
=g'e(9)h + We(h)g = g'We,,

as ¢ = ¢'?, and h = hih.

If one of these sums is 0, the element is in either (e(g)) or {e(h)), which is an
ideal, so closed under addition.

Finally, g'h'e,+ ge(@h = gle(h + Ieh)g + gle(h = (¢' + g)e(e)h + He(Wg € L, as

above. A similar argument applies to g'h’e, + We(h)g. Thus L is closed under

addition. R .

Moreover, given 0#r €[, we have rL=L. Indeed, rg'e(g)h = ge(gh,
because (e(g)) is essential. Similarly, 7e(h)g = h'e(h)g and by the same argument
rg'hsey = r(g'e(9)h + h'e(W)R) = g"e(g)h + h*ie(h)g = g hie,,.

It is clear that gL = L (as well as AL = L) and hence L is an ideal. O

We have the following:

Corollary 3 The code F (Cu_y X Cyu_y)ey is a two-weight code.

Proof Notice that elements in {gie(g)ﬁ} and {We(h)g} have the same weight and the
elements in {g'h°¢, } are also of constant weight, different from the previous one. [

Example 1 Consider the group ring F;Cgs, where Cg denotes a cyclic group with 8
elements generated by g.

The element e(g)=1+g+g>—g* —g°> —g’, is an essential idempotent. In
fact, the non trivial proper subgroups of Cg are {1,g%, g% g°} and {1,g*}, and
ex(1+gh=0=ex(1+g>+g*+g%.,exg=0.

Let (h) be another cyclic group of order 8, set e(h) = 1 + h+ h> — h* — h> — i’

Notice that, since F;Cye is a code of length 8, and dimension 2 and w(e(g)) = 6
part (3) of Theorem 2.1 shows that [F;Cge has constant weight.

Set ¢, = e(g)h + e(h)g we have that F;(Cg X Cg)(e(g)h + e(h)g) is a two-weight
code in F;(Cyg X Cy),

The weights of this code are given by w(e(g)h) = w((1+g+ g —g* —¢° —g")
(L+h+m+1 +h*+ 8 +h° + 1)) =48, and since
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(l+g+g8 -g* - —gNU+h+R+RP+h + 1 + 1 +h)+
+(l+g+g+8+g" +@++gNU+h+r -0 =1n 1) =
242g4+ M0 +28% +2h—2g*n +28°h + W +2¢°h3 + g*h®

+8h+ g*h — g?h* — &1 — g*h’ 4+ 2gh + gh® + 2gh’ + gh® + g*

213 — g = 207H = 287HS — gTHS — 28ThT + h + h® — gOh* — gOHS
— N = SR — 2% — 265K — &K —285hT — g*h? — 26*H* — 26°KS
Py Xy R

we have w(e(g)h + e(h)g) = 42.
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