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Abstract
Let �q be a finite field with q elements and G be a finite abelian group. In this work 
we gave conditions to ensure that a code in �qG is a one-weight code in the case 
when G is a cyclic group with n elements, such that gcd(n, q) = 1 , and also when G 
is an abelian group.
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1  Introduction

A type of code of particular interest is the case when the code has constant weight, 
that is, all its non zero words have the same Hamming weight. Many works in this 
area consider binary one-weight codes which have many applications, for example 
in mobile communication. Nowadays, the interest in non binary one-weight codes is 
also increasing (see for example [4]).

In [11], Vega characterized one-weight codes in �qCn , with n =
�(qk−1)

q−1
 , where � 

divides q − 1 , and obtained the number of one-weight codes in this ring. His paper 
made use of polynomial tools, specially linear recurrence sequences.

Inspired by these results, we use group ring theory to extend his results to codes 
in �qCn , with n arbitrary such that gcd(n, q) = 1 , that is, when the group ring is semi-
simple. We then characterize one-weight codes in abelian group rings, first when the 
group ring is semisimple and then in the general case.
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We recall that, in the context of group rings, a q-ary code is an ideal of a group 
ring �qG , and we shall use throughout these words as synonyms. This view point 
started with the works of Berman [1, 2] and MacWilliams [8] who worked mainly 
with Abelian groups. Since then, many authors have used group rings to study error-
correcting codes. See, for example, [6, 7, 9, 10].

Throughout the paper, all codes considered are linear cyclic (or Abelian) over a 
field �q are viewed as ideals in appropriate group rings. All the groups considered in 
this paper are finite.

2 � Cyclic groups

Let n,  q be positive integers, q a power of a prime rational integer such that 
gcd(n, q) = 1 . Let �q be the finite field with q elements and G be an abelian group of 
order n. Then the group ring �qG is semisimple. Given a subgroup H of G, we denote 
by Ĥ the element Ĥ =

1

�H�
∑
h∈H

h ∈ �qG which is an idempotent in �qG . In [3], the 

following definition is given:

Definition 1  ( [3, Definition 2.2]) A primitive idempotent e in �qG is called essential 
if eĤ = 0 , for all subgroups H of G such that H ≠ 1.

Let e be a non essential primitive idempotent in �qG . Set He = {H < G;�He = e} . 
Since Ĥ1H2 = Ĥ1Ĥ2 , if H1 , H2 ∈ He , then H1H2 ∈ He . Let He ∶=

∏
H∈He

H . Then 

He ∈ He , and it is the biggest subgroup H in G such that eĤ = e.
Let e be a primitive idempotent. Given an idempotent k, it is easy to see that 

either ek = 0 or ek = e . So, if K ⊈ He , then eK̂ = 0 . In fact, as K̂He is an idempo-
tent, if eK̂ ≠ 0 , we have e = eK̂ = eK̂He , contradicting the maximality of He . Thus 
eK̂ = e if, and only if, K ⊆ He.

Lemma 1  ([3],  Theorem  3.1) Let e be a primitive idempotent of �qG and He as 
defined above. The map

given by

is a ring isomorphism, and Ψ(e) is an essential idempotent.

Lemma 2  ([3], Proposition 2.3) Let G be a finite abelian group and e a primitive 
idempotent in �qG . Then e is essential if, and only if, G ≃ Ge via the homomorphism 
� ∶ G → Ge given by g ↦ ge , for all g ∈ G.

Ψ ∶ �qGĤe → �q[G∕He]

∑
g∈G

𝛼gg�He ↦

∑
g∈G

𝛼gḡ
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We shall need the following results.

Lemma 3  Let C be a one-weight code of dimension k in a group ring �qG . Then, the 
weight of any word � ∈ C is

Proof  For any linear code, the jth-projection �j ∶ C → �q which maps � ∈ C to its jth 
component aj is an �q-linear functional. Then �j is either the zero mapping or it is 
surjective. Since the code is cyclic, �j is non-zero. In fact, write G = {g1, g2,… , gn} 
and let � = a1g1 + a2g2 +⋯ + angn be a non-zero word in ℂ . Then ai ≠ 0 for some 
index i. Hence for every index j, 1 ≤ j ≤ n there exists a word �j ∈ ℂ such that the 
coefficient of gj in �j is non zero. Actually, if g ∈ G is such that ggi = gj then �j = g� 
is one such word.

Thus. each �j is surjective and every element of �q is an image of |Ker(�j)| ele-
ments. Hence

Since the code is of constant weight, the result follows. 	�  ◻

As an immediate consequence we have the following.

Lemma 4  A code of constant weight in a cyclic group algebra is minimal.

Proof  Let C be a code of constant weight of dimension k in a group algebra �qG and 
let C1 ⊂ C be another code of dimension k1 . For an element � ∈ C1 we have

As also � ∈ C we have

Therefore

If k1 < k , after cancelling qk1−1 , the right-hand member of the equation is a multiple 
of q while the left hand member is not. So k1 = k and C1 = C. 	�  ◻

We recall the following elementary result.

�(�) =
qk−1(q − 1)n

qk − 1
.

∑
c∈C

�(c) =
n∑
j=1

|Ker(�j)|
∑
a∈�q

�(a) = nqk−1(q − 1).

�(�) =
qk1−1(q − 1)n

qk1 − 1
.

�(�) =
qk−1(q − 1)n

qk − 1
.

qk1−1(qk − 1) = qk−1(qk1 − 1).
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Lemma 5  If G is a cyclic group and H1 , H2 are subgroups of G, then ||H1H2
|| = lcm(||H1

||, ||H2
||) , and ||H1 ∩ H2

|| = gcd(||H1,H2
||).

We are now ready to state the main result of this section.

Theorem  1  Let �q be a field with q elements, n a positive integer such that 
gcd(q, n) = 1 , Cn = ⟨g⟩ a cyclic group with n elements, and �qCn the group ring of Cn 
over �q . Let e be a primitive idempotent of �qCn and C = �qCne the minimal code it 
generates. Set dim

�q
C = k . The following assertions are equivalent: 

1.	 C has constant weight;
2.	 Every non zero element of C has weight q

k−1(q−1)n

qk−1
;

3.	 There is an element in C whose weight is q
k−1(q−1)n

qk−1
;

4.	 The set of non zero elements in �qCne is 

Proof  (1 ⇒ 2 ) It is Lemma 3. ( 2 ⇒ 3 ) It is trivial.
(3 ⇒ 4 ) Assume first that e is essential. In this case, ||Cne

|| = n , according to 
Lemma 2 and by Lemma 5 we have � =

|||Cne ∩ �
∗
q
e
||| = gcd(||Cne

||, |||� ∗
q
e
|||) and 

|||Cne�
∗
q
e
||| = lcm(||Cne

||, |||� ∗
q
e
|||) . Set t = n∕� . There is only one subgroup of order � in 

(�qCne)
∗ , which is ⟨(gte)⟩ . As Cne ∩ �

∗
q
e is of that order, it follows that 

Cne ∩ �
∗
q
e = ⟨gte⟩ . So gte = �e , for some � ∈ �

∗
q
.

Let � be an element of ℂ of weight [qk−1(q − 1)n]∕(qk − 1) . As e is the unity in 
�qCne , gt� = gte� = �e� = �� . Write

so

Thus �0 = �t� , �t = �2t� , that is, �2t = �t�
−1 = �0�

−2 , and in general, 
�i+kt = �i�

−k, 0 ≤ i ≤ t − 1, 0 ≤ k ≤ � − 1.
Denote � = �0 + �1g +⋯ + �t−1g

t−1 . So

with supp(�−igit�) ∩ supp(�−jgjt�) = � , if i ≠ j . From this we have

(�qCne)
∗ = �

∗
q
e ⋅ Cne.

� = �0 + �1g +⋯ + �n−1g
n−1,

�gt = �0g
t + �1g

t+1 +⋯ + �n−t + �n−t+1g +⋯ + �n−1g
n+t−1 = ��.

� =� + �−1�gt + �−2�g2t +⋯ + �−(�−1)�g(�−1)t

=

�−1∑
i=0

�−igit�,

�(�) = �(�) +⋯ + �(��−1�g(�−1)t) = ��(�)
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and then � = gcd(||Cne
|| = gcd(n, q − 1),

|||� ∗
q
e
|||) divides [qk−1(q − 1)n]∕(qk − 1).

As gcd(qk−1, gcd(n, q − 1)) = 1 , it follows that gcd(n, q − 1) divides (q−1)n
qk−1

.
So qk − 1 divides [(q − 1)n]∕gcd(n, q − 1) = lcm(q − 1, n) . That is, |||(�qCne)

∗||| 
divides |||� ∗

q
eCne

||| . But � ∗
q
eCne is a subgroup of (�qCne)

∗ , therefore (�qCne)
∗ = �

∗
q
eCne.

Suppose now that e is not essential. Take He the biggest subgroup of Cn such 
that eHe = e . As seen before �qCnĤe ≃ �q[Cn∕He] via the isomorphism � such that 
Ψ(g�He) = ḡ . Consider ||He

|| = d1 , ||Cn∕He
|| = d2 , with He =

⟨
gd2

⟩
 . Let � ∈ �qCnĤe be 

an element of weight [qk−1(q − 1)n](qk − 1) . Then, as �Ĥe = � , it follows as before 
that

and so

but

therefore �(Ψ(�)) = �(�)∕d1 , and thus

But Ψ(e) is essential in �q[Cn∕He]Ψ(e) and, in this case,

and we have that every element is of the form 𝜆ḡiΨ(e) . So, applying Ψ−1 , it follows 
that the elements in (�qCne)

∗ have the form �gie , and the result follows also in this 
case.

(4 ⇒ 1 ): As (�qCne)
∗ = �

∗
q
eCne , the non zero elements of �qCne are the form 

�gie , with � ∈ �
∗
q
 , so they all have the same weight as e. 	�  ◻

An immediate consequence of this result is the following:

Corollary 1  If C is a code of �qCn (with gcd(n, q) = 1 ), then C has constant weight if, 
and only if, C = {0} ∪ {kgie|k ∈ �

∗
q
, gi ∈ Cn}.

From the Theorem 1 the following result, found in the paper of Vega [11], also 
follows in a simple way. Recall that for a polynomial of positive degree h ∈ �q[X] , 
such that h(0) ≠ 0 , the quasi-order of h, denoted qord(h), is the least positive integer 
� such that X� is congruent to an element in �q modulo h(X).

� =(�0 + �1g +⋯ + �d2−1g
d2−1) + �0g

d2 +⋯

=(�0 + �1g +⋯ + �d2−1g
d2−1)Ĥe,

�(�) = �(�0 + �1g +⋯ + �d2−1g
d2−1)||He

||.

Ψ(𝛼) = 𝛼0 + 𝛼1ḡ +⋯ + 𝛼d2−1ḡ
d2−1,

�(Ψ(�)) =

(
qk−1(q − 1)n

qk − 1

)
∕d1 =

qk−1(q − 1)d2

qk − 1
.

�
∗
q
Ψ(e)[Cn∕He]Ψ(e) = (�q[Cn∕He]Ψ(e))

∗
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Corollary 2  [ [11],  Theorem  9] Let �q be a field with q elements, 
n = �(qk − 1)∕(q − 1) , with � dividing (q − 1) , and C be a cyclic code of �q with 
length n and dimension k generated by g(x), and with check polynomial h(x). Then 
qord(ge) = (qk − 1)∕(q − 1) if, and only if, �(ge) = �(qk−1).

Proof  Indeed, o(ge)∕gcd(o(ge), q − 1) is equal to (qk − 1)∕(q − 1) if, and only if 
o(ge)(q − 1)∕gcd(o(ge), q − 1) = qk − 1 , that is if, and only if, (�qCne) = �

∗
q
eCne 

which, according to Theorem 1, occurs if and only if C has constant weight. So, this 
occurs if and only if �(ge) = qk−1(q − 1)n∕(qk − 1) . Since � = n(q − 1)∕(qk − 1) , 
this happens if and only if �(ge) = �(q − 1) . 	� ◻

3 � The number of one‑weight codes in �qCn

We shall use Theorem 1, as well as properties of essential idempotents found in [3], 
to extend Theorem 12 in [11] to codes in �qCn with gcd(n, q) = 1.

Let n = p
r1
1
p
r2
2
⋯ p

rt
t  . So Cn = P1 ×⋯ × Pt , where Pi is the pi-Sylow of Cn . As Cn 

is cyclic, its subgroups are cyclic then there exists one minimal subgroup Ki ⊆ Pi , 
for each i, 1 ≤ i ≤ t . Then

is an idempotent. A primitive idempotent e of �qCn is essential if, and only if, ee0 = e 
and e0 =

∑
e essential

e (see [3, Theorem 2.6]).

Theorem 2  ( [3], Theorem 4.2) Let Cn be a cyclic group with n elements generated 
by g, and m be the least positive integer such that n|(qm − 1) . Then: 

1.	 dim(�qCn)e0 = �(n) , where � denotes the Euler function.
2.	 There are precisely �(n)

m
 essential idempotents in �qCn.

Theorem 3  Let �q be the field with q elements, n a positive integer withgcd(q, n) = 1 , 
Cn = ⟨g⟩ a cyclic group with n elements, and �qCn the group ring of Cn over �q . The 
number of cyclic one-weight codes of length n and dimension k is

where � is the Euler function, r = qk − 1, s = lcm(d, q − 1) and � denotes Kroneck-
er’s symbol.

Proof  By Theorem  1, given a primitive idempotent e of �qCn , the ideal �qCne of 
dimension k has constant weight if and only if (�qCne)

∗ = �
∗
q
eCne and, since 

d = o(ge) , this happens if and only if qk − 1 = lcm(q − 1, d).

e0 = (1 − K̂1)(1 − K̂2)⋯ (1 − K̂t)

∑
d|n

�r,s
�(d)

k
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Given a divisor d of n such that qk − 1 = lcm(q − 1, d) , taking the primitive 
essential idempotents in �qCn with o(ge) = d , we have:

thus

As the number of essential idempotents will determine the number of different one-
weight codes we have, for such d, that the number of one-weight codes is �(n)∕k . 
Adding, for each d|n satisfying qk − 1 = lcm(q − 1, d) , the result follows. 	�  ◻

4 � Abelian groups

In this section we shall extend the results above to the case when A in an Abelian 
group.

Theorem 4  Let �q field with q elements, n a positive integer with gcd(q, n) = 1 , A an 
Abelian group with n elements, and �qA be the group ring of A over �q . Consider e a 
primitive idempotent of �qA and let C = �qAe be the corresponding minimal code. 
Set k = dim

�q
C . Then, the following statements are equivalent: 

1.	 C is a one-weight code;

2.	 Every non zero element of C has weight q
k−1(q−1)n

qk−1
;

3.	 There is an element in C with weight q
k−1(q−1)n

qk−1
;

4.	 (�qAe)
∗ = �

∗
q
Ae.

Proof: The implications (1 ⇒ 2) , ( 2 ⇒ 3 ) and ( 4 ⇒ 1 ) follow as in the proof of 
Theorem 1. Now consider the case (3 ⇒ 4 ). If the idempotent e is essential, the 
proof is similar to that in the Theorem 1, since the arguments use only the fact 
that �qAe is a field, which implies that (�qAe)∗ is a cyclic group, and this is still 
true when A is Abelian.

Assume that e in non essential. Observe that in the proof of Theorem 1 for this 
case, the arguments depend only on the fact that Cn∕He is a cyclic group. We will 
show that A∕He is cyclic, also in this case.

Consider the homomorphism

�qCde0 =
⨁

e essential

�qCde

so dim
�q
�qCde0 =

∑
e essential

dim
�q
�qCde

�(d) =l ⋅ k

l = �(d)∕k.
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Let a ∈ Ker(�) . Then ae = e , thus aie = e , therefore 1

�⟨a⟩�Σa
ie = e and, as a conse-

quence, ⟨a⟩ ∈ He , that is, ⟨a⟩ ⊂ He , so Ker(𝜑) ⊂ He . If h ∈ He , then he = hĤee = e , 
so ker(�) = He . Thus, A∕He is isomorphic to a subgroup of (�qAe)∗ , which is cyclic. 
Hence ( 3 ⇒ 4 ). 	�  ◻

Now we consider case when A is an Abelian group with n elements, 
but without the hypothesis that gcd(n, q) = 1 . Write A = Ap� × Ap , where 
gcd(p, |Ap� |) = 1 and Ap is the p-Sylow subgroup of A. Then �qAp′ is semi-
simple, of the form �qAp� = �qAp�e1 ⊕⋯⊕ �qAp�et , where ei, 1 ≤ i ≤ t are 
primitive idempotents, and �qAp�ei = Ki , is a field. In this case, we have 
�qA = �q(Ap� × Ap) = (�qAp� )Ap = (K1 ⊕⋯⊕ Kt)Ap = K1Ap ⊕⋯⊕ KtAp.

Lemma 6  With the notation above, KiAp is a local ring, 1 ≤ i ≤ t , whose radical is 
its augmentation ideal.

Proof  Given � ∈ KiAp , we shall denote by �(�) , its augmentation. It suffices to prove 
that �(�) ≠ 0 implies that � is a unit.

We observe that if � =
∑

g∈Ap
�gg and ps is the exponent of Ap , we have

Since Ki is a field it follows that �ps is a unit, and hence � is a unit. 	�  ◻

Denote by Ãp =
∑
a∈Ap

a and let 
⟨
Ãp

⟩
 = KiApÃp be the ideal of KiAp generated by 

Ãp . Then we have:

Lemma 7  With the notation above, 
⟨
Ãp

⟩
 is the unique minimal ideal of KiAp.

Then, the minimal ideals in �qA are of the form �qAp′eiÃp . We also call these 
minimal ideals as irreducible Abelian codes. The same proof as in Lemma  6 
shows the following.

Lemma 8  Let �q be a field with q elements and A be an Abelian group with n ele-
ments. If a code in �qA is a one-weight code, then it is irreducible.

So, for a code in �qA to be a one-weight code, it must be minimal; then by 
Lemma 7, the code has to be of the form �qAp′eiÃp . As an element of such a set is 
of the form 𝛼 = 𝛼1Ãp with �1 ∈ �qAp�ei , (and for each g ≠ h ∈ Ap , supp(�1g) and 
supp(�1h) are disjoint sets), its weight is 𝜔(𝛼1)

|||Ãp
||| , that is, the study of the weight 

� ∶ A → (�qAe)
∗

a ↦ ae.

�ps =

⎛⎜⎜⎝
�
g∈Ap

�gg
⎞⎟⎟⎠

ps

=
�
g∈Ap

�ps

g
=

⎛⎜⎜⎝
�
g∈Ap

�g

⎞
⎟⎟⎠

ps

= �(�)p
s

≠ 0.
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of the elements of the code is reduced to the study of the weight of the elements 
in �qAp′ei . Then we have:

Theorem 5  Let �q a field with q elements, n a positive integer with gcd(q, n) ≠ 1 , A 
an Abelian group with n elements, and �qA the group ring of A over �q . Consider a 
primitive idempotent e of FqA and let C = �qAe = �qAp�eÃp be the respective mini-
mal code. Set dim

�q
C = k . Then C is a one-weight code if, and only if, given any ele-

ment 𝛼 = 𝛼1Ãp , with �1 ∈ �qAp�e , �(�) = (qk−1n)∕(qk − 1) , that is, if, and only if, 
�qAp′ei is a one-weight code.

5 � A two‑weight code

In this section we construct two-weight codes, using the information he have about 
one-weight codes from the previous sections.

Let ⟨g⟩ ≅ ⟨h⟩ be two cyclic subgroups of order pn − 1 . Denote by e(g) an essential 
idempotent of �q⟨g⟩ and denote by e(h) the essential idempotent of �q⟨h⟩ obtained by 
exchanging g with h. As ĝ and ĥ are idempotents then also e(g)ĥ and e(h)ĝ are idem-
potents. Set e0 = e(g)ĥ + e(h)ĝ.

We now consider the code

and wish to determine the weights of the non zero elements in this code. We first 
determine which are the elements of this code.

Theorem  6  With the notation above, the non zero elements of�q(Cqm−1 × Cqm−1)e0 
are of the form gie(g)ĥ, 1 ≤ i ≤ qm − 1 , hie(h)ĝ, 1 ≤ i ≤ qm − 1 , and gthse0 , 
1 ≤ t, s ≤ qm − 1.

Proof: Consider L = {0} ∪ {gie(g)ĥ} ∪ {hje(h)ĝ} ∪ {gthse0} . We claim that 
L = ⟨e0⟩.

The inclusion L ⊆ ⟨e0⟩ holds because e(h) and e(g) are essential in ⟨h⟩ and ⟨g⟩ , 
respectively. In particular, we have that e(h) ⋅ ĥ = 0 so e(h)ĝ = e(h)ĝe0 . A similar 
argument shows that e(g)ĥ ∈ e(h)ĝe0.

To verify that ⟨e0⟩ ⊆ L , since e0 ∈ L , it is enough to show that L is an ideal. We 
show first that L is closed under addition.

We start analysing gthse0 + gt1hs1e0 . We have

�q(Cqm−1 × Cqm−1)e0

gthse0 + gt1hs1e0 =g
ths(e(g)ĥ + e(h)ĝ) + gt1hs1(e(g)ĥ + e(h)ĝ)

=gte(g)ĥ + gt1e(g)ĥ + hse(h)ĝ + hs1e(h)ĝ

=((gt + gt1)e(g))ĥ + ((hs + hs1)e(h))ĝ.



	 R. A. Ferraz, R. N. Ferreira 

1 3

Note that (gt + gt1 )e(g) is an element of �qCqm−1e(g) . Suppose first that gt + gt1  
is different from zero. As �qCqm−1e(g) has constant weight we have, by  
Theorem 1, that (�qCqm−1e(g))

∗ = �
∗
q
e(g)Cqm−1e(g) . As e(g) is essential, by Lemma  

2,Cqm−1e(g) ≃ Cqm−1 , hence |||Cqm−1e(g)
||| = qm − 1 and thus |||�qCqm−1e(g)

||| = qm − 1 , 
so |||(�qCqm−1e(g))

∗||| = qm − 1 . As e(g) is essential, gie(g) ≠ gje(g) , if i ≠ j , and 
then ||{gie(g)}|| = qm − 1 so (gt + gt1 )e(g) = gie(g) , for some index i, 1 ≤ i ≤ qm − 1

.
The same holds for (hs + hs1)e(h) . So

as ĝ = giĝ , and ĥ = hiĥ.
If one of these sums is 0, the element is in either ⟨e(g)⟩ or ⟨e(h)⟩ , which is an 

ideal, so closed under addition.
Finally, gthse

0
+ gie(g)ĥ = gte(g)ĥ + hse(h)ĝ + gie(g)ĥ = (gt + gi)e(g)ĥ + hse(h)ĝ ∈ L , as 

 above. A similar argument applies to gthse0 + hje(h)ĝ . Thus L is closed under 
addition.

Moreover, given 0 ≠ r ∈ �q , we have rL = L . Indeed, rgie(g)ĥ = gje(g)ĥ , 
because ⟨e(g)⟩ is essential. Similarly, rhje(h)ĝ = hle(h)ĝ and by the same argument 
rgthse0 = r(gte(g)ĥ + hse(h)ĝ) = gt1e(g)ĥ + hs1e(h)ĝ = gt1hs1e0.

It is clear that gL = L (as well as hL = L ) and hence L is an ideal. 	�  ◻.
We have the following:

Corollary 3  The code �q(Cqm−1 × Cqm−1)e0 is a two-weight code.

Proof  Notice that elements in {gie(g)ĥ} and {hje(h)ĝ} have the same weight and the 
elements in {gthse0} are also of constant weight, different from the previous one. 	� ◻

Example 1  Consider the group ring �3C8 , where C8 denotes a cyclic group with 8 
elements generated by g.

The element e(g) = 1 + g + g3 − g4 − g5 − g7 , is an essential idempotent. In 
fact, the non trivial proper subgroups of C8 are {1, g2, g4, g6} and {1, g4} , and 
e × (1 + g4) = 0 = e × (1 + g2 + g4 + g6), e × ĝ = 0.

Let ⟨h⟩ be another cyclic group of order 8, set e(h) = 1 + h + h3 − h4 − h5 − h7

Notice that, since �3C8e is a code of length 8, and dimension 2 and w(e(g)) = 6 , 
part (3) of Theorem 2.1 shows that �3C8e has constant weight.

Set e0 = e(g)ĥ + e(h)ĝ we have that �3(C8 × C8)(e(g)ĥ + e(h)ĝ) is a two-weight 
code in �3(C8 × C8),

The weights of this code are given by w(e(g)ĥ) = w((1 + g + g3 − g4 − g5 − g7)

(1 + h + h2 + h3 + h4 + h5 + h6 + h7)) = 48 , and since

gthse0 + gt1hs1e0 =((g
t + gt1 )e(g))ĥ + ((hs + hs1)e(h))ĝ

=gie(g)ĥ + hje(h)ĝ = gihje0,
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we have w(e(g)ĥ + e(h)ĝ) = 42.
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(1 + g + g3 − g4 − g5 − g7)(1 + h + h2 + h3 + h4 + h5 + h6 + h7)+

+ (1 + g + g2 + g3 + g4 + g5 + g6 + g7)(1 + h + h3 − h4 − h5 − h7) =

2 + 2g + h6 + 2g3 + 2h − 2g4h7 + 2g3h + g3h2 + 2g3h3 + g3h6

+ g2h + g2h3 − g2h4 − g2h5 − g2h7 + 2gh + gh2 + 2gh3 + gh6 + g2

+ 2h3 − g7h2 − 2g7h4 − 2g7h5 − g7h6 − 2g7h7 + g6h + g6h3 − g6h4 − g6h5

− g6h7 − g5h2 − 2g5h4 − 2g5h5 − g5h6 − 2g5h7 − g4h2 − 2g4h4 − 2g4h5

− g4h6 + h2 + g6
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