RT-MAE 9417

A NOTE ON THE SIMPLE STRUCTURAL
REGRESSION MODEL

by

R.B. Arellano
and
H. Bolfarine

Palavras Chaves: Bartlett correction factor; Likelihood ratio statistics; maximum
likelihood estimation; orthogonal parametrization.

Classificacio AMS: 62F05 - 62J05
(AMS Classification)

- agosto de 1994 -



A NOTE ON THE SIMPLE STRUCTURAL REGRESSION MODEL

R.B. Arellano-Valle and H. Bolfarine
Departamento de Estatistica -IME
Universidade de Sio Paulo - Catza Postal 20570
CEP 01492-990 - Sdo Paulo - SP - BRASIL

Summary
In this paper we investigate some aspects like estimation and hypothesis testing in
the simple structural regression model with measurement error. Use is made of orthogonal
parametrization obtained in the literature. Emphasis is placed on the some properties
of the maximum likelihodd estimators and also on the distribution of the likelihood ratio
statistics.

1. Introduction

The classical simple regression model with measurement errors is defined by the equa-
tions

(1.1) Xy = o + uy,

{ Yi =+ exs
yk = o + frg,

where e; and u; are independent and normally distributed with zero means and variances
o? and a2, respectively, which we denote by

r vl 0 s 0
(w)”‘"(t))'(o n:)"

k =1,....n. where N, denotes the bivariate normal distribution If the quantity z; is
considered to be a fixed quantity then, the functional regression model follows. On the
other hand, if the quantity rp is considered to be a random quantity, then the structural
regression malel follows. In this paper, we consider ry ~ N(p,,0?), with r; independent
of {ex,ug), k = 1,....n, a typically made assumption. The main idea behind the equations

(1.1) is that (yy.rq)..... (Yusrn) are not observed directly and the estimation has to he
based on (}7,X;)..... (Y., X,), which are observed. Examples of practical situations

where the ry are measured with error are reported in Fuller (1987). An interesting situation
is the case where r; is the amount of nitrogen in the soil and yi is the yield of a certain
cereal. In this case. the observed X values are determined by laboratory analysis and are
only estimates of the true rp values,

As is well known. there are problems with the estimation of the parameters in both
cases. In the funcional case. .J is not consistently estimated. In the structural case, some
nonidentifiability problems arise. See. for example. Fuller (1987) and Kendall and Stuart
(1979), where extensive hibliografies are provided. A Bayesian treatment for the problem
can be found in Zellner (1971). Therefore, in order to make the estimation problem feasible,
some additional assumptions have to be considered. In the structural model, a typically
made assumptions considers that the reliability ratio (Fuller, 1987) k, = 02/(0? + 03), or
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equivalently, A, = 02 /0? is known. Fuller (1987) reports several situations particularly in
Sociology, Psychology and Survey Sampling where k, is so well estimated that it may be
taken to be known. Bolfarine and Cordani (1993) derived an orthogonal parametrization in
this case and investigated the performance of confidence iutervals for 4. Another common
assumption is to consider that the ratio of the two variances A, = 0?/a2 is known. This
case has been investigated by Wong (1989) where an orthogonal parametrization is derived
and Bartlett correction factors are provided for the likelihood ratio statistic by using the
approach of Lawley (1956).

In this paper, a unified approach is developed for both {A; known and A, known)
cases. By studying the distribution of the maximum likelihood estimators of the orthogonal
parameters, we investigate the distribution of the likelihood ratio criteria in both cases.
The approach also makes it possible to compute directly the expected value of the likelihood
ratio criteria to order n~2. As shown, the correction factors obtained are exactly the same
in both cases and coincide with the one obtained by Wong (1989).

Seetion 2 presents a general matrix representation for the model and the orthogonal
parametrization under hoth assumptions. Section 3 discusses maximum likelhood estima-
tion and some properties of the estimators derived are studied in Section 4. Section 5
investigates Bartlett correction factors for the likelihood ratio statistics.

2. Orthogonal parametrizations

Note that we may rewritte model (1.1) as

(2.1) Z, = g1 + €r,

Yy iy
Z‘=(_\’1)‘ g‘.=g(.l‘k)=(nt:.-ll)‘

i
6" == (uk) A
19 =5 M oy n. Thus. from (2.1), we have that Z;,...,Z, are independent and identically
distributed with

where

and

Z; ~ Np(: ),

where
o o= ElZ = (hy ) _ o+ 3,
Hnx fir -
and
222 2 <
(,\,.i 0;;1- o, /\A,:tlf.). 2 ) . if A, is known,
(2.3) B COU[Zkl = oy {Ar [+ 44

,’2 2 2 ; 2 ;
( tr;‘-’i-z/\a- az}:’ag ) » if A, is known.
e r n
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Further. it can be shown that

(2.4) 5| = [A:8%02 + (A; + 1)02]02. if A, is known,
’ [Aea? + (32 + X )o?]o?.  if A, is known.
Let
(a.pep 02,02, 8), if A, is known,
2, = £ 0y
(2:5) . {(ﬂ.[l,.df.d:,[’). if A\, is known.

and [ = [(6), the log likelihood function may be written as

n 1 ¢ =
Vo =5 log |B = 5 3 (Ze — 0 B (Z - ),

k=1

where 4(8) e £(6) are as given in (2.2) and (2.3). respectively. Let K(8) = {xy,,] denote the
expected information matrix. Then. after some algebraic manipulations, it can be shown
that

Ol e DI . 02

“u="l56 2" 29, 2,> ao 5.l

where 6; denotes the i1-th component of 8, as defined in (2.5), and from where it follows
that

+ Str(5"

n#;—E"%'—, ifi= 525 j=1L2
Kig =4 4tr(E- ';;;‘32 ') i =345 and =34
0. ifi=1.2and j = 3.4.
- ) %,
Kss = Kg g = "3";2- 0’; =t tr{(z7 == 23 e

where tr(A) denotes the trace of the matrix A. It follows that kg, # 0. whatever be 6,.
This fact makes it hard to obtain large sample inference for 3, particularly correction fac-
tors for testing statistics. One way of aliviating this difficulty is to consider an orthogonal
transformation of . that is. transfonning @ into 0 = ($,.0;.04.64..3) so that 6, = 8,(e).
1 = 1.2,3.4, are the solutions to the differential equations:

‘
06,
(2.6) Koy T = —Kd,.

J = 1.2.3.4. Typically. solving a systhem like the one in (2.6) is not simple. Moreover.
when solvable. such equations may not be always easily interpretable. In the case when
A, is known. a solution is given in Wong (1989) and when A, is known. a solution is given
in Bolfarine and Cordani {1993). We note that the problem of obtaining the orthogonal
parametrization can be simplified by first making s orthogonal to X. This is easily accom-
plished by taking 0o = o + 3p, and @, = p;. The problem now is to make 3 orthogonal
to the other parameters which appear in X.



The solution presented in Wong (1989) and Bolfarine and Cordani (1993) may be
written as

(2.7) Oy =0+ 3, 02=jfir, ©04= a:,

(2.8) e { Acdia? + (A, + 1)a?, if A, is known,

(8% + A )ol + A02,  if A, is known.

Considering the above parametrization, we have that

n={oL) = (j;)

and

o+ (AN ey (A +1)A 0,
Hlt) ((’\1 + 1)A,dd4 (A, + 1)y

."1(‘) + A“l,‘), J((,‘) - .\,(.’1_ ) )
i =) 23 P ) 3 (A%
(J t ) <.1((D-; = /\,04) vy + »’204

) , if A; is known,
(29) ¥ = X(¢s5) =

if A, 1s known,

where 0, = (01, ¢2) (the location parameters) and og = (03, 04.,7)" (the scale parame-
ters). Note that

(2.10) 1Z| = o304.

We call attention to the fact that the choice of the scale parameters are not as obvious
as the location parameters. However, the choice of the news parameters becomes obvious
and clear from (2.4). Morcover. when A, is known and taken to he equal to one (without
loss of generality ) 1t can be shown that

tr(X) = oy + 0.

so that 04 and o4 are the caracteristic roots of X. In the sequel. we present some properties
of the matrix £ wich will make it easier to derive the cumulants of the derivatives of the
log likelihood function I = l{o).

Let

(e e (é) . if A; is known.
ik = /
Terhds e (‘1 ) , if A, is known

and

Arad

(Ar +l)‘|/2( \ ) if A, is known.

xr

gy = ,\
(32 4+ 2,12 (_:’) . of As 1s known.
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and note that

oz ,
— =a,0,,
Jdo,
t = 3.4, and
oxr oxr , s
E = 010—0; + @45(‘;—‘ = 03040 + 040 0.
Similarly,
= 0 OB e 0 _ &
Tl =2 I(’)—d,—z '+ o, ‘ax = o Yagal + o) 'nm’“
3 4
and p
2! b—? = lu,n’.
('l
where
(2.11) (\,:O,E-]u,.
t = 3.4. are such that aja, = 1. aja, = 0. ||a,|| = ||a,]|, 1 # J = 3,4 that is,
(A, +1)71/2 (A_’A‘F}) . if A, is known
Gy = ok
(3% 4+ A~ V/2 (/\i ) . if A. i1s known,
and
(A, + 1)71/2 (?) ¥ if A, is known,
hy =

1

(32 4 A, V2 ( ’) .af A, 1s known.

Furthermore. it is easy to ~see that

ax JES: 9*3 0304

—_— = e— LY et PPN L s XL i I . +a “'

94 (22! or + o4 radE ( "_", ) a0y + ayay)
and - .

= a4 = | ‘::?,:' )l/"(o‘"n oy + :_':|_'(| p )
where
23 1 - |
(2.12) - Eé?’ if A, is known,
(.,-,':_t:\;‘ )20z, if A, is known.
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From (2.9) it follows that (see also (2.10))

()] ox =5 E
9 -1 =] POl @g =)
(2.13) tr(Z 046.2 065,) {0 s
i) = Buill anel
10X . By
(2.14) tr{(Z 'E;)l} =tr(E! 0“)_90‘,, .

Let now K = K(¢) = [x,,] the information matrix under the orthogonal parametrization.

Then.

' -1 Ip o
np=% "—,ij 1] =2
Re3= Y Sl(E- "R R} = 8.4.5.
0, i = 1.2, ] =3.4.5

where g = ptop) and T = E(dg) are as defined above. Thus. K = Diag(K,Ks), that
is, K is a block diagonal matrix with

K;=uXx™"!

and, using (2.13) and (2.14),
1
K ¢ = nDiag( (=5

of
205 2ot o

where rlf, is given i (2.12). Note that

whercldyy = Col¥i X ] wvx = Van[X,) ayyy = l'ur[)',l.\',] and

YN = e
T (axnoyy )M
which denotes the correlation between Y, and X b =1... .. n.

3. Maximum likelihood estiimators

The maximum likelihood estimator (0. 04) of (7. 0<) is obtained by solving the

cquations
ol 0;/
ﬁ"‘:"’: E "Zs — )]z, =
==
ol - 1 ¢ TS
O‘_jt'o='."={——h‘2 —)+ Z(Z‘ “)E l()_mz I(Zk_ll)”tn:o—
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= 3,4. and
023

1 ] = =
w .=§2:L—m2 375 (2= pllyey = 0.
Che first equation leads to j1 = ;1($ L) = Z, from where we get

-

¢, =Y, and 9;2 =4

ince = (¢;.¢;) and Z = Z:=l Zi/n = (Y, X)". Using these estimators, it follows from
he above equations that

i = &L(B)Sa.(A),

= 3.4, and i X
a3(8)Say(3) =0,

espectively, where a;(/3) is as defined in (2.11), with 3 replaced by 3 and

_1 - _ _ g Svy 5&‘.\')
S_n g(z' Z)(%: — ) —(Sy.\' Sxx )’

‘here Sxyy = Y 1_ (X, =X)¥/n, Syy = E:':,(Y.—Y)z/n and Syx = X0 (X, - X)(Y, -

"}/n. From the above equations, it follows when A, is known that

é3 = (A +1)Syy — 2AA3)Syx + (A:5%)ds,

- _ Sxyx

4 A,'I-l‘
1 As+ 1 Syy
e A )5.\'.\"

eplacing 434 and 4 in 3. we have that
é3 = (Ar + 1)Syy.xs
‘here : 7
Syy.x = Syy — Sy\S¥x = Syyv(l —riy),
nd
e e
= Sy Sy xR

‘hen A, is known, it follows that

é 3%Syy + 2038y x + A3Sxx
L 32 4+ A, '
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by = Syy — 28Syx + #*Sx x

" m /§7+A ]
a S z\S\\ /\s\\ 2 1/2
3
/ =l( 25,, )+{( SY.\ 2+ A}

It can also be shown that the maximum likelihood estimator of ¢s = (43, ¢4, 8)’ is given
by the solution of the equation

B(és) =S

where X(¢s) is as given in (2.9), with és replaced by ¢s. Some estimators may also be
given alternative expressions as, for example,

= {(A -+ l)Syy - (/\,ﬂ)2¢4, if A; is known,
5 La S e if A, is known.

Note also that

(3.1) #1654 = || = Syy.xSxx.

4. Some properties of the maximum likelihood estimators

In this section we study some properties of ® = ¢, %) . Under model (1.1), it

follows that 1
ﬁ =7~ tV';([l, ;2).

and
- ol .
(41) 2=S~”2(;E."—1).

are independent. where

; o G
= #hy ) . and ¥B= Yy L3 .
X Ty N ONX
with Z and S as before. Here, Wi(A.m) denotes the k-variate Wishart distribution with

dispersion matrix A and m degrees of freedom (Muirhead.1982). From these results, it
follows that o) = (9y,90,) and oy = (b2, 04.,)" are independent and

s i Mol %2).

Thus. confidence regions or hypothesis testing for Hy : op = ¢ can be performed by
considering the variable

: P ) =
F= “(85))(B - 01) = (“5=NZ ~ u)'S(Z = 1) ~ Fyn-a,




that is. F is ditributed according to the Fisher F distribution with 2 and n — 2 degrees of
freedom. Furthermore, confidence intervals or hypothesis testing for functions of the form
a'¢; where a is a known vector of constants, we can use

\/-(a é1 —a'dy)

(@'Sa)i/? ~¢0,1;n - 1),

where ¢(0,1;n — 1) denotes the central t distribution with n — 1 degrees of freedom. On
the other hand, the exact marginal distribution of the components of the vector és i is
particularly difficult to obtain when A, is known. For example, when A, = 1, ¢3 and b4
are the proper values of the Wishart matrix £(és). Thus, in this situation, the distribu-
tion function of (&;,JS.) can he represented in terms of infinite series (Muirhead, 1982).
Similarly, the distribution function of 4 can be is given in a form of a convergent infinite
series of incomplete beta functions (Anderson and Sawa, 1982 derived the distribution of
A in the functional case. This distribution corresponds to the conditional distribution of
[; given x = (r),...,2,)" in the structural case). For this reason, inference on 8 when A,
is known typically is based on large samples, since as n — oo,

V(A - 3) 5 N, 03).

Moreover, using properties of the Wishart distribution we can study the exact distributions
of certain functions of ég in both cases (A; or A, known). Thus, considering the Wishart
distribution in (4.1) it follows that (Muirhead. 1982)

2
(i) Syy.x = Syy — 25X = Syy(1 - r} ) is iudependent of (Syx, Sxx);

(ii)

nSyy.x
— . X
oYY X
where
a3\
ayyx = oyy — 9% = ayy(1 - pyx )i
TxXX
(i11)
Syx _ oyx TYY.X
—— Svv ~ N(O. )
(5.\'.\' TN )| i ¢ nSxx
(iv)
)lSyy 5 Ils‘\"\‘
— 2 ~nE, and /= ~\2L,.
Tyy oxXXN
From the above results. it follows that
(v) 5
X . s
LE LA YY.X "
Sxx oxx (n—1)oxx
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and
(vi)
("_2)5,\‘,\' |/2 SY.\' oy X
— =) ~ KO, 1in = 2).
Syv.x ) (S.\'.\- 6.\'.\') T

(

Notice that (v) follow from (iii) and (iv), since, as is well known, by mixing a normal
with a chisquared distribution we get a ¢ distribution. On the other hand, (vi) segue de
(i), (ii) and (iii). Thus, (vi) allows the making of inference on the ratio (function of ¢s)

oYX _ (,\—:ﬁ)ﬂ if A is known,
oxx | (£53552)8, if A, is known.

For example, for testing Hy : § = 0 (indepence between X and Y'), we can use the fact
that

vn=-23  Vn-2ryx =28y

95 Vi=riy  /SxxSyrx

where o3 = o3(¢s) is as defined in (2.12). From the above results, we also have that

~ t(0,1;n — 2),

25 T
(4:2) E(#364] = E[Syv.xElSxx] = (")~ )baéu,
since ) "

Syy.xSxx = |S| = |B(ds)| = 0304
and
oyy.xoxyx = || = 030,.
Moreaover,
0384 Syy. xSy
Ej) = Eflog(—=—=
llog( 030, ) floe Oyy XOXX L
Qs e
= Eflog( X ) + Eflog( ¥
oYY.X INX
_9 .
(4.3) =w("T")+u.'(¥)-zlug§,

which follows from the fact that if 1" ~ Ga(w. 8), the gamma distribution with parameters

v and é. then Eflog V] = 1+(») — log 8, with v(.) being the digamma function. If A, =1 it
follows that

01+ 04 = tr{E(Pg)} = tr(S) = Syy + Sx .,

from where it follows that
- - n-1
E[¢s + ¢4] = ( T)(d’s + 04)-

10



Finally, considering A, known, we have that

oXX Ar+1 ovx

_=I\+10'__'\ ¢= ) l‘,= ——— 1
é3=(Ar + l)oyy.x, 04 orl ( = )0.\'x
so that the maximum likelihood estimators of the above parameters are given by
s L Sen -G S
03 = (A + DSyyx, be= 2., J=2YL o OVX
Ar+1 Sxx A o4

Considering the above relations, when A, is known. we have that
o 20/2, 3 :

(i) @1. ¢4 and &,"°(13 — 3) are independent;

. 5 - ® . .

(ii) % ~ \%_, and s e oLy

n_!,u.‘u
—

(iii) 63/%(3 = ) ~ V(0.

). where o is as given in (2.12).

{iv) B~ 1 n—1) and

T

(v) L= g, 1:m - 2).

Notice from (v) that.

)\

E[}] =4, n>2 and "m-[,}] = n>3.

n—3

Moreover. from (iv) it follows that an exact (1 — «)100% confidence interval for 3 is given
by
& a3
(i ; 'n—],o/') T — )!

n—2

where t,_; o/ is the upper 1 — a/2 point of a ¢ distribution with n-2 degrees of freedom
which can also be used as an exact a level test for Hy : 3 = 3.

5. The likelihood ratio statistics

Let 0 = (0).0%)" the maximun likelihood estimator of 0 = (0. @%)" under the null
hypothesis Hy : .4 = .4y, It is easy to see that oL = op =2Z and és = (03, 94.4) follows
from the equations

3=y

and

c;l = d:‘l’ll )Sdl( ”(I )-

where a,(g). i = 3.4. are as defined in {2.11). with 3 replaced by Jy. In the model with
A; known, it follows that 64 = 04. Under Hy : .3 = .4, we have that

nS ~ Wy(Ey.n—-1).
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where £ is the same as T (defined in (2.9)). but evaluated at (@3, 04,,% ). This implies
that N
no, :

o, = \n-—l'

i = 3.4. However, 3 and (5; are independent only in the model with A, known. The
likelihood ratio statistics for testing Hg : 3 = Jgy against Hy : 3 # 3, is given by

|z (és)l _ 0104
IE |) {03¢54 b

(5.1) L(é) — L(3)) = nlog}

Under Hy : .3 = Jy, the statistics G has asymptotic chisquared distribution with one degree
of freedom, denoted by G ~ A4 and can be represented in terms of J and the elements

of S as

{(A,H;s‘, =2k ipy bl o) - Sials, 1,

1 15 know
LT if Ay is known,

= n log
29 =
(9,20 ) (280 y +2A0,.J05y x +A, Sy v ) Syy =240 Sy \+15\\)

n log{ 3 ES W fermy e if A, is known.

where Syy x = Syy (1 — r{ ). Notice that in the case where A, is known.

G = nlog( —o,—-l )
o3

As has been extensively discussed in the literature (Cordeiro. 1983, Wong, 1989), the
approximation of the distribution of the statistics G to the chisquared distribution can
be improved by using Bartlett correction factors. For the case where X, is known, the
correction factor has been derived by Wong (1989). by using the approach developed by
Lawley (1956). which is known to be not easily implemented sinee it depends on the fourth
order cumulants of the likelihood ratio statistics. We propose now an alternative approach
of deriving the correction factor for hoth cases (A, known and A, known) by computing
directly the expected value of the likelihood ratio statisties by using some results derived
in the previous seetion.  Letting Ey[G] denote the expected value of G under the null
hypothesis H, : .4 = 4. it follows from (4.5) that

Ey[G] = n{E, E.,[lng{ ?}l }]}

= -1 -2 -1
=1:{('.‘(”T)+:_'(!_)—)—'Zlngg)—(r.'("—q——)—:.'(”—_)—)—21()zg-)}

n—1 n—2
= n{u| *2— b=y —2— )}
where ©(m) is the digamma function evaluated at m. Using the fact that (Abramowitz
and Stegun. 1965)

1
yim)=yp(m-1)+ ——,
m~1



1 1 L
P(m) =logm - m = 12m2 + 120m*

G AR

1 :
=logm— — + ()(m").
2mn

we have that

n41 ] 1
(5.3) Eo[G) = n{(w( " """%"2‘"_1‘,110”
n+1 n 1 1 i 1 1
= n{[log 3 ‘log‘i)-(m—;“'o{" z)_z(n-l_n—2)}
[ 1 g 1
= nflog(1+ ) = =[(1+ )™ =1+ 0(n™) = 2[(1 = 1) = 33 = 1)),

Considering the expansions
1 1 1 )
log(l+ =) === —+0m™"), (1+ Lyt =p= 2 gofpesy
n n 2p? n n

1 1 4
(1= )7 =142 40m™), (5--)" =24 > +0(n"%),
n n 2 n n

it follows from (5.3) that

EoG]=1+ 91" +0(n?),

so that for both cases (A, known and A, known) the corrected likelihood ratio statistics is
given by

(5.4) & =L = %)G.

with G as given in (5.2). Notice from (5.4) that the correction factor derived is exactly the
one derived by Wong (1989) for the case A, known, and that it is the same for the case A,
known.
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