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Summary 
In this paper we investigatP some aspt>ds like t>Stimation and hypothesis tt'Sting in 

the simple structural regression model with measurrment error. Use is made of orthogonal 
parametrization obtained in the literature. Emphasis is plac:-ed 011 the some properties 
of the maximum likt>lihocld estimators and also on the distribution of the likelihood ratio 
statistics. 

1. Introduction 

The dassic:-al simplt> rr-grPSsion modrl with nwasuwment Prrors is dPfinPcl by the equa­
tions 

whPrP t>1, and 111, art> i11d,·1wndP11t and normally clistrihutrd with zt>ro mrans and variances 
CT~ and u!. rPSpPctiv,-ly. whid1 WP drnotP hy 

k = 1, .... 11. whPrf' N2 dt>notrs thP bivariate normal distribution If the quantity r1, is 
rousidPrPd to lw a fiXt'<I <111a11tity thrn, th,- funrtional rt'grrssion mrnlPI follows. On the 
othf'r hand. if th,- quantity r~ is cousidt>wrl to l>t> a random q11a11tity, then the structural 
rPgrPSsiou 1mxl,-l follows. lu this paper. Wf' considPr r1, ~ N(11z, u! ), with .r,: inclept>ndent 
of ( r-1:, u 1, ), k = 1, .... 11, a typically marl,- assumption. ThP main idPa he hind the Pqnations 
( 1. 1) is that ( y 1 • r 1 ) ••••• ( y,., r,.) art• not ohSt"rw,I dirrrt ly and th,• rstimation has to 1w 
ba.<;p(I on (} j, Xi) ..... (}:,,.\",.), which ar.- ohsc>n"NI. Examples of prac:-tiral situations 
wherP the r 1, ar<' lllf"a...,ttrf"cl with t•rror ai-e rr1x1rtrd in Fnll!'I" ( 1 !>87 ). Au interPSting situation 
is thf" ra.•w whne ri is thf" a11101111t of nitrol!;<'ll iu thP soil and Yl is thf" yirlcl of a certain 
rerPal. In this ca.'if'. thf" ol,srrvf"(I .\t \·ahtf"S arP clf"tf"rmint>d hy laboratory analysis and are 
only PStimates of th,· tnu• ri vahws. 

As is w,-11 kn~wn. tht>rf" art• pmhlf"ms with thr 1-stimation of th.- parBJnf'tf'rs in both 
casrs. In th,- fonrional ,·ast> . . l is 1111t ronsistPutly PStimatPcl. In thf' structnral ca.'if', some 
nonic!Pntifiahility prolilPIIL" ariSP. S."·· for f"Xamplt·. Fnllt>r ( 1!>87) aml KPmlall and Stuart 
( 1!)7!)), whf"rt' 1•xt1•11si\'I• hil,lio)!;rafiPS nrr prll\·irlt>tl. A Bayt-sian trPatmrut for thP problem 
.-au 1,.- fouu<I in Zdlurr ( 1!>71 ). Tht"t"t>fort•. iu ordt>r to makf' thr t-stimatiou prol,lt"m frasible. 
somP additional a."'s11111pti111L'i havP to l.>P musiclere.-1. In the structural m0<IPI, a typically 
made assumptions rousidPrs that the rrliability ratio (fuller, 1987) l.:r = a!/(u! + u!), or 
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t'<p1ivalently, ,\1 = u;/u! is known. Fuller (Hl87) u·ports st'veral situations particularly in 
Sociology, Psychology and Survey Sampling where kr is so well estimated that it may be 
taken to lw known. Bolfarine and Cordani (1!)!)3) derived an orthogonal parametrization in 
this ra~t' and invt>stigated the performance of confidt>nre intervals for ,1:J. Another common 
,L~s11111ption is to rousider that tht' ratio of the two variaures ,\, = u; / u; is known. This 
rast' has lwen investigated by Wong ( 1!)8!)) where an orthogonal parametrization is derived 
and Bartlett •·orrection factors arr provided for the likelihood ratio statistic by using the 
approach of Lawley (l!J56). 

In this paper, a unifird approach is developed for both Pr known and ,\, known) 
cases. By studying the distribution of the maximum likelihood estimators of the orthogonal 
parameters, we investigate the distribution of the likelihood ratio criteria in both cases. 
The approad1 abo makes it possible to compute directly the expected value of the likelihood 
ratio rriterin to orcl,•r 11-1 . As shown, tlw rorrertion factors obtainecl are exactly the same 
in both •·a~rs .u1d rnincidt' with the our obtained by Wong (1!)8!)). 

S1·1·tion 2 prrst'nls a J!;t'lll'ral matrix ft'prrst'ntation for thP modd and thr orthogonal 
paramrtrization uuclt•r both ,L~sumptions. St>rtion 3 disc11sst>s maximum likelhood estima­
tion aud some proprrties of the Pstimators derived art' studied in Section 4. Section 5 
investigatt•s Bartlett correction factors for the likelihood ratio statistics. 

2. Orthogonal parametrizations 

Not,· that w.- n1ay r.-writt.- mod.-1 (1.1) as 

(2.1) 

Z ( li) 
k = X1,; • 

and 

k = 1. .... 11. Tim-.. from ( 2.1 ), wr havt' that Z 1, ••. , Z,. arP independrnt and identically 
clistrih11tr,l with 

wlu-n· 

(2.2) 

and 

if Ar is known, 
(2.3) 

if ,\, is known. 
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Further, it can bt" shown that 

(2.4) 

Let 

(2.5) 

if A7 is known, 
if .X, is known. 

if A7 is known. 
if A, is known. 

and I= 1(9), thf' log likelihood function may hf' written a~ 

where 11(8) f' I:(9) are ,L,; .e;iwn in (2.2) aucl (2.3). n•spf'ctiwly. Ll'l K(B) = [,-,_1 ] (!PnotP tht> 
expf'ctecl informatiou matrix. Tht"n. aftPr somf' al.e;Pbra11· manipulatious. it ("an b!' shown 
that 

. _ [!!.!!._E-1!!!.!._ !!_. E_ 1DEE_1DE)] 
"'·1 -

11 
Dfh DB) + 2h( DB, DB) ' 

where 9; denott"s thr 1-th component of 9, a~ drfined in (2.5). and from where it follows 
that 

anrl 

if i = 1. 2. 5. j = 1. 2. 

if i = 3.-1.3 and j = 3. -1. 

if i = 1. 2 mu! j = 3.4. 

when• fr( A) dt•uot<'s tlw tran· of thf' matrix A. It follows that "d.J :/ 0. whntPvrr be BJ" 
This fact makrs it hard to obtain lar.e;e samplf" iuff"rf"ncr for d. particularly rnrrPction fac­
tors for tf'sting statistics. Our way of aliviatiu.e; this ,liftic-ulty is to rnnsider an orthogonal 
transformation of fl. that is. tr:msfonnine; fJ into o = (6 1.o1 .o1 .o~. J)' -.;o that fl,= 8,(t/l). 
i = 1. 2. 3. 4. ar,• tlw solutions to tlw <iifff"rrntial P<ptations: 

(2.6) 

j = 1. 2. 3. 4. Typirnlly. solviue; a syo;thrm likt> thr our in ( 2.G) is not simplf". ~Ioreovf'r, 
when solvable. suc-h 1•q11ations may not lw always ••a,;ily intrrprrtah!P. In tlw c-a.o;f" whf'Il 
A, is known. a solutiou is )!;ivrn in \Yon.e; ( 1!)8!)) and wlwn A, is known. a solution is givPn 
in Bolforine ru1d Corda.ni ( 1993). \\',. uotP that thr problem of obtaiui1111; th,• nrtho,;oual 
paramf'trization can 1,., simplifir<i hy first nmkin.e; 11 orthogonal to I:. This is 1•a-.;ily aC"Com­
plished by takin.e; ,:,0 = o + ,i11r an<l o1 = 11 1 • Thf" proh!f"tn now is to makf' ii orthogonal 
to the otht>r pararnf'tPrs which appf'ar in E. 
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Tht• solution pn·st'utt•(l 111 \Voug ( HJS!J) and Bolfariue and Corclani ( HJ!)3 l may he 
written as 

(2.i) 

(2.8) 

Consiclering the above parametrization, we havt' that 

JI = /1( if> L ) = ( :: ) 

a11<l 

if ,\r is known, 

if ,\, is known, 

wlwrt• 01, = (<.li,<hl' (tht• lorntion (Htrnmet,•rs) and~~-'>= (0:1,04,,,')1 (tht' sl'!Ut' parame­
tt•rs). Nott' that 

(2.10) 

\Vt• n,11 llltt·11tio11 to tlw fo<·t that tll<' d1oi,·,· of tht• ,-ml,· param.-!Prs art> 110t as obvious 
as the location paranwtl'rs. How,•,·n. thr rhoin• of th,· lit"\\'~ paramt•t•·rs bt>c-omes obvious 
and dt•,ir from (2.4) . ~lot"('(>Vt•r. wh,·n ,\, is known a11tl tak1•11 to llt' t•<p1al to one (without 
loss of l!;<'llf'rality). it nm lu· show11 tltat 

so that o-1 awl o 1 an• tilt' rnrnt"tc·risti,· nKits of E. l11 till' ~••(111,·l. Wt' prt'sPut som1• properties 
of tht> matrix E wid1 will urnkt• it rn .. ~i,·r to ,lt·riw tlw nnunlauts of tlH' dc·rivatives of the 
log likdihoocl fuuctiou I = /( o ). 

L<·t 

if Ar is kuowu. 

au(! 

if Ar is kuown. 

if ,\, is known. 
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and note· that 

i = 3.-1. all(! 

Similarly, 

and 

when• 

(2.11) 

all(l 

Furth<"rmon·. it is ,•asy to ~,.,. that 

all(l 

when• 

(2.12) 

,,, = o,E- 1 ,,1 . 
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From (2.01 it follows that {sPf' also (2.10)) 

(2.13) 

i,j = 3.4. and 

(2.14) 

i = j 
i 1' j, 

Ll't now K = K( ,fa) = l"•.J] th!" information matrix 111Hkr tin· orthogonal paramPtrization. 
Thru. 

i.j = 1,2, 

i = 3.4.5. 
i = 1.2, j = 3.4.J. 

wlH'n' /I= 11(,.~i.) awl!:= !:(¢s) at!" as clrtitwd ahow. Tims. K = Dia!!;(Kt,K8), that 
is. K is a hl1..-k <lia)!;oual matrix with 

and. usim; (2 .13) ,uul (2 .14). 

wlwn• ,,.~ is J?;i,·<'n in (2.12) . Note• that 

wbic·l1 d,·11ot,·s tlll' n,rn·latio11 lwtw<'f'n }j. and.\", .. l· = 1 . . ... 11 . 

3. Maximum likelihood estimators 

Th,· 111axi11111111 lik.-lih,Kul •·sti111at.or (,_; , __ ,_; _.,.) of (01_.0<;) is ohtai11rcl hy solvinii; thf' 
c·qnations 

G 



= 3, -l. au<l 

DI I l ~ z I -I DE -I I <M ~=• = 2 L.) " - 11) E D.J :E (Z1 - ,,J •=• = 0. 
i=I 

rhe first rquation leads to ji. = 11(Jd = Z, from where we get 

ince I'= (1P1, 1P2)' and Z = L==• Z1/n = (l\X)'. Using these t-stimators, it follows from 
he above equations that 

= 3.4, and 
o;(J)S04 (/3) = 0, 

t'spectively, where o;(/i) is a~ defined in (2.11), with /3 rc·placi-d by 1l and 

hrrp Sxx = E:':,(X, --C-t)2 /11, Sn .. = E:::.o·, -ni /n and Sp, = E:':1<X, -X)(Y,­
')/11. From tht> above equations, it follows whrn Ar is known that 

Sxx 
~4 = A,+ l' 

,i = ( Ar + 1 ) SL\" . 
Ar Sxx 

't>placinF; ; 4 ancl i-J in ~3 • WP havt> that 

·hert> 

ud 

i ht>n A, is known, it follows that 

~
3 

= )2 Syy + 2~,JlSn + >-!Sxx, 
;12 + A, 
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• Syy - 2/JSY.\: + 1}2Sxx 
1/i., = -

1i2 + ,\, 
,} ( S'1-T - >-,Sxx )+ {(Sn- - .\,Sxx )2 + ,\,}112. 
~ 2S Lx 2SL..-

lt can also be shown that the maximum likelihood estimator of q, s = ( ip3, q,4, /J)' is given 
by the solution of the equation 

where E( Js) is as given in (2.9), with t/>s replaced by Js. Some estimators may also be 
given alternative expressions as, for example, 

Note also that 

(3.1) 

if Az is known, 
if ,\, is known. 

4. Some properties of the maximum likelihood estimators 

In this sP.-tion WP study somP pro1,..rtie,: of i, = ( ,/>~, <b's- )'. Under model ( 1.1 ), it 
follows that 

(4.1) 

an• i1ulqwtHlt•11t. wlwr<> 

/1 = 

. 1 
E = S ~ Jr2 ( -E.11 - 1 ). 

ll 

au<I o-t·x), 
,r .\ X 

with Z au<l S as lwfon·. H,·n·. n·d A. 111) t1 .. 11ot .. s till' (·-variat•· \Vishart ,listril,ut.ion \\•ith 
1lisp,·rsio11 matrix A an,1 111 <il'J!;rt·••s of fn•,•1!0111 ( :.l11irlll'aii.l!)S2). From tlws..- n•sults, it 

follows that ,;l = ("?1,01 )' and 11> .~· = (<b2 ,,;,.,.,i)' are iu<lept'ud<'ut mid 

Tl111s. nmtid,·ur,• n·gious or hypothesis tPstiug for Hu ,:,L = iu .. au ht' J>t'rformed by · 
ronsid,·ring tlw varial,lt• 
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tha~ is. F is ditributf'd acrnrdin.e; to the Fishf"r F distribution with 2 and n - 2 degrees of 
freedom. Furthermore. C'Oufideuce intPrvals or hypothPSis testin,; for function.'i of the form 
a'~L where a is a known vtttor of constants. we can use 

where t(O, l; n - 1) denotes the central t distribution with n - 1 degrees of freedom. On 
the other hand, the exact marginal distribution of the components of the vector ~s is 
particularly difficult to obtain when .\, is known. For example, when .\, = 1, J3 and '• 
are the proper values of the Wishart matrix :E(Js)- Thus, _in this situation, the distribu­
tion function of ( J3, J4) can hf' reprt'Sf'nted in terms of infinite series (Muirhead, 1982). 
Similarly, thP distrih11tion function of ~ ran hf' is givf'n in a form of a convergent infinite 
Sf'ries of incompletf' l)f'ta functions (Anclf'rson aucl Sawa. 1982 clerivPd the distribution of 
iJ in the fw1ctional ra.<;P. This distribution rorrf'sponds to thP conditional distribution of 
iJ given x = (.r 1 , ••• , .r,. )1 in the structural C'&'if'). For this rea,;on. in(f'rencf' on fJ when .A, 
is known typically is based on large samples, since as 11 -+ oo, 

Moreover, using propPrtiPS of thP \Vishart distribution WP C'8.11 study the PXact distributions 
of certain functions of J_., in both ca<;es (.\z or.\, known). Thus, considering the Wishart 
distribution in (4.1) it follows that (Muirhf'acl. 1!)82) 

(i) Syy_x = Sn· - ssh = S\-·y(l - r}x) is iudf'pendPnt of(Syx,Sxx); 
."t" .1" 

(ii) 

whf'rP 

(iii) 

(iv) 

( 5\-· x n\-".\" )IS \'(O nyy_x ) · -- - -- \ ' \-• . - - , 
S . ..-x nxx · · nSxx 

uSn-· ~ 1 \,._, 
ITy),· 

and 
rtSxx 1 - - ~ \11-t · 
tTX X 

From thP alXlVP rPSults. it follows that 

(v) 
Syx t( uyx uy\-·.x . l) -- ~ --. .n-
Sxx uxx (11 - l)uxx 
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and 
(vi) 

Notice that (v) follow from (iii) and (iv), since, as is well known, by mixing a normal 
with a chisquared distribution we get a t distribution. On the other hand, (vi) segue de 
(i), (ii) and (iii). Thus, (vi) allows the making of inference on the ratio (function of ,s) 

if,\~ is known, 

if>., is known. 

For rxample, for testing Ho : /3 = 0 (indept>nce hetwf't'n X and Y), we can use the fact 
that 

J11 - 2iJ Jn - 2ry x Ju - 2S y x 
. = -;===.=-=---,,===.a===~ t(O, l; n - 2), 

U,J ✓1 - r~-x JSxxS1·•,.x 

when· ud = ui,(<Ps) is a,; <lefinecl in (2.12). From the abovt> 1·Psults, WP also have that 

(4.2) 

SlllCt> 

and 

l\lort"Ovt>r, 

(4.3) 
11-2 11-l II 

= ,I'( ~ l + d ~ ) - 2 lu,e; 2, 

which follows from tlw fact that if\· ~ Go(,,. Ii), tlw gamma clistrilmtiou with parameters 
,, and Ii. then £(log l') = I.'(,,) - log 6, with ~·(.) hPing the di,e;amma function. If>.. = 1 it 
follows that 

91 + ,;4 = ti·{:~:::(Jf')} = tr(S) =Sn,· + Sxx,. 

from where it followi'I that 
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Finally, considering ). 1 known, WP havt" that 

so that the maximum likelihood f'Stimators of thP abovP parameters arP ~iven by 

Considering the abovP relations, when )., is known. WP have that 

• • ·112 • 
(i) ¢ .1, <D4 and <1,4 ( 3 - d) arr imlqwmlrnt: 

( .. ) .!!.b 2 I ~ 2 
11 03 ~ \,,_ 2 an< ,,, ~ \,,_ 1: 

( ... ) :,_t/2(; ') \'(O 11 ',<>,) I 1 · · · ? 111 <V4 ,1 - , , ~. . -·-.. - . w wn· n,l IS a.~ ~l\"t'll Ill (_.12). 

. .,, 
(iv) /l ~ t(ll, ;;-:::-i-: 11 - l ); ancl 

NoticP from (v) that. 

E[.i] = .I. 11 > 2 and II > 3. 

MorPOVPf. from (i,·) it follows that an rxart 11 - n)l00% l'1111tidPnn· interval for /i is giv..n 
by 

• ir ,1 
\.-l::i=t,,_1."11 r.:--c;l, 

yll -2 

whPrP t,._l.n/l is till' 11ppn 1 - n/2 point of at clistribution with n-2 dt>ii;rees of freedom 
which c·an also lw IISl'r\ as au ,•xa.-t n kvel tt·st for Hu : .-I= .Ju . 

,5. The likelihood ratio statistics 

L,·t o = Io', .. ,.;,,; l' t lw maximum likt'lihoocl ,-stimator of o = Io', . .-o'., )' nuder the null 

hypothPsis Hn: .J = .-111 • It is Pasy to SN" that OL = OL =Zand J_., = (,;1,~-1.11)' follows 
from the eqnations 

and 
t;, = ,i:(,:i,i)So,( ,-10 ). 

whPrP o,(.-10 ). i = 3.-t art> as ,\..tinr,I in (2.11). with .-I n·plan·<l l,y d.,. In the uuxld with 

)., known, it follows that o4 = o1. l:111lc·r Hu : .I = .1n we han· that 

.. s ~ n·z('En, 11 - 1 ). 
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whC'rP I: 11 is tlw same· ,L~ E (clc--finc·cl in (2 .!J)). lint c•Yahtatl'cl at ( 0 1,o.1 , ,J0 ) . This implies 

that 

110, ·• - ~ \;._, . 
o, 

i = 3. -1. How,..,·,·r. o1 aucl o.1 ax·,· i11dqw11dt>nt only in tliP mrnl,·l with >., known . The 

likdihoo<l ratio statistirs for tc'sting H0 : ,-J = .-J0 against H 1 : .-J f:. .-Jn is givi>n by 

(5.1) 

Umli•r Ho : .-J = .-J0 , the- statistics G has asymptotic- rhisquarf'Cl distribution with one degree 

of frc>,..dom . clc•nott·cl l,y G ~ .-1. \ i and cau J,., ri>pn•sc•utc·<l in t, •nus of .-10 and th,• Plements 
of Sas 

if>., is known, 

if >., is known. 

wlwre S\T .. \' = Sn ( l - ,'{ .\' ). ;\otirl' that iu the cast' whc•rf' Ar is known. 

G = 11lop;( ~l ). 

01 

As hm; l><'t'll l'Xt•·usiH·iy ,lis,·nssc•cl i11 till' lit .. rntun· (C'onh-iro. 1983. \\'011g, 1989), the 
approximation of tlw clistril,ntion of th .. statistics G to tht' ,·his<1mu·p<) distribution can 
hP imprm·c-><I by 11si111!', Barth·tt corrrctio11 facto1·s. For the-> cast• whf"rP >., is known, the 
c·orn•,·tion f,u-tor has 111 •1· 11 ,h·riwd 1,y \Vo11g ( l!JS!l). 1,y 11si1111; till' apprnad1 dl'VPiope<l by 

LawiPy ( 1!)5(i ). whid1 is known to lw uot c·IL~ily implc•mt>nlt•d siun· it rlc·pc--uds on the fourth 
onlt•r 1·1111111lants of tlw likdihoo,l ratio statisti,·s. \\'r propos,• 110w an altrrnatiYc· approach 
of tl,·rivi11.~ tiw rmTc•ction factor for both rnst•s ( ).r known awl >., known) by 1·0111p11ting 

dirrctly th,· 1·x1wc·t,•1i rnl111• of till' iik,·iiho01l ratio statisti,·s l>y nsiu.~ souw rc·snits dc--riwd 
in tiw prc•vio11s ~,·rtiou . L,·ttin)!; Eo[G] ,\,•noto• tlw c·xpc--,·tt'tl ,·ahw of G nudt•r the null 
hypoth,•si,-, H11 : .I= .:111 • it follows from (-l .5) that 

11-l 11-l II 11-2 11-l II = 11{(v( -- ) + ,_•( - - ) - 2loP-) - (I.'( - - ) - I.'( --)- 2loe;-J} 
2 2 "2 2 2 2 

11 - l II -2 = 11{1.•( --)- I.'( -- )}. 
2 2 

where 1/'(m) i,-, the «li~munm function 1·,·al11att•d at 111. Using th .. fa,.t that (Abramowitz 
a.u<l Stegun. 1!)65) 

1 
dm) = rµ(m -1) + - - , 

111-l 
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1 1 1 
1/.'(m) = logm - - - --. + - - + ... 

2m l2m1 120m4 

1 1 = logm - - + O(m- }. 
2111 

we have that 

(5.3) 
11 + l II 1 l EolGJ = ,i{(,p( - )- ,I'(-)~ 2(-- - --)} 

2 2 11 - 1 ,i - 2 

= 11{[log 
11 + 1 

- log~) - (-
1

- - ~) + 0(11-') - 2( -
1

- - -
1

- )} 
2 2 11+1 11 11-l n-2 

= n{log(l + .!.)- .!.1{1 + _!_)- 1 - lJ +O(n-1 )- 3.1(1- .!.)- 1 - !(! - .!.)-11}. 
II 11 11 11 11 22 11 

Considering thf' t'Xpansions 

it follows from (5.3) that 
5 

E0 IGJ = 1 + - + 0(11_., ). 
211 

so that for both <•a-.;f's (,\, known and,\, known) tht> 1·orrt>rtt>cl likelihood ratio statistics is 
giv<'n hy 

(5.4) 
5 

G" = (1- -)G. 
211 

with Gas givf'n in (5.2). Notiet' from (5.4) that tlu• rom•rtiou fat·tor dPrivt'1I is t'Xactly the 
one derivt'd liy \Vong ( 1989) for tht> nL'w ,\, known, aucl that it is tlw sanlt' for th<' cast' ,\r 
known. 
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