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COMPOSITION COLOR ALGEBRAS

DANIEL FELIPE CASTRO OVALLE AND IVAN SHESTAKOV

ABSTRACT. This work aims to define the composition color algebras and classify them. For
this, we use the Cayley-Dickson process and the construction of the “canonical” basis of a
split Cayley algebra as a reference.

1. INTRODUCTION

The role of composition algebras is difficult to overestimate. The quaternion and octo-
nion algebras were some of the first known examples of non-commutative and non-associative
algebras, respectively; in fact, the theory of algebras was initiated with these algebras. Com-
position algebras are a fundamental part of the classification of simple Jordan algebras and
exceptional simple Lie algebras (“Freudenthal’s magic square”).

With the development of the theory of superalgebras, it was natural to see if the notion
of composition algebra could be generalized to the super-analogous. In [She97], Shestakov
classified the simple alternative superalgebras, and he noted that in characteristic 3 appeared
two alternative superalgebras, B(1,2) and B(4, 2). Later, Elduque and Okubo [EO02] defined
and classified the composition superalgebras with identity element (Hurwitz superalgebras).
They proved that the two algebras mentioned above are Hurwitz superalgebras and that if
the characteristic is different from 2, these two superalgebras are the only non-trivial Hurwitz
superalgebras (with non-zero odd part).

A generalization of Lie superalgebras was studied by Scheunert in [Sch79], called Lie color
algebras, in which case the algebra is graded by an abelian group and not only by Z,. The
main objective of this work is to introduce and classify composition color algebras. In addi-
tion, Scheunert showed that the study of Lie color algebras is closely related to the study of
gradings on Lie superalgebras. Therefore, for our purposes, gradings on composition superal-
gebras are important. Gradings on composition algebras have been described in [E1d98] and
[E1d09]. Gradings on composition algebras are useful for finding gradings on exceptional sim-
ple Lie algebras. On the other hand, gradings on composition superalgebras were described
in [Aralb].

The Cayley-Dickson process is an important tool for the classification of composition al-
gebras so, we will show that it can be generalized to composition color algebras and it plays
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2 D. CASTRO AND I. SHESTAKOV

a fundamental role in the classification of them. On the other hand, the construction of the
“canonical” basis of a split Cayley-Dickson algebra is important for the study of the gradings
on these algebras so, we will also use this construction for the classification of composition
color algebras.

The structure of the paper is the following way: Section 2 contains some basic results
concerning graded algebraic structures and commutation factors. We introduce composition
color algebras and study some properties of these algebras in Section 3, and at the end of
that section we define a color alternative algebra and we prove that every composition color
algebra is a color alternative algebra. The theme of Section 4 is a generalization of the
Cayley-Dickson process. The aim of Section 5 is to give the classification of composition
color algebras. In Theorems 5.8, 5.21 and 5.27, we gave a complete classification of color
composition algebras. Up to equivalence, we have several types of such algebras. Some of
them are the classical composition algebras or the alternative superalgebras B(1,2) or B(4,2)
equipped with various gradings. But there are also some completely new algebras that have
not been known before. We have one of dimension 4 and several algebras of dimension 8,
that are non-alternative superalgebras.

2. GRADED ALGEBRAIC STRUCTURES AND COMMUTATION FACTORS

In this section we present some definitions related to graded algebraic structures, see [EK13,
Chapter I] and [Sch79].

Let GG be a group and V' be a vector space over a field F. Generally, we will use multiplicative
notation for G, but for abelian groups we will change to additive notation. A G-grading on
V' is any decomposition of V' into a direct sum of subspaces of V' indexed by G,

AV =V,

geG

Here we allow some of the subspaces V, to be zero. The set

Supp A = Suppg(V) :={g € G | V; # 0},

will be called the support of A. The support of a G-grading is not in general a subgroup of G.
The subspace V;, will be called the homogeneous component of degree g. If 0 # v € V, then
we will say that v is homogeneous of degree g. If a grading A is fixed, then V will be referred
to as a G-graded vector space. Any element v € V' can be uniquely written as deG vy where
vy € V; and all but finitely many of v, are zero. We will refer to v, as the homogeneous
components of v.

A subspace U of V is said to be a G-graded subspace if U = @QGG(U NV,). Equivalently,
U is G-graded if for any element v € U, all its homogeneous components (as an element of
V') are also in U.

Let A be an algebra (not necessarily associative). A grading on A by G, or a G-grading
on A is a decomposition of A into a direct sum of subspaces A : A = P e Ay, such that
AgAy C Ay, for any g, h € G. If such a decomposition is fixed, we will refer to A as a G-graded
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algebra. A subalgebra B of A is said to be a G-graded subalgebra of A if it is graded as a
subspace of A, i.e. B =@, q(A; N B). If A has unity 1 then 1 € A. A superalgebra is a
Zo-graded algebra.

The following definition is well-know in the theory of graded algebras.

Definition 2.1. Let ' be an abelian group. A commutation factor on I', with values in F'*,
is a mapping

e:I'xT — F*
such that
(1) e(a, B)e(B, @) = 1,
(2) e(o, B +7) = (o, B)e(e,7),
(3) c(a+B,7) = ela,7)e(B,7)

for all o, 8,7 €T

From (1), (2) and (3) we have e(«, ) = 1, €(e,0) = €(0, ) = 1 and €(a, —f) = €(5, ) =
e(—a, p) for all a, p €T

Note that a commutation factor is just a skew-symmetric bicharacter.

Example 2.2. The following are examples of commutation factors:

(1) Let I be an arbitrary abelian group. The trivial commutation factor is defined by
e(a,f)=1forall a, 5 €T.

(2) Let Zs = 7Z/27Z be the additive group of integers modulo 2 and let e defined by
ela, B) = (—=1)° for all o, B € Zy. It is easy to see that € is a commutation factor on
L.

As a next step we would like to classify some commutation factors up to equivalence, in
the sense of the following definition.

Definition 2.3. Let I be an abelian group. Two commutation factors € and € on I" are said
to be equivalent if there exists an automorphism h of I' such that €'(«, 5) = e(h(a), h(5)) for
all a, 8 €.

We will recall some particular cases. First, when I' = Z7, with Z, = Z/pZ and p is a

prime number. If we assume that on I' = Z} there is a nontrivial commutation factor then

char(F') # p.

Proposition 2.4. ([Sch79]) Let p be a prime number, E, € F be a nontrivial p-th root of
unity and n > 1 be an integer. For any element o € Zy the coordinates of v with respect to
the canonical basis of Z, will be denoted by aq, ..., oy,

Let r be an integer such that 0 < 2r < n. We define an alternating bilinear form 1, on Z; by

T

Ve, B) = Z(Oé%flﬁm‘ — Qgiffyi—1) forall o, B € Z,.

i=1
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Let s be an integer such that 1 < s < n. We define a symmetric bilinear form ¢s on Zy; by

os(a, B) = Zaiﬁi for all o, B € 7.
=1

Then,

a) If p = 2, then any commutation factor on Z3 is equivalent to (—1)¥ with 1 equal to
2
one of the forms 1, or ¢,.

(b) If p = 3, then any commutation factor on Zj is equivalent to E;f’ with 1 equal to one
of the forms 1,.

Another particular case, which is important for our results, is when I' = Z,, & Z,,, where
m,n € ZZQ @) {0}

Proposition 2.5. Let ' = Z,, ®Z,, m,n € Z>2U{0}, and let € be a commutation factor on T’

such that e(a, o) = 1 for all « € T'. Then € is equivalent to one of the following commutation
factors:

(a) If T = Z & Z, let X € F*, then
e(a1, a2), (B, Ba)) = A Pme2i,

(b) IfI' = 2® Zn, n 2 2. Let E, € F* be a n-th root of unity. Then
6((0{1704_2)’ (51,@)) = ETOLHE*@BI.

(c¢) If ' =2y, ® Zyp, m,n > 2. Let d = ged(m,n), the greatest common divisor of m and
n, and E; € F* be a d-th root of unity. Then

E((L 6)7 (67 i)) = Edv 6(((_)7 i)v (L (_))) = Ed_l’ E(av 04) =1
for all a € Zoyyy @ 7,

Proof. On the one hand, we have €(a, @) = 1 for all @ € I" and on the other hand by (1),
(8, a) = e(a, B)7'. Then, we only need to find ¢((1,0), (0,1)).
(a) If I' =Z & Z then €((1,0),(0,1)) = A for some A € F*. Therefore
e((ar, @2), (B, Ba)) = A0l
(b) T =Z & Z,, n > 2. By (2),
1=¢((1,0),(0,n) = €((1,0), (0, 1))".
So, €((1,0), (0, 1)) must be a n-th root of unity. Hence
(o0, @), (51, B)) = B

where F, € F'* is a n-th root of unity.

(c) UT =2Z,, ® Zy,,, m,n > 2. Let d = ged(m,n), the greatest common divisor of m and
n. By (2) and (3)
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Then, €((1,0), (0,1)) must be a d-th root of unity. Hence
€((1,0),(0,1)) = Ey4
where E; € F* is a d-th root of unity.
O

We recall that a primitive root of unity of order n in a field F' is an element F,, € F' such
that E]' =1 and E; # 1 for any positive integer r < n.
Let us see some considerations on the existence of nontrivial roots of unity.

Remark 2.6. Let F' be a algebraically closed field with char(F) = p. If there exists a
primitive root of unity of order n in F' then n is relatively prime to p. F' contains a primitive
root of any order that is relatively prime to p. In the field of complex numbers, there are
primitive roots of unity of every order.

Let E, € F* be a n-th root of unity. If there exists a prime number ¢ # p such that g divides
n then E, can be different from 1.

Let d = ged(m,n) be the greatest common divisor of m and n, and E4 € F* be a d-th root
of unity. If there exists a prime number ¢ # p such that ¢ divides d then E,; can be different
from 1.

3. COLOR COMPOSITION ALGEBRAS

In this section we will introduce color composition algebras and discuss some of its fun-
damental properties. The constructions and proofs turn out to be completely analogous to
those in the cases of composition algebras and composition superalgebras ([ZSSS82], [EO02]).
We begin with the concept of quadratic e-form.

Definition 3.1. Let I" be an abelian group and € be a commutation factor on I'. A quadratic
e-form on a I'-graded vector space, V = @ver V, over a field F| is a pair ¢ = (qo, f) where

i) qo : Vo — F is a usual quadratic form.

ii) f:V xV — Fis an essymmetric even bilinear form. This is, f|(s,_, Via)x(5,c5 Via) 19
symmetric for all & € I" such that e(a, o) = 1, flv,+v_o)x(vatv_ ) is skew-symmetric
for all « € " with €(c, ) = =1, and f(Vp, V,,) = f(Va, Vo) =0 for all 0 # a € " such
that e(a, a) = —1.

iii) flvyxv, is the polar of qo, that is, f(ag,bo) = qo(ag + bo) — qo(aog) — qo(by) for any
ag, by € V.

The quadratic e-form ¢ = (qq, f) is called nondegenerate if for all « € I' such that e(a, o) = 1
the symmetric form f|(s,_, vi,)x(5,., Via) 18 nondegenerate (let a € 7, Via, if f(a,z) = 0 for
allz € ), Via then a = 0) and for all a € I that satisfies €(a, o)) = —1 the skew-symmetric
form f|v,+v_.)x(va+v_.) is nondegenerate.

Definition 3.2. Let I' be an abelian group and € be a commutation factor on I'. Let A be
a ['-graded algebra over a field F;, A = @wer A, with identity element 1 € Ay, endowed
with a nondegenerate quadratic e-form ¢ = (qo, f) : A — F called the norm. A is called
a composition e-algebra (also called color composition algebra) if the following identities are
satisfied:

(4) qo(@obo) = qo(ao)qo(bo),
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(5) flaobg, aocy) = golao) f (b, ¢y) = f(bsao, cyao),
(6) f(aabﬁa C’Ydf) + 6(’77 £)€<57 5)6(57 7)f<aad§7 C’ybﬁ) = 6(57 ’Y)f(aa, C’y)f(bﬁ7 dé)?

for all ag, by € Ay and homogeneous elements a, € Ay, bg € Ag, ¢, € Ay, de € Ag.

If A is a composition e-algebra with quadratic e-form ¢ = (qo, f) then Ay is a composition
algebra with quadratic form qq.

Remark 3.3. Let € be the commutation factor on Zy defined by €(1,1) = —1. If char(F) # 2
then a Zy-graded composition e-algebra is a Hurwitz superalgebra, see [EO02, Definition
2.2]. This due to, if char(F) # 2 a bilinear form over F' is alternating if and only if it is
skew-symmetric.

Lemma 3.4. Let A be a composition e-algebra with norm q = (qo, f). Then, for any homo-
geneous elements aq, bg, ¢y, ds:

(7) f(bs,ds) = €(B,6)f(ds, bs),

(8) (1+€(8,8)) f(aabs, cybs) = €(B,7) f(aa, c;) f(bs, ba),
(9) f(aa, &) + €(v, M f(aacy, ¢4) = flaa, ;) f(1e,) =0,
(10) flaa, ds) = f(aa, 1) f(1,ds) — f(aads 1).

Proof. Since A is a composition algebra then ¢o(1) =1 and f(1,1) = 2.
From (6), with a, = ¢, =1 (a =y = 0) we have
f(bﬁa dé) + 6(07 5>6(/6a 5)6(57 O)f(d(;, bﬁ) = 6(/37 O)f(lv 1)f(b,37 dé)
Therefore
f(b,B7 dé) = 6(ﬂ7 5)f<d5a bﬁ)
By (6), for ds = bg (0 = ) we obtain
faabg, cybg) + €(v, B)e(B, B)e(B,7) f(aabs, ¢ybs) = €(B,7) f (aa; ¢y) f (bs, b)-
Thus
(L+€(B, B))f(aabs, cybg) = €(B,7) f(aa; cy) f(bs, bg)-
From (6) with bg =1 (8 =0), ds = ¢, (6§ =) we have
flaa, eyey) + €(7,7)e(0,7)€(0,7) f(aacy, ¢3) = €(0,7) f(aa; ¢4) f(1, ¢).
Therefore
flaa,c 7) e(v,7)f(aacy, cy) = f(aa,cy) f(1,¢y) = 0.
By (6) for bg =c, =1 (8 =y = 0) we obtain
f(aa,da)+€(075) (0,0)€(0,0) f(aads, 1) = €(0,0) f(aa, 1) f(1, ds).
Thus
f(aoév d5) - f(acw 1)f(17 d5) - f(aad57 1)'
]

Let I' be an abelian group and V = @ver V. be a I'-graded vector space. Henceforth we
will say that a bilinear form f on V' is e-symmetric if it satisfies the identity (7).
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Definition 3.5. Let A be a I'-graded algebra and ¢ be a commutation factor on I". An
endomorphism p on the vector space A is called an e-involution of the algebra A if, p(p(a)) = a
and p(a.bg) = e(e, B)p(bg)p(a,) for any a € A, a, € A, and bg € Ag.

Note that an e-involution does not need to be an endomorphism of I'-graded vector space.

Given a composition e-algebra A with quadratic e-form ¢ = (qo, f), we shall prove that the
function A - A:a+— a= f(a,1)1 — a is an einvolution of the algebra A. But first we need
some results.

Lemma 3.6. Let A be a composition e-algebra, I'-graded, with quadratic e-form q = (qo, f)
and let 0 # v € I'. Then f(cy,1) =0 and &, = —c, for all ¢, € A,. Therefore, for all a, € A,
a €T, a, is a homogeneous element of A, G € Ay. Furthermore, f(Aa, Ag) =0 if a+ 5 # 0.
Also f|(An+A_a)x(An+A_o) 15 nondegenerate for all o € T'.

Proof. Let v # 0 and ¢, € A,. If €(v,7) = —1 or char(F) = 2 (e(vy,7) = 1 = —1), by
definition f(Ap, A,) = 0, thus f(c,,1) = 0. Moreover, since ¢ = (qo, f) is nondegenerate, by
(8) we have that f(c,,cy) = 0. Then, by (7)

fley +doy, oy +dy) = f(cy,09) + fley d—y) + f(doyscy) + f(d—y, d—)
= fley,d—y) +e(=7,7) f(cy,d—y) =0,

for every ¢, € A, and d_, € A_,. Hence f|(4 +a_ )x(4,+4_,) is alternating.
On the other hand, if €(v,7) = 1 and char(F') # 2, by (9) and (8) we have:

0= f(aa, Ci) + flaacy, ¢y) = f(aa, &) f(1,¢4)

OO 0, 1) (er0e) = Flame ) F L)

= f(da, Ci + %f(cw cy)l = f(L,¢y)cy).

= f(aou C'2y) +

Then
1
(11) ci—f(l,cv)caﬁ—if(cy,cv)l =0,

since f|(s,., Ain)x(5,e5 Aiy) 18 nONdegenerate. Hence f(c,, 1) = 0. Also f(c,,c,) = 0 whenever
27 #£ 0.

Besides that, since f(c,,1) = 0 for all ¢, € A, if 7 # 0, by the identity (10) we have that
f(aa,bg) # 0 implies that ao + = 0. Thus, if a + 8 # 0 then f(A,, Az) = 0. Moreover,
since ¢ = (qo, f) is nondegenerate, it follows that f|(a,+4_.)x(4a+4_.) Is nondegenerate for
all a € T 0

Remark 3.7. Three facts to keep in mind and that we will often use are: ¢, € A, for all
¢y € Ayandy €I (f(L,¢)) =0ify #0), f(Aa, Ap) = 0if a4+ # 0 and, fla,+4_)x(Aa+4_0)

is nondegenerate for all a € T'.

Remark 3.8. Let A be a finite dimensional composition e-algebra with norm ¢ = (qo, f),
then f is nondegenerate as a bilinear map. Indeed, since f(A,, Ag) = 0if a + 8 # 0, and
Fl(AatA_)x(AatA_,) is nondegenerate for all v € T".
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Remark 3.9. Let I' an abelian group and € the trivial commutation factor on I', and let
A =@, A, be a composition e-algebra over a field F' with norm ¢ = (go, f). Then f is a

nondegenerate symmetric bilinear form. If char(F) # 2 then ¢(a) =
multiplicative by (6). Therefore, A is a composition algebra with quadratic form ¢(x).

The next proposition gives some important identities which satisfy the composition color
algebras.

Proposition 3.10. Let A be a composition e-algebra, T'-graded, with norm q = (qo, f). Then,
for any homogeneous elements a,,bg,cy € A and dy € Ay :

) f(aabﬁv C“/) - 6(67’7)f(a0<7 CV%) - 6(27 B)f(bﬂ7@07)7
(&abﬂa C"{) ( B + 7)6(577)][(0#),37 &a) = 6(ﬁ77)f(%0’77 bﬁ)v
iii dodo = dodo = qO(d[))

ii)
1)
iv) anbs + €(a, B)bstg = f(aa, bs)1 = @abs + €(a, B)bsaa,
)
1)

Q

v) do(docy) = go(do)cy = (cydo)do, B
(bscy) + (e, B)bs(aacy) = f(aa,bs)cy = (¢yaa)bs + (e, B)(cybs)aa

Proof. 1t is easy to see that iii) and iv) are implied by v) and vi) respectively, taking ¢, = 1.
So, it is enough to prove i), ii), v) and vi).

i) By (6)

f(aa,ny%) = f(amcv’(f(bﬁv 11 =bg)) = f(aavcv)f(lvbﬁ) — f(aa - 1>C’Ybﬁ>
=¢(7, ) f(aabg, ¢y).

§| o

V1

According to (6) and (7)

f(bg, @acy) = f(bg, (f(aa, D1 — aa)cy) = f(bs, &) (1, a0) = f(1- g, aacy)
= f(bg, &y)f(1,a0) = [€(B, @) f(1, aa) f(bg, cy) — €(B, a)e(a + B,7) f (¢, aabp)]
= (1 —€(8,a))f(1,aa) f(bs, ¢y) + €(B, @) f(aabs, ¢;)
= €(B, ) f(anbs, cy).
The last equality is true because (1 — (5, @))f(1,a,) = 0. Indeed, if €(c, 5) # 1 then
a # 0, hence f(1,a,) =0 for all a,, € A,.

ii) Follows by i) and (7).
v) By i) and (5)

f(amd_o(d()&/» = f(d()aaa docy) = QO(dO)f(aow Cv) = f(aow QO(dO)Cv)'

Since f|(a,+4_)x(4,+4_) is nondegenerate for all v € T', do(doc,) = qo(do)c,
Similarly we can prove that

(deO)d_O =40 (dO)C’Y
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vi) By ii), (6) and (7)
f<%(bﬁcv>7 d&) = E(ﬁ + 7 f)f(aadéa bﬁc’y)
=e(B+7, 9, B)f(aa, bg) f(de, cy) — €(B,7)e(€, B+ 7)f(aacy, bﬁdﬁ)]
= f(a’ay bg)f(C»y, d£> - 6(67 7)[6(0‘ +7, ﬁ + g)f(bﬂdﬁa aac'y)]
= f(aOn bﬁ)f(c’w d&) - E(Oé, B)E(CY + 7, f)[ﬁ(ga o+ P)/)f(%(aacw)? d{)]
= f(f(aom bﬁ>c’y - €(a7 B)%(aoﬁW)v df)
Since fl(as+4_5)x(45+4_5) is nondegenerate for all 6 € I" and f(Aq, Ag) = 0if a4+ # 0,
we have that @q(bscy) = f(aq, bg)cy — €(a, 5)%(%&,).

On the other hand, by ), (6) and (7)

f(de, (Cvaa)%) = e(a+7,8) [(debg, cyaa)
= e(a+ 7, B)[e(B,7) [ (dg, cy) f(bs, aa) — €(y, @)e(B, o +7) f (dgaa, c1bp)]
= f(aa,b) f(de, ¢y) — €(7, @) f(deaa, ¢,bp)
= f(aa,bg) f(de, ;) — e(v, a)e(a, v + B) f(de, (cybs)aa)
= f(de, f(aa, bg)cy — e(a, B)(cybp)aa).
Since f|(as+4_5)x(A5+4_s) is nondegenerate for all § € I' and f(A,, Ag) = 0if a4+ # 0,
therefore (c,aq)bs = f(aa,bs)c, — e(a, B)(cybp)ag.
O

We will identify F' with the subalgebra F'- 1 of the algebra A.

Lemma 3.11. Let A be a composition e-algebra, I'-graded, with quadratic e-form q = (qo, f).
The map a — a = f(a,1) —a is an e-involution of the algebra A which leaves all the elements
of the field F fized. Also, the elements a + @ and asbg + €(a, B)bgay lie in F for all a € A
and any homogeneous elements a,,bs € A.

Proof. We will verify each of the properties for an e-involution:
(a) a+b=a+b Wehavea+b= fla+b,1)—(a+b) = f(a,1) —a+ f(b,1) —b=a+0.
(b) Let r € F. Then 7a = f(ra,1) —ra =r(f(a,1) — a) = ra.
(c) @ = a. We have a = f(a,1) —a = f(f(a,1) —a,1) — f(a,1) +a = f(1,1)f(a,1) —
2f(a,1) +a = a, since f(1,1) = 2.
(d) anbs = e(a ﬁ)bgaa By Proposition 3.10 7) and iv)

anbs = flaabp, 1) — anbs = f(aa, bg) aabg =e(a ﬁ)bgaa

Furthermore, if r € F' then 7 = f(r,1) —r =rf(1,1) —r =r. Finally, a + @ = f(a,1) € F
and by Proposition 3.10 iv) anbs + €(o, 8)bsas = f(aa,bs) € F. This proves the lemma. [

Let A be some algebra over an arbitrary field F' and a,b,c € A. We denote by (a,b,c) =
(ab)e — a(be) the associator of the elements a, b, c.
Now, we will define an alternative e-algebra (or color alternative algebra) and we are going
to prove that every composition e-algebra is an alternative e-algebra.
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Definition 3.12. Let I" be an abelian group, € be a commutation factor on I' and A be an
[-graded algebra over a field F', A = @Wer A,. Ais called an alternative e-algebra (or, color
alternative algebra) if

(12) (aavbﬁacv)+€(577)(aaacwb5) :O,
(13) (@q, bs, cy) + €(a, B)(bg, n, cy) =0,
(14) (do, do, Cla) =0

for any dy € Ay and homogeneous elements a,, b, c, € A.
By (12), (13) and (14) we have the following identities
(d07 Ay, dO) - ((la, d07 dO) - 07

(15) (aowbﬁ?c’}’) +e(aaﬁ—i_fy)E(ﬁva)(C’Y?bﬁ?aa) = 0.

Proposition 3.13. Let A be a composition e-algebra with norm q = (qo, f). Then A is an
alternative e-algebra.

Proof. Taking into account that a = f(1,a)—a for every a € A. Let us prove that (a,, bs, ¢,)+
€(8,7)(aa, ¢y, bg) = 0. By Proposition 3.10 items iv) and vi), we have

(@as bgs cy) = (aabg)ey — aalbgey) = (aabp)(f(1,¢y) =€) — aalba(f(1,¢y) — )]
—(aabs)Cy + aa(bscy)
= e(B,7)(aac))bs = f(bg, ¢3)an + aalf (g, c;) — €(8,7)c, bg]
= €(8,7)(aacy)(f(1,b5) — bs) — €(B,7)aalcy (f(1,b5) — bs)]
= —€(B,7)(aacy)bs = aalcybp)] = —€(8,7)(aa; ¢y, bs).
Let us show that (aq,bg, ¢y) + €(a, B)(bs, aq, c,) = 0. By Proposition 3.10 v) and vi)
(aa, b5, ¢y) = (aabp)cy = aa(bpcy) = [(f(1, aa) — @a)bplcy — (f(1, aa) — @a)(bscy)
= —(@abg)cy + aa(bsey)
= —[f(aa, bs) — (e, B)bsaalcy + f(aa, bs)ey — e(a, B)bs(aac,)
= e(a, B)(bsaa)cy — e(a, B)bs(aac,)
= e(a, B)[(f(1,b5) — bg)aa]cy — (e, B)(f(1,b5) — bp)(aacy)
= e(a, B)[—(bsaq)cy + bg(aacy)] = —€(a, B)(bg, aa, cy)-
Let us prove that (dy, dy, a,) = 0. By Proposition 3.10 #ii) and v)

(do, do, aa) = (dodo)an — do(doaa) = [(f(1,do) — do)do)aa — (f(1,do) — do)(doas)
—(dodp)an + do(doaa) = —qo(do)aa + qo(do)as = 0.
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4. GENERALIZED CAYLEY-DICKSON PROCESS

Let I" be a finitely generated abelian group, € be a commutation factor on I' and A be a
['-graded algebra, A = @wer A, over a field F' with identity element 1. Let a — @ be an
e-involution of the algebra A verifying the following conditions:

® ¢y + Cy, cocy € F for any ¢y € Ay.

e If a # 0 then @, = —a, for any homogeneous element a, € A.

e a,bs + €(a, B)bga, € F for any homogeneous elements a,, bs € A.

o If a+ 8 # 0 then aubs + €(a, )bsa, = 0 for any homogeneous elements a,, bz € A.
Let f: Ax A — F be the bilinear form on A, defined in the homogeneous components of A
by f(aa,bs) = aabs + €(a, B)bgla, ao € Aa, bg € Ag, and let go(cy) = coCo, co € Ag. Let us
see that ¢ = (qo, f) is a quadratic e-form on A.

Lemma 4.1. In the same conditions as above, we have that ¢ = (qo, f) is a quadratic e-form
on A.

Proof. We will verify each of the properties for a quadratic e-form.

a) qo : Vo — F is a usual quadratic form and f|4,x4, is the polar of go. Indeed
qo(ao + bo) — qo(ao) — qo(bo) = (ao + bo)(ao + bo) — agag — boby
= agbo + boao = f(ao, bo).

b) f:V xV — Fis an e-symmetric even bilinear form. Let us see it.

If e(cr, ) = 1 then

f(aom bﬁ) = aa% + bﬂ@ = f(bﬁ7 aa)
for any homogeneous elements a,, bg € A. Therefore f| (Ciez Aia) X (2

for all @ € I" such that (o, ) = 1.
If e(a, B) = —1 then

f(aow bﬁ) = aabﬁ - bﬁﬁ = _f(b5> aa)

for any homogeneous elements aq, bg € A. Hence f|(a,4+4_,)x(Aa+4_,) is skew-symmetric
for all @ € I" with €(a, ) = —1.
If 0 # o €T then

1ez Aia) 18 Symmetric

f(aa,bo) = anby + €(a, 0)boag, = 0
for any homogeneous elements a,, by € A. Thus f(Ag, As) = f(Aa, Ag) = 0.
]

The Generalized Cayley-Dickson process consists of building a new algebra I" x Zy-graded
with an éinvolution (where € is a commutation factor on I' X Zy) which contains A as a
[' X Zy-graded subalgebra. In addition, if the dimension of the algebra A is m, then the
dimension of the new algebra will be 2m.

By the fundamental theorem of the finitely generated abelian groups we can suppose that

F:ZQSl @ZQSQ@...@ZQSZ@Zptl EBZ tQEB@Z tm @Zn
1 Do Pm
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for some non-negative integers [, m,n, s1, So, ..., s, t1,t2, ..., t,, and prime numbers, not nec-
essarily different, pi,po, ..., pm with p; # 2 for all 1 <i < m.
Thus

F = Fl @ F2 @ @ Fl+m+n>
where I'; = Zos; if 1 < i <1, FH_Z—Zt 1f1<z<m and 'y, = Z if 1 < i < n. For each
1 <¢ <I+m+n we can choose a generator & of the group I';. A natural choice for &; is the
residue class of 1 modulo 2 if 1 <4 <, the residue class of 1 modulo pl_ Pif i1 <i<l+m
and 1ifl+m+1<i<l+m-+n.

Before building the new algebra we will define the commutation factors € on I' X Z,. Let
€ be a commutation factor on I' and let 7, 7 be integers such that 1 < i,5 < I+ m +n. We
define the following commutation factors € on I' x Z, :

g((07 1)7 (0’ I)) =1,
€((&,0), (£, 0)) = €(&, &),
R 1, if (+1<i<l+m
60,0 ={ 55§ S i <i<iimin

Note that we have 27" commutation factors of the type € defined on I' x Z,. Also, it is easy
to see that

(16) €((&, %), (0,1)) = €((0,1), (&, %))
for any (&,k) € T' x Zsy.

We fix u € F* and a commutation factor € on I' X Zs. We denote by GCD(A, i, €) the
collection of all ordered pairs (a, b) where a,b € A, with operations of componentwise addition,
scalar multiplication and the multiplication on ordered pairs of homogeneous elements given

by
(17)

(am bﬂ)(c’w d5) = (aacy + g((ﬁ7 0)7 (57 1)):ud5bﬁ ) g((oz, O), (07 1))@6% + g((67 0)? (7’ 0)>C“fb5)'
It is easy to see that GC'D(A, u, €) is an algebra over F. The element (1,0) is an identity of
the algebra GCD(A, p,€). The set A" = {(a,0)|a € A} is a I' x Zy-graded subalgebra of the
algebra GCD(A, i, €) which is equivalent to the algebra A. Let v = (0,1) then v? = u(1,0),
and GCD(A, 11, €) is the direct sum of the vector spaces A" and vA’. If we identify A’ with
A, the elements of the algebra GC'D(A, p, €) are represented in the form x = a + vb, where
the elements a,b € A are uniquely determined by the element z, and the multiplication in

GCD(A, i, €) is given by

(aa + vbg)(cy + vds) = aacy +€((B,0),
+v[E((e, 0), (0,

GCD(A, 11, €) has a I' X Zs-grading given by

GCD(Apé)=A= @ A,

(’Y,E)GF X Zao

(6, 1)) plsbs
1

(18) ))aads + €((8,0), (v,0))cybg).-
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where /Nl = A, and /~1 = vA,. Since v € g(o,m in accordance with the notation
V= V(0,1 but for Short it Wlll only be used v.

For an arbitrary element x = a + vb € GCD(A, p,€), we set T = a — vb. Also, we de-

fine f(z T Yeh) = Teanley T (0,0, (6,065 Te0 and Go(z00) = 200)Z00) for all

2(0,0) € A (0,0) and any homogeneous elements x(, 3, ys;) € A. Extendmg by linearity we ob-
tain a bilinear map f: A x A — A.

Lemma 4.2. The map x — T is an é-involution of the algebra GCD(A, p,€). In addition,
4T € F forallz € GCD(A, p,€) and f( T3 Y65) = Tvileg) (V1) (6,5)Y6.5 T €
F for any homogeneous elements x(,3),ys; € GCD(A, u,€). ¢ = (Go, f) is a quadratic é-
form on GCD(A, p,€). If the quadratic e-form q = (qo, f) is nondegenerate on A then the
quadratic é-form G = (qo, f) is nondegenerate on GCD(A, i, €). Moreover, T = f(x,1)—z for
all v € GCD(A, u, €).

Proof. Tt is clear that the map @ — T is linear and T = x for all x € GCD(A, p, €). We will
show that Z(; 5755, = €((7, 1), (9,7))¥;) - T with which it will be proved that z — T is an
é-involution of the algebra GC’D(A [, €).

Let aq, bg, ¢, and ds homogeneous elements in A. By (18) we have

Uaty = €(a,7)eaa = é((,0), (7,0))e3a.

€((2,0), (6, 1)) (vds)@a = —€((a, 0), (6, 1)) (vds)aa = —&((e, 0), (6, 1))v(€(d, a)aads)
= _g(( O)’ (O 1)) (aadé) = g((a, ())’ (07 1))0(@d5)

€((8,1), (7,0))5 (vbg) = —&((8, 1), (7, 0))e (vbg) = —&((8, 1), (7, 0))&((7,0). (0, I))v(c;bs)
—€(8,7)v(cybg) = €(B,7)v(e,bg) = (vbg)c,.

((8,1), (6.1))(vda) (hg) = &((8, 1), (5, 1)) (vds) (vs) = &((B, T, (3, 1))&((,0), (8. 1)) ubsds
— &(8,0), (5, D))le(d, B)bsds] = &((8,0), (5, 1)) udsb
— (0b3) (vdy).

Furthermore, for x = a + vb we have that x +7=a+a € F.
Now, we will see how is the behavior of f in the different homogeneous components. By (18):

flaa, &) = aoy + &((@,0), (7,0)e,@a = aa® + €(@,7)e3Ta = f(aa, ¢,)-

f(aa, vds) = an(vds) + €((cv, 0)
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f(”bﬁv Cv) (Ubﬁ)cw + 5((5 1)7 Y,

f (Wb, vds) = (vbg)(vdy) + &((8,1), (8

= —(vbg)(vds) — &((B, 1),

= —&((8,0), (5, 1)) udsbs — &((8,

= —&((8,0), (0, 1)) u(bsds + €(B,
)

= —&((5,0), (0, 1)) uf (bg, ds).

In short, the bilinear form f: A x A —» F is defined as follows:

1), (6,1))e((6,0), (8, 1)) ubsds
)dsbs)

C)ql—‘

(a(,0): €r0) = faa, cy),

(a(0,0), dis.1)) = flbs.1): ¢(1,0) = 0,

(bs.1), d(é,i)) =—&((8,0), (0,1))pf (bs, ds),

where ((a,0) 7= Gars bis,1) := vbg, C(15) = y and ds 1) = vds.

Therefore f(2(,7),Ye;) € F and ¢ = (qo, f) is a quadratic é-form on GCD(A, u, €) by Lemma

4.1. In addition, if the quadratic e-form g = (qo, f) is nondegenerate then the quadratic é-form
G = (Go, f) is nondegenerate. Also f(x,1) =x + 7. O

Khz Khz

Kﬁl

Now, let A be a composition e-algebra with norm ¢ = (qo, f). By Lemma 3.11 there exists an
e-involution @ — @ on A such that ag+ag, agag € F, @q = —aq if a # 0, aa%—l—e(a, B)bgas € F
and a,bg + €(a, B)bgag = 0 if a+ B # 0, for all a,, bs € A. This means that we can apply the
generalized Cayley-Dickson process to A.

Below, we will find conditions where the obtained algebra GCD(A, u, €), with norm § =
(9o, f ) is a composition é-algebra. For this, first we shall prove some identities.

Lemma 4.3. Let A be a composition e-algebra, I'-graded. Then for any homogeneous elements
Aq, bg, Cyyde € A

i) f(@a, &) = flaa, c,), -

) (bﬂam dgcy) = 6(6 )E(f, V)f(aabﬁv C’Ydﬁ)a
iii) (e, B)e(v,§) f(bla, deTy) + el + B+ 7, €) f(dea, bsTy) = €(B,7) f(aa, ¢y) f(bs, de),
IV) 6( ) (am Cw)f(bl?? d&) = 6(0575 + 5)6(775)10(@&7 Cw)f(bﬁa dﬁ)'

Proof.
i) By Proposition 3.10 i) and ii)

f(@. ) = (@ 1-5) = e(0,9)f @, 1) = €(7,0)f (a0 - 1,¢,) = f(aa,c,).
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ii) By item 1)
f(bgtia, dety) = f(bsTla, deCy)
= f(e(B, a)aabs, €(&,7)eyde).
= e(B,a)e(§,7) faabs, cyde).
iii) By items i) and ii) and (6)
€(8,7)f(aa, ;) f(bs, de) = €(B,7) f(aa, c;) f (bs, de)
= flaabs, cyde) + €(B +7,€)e(8,7) f(ande, ¢, bp)
= €(a, B)e(7,€) f(bpaa, decy) + €l + B+ 7, €) f (dea, bsCy).
iv) Let us show that
[€(B,7) — el B+ &)e(v, )] f (aa, ¢y) f(bg, dg) = 0.
If f(aq,cy)f(bg,de) # 0 then a4+ =0 and S+ £ = 0, hence for this case we have
€(B,7) — ela, B+ &)e(7,€) = €(B,7) — e(a, 0)e(v, =B) = (B, 7) — €(B,7) = 0.

Therefore equality is obtained.
O

Lemma 4.4. If A is a composition e-algebra, I'-graded, then GCD(A, i, €) is a composition
é-algebra, I' x Zg-graded, if and only if the algebra A is associative

Proof. The proof will be done by cases:
i) Let aq,bg, ¢y, ds € A be homogeneous elements. Let us prove that

J(aa(vbs), ¢ (vds)) + &((7,0), (8, 1)&((B, 1), (7 + 6, 1)) f(aa(vds), ¢, (vbs))
— &(B,1), (7,0)) f(aa, ) Fvbs, vds).
By (18), (6), (16) and lemma 4.3 i), we obtain
Flaa(vbs), ey (vds)) + €((7,0), (6, 1)E((B, 1), (v + 6, 1)) f(aa(vds), ¢, (vDg))

= &((a+7,0), (0,1)) f(v(@abs), v(rds))

+ (7, )e(B,7)e((8, 1), (8, 1)) [e((e + 7, 0), (0, 1)) f (v(@ads), v(e505))]

= &((a+7,0), (0, 1))[—&((er + 5,0), (0, 1)) f (Aabs, Tds)]

+e(7,0)e(B,ME((B, 1), (6, 1))é((e +7,0), (0, ) [—€((cx 4 6,0), (0, 1)) 11f (Tads, &5b3)]
= — (v +8,0), (0, D)ulf (@abs, Tyds) + €(7,0)e(B, v + 0) f (@ads, T3bs)]
= —&(v+8,0), (0, )ue(B,7)f (@a, &) f (b, ds)

= &((8,1), (7,0))f (aa, ;) [-€((8,0), (0, 1)) u.f (b, ds)]
= &(8,1), (7,0)) f (aas ) f (g, vdls).
ii) Let aq,bs, ¢y, ds € A be homogeneous elements. Let us show that
Flaavbs), (ve,)ds) + E((7, 1), (6,0)&((B, 1), (3 + 6, 1)) faads, (ve,)(vbs))
— &(8,1), (%, 1)) F(aa, ves) F(vbs, ds) = 0
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if and only if A is associative.
By (18), (16) and Proposition 3.10 i) and ii)

) (6,00)€((8, 1), (v + 6, 1)) f (aads, (vey) (vbp))
) ve(7,0)v(dsey))
) Bﬁ)é((ﬁJr% 0), (0,1))f(aads, €((7,0), (8, 1)) ubse)

+e(y+ 6 (
= &((,0), (0, 1))e(v, 0)[—€((a + B,0), (0, D) f (@abs, dsc, )]
+e(y + B,0)€((8,0), (0, 1) e f (aads, bsc)
= €(7,0)&((8,0), (0, 1)) ple(B,0) f(aads, bsey) — f(@abs, dscy)]
= €(7,0)e((8,0), (0, 1))ule(B,0)e(B,7) f ((aads)cy, bg) — €(B,9 + ) faa(dsc, ), bs)]
= €(7,0)é((8,0),(0,1))e(B, 0 + v)pf ((aads)cy — aaldscy), bg).

The last term is 0 if and only if (aqds)c, — aa(dsc,) = 0 since fla,4a_s)x(a5+4_4) 18
nondegenerate for all 5 €T
ili) Let aq,bg, ¢y, ds € A be homogeneous elements. We have that

Flaabs, (vey)(vds)) +&((7, 1), (8, 1)E((8,0), (v + 6,0)) f(aa(vds), (vey)b)
= &((8.0), (7, 1)) f(aa, ve,) f (bg, vds) = 0
if and only if A is associative.

The proof is analogous to the item ii).
iv) Let aq,bg, ¢, ds € A be homogeneous elements. We see that

F((vaa)bs, ¢ (vds)) + (B +7,0), (6, 1))e(8,7) f ((vaa) (vds), ¢;b5)
= 6(577)f(vaa7 C'y)f(bﬂavdé) =0
if and only if A is associative.

The proof is similar to item ii).
v) Let aq, bs, ¢y,ds € A be homogeneous elements. We note that

F((vaa) (vbs), erds) + e(v,0)&((8, 1), (6,0))&((8, 1), (7, 0)).f ((vaa)ds, ¢, (vbs))
- E((ﬁ, )7 ( ))]E(Uam C“/)]E(Ubﬁ’» dé) =0
if and only if A is associative.

The proof is analogous to the item ii).
vi) Let aq,bg, ¢y, ds € A be homogeneous elements. Let us prove that

F((vaa)bg, (ve)ds) + &((,1), (6,0))e(8, )&((8,0), (v, 1)) f (vaa)ds, (ve,)bs)
€((8,0), (v, D) f (vaa, ve,) f (bs, ds)-
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By (7), (6) and Lemma 4.3 iv) we have
F((vaa)bg, (ve)ds) + &((, 1), (6,0))e(8, 8)e((8,0), (v, 1)) f (vaa)ds, (ve,)bs)
= fle(a, B)v(bsaa), e(y, 6)v(dsc, )

+ €(B 4 7, 0)e(B,7)e((B +9,0), (0,
= e(a, B)e(y,6)[—€((a + 8,0),(0,1)

D) (e(e, )v(dsaa), e(v, B)v(bse,))
Jinf (bgaa, dscy)]
1)

+e(a+ B+7,0)&(B8+6,0), (0, 1) [=€((a +6,0), (0, 1)) uf (dsaa; bscy )]

= —e(a, B)e(v,0)é((e + B,0), (0, 1)) 1f (bgata, dsc,)
—ela+B+7,0)é(a+B,0), (0, 1)ule(a+ 6,8 +7) f(bscy, dsa)]

=—&(a+8,0),(0,1))e(er, B)e(v, 6)ulf (bpaas dscy) + €(6,y)e(ax, v + 6) f(bacy, dsaa)]
=—&(a+8,0),(0,1))e(, B)e(, 6)ple(ex, 0) f (bp, ds) f (s )]
=—&((a+,0), (0, 1))e(cx, B)e(y, ) ule(B, o + )e(0,7) f (bs, ds) f (aa, ¢4)]
= e(B,7e((8,0), (0, 1) [=€((a, 0), (0, 1)) 1 f (aa; €)1 f (b, ds)
= &((8,0), (7, 1)) f (vaa, ve,) f (bs. ds).

€
€
Let aq, bs, ¢y, ds € A be homogeneous. Let us show that

vii)
F((vaa)(vbs), (ve,) (vds)) + &((7, 1), (8, 1)E((B, 1), (v + 6,0)) f((vaa) (vds), (ve, ) (vhs))
= &((8,1), (7, 1))f (vaa, ve, ) f (vbg, vdy).
Using the Lemma 4.3 iii) we obtain
F((vaa)(wbs), (ve,) (vds)) +&((y, 1), (8, 1))E((B, 1), (v + 8,0)) f((va) (vds), (ve, ) (vbs))
= [(&((a, 0), (8, 1)) ubgaa, &((+,0), (8, 1)) pdls5)
+ (v + B,0)e(8,7) (e, 0), (6, 1)) s, &((+, 0), (8, 1)) b))
= &((a +7,0), (0, 1))’ [e(cr, B)e(. 6) f(bsTa, dsTy) + e(a + B + 7, 0) f(dstaa, bsTr)]
— &((a+7,0), (0, 1))2e(B,7) f(aa, &) f (b, ds)
= €(B,7)é((8 +7,0), (0, ) [=€((, 0), (0, D) ef (aa, ¢;)[[=€((8, 0), (0, 1)) puf (bs, )]
= &((8,1). (7, D) f (vaa, ve,) f (vbg, vds).
viil) Let ag, b, ds € A be homogeneous elements. Let us see that
f(ao(vbﬂ), ap(vds)) = QO(a0>f(Ubﬂ7 vds).
By (5)
Fao(vhs), ao(vds)) = F(o(@sbs), v(@ads)) = —&((8,0)(0, 1))uf (@gbs, awds)
= q0(a)[—€((8,0)(0, 1)) (b, ds)] = go(a0) f (vbs, vdy).

ix) Let ag,bg,ds € A be homogeneous elements. Let us prove that

F((vbg)ao, (vds)ao) = qo(ao) f (vbs, vds).
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By (5)

F((vbg)ag, (vds)ag) = f(v(aobs), v(aods)) = —&((5,0)(0, 1))1uf (aobs, aods)
= qo(a0)[~€((8,0)(0, 1)) puf (b5, d5)] = qo(a0) f (vbs, vds).

The other cases are easy to verify. Therefore, GCD(A, 1, €) is a composition é-algebra if and
only if A is associative. O

Examples 4.5. The following examples are composition e-algebras.

In the first 4 examples we assume that F' is a field of characteristic different from 2.

L.

IL.

I1I.

Iv. C

' = Z, the trivial group, A = Ay = F and qo(a) = a® for all a € F. A is a composition
algebra.
K(u) = GCD(F,p,¢) = F & Fey where e = p, p € F* and € is the trivial com-

mutation factor on Zy. K(u) is a composition algebra. K () = Dz, K (1), where

K(u)5 = F and K (1) = Fey. The bilinear form f : K(p) x K(u) — F is defined as

follows: f(1,1) =2, f(1,e1) = f(e1,1) = 0 and f(e1,e1) = —2u. The algebra K () is

associative and commutative.

QU (1, v) = GOD(K (), 4, @) with ¢ # 0, 1 € {1

on Z3 defined by el((l 0) (0, 1)) = l el((l 1
(1,

—1} and ¢ the commutation factor

le{l,
(_)) ( (_))) = 6[(((_), i)? ((_)7 T)) =1

Q(l) (:U’u d)) = @7€Z§ Q ) with
Q(l)(uvw)((_) 0) — F> Q(Z)(:ua w)(i,(_)) = F€1,
QY (1, v) o1 = Fea, QY (i, ¥) a1 = Fes,

where ey := v(g1) and ez := v qer. The multiplication in QW (u,v) is given by the
following table:

1 €1 €2 €3
1 1 €1 €o €3
e1ler p —les  —lues
€2 | €2 €3 (0 ey
e3 | e3 peg | —lper —luy

The bilinear form f : QW (u,v) x QW(pu,v) — F is defined as follows: f(1,1) =
27 f(ebel) - _2,u7 f(62762) = _21/)7 f<€3763) = 21/“L¢7 and f(eiaej) = f(17e]) =
0 for i # j, 4,5 = 1,2,3. QW (p, 1) is the algebra of generalized quaternions and
QU (u, ) = Fla,yl/(2® — ny v* — ). QV(n,¢) = GOD(K (1), %, ) is associative
but not €;-commutative.

l])( wa ) GCD(Q(l)(MJw>7 >\7 g(l,j)) Wlth )\ 7£ 07 ] = <j17j2)7 j17j2 € {17 _1} and
€15 the commutation factor on Z3 defined by:

g(l,j)((iv (_)7 (_))a ((_)7 17 6)) - la g(l,j)((ia 67 (_))7 ((_)a 67 i)) = jla g(l,j)((67 17 (_))7 ((_)a 67 i)) = j2
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) =1 for all a € Z3.
= @yezg C(l’j)(ﬂa Y, )\)'y with

and €(l7j)(oz,

CE (, 9,

— O

where ey 1= v(5,1), €5 1= V(0,0,1)€1, €6 ‘= V(5,0,1)€2 and e7 := v(g51)€3. The multiplica-
tion in C9)(u,1p, A) is given by the following table:

1 el €9 es ey es €6 er
1 1 €1 €9 €3 €4 €5 (& €7
€1 | €1 M —les —lpes —J1€5 —J1jrey lj1e7 lj1pes
€2 | €2 €3 (0 ey —J2€6 —J2€7 —Javey —Javes
ez |es  pey | —lber  —lpp | —jijaer  —jijapes | ljijabes  ljijapipey
€4 | €4 €5 €6 (&g /\ /\61 /\62 /\63
€5 | €5 ,ue4 l67 l,ue6 _jl )\61 —]1[,6)\ —ljl /\63 —ljl,u/\eg
€6 | €6 —€7 ey —1es —JaAey JaAes —J2 A Jatb ey
er |er —pes | lbes  —lubey | —jijades  Jijapudes | —ljijatbAer  ljijopp A

The bilinear form f : O (p,4h, A) x CEI) (9, \) — F is defined as follows:

f(l’ 1) = 2, f(€1; 61) = —2pu, f(627 62) = _2¢7
fles,e3) = 2lup, fleq, eq) = =2, fles, es) = 2511,
fles, e6) = 2ja10A, fler,eq) = =211 japb A

and f(e;,ej) = f(l,e;) =0for 1 <i#j<T.

CLAD) (14, 4h, A) is the Cayley-Dickson algebra. C(9)(u,1),)\) is not alternative if
J= (jlan) € {(17 _1)7 (_17 1)7 (_17 _1)}7 for example: (61+64> e1+ey, 62) = 2(1—j1)€7
or (eg + ey, €5+ e4,e1) = 2(1 — jy)ey is different from zero. C19)(p,1h, \) is not al-
ternative, for example: (e; + eg, e1 + €9, €4) = —4jy1jae7 # 0.

In the following examples we will consider the field F' of arbitrary characteristic.

[' = Z, the trivial group. A = Ag = K(u) = F+ Fv; where v? = v1+pu and 4u+1 # 0,
the involution is r + sv; = (r + s) — sv; and the quadratic form is gy(a) = aa. If the
polynomial 22 —x — y is irreducible in F'[z] then the algebra K (u) is a field (a separable
quadratic extension of the field F), otherwise K(u) = F' @ F.

Qi) = GCD(K (), ,¢) = K(u) @ 0K (u) with ¢ # 0, 03 = ¢ and ¢ the

trivial commutation factor on Zs. Q(u, 1) is the algebra of generalized quaternions.

Q. Y) = Byez, @ ¥)y where Q(p,90)s = K(u) = F + Foy, and Q(p, ¢)1 =
v K () = vo(F 4+ Fvy) = Fug + Fuy and uy := vyvy. The multiplication in Q(u, ) is
given by the following table:
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1 (1 V2 Uz
1 1 (%1 (%] U
v1 |V vt Ug — Uy  —[U2
Vg | V2 (5] 7/1 1/)1}1
uy | uy ug +pwg | P(1L—vy) —py
The bilinear form f : Q(u, 1) x Q(u,v) — F is defined as follows:
f(lal) :27 f(vlal) = 17 f(vlvvl) = _2H7
fvz,v2) = =20, fv2,u2) = =9, fuz, uz) = 2u1)
and f(Q(p, )5, Q(u,)1) = 0. It is easy to see that Q(u,) is associative but not
commutative. B
CO(u, 9, \) = GCD(Q(u, ), A\, &) with A # 0,1 € {1,—1} and & the commutation

\ €1)
factor on Z3 defined by: el((l O) (0,1)) =1 and (o, ) = 1 for all a € Z3.
OO, 3) = B3 OO V), with
(l)( 1P, )(66)=F+FU1, CO (1,10, \) 10y =
(Mﬂ/fa ) = Fvg + Fus, U(M ’QZ}, )ii

where v3 1= v 1), U3 1= V(g 1)1, V4 = V(5,1)V2 and ug = v(G1)u2. The multiplication in
O (p, 10, \) is given by the following table:

F?)2+FU2,
FU4—|-FU4,

1 (% (%) U9 V3 Uus (7 Uy
1 1 (%} (%) U9 V3 Uus V4 Uy
vy | U Ut Vg — Ug — U2 U3 — U3 — 3 Uy Ug + (404
Vg | U2 Uo 'QD "L/)’Ul —l’U4 —lU4 —lﬂ}’Ug —l’gbug
U | ug ug + pvg | (1 —vy) —up —lug  —l(ug + poy) | lb(uz — vs) Lppvs
v3 | U3 U3 o m A AUy AUqy AUsy
uz | uz us + pos Uy ug + pog | A1 — 1) — A AMve — ug) — LAV
Vg | Vg Vg — Ug ¢U3 ’(/J(’U3 y— U3) _l>\'U2 l)\(UQ - Ug) —l’(/})\ Z¢A(U1 - 1)
Uy | Uy — U4 Yug — vy —luy lpAvy =l Ay Lpap A

The bilinear form f : O (p,1p, A) x CO

(i, ¥, A) — F' is defined as follows:

f(1,1) =2, f(Lv) =1, for,v1) = =2p,
f(v2,00) = —2¢7 f(va, uz) = —1h, f(uz, uz) =21,
f(vs,v3) = fus,ug) = =X, fusg,usz) = 2uA,
f(vg,v4) = 211#)\ f(vg,ug) = WA, f g, ug) = =20 A

and F(CO (1,6, Ny CO (11,10, A)5) = 0 if @ £ B.
M (p, b, A) is a Cayley-Dickson algebra. If the characteristic of F' is different from 2

then CV(u,1h, \) is not alternative, for example: (vy+vs, va+vs3,vy) = 204 — 4y # 0.

CY(p, 10, \) is not associative, for example: (v, ug, v3) = 2lpvy + luy # 0.

' = Z, the trivial group. A = Ay = Q(u,v) = CD(K(p), ), with ¢ # 0, is the

algebra of generalized quaternions that is obtained by applying the Cayley-Dickson

process to K (u).

Ci, ¥, ) = GOD(Q(,9), A €) = Q(1,4) © Q(p, )3, with A # 0, v =

trivial commutation factor on Zs. C'(u, 1, A) is a Cayley-Dickson algebra. C (u

A and € the
7w7 >_
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@7622 C(/La ’QD, /\)’Yv where C(:ua ¢7 )‘)ﬁ = Q(:uv ¢) and C(M, wa A)i = Q(/La w)US- It is €asy
to see that C'(u, 1, ) is not associative.

I' = Z, the trivial group. A = Ay = C(u, ¥, \) = CD(Q(u, 1), A), with X # 0, is the
Cayley-Dickson algebra that is obtained by applying the Cayley-Dickson process to
Qu, ¥).

Q.(0,1) =P e @n(0,1), is a split generalized quaternions algebra with Z,-grading
given by Q,(0,1)5 = Fe; & Fey, Q,(0,1); = Fuy, Q,(0,1)_1 = Fuvy, with n €
Z>3U{0}. Let € be the trivial commutation factor on Z,,. The multiplication table of
@,(0,1) is as follows:

€1 €2 | W (%1

[ 0 Uy 0
€9 0 ()] 0 (%1
Uy 0 Uy 0 —e€1

V1 | U1 0 —E€9 0

The bilinear form f : @Q,(0,1) x @,(0,1) — F is defined as follows: f(1,1) = 2,
flei, 1) = fler,ea) = 1, fle,ei) = 0, f(ug,v1) = 1, f(es,u1) = f(e;,v1) = 0 and
fur,uy) = f(vy,v1) = 0 for i € {1,2}. It is clear that @,(0,1) is a composition
e-algebra. @Q,(0,1) is associative but not commutative.

DP(0,1,-1) = GCD(Q,(0,1),—1,¢) with | € {1,—1} if n is even, or [ = 1 if n is
odd, and ¢, the commutation factor on 7Z, X Z, defined by:

€l<<ia(_)>7 (LO)) = El(((_)7 Da (07 D) =1, El(aa(_))? ((_)7 D) =l

Dv(zl)((), 1,-1)= @’YGZnXZ2 D,(f)(o, 1, —1)7, where

D;l)(o’ ]" _1)(6’6) S F€1 + F€2’ D'le)(o7 17 _1)(1,()) - Fuh
DY(0,1, —1)(1,0) = Fu, DY(0,1, —1)@,1) = Fug + Fuvy,
Dg)(o’ L _1)(111) = FU37 Dg)([)? L, _1)(—1,1) = Fu?n
where ug 1= —v(g1)€2, V2 := —VU@G )€1, U3 = V(G,1)v1 and v3 := v 1)ur. The multiplica-

tion in DY (0,1,—1) is given by the following table:

€1 €2 (751 U1 (5) (%) us V3
e1ler 0] u 0 Uo 0 U3 0
€9 0 €92 0 U1 0 Vo 0 (R}
(51 0 Uy 0 —e€1 l’U3 0 —lUQ 0
V1 | U1 0 —€2 0 0 lU,3 0 —ZUQ
U9 0 Ug | —7V3 0 0 —e1 U1 0
V2 | U2 0 0 —Uz | —€2 0 0 (751
Uus 0 us (%) 0 —l’Ul 0 0 —lel
V3 | Us 0 0 (75 0 —lu1 —lez 0
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The bilinear form f : Dg)(O, 1,—1) x D{(0,1, 1) — F is defined as follows:

fler,e2) =1, f(eiei) =0, flur,v1) = flug,v9) =1,
f(us,v3) =1, fuj,ug) =0, f(v;,vg) =0,
f(ei,uj) =0, f(ei,vj) =0, fluj,v) =0 if j #F,

for all i € {1,2}, j € {1,2,3} and k € {1,2,3}.
D,(ll)((), 1, —1) is the split Cayley-Dickson algebra. If the characteristic of F' is different
from 2 then D,(fl)(O, 1,—1) is a not alternative, for example: (ug + usz, ug + usz, v9) =

(1 —1)us = —2ugz # 0. Dg)((), 1,—1) is a not associative, for example: (u, vy, uz) =
—Uus 7£ 0.

5. CLASSIFICATION OF COLOR COMPOSITION ALGEBRAS

The aim of this section is to give a characterization of color composition algebras without
restriction in the characteristic of the field. As a reference, we will use the generalized Cayley-
Dickson process and the construction of the canonical basis of the split Cayley algebra, see
Chapter 4 above and [EK13, Chapter 4] respectively.

Let us recall some important facts. Let I' be an abelian group and A = €
[-graded algebra. Then the set

Suppp(A4) :={a el | A, # 0}

is said the support of the grading. We note that A = @%(Suppr(z‘l» A, where (Suppr(A))
is the subgroup of I" generated by Suppy(A). From now on, it will be always assumed that

(Suppr(4)) =T.

A, be a

vyel

We observe that every composition e-algebra A = @
fact, it follows from (1) that the function

er Ay has a natural Zy-grading. In

[' = F*, a—ea,aq)

is a homomorphism of groups and that e(o,a) = 1 for all & € I'. We define the following
sets g ={a el |e(a,a) =1} and I'y = {a € T' | e(a, ) # 1}. Then, I'y is a subgroup of I'
and we have either that 'y = I' (and hence I'; = 0)) or that I'y is a subgroup of index 2 in T’
and, I'y and I'; are the two residue classes modulo I.
We now set

AW = @ A,, fori=0,1,

vel's

and consider the indices 0, 1 as integers modulo 2; then it follows from the above that the
decomposition A = A© @ AD is a Z,-grading of A.

We want to classify color composition algebras up to equivalence, in the sense of the
following definition.
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Definition 5.1. Let A = @ver A, be a I'-graded composition e-algebra and B = @v’er' B,
be a I"-graded composition €-algebra. We say that A and B are equivalent if there exists
an isomorphism of algebras g : A — B and an isomorphism of groups 6 : I' — I" such that

g(Ay) = By(yy forally e T'and € 0 (0 x ) = e.

Definition 5.2. We say that two composition e-algebras, I'-graded, A = GaweF A, and B =
®76F B, are isomorphic if there exists an isomorphism of algebras ¢ : A — B such that
o(A,) =B, for all y € I.

On the one hand, a composition algebra C' with norm ¢ has zero divisors if and only if
q(z) = 0 for some = # 0 in C, see [ZSSS82, Lemma 9, Chapter 2]. When this happens we
say that C' is a split composition algebra. On the other hand, we say that C'is a not split
composition algebra if C' does not have zero divisors.

The aim of this chapter is to classify the composition e-algebras up to equivalence. For
this, we divide the problem into three cases: the first case is A = 0 and A is not split,
the second case is A1) = 0 and Ay is split and the third case is A # 0. In the first two
cases A = A since we are under the condition that the subgroup of I' generated by the set
Suppr(A) coincides with I'.

Before analyzing the different cases we will see some results and definitions that will be
useful to achieve our goal.

Let f(z,y) be the bilinear form associated with a composition e-algebra A = @ A4,.
Thus f is e-symmetric, that is, f|(a,+4_.)x(4a+4_o) 15 symmetric if e(o,a) = 1 and skew-
symmetric if (o, ) = —1, for all a € I
Let B = @, cp By be a I-graded subalgebra of A. Tt will be denote by (B, + B_,)™ the
orthogonal complement of the subspace B, + B_, of A, + A_., with respect to the bilinear
form f‘(A’Y+A_’Y)><(A,Y+A_,Y), that is

(By+B_y))" :=={a€ A+ A_, | flia,+a_)xa,+a_,)(a, By + B_,) = 0}.

We shall denote by B+ the orthogonal complement of the subspace B of A with respect to
the bilinear form f(z,y), this is
Bt :={ac A| f(a,B) = 0}.

Since f(Aa, Ag) =0, if a4+ 5 # 0, and B is a I'-graded subalgebra of A, it is easy to check
that

Bt =) (B,+B_y)".

vyerl

Proposition 5.3. Let A be a composition e-algebra and B be a finite dimensional I'-graded
subalgebra of A, such that f|pxp is nondegenerate. Then A = B @ B*.

Proof. Let B be a finite dimensional I'-graded subalgebra of A, B = @WGF B, such that
flBxp is nondegenerate. Since f|p.p is nondegenerate and f(A,, Ag) = 0if a+ 5 # 0, it
follows from this that f/ B,+B_.)x(B,+B_,) is nondegenerate for all v € I". Moreover, since
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Il Ay+A_)x(A,+A_,) 18 symmetric or skew-symmetric and B, + B_, is a finite dimensional
subspace of A, + A_,, by a well-known theorem we obtain

Ay+ A =(By+B,)a (B, + B—V)LW-
Therefore

A= (A +A) =D (By+ By) @ (By + By)™

yel ~yel'
- Z(Bv +B.,) @ Z(Bv + B—V)LW =B® B
yel ~el

O

Proposition 5.4. Let A be a composition e-algebra and B be a I'-graded subalgebra of A. Then
Bt is a I'-graded vector subspace of A and B*B + BB+ C B*. Moreover, when B is finite-
dimensional and contains the identity element 1 of the algebra A and f|pxp is nondegenerate,
if Bt # 0 then B is associative.

Proof. Tt is clear that Bt is a vector subspace of A. To show that it is I'-graded, as B+ =
> er(By + B,)™, we only need to show that for all © = u, +v_, € (B, + B_,)" with

v # —~v we have that u.,,v_, € (B, + B_,)*. Let b, € B, since f(A4,,A,) =0 (y+~v #0)
we have

0= f(z,by) = f(uy +v-y,by) = fuy,by) + vy, by) = fvy, by).

Thus f(v_,, B,) = 0. Since f(A_,,A_,) =0 (—y — v # 0) we have f(v_,, B_,) = 0. Hence
v_~ € (B,+B_,)*. Similarly, we obtain that u, € (B,+ B_.)*". Therefore B+ is a I'-graded
vector subspace of A.

By (6) we have

f(aOHU’YbB) = f(CLa : 1>U7b5) = f(aavvv)f(Lbﬁ) - 6(’7,6)]”(&0[()5,1)»» =0

for any a, € B,, bg € Bg and v, € B, and analogously f(aq,bsv,) = 0. Since the elements
o, bg € B and v, € B* are arbitrary, this means that B+ B + BB+ C B*.

Now, suppose that B is finite-dimensional and contains the identity element 1 of the algebra
A and f|p«p is nondegenerate. By Proposition 3.10 v7)

(19) Ga(webs) + (v, §)T(aabs) = f(aa, x¢)bsg =0
for any a, € By, bg € Bg and x¢ € B+, and by Proposition 3.10 iv)

(20) @a(2ebp) + (e, €+ B)(2ebg)an = flaa, wehs) = 0,

the last term is zero because BB+ C B*t. On the other hand, since 1 € B we have Uy = —0y
for all v, € B*. Hence by (19) and (20)

e(a, §)re(aabs) = alxebs) = —€(a, B + &) (xebs)aa = e(a, E)e(a, B)(webs)aq.
Thus

(21) re(aabp) = e(a, B)(zebg)aq.
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If (aa,bp,cy) = (anbsg)cy — aa(bscy) is the associator of any three homogeneous elements
Ao, bp, ¢, € B, then by (21)

Te(aa, bg, cy) = xel(aabs)cy] — z¢[aa(bsey )]
= e(a+ B,7)(vecy)(aabs) — e(a, B+ 7)[ze(bscy)]aa
= e(a+ B,7)e(a, B)[(zecy)bglaa — e(a, B+ 7)e(B, 7)[(wec,)bslaa = 0

for any z¢ € B*+. Therefore B*(B, B, B) = 0.

Assume that Bt # 0. By Proposition 5.3 f|z14pe is nondegenerate. Hence, there exist
Te,y—¢ € B\ {0} such that f(xe,y_¢) # 0. Let aq,bs,c, € B, dy = (aa,bs,c,) with
oc=a+f+~and e, € A_,. Since B*(B,B,B) = 0 then x¢d, = 0 and y_¢d, = 0.
Therefore, by (6)

6(07 _g)f(‘rfﬁ y—ﬁ)f(dm 6_0) - f($§d07 y—ﬁe—ﬂ) + 6(_6’ _0>6(07 _6 - O-)f<x§e—07 y—ﬁdU) = 0.

Since f|pxp is nondegenerate, it follows from this that d, = 0. Consequently (B, B, B) = 0.
Therefore, if B+ # 0 then B is associative. O

In particular, if A is a composition e-algebra such that A, # 0 for some o € I' \ {0} then
Ay is associative (dim(Ag) < 4).

5.1. A =0 and A, is a non-split composition algebra.

Lemma 5.5. Let A be a composition e-algebra and B be a I'-graded subalgebra of A which
contains the identity element 1 of the algebra A. Then for every a,,bs € B and v, € B*
homogeneous elements the following relations are valid:

(22) Uy = —Uy, vy = €(,7)vy0a;
(23) aa(vybg) = €(a, v)vy(@abp), (vybg)aa = (B, a)vy(aabs),
(24) (0400) (0ybg) = €(a, B+ 7)e(27, B) [bsv|aa.

Proof. Let v, € B+, from the equality f(1,v,) =0 (1 € B), we obtain that v, + v, = 0. Let
a, € B, by Proposition 3.10 iv), we have that a,vy + €(o, 7)vyaa = f(aa,v,) = 0, whence it
follows (22). Furthermore, since a, € B by Proposition 3.10 vi) we have

aa(v,bs) = —€(er, )55 (@bs) + f (@, v,)bs = e, ), (@abs).

Similarly, by Proposition 3.10 vi) and (22) we have

(v305)aa = (e(7, B)bgvy)aa = (v, B)[f (vy, @a)bs — €(7, @) (bsaa) 7]
= (7, + B)(bsaa)vy = (7, + B)(e(B, a)aabs)v,
= e(y,a+ Pe(B, a)e(a + B, 7)vy(anbs)
= €(8, a)vy(aybg).
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Therefore, we have (23). Finally, by Proposition 3.10 vi), (22) and B*B C Bt we have

(V90 ) (vyb3) = f(aom%)vv —€(a, B+ '7)[”7(”7[76)]@
= —f(aa, vybg)vy + €(a, B +7) [Uv(%bﬁ)]

= —e(a, B+ 7)[T5(vybp)]da = —€(, B+ 7)[T5(e(7, B)bsv,)]aa

= —e(a, B+7)e(r. B)Lf (v, bp)v, (  B)bs(vyvs)]aa

(

(7,
= e(a, B+ 7)e(2y, B)[bsv3]aa.
0

Lemma 5.6. Let A be a composition e-algebra such that Aq is non-split, that is, qo(ag) # 0
for all 0 # ag € Ag. Let a € I' such that e(a, o) = 1 and A, # 0, then anas € F'\ {0} for all
0#a, € Ay (2a=0).

Proof. Let 0 # ag € Ap. Since Ay is non-split then agag = qo(ag) € F\ {0}. Let 0 #a € T
such that e(o,a) = 1 and A, # 0. We will see that a,a, = —a? # 0 and a,a, € F for
all 0 # a, € A,. Let 0 # a, € A,. As f is nondegenerate there exists b_, € A_, such
that f(aa,b_) 7# 0 (aab_n # 0). Since A is not split and f(A,, Ag) = 0if a+ 3 # 0, by
Proposition 3.10 vi) and i) we have

a2b:, = a2(b_ob_o) = f(a2,b_o)b_q — €(2a, —a)b_o(a2b_)
b-al(@a@a)b—o] = b_a[f(aa: b-0)aa — (@, —a)(asb-o)a0]

= f(@a;b-a)b-ata +b_al(@ab-a)aa]

—f(aab_g, 1)b_qts + f(b_a,aab_g)aq — €(—a,0)anb_o(b_aaq)

= [f(tab-as1) = aab_0o)(D-ata)

= (tab-0o)(@ab_0) = go(anb_a) # 0.

Therefore a2 # 0. Now we will see that a,a, = —a2 € F (2a = 0). As A, # 0 and a # 0,
by Proposition 5.4, we have that Ay is associative (dim(Ap) < 4). In this case, we will prove
that Ag is a division algebra. To do this, we only need to show that every 0 # a € Ay has a
multiplicative inverse. Let 0 # a € Ay, since aa = aa = qo(a) and Ay is not split (go(a) # 0),
it follows that a has a multiplicative inverse. Therefore A, is a division algebra. Since f is
nondegenerate, a, # 0 and Ay is a division algebra there exists b_, € A_, and ug,dy € Ay
such that f(as,b_n) # 0, f(1,up) = 1 and dy(anb_n) = ug. Moreover, by Proposition 3.10 vi)
we have

Uy = do(aab_o) = f(do, aa)b_o — €(0, )ag(dob_o) = aa(dob_a).

Let b, := dob_q, then anb’ , = up and b a, = a.b"_, = Up. In view of (10) we have

f(aa,bla) = f(aom 1)f(bLa7 1) - f( blfom ) f<u07 1) =-1#0.
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By Proposition 3.10 vi) and (14) we obtain
Flaa, aguo)b’, = @al(aauo)b_,] + e(a, @) (aauo)(aabl,),
= —aa[f (o, V_0)aa — (aadl_o )] — (aatio)uo,
= —ag[(anb’ )] — aguj,
= —aa(Uoly) — aa(f(1,u0)uo — qo(uo)),
= —a,Uyp.
Then
(25) Aoty = — f (o, aguo)b’,
Since a # 0 then a, € Ag. Hence, by Proposition 3.10 v), (24) and (25) we have
go(uo)ay = [azToluo = [(aquo)aaluo = [(—f(aa, aato)b’,)as]uo
= —f(aq, aquo)touy = — f(aa, aato)qo(uo)-
Therefore a,a, = —a? = f(aq, asuo) € F\ {0} and 2a = 0.
|

Lemma 5.7. Let A be a composition e-algebra such that Ay is non-split. Let o, B € T, av # 0,
such that €(a, ) = €(B,8) = 1 and A,, Ag # 0. Then, for all 0 # a, € A,, the operator
of right multiplication RS : Ag — Aayp, bs — bgaa is bijective (Aqsp # 0). In particular,
dim(A,) = dim(Ay) for all « € T' such that e(a, ) = 1 and A, # 0.

Proof. Since f is nondegenerate there exists uy € Ay such that f(1,u9) = 1. In the proof
of the Lemma 5.6 we showed that f(a,astn) = aaGq # 0 for all 0 # a, € A, such that
€(a,a) = 1 and a # 0. Furthermore, by (5) f(co, couo) = qo(co) f(1,u0) = qo(co) # 0 for all
0 # ¢y € Ay, since Ay is not split.
Let an,bg € A\ {0} homogeneous elements. By Proposition 3.10 vi) we obtain
(26) (bguo)aa = =f(uo, aa)bs + (bpaa)to = (bsaa )T,
since o # 0. Hence, by (6), (26) and Proposition 3.10 ¢) we have
0 7 e(a, B) f(bg, bguo) f(aa; aatio) = f(bgaa, (bsuo)(aauo)) + f(bs(aauo), (bsuo)aa)
= f(bgaa, (bguo)(aquo)) + f(bs(aatio), (bsaa)Uo)
= f(bgaa, (bguo)(asuo)) + f([bg(aauo)]uo, bsaa)
= f(bsaa, (bguo)(aato) + [bs(aauo)]uo)-
Then bga, # 0. Therefore the operator right multiplication Raﬂa is bijective. In particular,

since A, # 0 then A_, # 0 (f is nondegenerate) and Ry and R are bijective for some
0 # a, € A, and some 0 # b_, € A_,. Hence dim(A,) = dim(Ay). O

In the following theorem we will see that if A = @weF

that A = A and A is not split then A is equivalent to one of the algebras of the Example
4.5.

Theorem 5.8. Let A = P, - A, be a composition e-algebra such that A = A and Ay is
not split. Then A is equivalent to one of the algebras of types I-X given in Examples 4.5.

A, is a composition e-algebra such
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Proof. By the term “I'-graded subalgebra” we shall mean a ['-graded subalgebra containing
the identity element 1. Since a + a € F, every such ['-graded subalgebra is invariant under
the involution.

Let B be a finite-dimensional I'-graded subalgebra of the algebra A on which the restriction
of the form f(x,y) is nondegenerate. B exists because we can just take B = Ay. By Corollary
5.3, A decomposes into a direct sum of subspaces A = B @ B*. Moreover, the restriction of
the form f(z,y) to Bt is also nondegenerate. We assume that B # A. Then we can find a
homogeneous element 0 # v, € B+ (B* is a -graded vector space). Since A = A and A,
is not split, by Lemma 5.6, we have v,0, = —p € F'\ {0} (2y = 0). Now, let a,, bg € B. From
(24)

(27) (U’Yaa)(v’ybﬂ> = 6(0[, 6 + 7)6(2’77 ﬂ)[bﬂv?y]@ = G(Oé, ﬁ + W)Nbﬂ@
In particular, taking a, = 1 € B we have that
(28) v (04g) = €(0, B+ ) ubgl = ubg.

Hence, by Proposition 3.10 ¢) and (28),

f(v'ya'a7v'ybﬁ) = _f(v’yaaav_’ybﬁ) = —E(Oé + 777)f(U7(U’Ya06)7 bﬁ)
= —€(a,7) f(naq, bg) = —€(, v)pf (@a, bs)-

Therefore

(29) f(vwaavvwbﬁ) = —e(a, ) pf (aa; bs).

Since f is nondegenerate on B, it follows from this that the mapping a — v,a of the subspace
B onto v, B is one-to-one. Consequently, B and v, B have the same dimension. Furthermore,
the relation (29) shows that the subspace v, B is nondegenerate with respect to f(x,y). By
Propositon 5.4 we have BB+ C B+, then f(a,,v,bs) = 0, this implies that the subspace By =
B +wv,B, which is the orthogonal sum of two nondegenerate subspaces, is also nondegenerate
with respect to f(z,y). Relations (23) and (27) show that B; = B + v, B is the I'-graded
subalgebra of the algebra A obtained from B by means of the generalized Cayley-Dickson
process, By = GCD(B, p, €) (since 2y = 0 and €(a,y) = £1 for all « € I'). As 7, = —v,, and
o + Vb5 = T — €(7y, B)bgvy, = @o — €(7, B)e(B,7)v,bs = @y — v,bs, the involution induced on
By by the involution on A coincides with the involution obtained in the generalized Cayley-
Dickson process. Finally, f|g,«xp, is nondegenerate and B; satisfies the same conditions as
B. Therefore, we can repeat the same process with the algebra B;.

We now return to the algebra A and consider separately four cases.

(1) dim(Ap) = 1. In this case the field F has characteristic # 2, Ay = F, the subalgebra
Ap = F is nondegenerate with respect to f(x,y), and therefore we can set B = Ay = F.
B is a composition algebra of type I. By Lemma 5.7, dim(A,) = dim(Aq) = 1 for all
A, #0.If A # F then, there is a 0 # oy € I' such that A,, # 0 (2a; = 0). Let
'y = (1) = Zs, By = Ay ® Ay, and €1 = €|, xr,. B1 is a composition ej-algebra of
type II. If By # A then there is a ap € '\ {0,a1} such that A,, # 0 (2a; = 0).
Let T'y = (a1, a0) = Zo @ Zy, By = EB%D A, and € = €|p,x1,. By is a composition
eg-algebra of type III. Finally, if By # A, there is a ag € T'\ {0, aq, o} such that
Aa3 7é 0 (20[3 = 0) Let Fg = <Oél,04270é3> = Zg, Bg = @76F3 ‘/47 and €3 = 6|F3><F3- B3
is a composition ez-algebra of type IV. Since Bj is non-associative, by Lemma 4.3 the
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process must finish. Consequently A = B, I' =1'3 and € = 3.

If dim(Ag) > 2, the field F' has arbitrary characteristic.

dim(Ap) = 2. In this case Ay = K(u) = F + Fuv; where v? = v; + p and 4p+ 1 # 0
with involution r + sv; = (r+s) — sv; and quadratic form gy(a) = aa. By Lemma 5.7,
dim(A,) = dim(A4y) = 2 for all A, # 0. Since the subalgebra Ay is nondegenerate with
respect to f(z,y), we can set B = Aj. The I'-graded subalgebra B is a composition
algebra of type V. If A # Ay then there is a 0 # « € I' such that A, # 0 (2« = 0).
Let Ty = () ¥ Zy, By = Ay ® A, and €; = €|, «,- By is a composition e;-algebra
of type VI. Finally, if By # A then there is a € I'\ I'; such that Az # 0 (25 = 0).
Let I'y = (o, 8) = Zo @ Zo, By = ®’Y€F2 A, and €2 = €|p,xr,. B2 is a composition
eo-algebra of type VIIL. Since B, is non-associative, by Lemma 4.3 the process must
finish. Consequently A = By, I' =15 and € = €.

dim(Ag) = 4. In this case Ay = Q(u,) = CD(K(un),v) (¢ # 0) is the algebra of
generalized quaternions. By Lemma 5.7 dim(A,) = dim(Ag) = 4 for all A, # 0. Since
the subalgebra Ag is nondegenerate with respect to f(z,y), we can set B = Ay. B is
a composition algebra of type VIII. If A # Ay then there is a 0 # o € IT" such that
Ay #0 200 = 0). Let I'y = () =2 Zy, By = Ay ® A, and € = €|r,«r,. By is a
composition €;-algebra of type IX. Since Bj is non-associative the process must finish,
since otherwise by Lemma 4.3 there would be a subalgebra B, of A which is not a
composition e-algebra, and that is impossible. Consequently A = B;.

dim(Ap) = 8. In this case Ag = C(pu, 1, ) = CD(Q(p, ), \) with X # 0, is the Cayley-
Dickson algebra. A is non-associative, therefore A = Ay. The I'-graded algebra A is
of type X.

OJ

With the notation of the Example 4.5, IV, we have the following result.

Proposition 5.9. We have the following equivalences:

i)
ii)
111)
iv)
V)

C(l (t, 71))(:“7 1/}7 /\) = 0(17(71’1))(1#’ s /\)

C“ “ ‘”)(u, ¥, A) = CEREDIO 9, ).

C( ( By, A) = COLERD(N 4, p).
COE=D)(py, s, —rs) = CCLELD (rp, 5, —1s),

for any p, o, A € F* and r,s € {1,—1}.

Proof.

i) Let 6 : Z3 — Z3 be given by
6((1,0,0)) = (0,1,0), Q(((_),I,(_))) (1,0,0), 6((0,0,1)) = (0,0,1)
Let g : CHED) (g ap, X) — CEEED)(4), 1, X) be given by
g(1) =1, gler) = e, gles) = ex, g(es) = —es,
g(ea) = eu, g(es) = e, g(es) = es, gler) = —er.

It is easy to see that g is an isomorphism of algebras, €1 (—1,1)) = €1,1,-1)) © (6 x 0)
and g(CHGE=D)(y 4h, X)) € CHELD (11, N g for all y € Z3. Therefore

Oy, 0) = CHEND (g, 1, ).
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ii) Let 60 : Z3 — Z3 be given by

0((1,0,0)) = (0,0, 1), 9((0, 1,0)) = (0,1,0), 6((0,0,1)) = (1,0,0)
Let g : COW=D) (g ah, X) — CBID(X 4, 1) be given by
9(1) =1, gler) = —ey, glez) = —e, g(es) = e,
gles) = e, g(es) = e, g(es) = €3, gler) = er.

It is easy to see that g is an isomorphism of algebras, €1 1,1)) = €1,1,-1)) © (6 x 0)
and g(CHE=D) (4 4h, N),) € CELEID (N 4, w)g(y) for all y € Z3. Therefore

COE (v, 0) = CEHED (9, p).
iii) Let 0 : Z3 — Z3 be given by

6((1,0,0)) = (1,0,0), 6((0, 1,0)) (0,0, 1), 6((0,0,1)) = (0,1,0).
Let g : CHCL=D) (g 4h, A) — CL0=D (1 X 4)) be given by
g(1) =1, gler) = e, gle2) = e, gles) = es,
gles) = e, g(es) = es, g(es) = es, gler) = er.
It is easy to see that ¢ is an isomorphism of algebras, €_1,1,-1)) = €(1,(~1,-1)) © (0 x0)
and g(CHCEL=D)(p 4h, N),) € OB (1 N 4h)g( for all y € Z3. Therefore

CEEE=D (,p, ) = CEMETI (A 4)).
iv) Let 6 : Z3 — Z3 be given by

6((1,0,0)) = (0,0,1), 6((0, 1,0)) (0,1,0), 6((0,0,1)) = (1,0,0).
Let g : CBCL=D) (1 4p, \) — O D)(X, 9, i) be given by
g(1) =1, gler) = ey, gles) = —ez, g(es) = —es,
gles) = ex, g(es) = es, g(es) = es, gle7) = er.

It is easy to see that g is an isomorphism of algebras, €1 (—1,1)) = €u1,(-1,-1)) © (6 x 0)
and g(CHEL=D)(,4h, N)),) € CELELDI(X 4, 1) g,y for all v € Z3. Therefore

CHEL (0, ) = CEHEED (A 4, ).
v) Let 0 : Z3 — 73 be given by

6((1,0, f])) > (1,1, 1), 6((0,1,0)) = (0,1,0), 6((0,0,1)) = (0,0,1).
Let g : COW=D)(p, s, —rs) — CELEL=D) (py, s, —1s) be given by

g(1) =1, gler) = er, g(e2) = ses, g(es) = es,
g(es) = seq, gles) = —res, g(es) = e, gler) = —rer.

It is easy to see that g is an isomorphism of algebras, €1 (—1,—1)) = €1,(1,-1)) © (6 x 0)
and g(CHE=D (s, —rs),) C CELEL=D) (ry s, —1rs)g () for all v € Z3. Therefore

CHO=D) (s, —rs) = CCLELD (0 s, —1s).
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Corollary 5.10. Let A be a composition e-algebra of dimension 8 such that, A = A© and
Ag is not split. Then we have, up to equivalence, one of the following cases:

i) A=Ay =C(u, ¥, A) is a non-split Cayley-Dickson algebra.

A= é(u, U, \) with Ag = Q(u, ) a non-split quaternion algebra.

Ais CO(p w, A), or CY (u, b, N), wzth Ag = K(p) a non-split composition algebra.
A z C( D) (u,1p, N),  or C LD (g by, A1), or CBEL=D) (g by, Ny),  or
CELEL=0) (g abs, Ag), with Ag = F a field of characteristic different from 2.

5.2. AU =0 and A, is a split composition algebra. A composition algebra C' is split if
it has a nonzero isotropic element, that is, there is 0 # = € C' such that go(z) = 0. Note that
any composition algebra of dimension > 2 over an algebraically closed field is split.

Let A be a composition e-algebra such that A = 0 and A, is a split composition algebra. To
analyze this case we will be based on the construction of the “canonical” basis of a split Cayley
algebra. Since A =0 (A = A©®), we have that e(v, ) = 1 for all ¥ € I'. Moreover, since Ag
is a split composition algebra (dim Ay > 2) and f|a,x4, is nondegenerate then, there is an
isotropic element 0 # ag € Ag (qo(ag) = 0) and a by € Ay such that f(agbo, 1) = f(ag, by) = 1.
Let e; := agbg, we have qo(e1) = qo(apbp) = 0 and f(e1,1) = 1,50 €? = e;. Let e3 := &7 = 1—ey,
so qo(es) = 0, €2 = ey, e1eg = ese; = 0 and f(ey,e2) = f(er,1 —e1) = f(e1,1) = 1. Then
K = Fe,®Fe, is a composition subalgebra of Ay. By Corollary 5.3, we have that A = KK+
and K+ is a I'-graded vector subspace of A.

For any =, € K+, T, = —x, since 1 = e; + e € K. By Proposition 3.10 i) we have
Ta€l + Ta€l = f(xocela ]-) = f(xome_l) = f(xomeQ) = 0, 80 o1 = —Ta€1 = —6(0{,0)6_1 To =
esT. Hence x,e1 = eox,. Analogously we can see that z,e, = ejx,. Moreover, r, = 1- 1z, =
€14 + €2z, and by Proposition 3.10 v) we have

es(e1xq) = E1(e12q) = qo(e1)xa =0
e1(earq) = Ea(e2xq) = qo(e2)xa =0
Also, by (14)
ei(eiry) = (€i€;)xq = €;x4
(Ta€i)e; = Toleie;) = xae;.
Therefore K+ = U &V with

U={x€A:eqx =2 =1xey,e00 =0=uze;} = (e14)es,
V={reA:er=x=ure,e10=0=xe} = (e24)e;.

Let ag, + an, + ...+ a,, € U then

Aoy + Coy + oo+ Aoy, = €1(A0y + Qoy + ... F Qq,) = €104, + €100, + ... + €104,
Aoy + Aoy + - F Ca,, = (Goy + Coy + -+ o, )2 = Aoy €0 + Qay€2 + ... + Ay, €2
0=-e3(An, + Aoy + ...+ Qq,) = €204, + €200, + ... + €204,

0= (Gay + Aoy + ...+ Qq, )€1 = Qg €1 + Agy€1 + ... + Qg €1.
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Since e, ey € Ag then

Qg

7

= €10,
a’OLi = a/aie2

0 = eaay,

0 =aq,e1

for any ¢« € {1,2,...,n}. Hence an,,Gay,---,0, € U. Therefore, U and V are I'-graded
subspaces of A. By (5), for any u,,uj € U,

S (tay ug) = f(erua, ertiz) = go(er) f (o, ug) =0
so f(U,U) = 0. Analogously f(V,V) = 0. Also, by Proposition 3.10 i) we have
fuaty, K) C f(ua, Kug) € f(U,U) =0
and for any v, € V by (6) we have
S (uaulg, vy) = f(atip, e20y) = €(8,0) f (ta, €2) f (uf, vy) — €(B,7) f (tavy, e2uiz) = 0.

Hence U? is orthogonal to K and V, so U? C V due to f(z,y) is nondegenerate. Analogously
we have that V? is orthogonal to K and U, then V2 C U. Furthermore, by Proposition 3.10
i) we have

fU.UV) C f(U*V) S f(V,V) =0,
FUV,V) € f(UV?) C f(U,U) =0,
fVU,U) C f(V,U?) C f(V,V) =0,
F(V,VU) € f(V2,U) C f(U,U) =0,

so UV + VU C K. Moreover f(UV,e1) C f(U,e1V) = 0 and f(VU,es) C f(V,exU) = 0,
hence UV C Fe; and VU C Fey. More precisely by Proposition 3.10 vi), for u, € U and
0, € V, F(ttqyv,)er = Ta(vye1) + (e, )75 (taer) = —tiquy. Then

(30) UaUy = — f(Uq, Vy)eq.

By Proposition 3.10 vi), f(uq,vy)e2 = Uq(vye2) + €(a, 7)05 (uqe2) = —€(a, y)vyu,. Hence

(31) Uytla = —€(7, @) f(Ua, vy)e2 = = f(vy, ua)e2.

Now let us see what happens with u? and vg : If char(F) # 2, since (o, ) = 1 forall « € T
and f(U,U) = f(V,V) = f(U® V,K) = 0, by (11) we have u?, = v> = 0. If char(F) = 2.
Take 0 # u, € U and v_, € V with f(ua,v_o) = 1 (f is nondegenerate). By Proposition
3.10 vi) and (31) we have

V_oU = —T_g(Ualle) = —[(V_q, Ua) U + €(—a, ) Tq (V_atia)

= —Uy — €(a, ) Ua(— f(V_q, Uy )€2) = —Uq + Uges = 0,
SO

(32) v_quZ = 0.
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By Proposition 3.10 vi) and (30) we have

UV, = —Tg(V_gV_g) = — (U, V_a)V_a + €(a, =)0 5 (Ua¥_4)
= —v_o — €(a,)v_o(—f(Ua,V_n)€1) = —V_q +V_ne; =0,
thus
(33) uav?, = 0.

On the other hand, by Proposition 3.10 vi), (30) and (32) we obtain
Up = f(V-a, ta)tg = 75 (uarg) + €(—a, @)Ta(v-aug)
= V_alf(ta, ug)er] = f(ta, ug)v-a,
then
(34) g = f(ta, u3)v—q.

By Proposition 3.10 vi), (31) and (33) we have

V2, = f(Ua, V_a)V?, = Ta(v_gv?,) + e(a, =)0 g (uqv? )

:ua[f(v omv )62] f(U aav )uaa

S0

(35) = f(v—a, V).

By replacing (34) and (35) in (32) and ( 3), respectively, we obtain

(36) fu, ug)v*, =0 and f(02,,v_g)uZ = 0.

Thus f(u?,us) = 0 or v_a = 0 and, f(v?,,v o) = 0 or v} = 0. If f(u?,u,) = 0 then
u? = 0 by (34) and, if f(v? ) =0 then v?2,, = 0 by (35). Therefore we conclude that if

char(F) = 2 then u? = 0 or v2_ = 0. If v?, # 0 by (35) we have —2a = «, that is, 3a = 0.
If u? # 0 by (34) we have 2a = —a, that i 1s, 3a = 0.
Now we are ready to show the first example for this case.

Example 5.11. (The Z3-graded algebra Q) Let Qs = @7623 (Qrs)y be a Zs-graded algebra,
(Qrs)g = Fer @ Feg, (Qrs)1 = Fug and (Qrs)z = Fuvs, with the following multiplication table:

€1 €2 u (%)
et ler 0| u 0
ea | 0 ey| O V5
up | 0 wui| rvz | —eq
vz |va3 0 | —eg | sug
where r,s € F. Let qo(lieq + laea) = lLils be a norm, for any ly,ly € F, defined in (Qrs)
and f be a bilinear form on Q,s defined as follows: f(e1,es) =1, f(e1,1) =1, f(ea, 1) =

f(ulav2) - 1 f(ulaul) - 0 f(v27v2) =0 and f((Qrs) (Qrs) (Qrs)» = 0. ]f?” =8 =

then Qoo s a composition algebm

Proposition 5.12. Let € be the trivial commutation factor on Zs. If r # 0 or s # 0, Q, is
a composition e-algebra if and only if r =0 or s = 0, and char(F) = 2.



34 D. CASTRO AND I. SHESTAKOV

Proof. We have
f(eavz, v3v3) + f(eqvs, v3v3) — f(ea, v3) f(vy,v3) = 2f (vs, sui) = 2s,
fuser,vav3) + f(vgvz, vaer) — f (v, v3) f(e1,v3) = 2f (vg, sug) = 2s,
f(vz - 1,0903) + f(vava,vg - 1) — f(vg,va) f(1,03) = f(va, sur) + f(suz, vz) = 2s,
f(vavg, uiug) + f(vaug, ugvz) — flvg, ug) f(vz, ur) = f(sui, rvg) + :
f(eqvz, uier) + f(egea, ujvs) — f(eg, uy) f(vz, ea) = f(vz,uy) + f(ea, —e1) — 0 =10,
fleru, uguy) + feyug, ujui) — f(er, ug) f(ug, ui) = 2f (ug, rvs) =
f(uies, ujuy) + f(ujui, uies) — f(ug, ug) f(es, uy) = 2f (ug, rvz) = 27“
f(ug - 1 ugug) + f(ugug,ug - 1) — f(ug,ug) f(1,uz) = f(ug, rvs) + f(rvs, ug) = 2r.

The other cases are similar. Therefore, if r # 0, @), is a composition e-algebra if and only if

s =0 and char(F) = 2. And, if s # 0, @), is a composition e-algebra if and only if » = 0 and
char(F) = 2. O

Remark 5.13. If s # 0 then the algebra Qo is not power-associative, for example
(v3,v3,v3) = (V3v3)v; — V3(V3v5) = (sui)vs — v3(sug) = —seq + seq # 0.
Remark 5.14. Q4 and Qs are equivalents: Let g : Q4 — Qos be given by g(uj) = vs,

g(v3) = ug, g(e1) = es and g(ez) = e1. Let 0 : Zs — Zs be given by 0(1) = 2. It is easy to see
that g is an isomorphism of algebras and g((Qs0)y) = (Qos)a(y) for all v € Zs.

Remark 5.15. If dim(U) = dim(V) = 1 then A is equivalent to the algebra of matrices
My(F), or A = Qos, or A = Qyo.

Now, let us see what happens when dim(U) > 2 or dim(V) > 2. For that, we need the
following proposition first.

Proposition 5.16. If dim(U) > 2 or dim(V) > 2 then there exist uq, uy € U and v_q,0v 5 €
V' linearly independent satisfying that

f(ua,v-0) =1, f(ug,v-a) =0,

f(ta, v ) =0, flug, v’ g) = 1.
Proof. This follows easily because the restriction of f to (UNA,)x (VNA_,) is nondegenerate

for each a.
O

Returning to our algebra A. If dim(U) > 2 or dim(V') > 2 then, by the above proposition,
there exists Uy, uy € U and v_,,v" 5 € V, linearly independent, satisfying that

f(uaav—oz> =1, f(u’ﬁ,v_ ) =0,
f(uouv,—ﬂ> = 07 f(u,(% ) =1
Let us show that u? = 0. By Proposition 3.10 vi), (34), (31) and (30), we obtain that
U, = f(uﬁ7 —E)UQ = UIB[ ] + 6(67 B) 5[“5“’2]

= uﬂ[f(v—ﬁa Uq ) Ua + 6(_ﬁ7 O‘)ua(v—ﬁua)] - U—B[uﬂ(f(uia U )V—a)]
= e(=B, a)ulua(—f(v] 5, ua)e2)] = flug, ua)v gl f(us,v-0)er] = 0.
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Similarly we can prove that (u/'g)2 =v?, = (v’fﬂ)2 =0.
Let us show that uauj # 0 and v_ov’ 5 # 0. By Proposition 3.10 vi) and (30) we have

(uatp)v_q = —(Uaus)Tg = —f(ulz, v_a)ta + €(3, —) (uav_qo )

= e(a, B)(f(ta, v_a)er)uy = €(a, Bujy # 0.
Consequently, uquj # 0.
By Proposition 3.10 v7) and (31) we obtain
(v-aV p)tia = —(v_at )Ua = —f(V' 5, ua)v_o + €(—f, @) (v_qa)V 4
= e(a, B)(f(v_a,ua)e ) -8 = = ¢(a, ) -8 # 0.
Therefore v,av’_ﬁ # 0.
On the other hand, by Proposition 3.10 i) we have
flo_av” ,377)7 ) = e(—a, =B) f(v 5, 0=qv-0) = —€(—a, _ﬁ>f(vlf,37vza) =0,
flo—avlg,v"5) = (=B, =B) f(v_a,v g0 5) = —e(=B, =B) f(v_a, (v 5)*) =0,
fluguy, ug) = e(a, B) f(u, Tqua) = —e(a, B) f(uj, ul) =0,
fluauly, us) = €(B, B) f (o, upuy) = —€(B, B) f(ta, (15)?) = 0.

Therefore v_nv" 4, U, and uj are linearly independent and, uaujz, v_o and v’ 5 are also linearly
independent. Thus we have dim(U) = dim(V') > 3. Consequently, there exist u, uj, u € U
(v = —a — f) linearly independent such that f(uauﬁ, uf) = 1. Then v_o, = ujgulj, v". !
and v” y = uau/’B are the dual elements of u,,, u/’g and u " relative to f, respectively. In particular,
by Proposition 3.10 ),

e 0-a) = Pt ) = (sl ) = s B, 7))
= —¢(B,7) f (e, jug) = €(B,7) f (o, uiuy) = f(uquy,ul)) = 1.

flug, vlg) = flup, wiua) = fup, v T@a) = f(us, e(y, a)uat)) = —€(y, a) f (s, uatis)
=€(7,a )f(uﬁ,uau ) = €7y, a)e(p, oz)f(uauﬁ,ux) =e(—a,a) =1.

Sl 0") = ful, ugug) = e(y, o+ B) f(uaup, wl) = e(y, =) = 1.

By (30)
UqV—q = _f(uaav—oa)el = —é€q1,
ugy’ g = —f(up, v 5)er = —ey,
uf;vﬁv = —f(uz,vﬁw)el = —e.
By (31)
V_qllq = — f(V_a, Ua)e2 = —€2,
_gUg = f(”l—muﬁ) €9,
vl = —f(0" ul)ey = —ey
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By Proposition 3.10 iv)
Ugtig = — f (U, Uq
Ut = — f (ta, ]
wlug = —f(ull, ug) — e(y, Blugu = —e(—a — B, B)v_o = —€(B, @)v_q.
By Proposition 3.10 vi) and (31)

VoV 5 =V o(UiUa) = = f(V_a, U] JUa — €(—a, VU5 (V_als)
= —6(—0[, —Q = 6)11’{;(_62) = 6(—05, _ﬁ)ug = E(O./, B)uf;7
VoV = v_o(uatip) = = f(V_q, o)ty — €(—a, @)uq (v_guj)

= —ujy + uo(f(v_a, ug)es) = —ujp,
v g0" =0 g(ugu) = = f(V 5, ua)u — €(— P, a)uq (v_gul)
= —E(Oé, ﬁ)ua(_GZ) = 6(05, B)ua-
The other products are calculated similarly. In summary, we have the following example.
Example 5.17. (The algebra CG({c, B), o, B, €(a, B))). Let T = (e, B) be the abelian group
generated by a and 3, € be a commutation factor on T' such that €(y,y) =1 for ally € T', and

B=KaU®V (K=Fe & Fey C By, U:Fua@Fu’ﬁ@Fui:, V:FU_QGBFU’_BEBFUZW
v =—a— ) be a I'-graded algebra, with multiplication table:

" "

e e Ug, g ul V_q v g v’
ep | eg O Ug, uj sy 0 0 0
€9 0 ey 0 0 0 V_g, v’_ﬁ vﬁw
Uy | 0 Uy 0 vl —€(f, Oz)v’_ﬂ —e 0 0
ug | 0wy | —e(B,a)v’, 0 V_g 0 —e 0
uy | 0 ul v’ g —€(B,a)v_qy 0 0 0 —eq
V_g | V_g O —ey 0 0 0 €(a, 6)u’§ —Ug
Vg, 0 0 —e9 0 —u 0 e(a, Bug
o’ |0 0 0 0 —e9 ela, Bluy  —ug 0

The norm q = (qo, f) is given by: qo(lier + les) = lily for any l,ls € F, f(e1,e2) = 1,
Flen 1) = 1, flenl) = 1, flugva) = 1, fult!5) = 1, f(u,o) = 1, f(K&V,V) =
(K@U U) =0 and f(ua, Fv' 5+ F" ) = f(ug, Fv_o + Fv" ) = f(u], Fv, + Fv' 5) = 0.
We denote the algebra B as CG({«, B), a, B, €(a, B)). CG({, B), e, B, 1) is the Cayley-Dickson
algebra with a {a, B)-grading.

Proposition 5.18. CG({«, B), o, B, e(a, B)) is a composition e-algebra.
Proof. We have
f(uaes, upul) + €(B8,7)e(0,7)€(0, B) f (uarl, uzes) — €(0, B) f (ua, ug) f (€2, ul)
= [(ta,v-a) + (B, =) f(—€(B, a)v’ 5, u5) = 1 — ¢(B, —a)e(B,a) =0

fleruq, upul) + e(B,7)e(o, v)e(a, B) f (exu, ujs - ua) — €(ax, B) f (€1, ujg) f (ua, )
= f(uoza U—a) + 6(57 _O'/)f(uf;v _E(ﬁ'a)vl—ly) =1- 6(B7 —Oz)E(ﬁ, O./) =0
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F0-aer, 00" ) + (=B, =) F (0,0 ge1) = F(o st ) flens”)
= f(v—on E(O{,B)UQ) + 6(_67 Oé)f(—ulﬁ,’l)_ﬁ) = E(O{,B) - 6(_67 O() =0

Flexvan ol g0) + e(—a, —B) fleav!', v_sv_a) — (=, =) f (€2, 5) f(v_aut’,)
= f(v*Om E(Oé, B)ua) + 6(-0&, _ﬁ)f(vzw _uf;) = E(Oé, B) - 6(—04, _5) =0

fluau, v-av’ g) + e(—a, =B)e(B, —a) f (uavl g, v_at) — (B, =) f (ua, v—a) f (s, v_4)
= f(UZ,y, E(OL, 5)“14) - E(ﬁv —Oé) = G(Oé,ﬁ) - 6(57 —Oé) =0

f(Uav_a,v" guy) + e(—a, B)e(—a, —=B) f (uauiz, v gv_a) — €(—a, =) f (ta, V" 5) f(v_a, 1’ )
= f(—e1,—ea) + f(v",,—ul) =1-1=0
The other cases are similar. O

Remark 5.19. Let A be a composition e-algebra such that A®) = 0, Ay is a split composition
algebra and CG((o, 8), o, B,¢e(a, B)) € A. As (uqtjp)er — ua(uger) = v” ex = v’ then
CG({a, B), e(a, 8)) is non-associative. Since CG({a, ), a, 3, €(c, 5)) is a non-associative I'-
graded subalgebra of A then, by proposition 5.4, A = CG({«a, ), @, 5, €(c, 5)). On the other
hand, CG({«a, B), o, 3, €(cx, 3)) is not always an alternative algebra: If €(f, ) # 1 then

(Ua + U%, U + ulﬁa 61) N []- U €<ﬂa a)h}z’y 7é 0.

Remark 5.20. Let I' be an abelian group generated by two elements, without loss of general-
ity, we have I' = Z, or I = Z,, ® Z,,,, with | € Z> and m,n € Z>2U{0}. Let € a commutation
factor on I' such that e(a,a) = 1 for all @« € I'. f I' = Z;, | € Z>o, then € is the trivial
commutation factor on I' and if ' = Z,, ® Z,,, m,n € Z>, U {0}, then € is a commutation
factor of Proposition 2.5.

To characterize color composition algebras in this case it is sufficient to know the gradings
of composition algebras ([Eld98] and [Eld09]) and some commutation factors on abelians
groups (see section 2). So we have the following result.

Theorem 5.21. Let A = @yer A, be a composition e-algebra over a field F' such that A =
AO) and Ay is split. Then A is equivalent to one of the following algebras.

i) A= Ay. Thus, A is equivalent to either the algebra F & F, or the algebra of matrices
My(F), or the Cayley-Dickson algebra C(F).

i) A = @wezg A, where Ag = Fey © Fey and A1 = Fug @ Fvi, and € is the trivial
commutation factor on Zy. A is equivalent to the algebra of matrices Ms(F').

i) A = @Wzn A, where Ag = Fey @ Fey, A1 = Fui, A1 = Fv_g, € is the trivial
commutation factor on Z,, andn € Z>3U{0}. A is equivalent to the algebra of matrices
My (F).

iv) A= Qo for any r € F, char(F) = 2.

v) A= 697622 A, where Ag = Fey ® Fey @ Fuy ® Fug, Ay = Ful @ Fv; ® Fof @ Fuf,
and € is the trivial commutation factor on Zs. A is equivalent to the Cayley-Dickson
algebra C(F).
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vi) A= @76% A, where Ag = Fey®Fey, A1 = Fui®Fut®Fuf, A1 =Fv_1®Fv ;@
Fv", € is the trivial commutation factor on Z, and n € Z>3U{0}. A is equivalent to
the Cayley-Dickson algebra C(F).

vii) A = @%24 A, where Ag = Fey ® Fey, A = Fuy @ Fuj, As = Fui ® Fv,
As = Fuz @ Fvg, and e trivial commutation factor on Zy. A is equivalent to the
Cayley-Dickson algebra C(F).

viii) A = Ga%zn A, where Ag = Fe; @ Fey © Fug ® Fvg, Ay = Fui ® Fvj, A1 =
Fu' ; ® Fu_g, € is the trivial commutation factor on Z, and n € Z>3 U {0}. A is
equivalent to the Cayley-Dickson algebra C(F).

ix) A = GaveZnA7 where Ay = Fe; ® Fey, Ay = Fui @ Fub, A1 = Fu_1® Fv' 5,
As = Fvl, A_s = Fu"5, € is the trivial commutation factor on Z, and n € Z>5U{0}.
A is equivalent to the Cayley-Dickson algebra C(F).

x) A = ®7€Zn Ay, where Ay = Fey © Fey, Ay = Fua, Ao = Fv_,, Ag = Fuj,
Apg=Fg Ay =Fu, A, =F_ (y=—-a-0) aand B generate Z, and
n € Zs7 U {0}. € is the trivial commutation factor on Z, and A is equivalent to the
Cayley-Dickson algebra C(F).

xi) A = @%Z% A, where Ag = Fey @ Feg, Ay = Fuy, A1 = Fuv_j, Ay = Fu—,
A= = Fvi—, Ap = Fuj ® vy, € is the trivial commutation factor on Zs, and
n € Z>s. A is equivalent to the Cayley-Dickson algebra C(F).

xii) A = 6976226922 Ay where Agp = Fei @ Fey, Aqp = Fuag © Fvap, Awpi =
Fu’((—]j) D FUEM)’ Aan = FUE’M) &) Fu’(’ﬂ), and € is any commutation factor on
Lo ®Zs such that e(a, ) = 1 for all « € Zo®Zs. If € is the trivial commutation factor
then A is equivalent to the Cayley-Dickson algebra C(F) and if € is not the trivial
commutation factor (char(F) # 2 and €((1,0),(0,1)) = —1) then A is equivalent to
the algebra CG(Zy @ Zo, (1,0),(0,1), —1).

xiii) A = @VGZZEBZTH A, where Aggy = Fey © Feg, Aq = Fua, A_o=Fv_,, A= Fup,
Apg=Fvg A, =Fuj, A, =F" (yv=-a-p) aandf generate Z ® L,
l,m € Z>3U{0}, and € is a commutation factor on Z;®Z,, such that €(6,0) =1 for all
0 € Zy ® L. If € is the trivial commutation factor then A is equivalent to the Cayley-
Dickson algebra C(F) and if € is not the trivial commutation factor (¢((1,0),(0,1)) #
1) then A is equivalent to the algebra CG(Zy ® L, v, B, (v, B)).

xiv) A = @vezn@zz A, where Aggy = Fey © Feg, Ay = Fua, A o= Fv o, Ag= Fuj,
Apg=Fv, A =Fu®F, (y=-a-=a+=—7), aand B generate
Zn®ZLy, n € Z>3U{0} and € is a commutation factor on Z, ®Zs such that €(6,0) =1
forall 6 € Z,, ® Zs. If € is the trivial commutation factor then A is equivalent to the
Cayley-Dickson algebra C(F') and if € is not the trivial commutation factor (n is an
even non-negative integer, char(F') # 2 and €((1,0), (0,1)) = —1) then A is equivalent
to the algebra CG(Z, ® Za, o, B, —1).

It is easy that an algebra of the item z) is equivalent to an algebra of the item wiiz) if [
and m are relatively prime and n = [ - m. Also, an algebra of the item xi) is equivalent to an
algebra of the item ziv) in the case that n is odd. € is the trivial commutation factor in both
cases.
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5.3. AU £ 0. In this section we show that every color composition algebra A such that
D £ 0 is equivalent to the alternative superalgebra B(1,2) or B(4,2).

Example 5.22. (The superalgebra B(1,2), [She97]). Let F' be a field of characteristic 3 and
V' be a vector space over F' of dimension 2 with an alternating nondegenerate form (-,-).
Consider the superspace B(1,2) = B(1,2) @& B(1,2); with B(1,2); = F'1, B(1,2); =V, and
supercommutative multiplication given by 1z = 21 = z and uv = (u,v)1 for all x € B(1,2)
and u,v € V. B(1,2) is a Hurwitz superalgebra ([EO02]) with the norm given by ¢5(1) = 1,
f(1,V)=0and f(u,v) = (u,v) for all u,v € V.

Example 5.23. (The superalgebra B(4,2), [She97]). Let F' be a field of characteristic 3.
Consider the superspace B(4,2) = B(4, 2)0 @ B(4,2)1 over F, with B(4,2)5 = Ms(F') the
algebra of 2 x 2 matrices over F, and B(4,2); = V = Fmj+ Fms the 2-dimensional irreducible
Cayley Ms(F')-bimodule, that is, My(F') acts on B(4,2); as follows:

€ij - M = 5ikmj7 i7j7k € {172}7
m-a=a-m,

where a € B(4,2)5, m € B(4,2); and a — @ is the symplectic involution in My(F) (a +— @ :=
tr(a)l — a for all a € My(F')). The odd multiplication on B(4,2); is defined by

2 2
my = —€21, Mg = €12, M1M2 = €11 and Mo — —E€99.

B(4,2) is a Hurwitz superalgebra ([EO02]) with norm given by ¢gg(a) = det(a) for all a €
Ms(F), f(Ma(F),V) =0= f(V,Ma(F)), f(ma,m1) = —f(m1,mz) =1 and f(m;, m;) = 0.

Lemma 5.24. Let F be a field of characteristic different from 2 and A = @wer A, be a
composition e-algebra. If there exists a € T such that e(o, ) = —1 and A, # 0 then the
superalgebra B = B @ BW with BO) = = @P,cs Asia and BW = D.cz Aiti)a, is isomorphic
to a Hurwitz superalgebra, that is, char(F) =3 and B = B(1,2) or B = B(4,2). In addition
I'=(a), A=, Aia and A is isomorphic, as an algebra, to B(1,2) or B(4,2).

Proof. Let a € T' such that A, # 0 and €(o, ) = —1. Since €(ra, o) = (—1)" for any r € Z
then ()| = 2n > 2 or |{(a)| = co. By Proposition 5.4, B := @, , Az, is associative.
Since €(2ia, 2ja) = 1 for any i,j € Z and char(F) # 2, then B is a Composition algebra
with dimension < 4, due to the remark 3.9. Now let B = @iez A@it)as BW # 0. Since
€((20 + 1o, (2§ + Do) = —1, €(2ia, (25 + 1)) = €((20 + 1), 2ja) = 1 for all 4,5 € Zs,
f(BO,BW) = 0 and char(F) # 2, it follows from this that B = B @ BY is a Hurwitz
superalgebra. Hence B is isomorphic to B(1,2) or B(4,2). Moreover, again by Proposition
5.4, we have that A = B = @,_;, Aia, due to B(1,2) and B(4,2) are non-associative algebras.
In addition I' = («) and A is isomorphic, as an algebra, to B(1,2) or B(4,2). O

Therefore in this case is enough to consider some gradings of B(1,2) and B(4,2), which
were studied in [Aralb].

Example 5.25. Gradings of B(1,2).
Let B(1,2); = F1, B(1,2)1 = Fx + Fy. Consider the following grading of B(1,2) : A =
®7€Zn A’Y’ where n € Zzg U {0},

(37) Ag=F1, A,=Fz, A ,=Fy and {(a)=17,.
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Example 5.26. Gradings of B(4,2).
Let B(4,2)5 = Ms(F) and B(4,2) = F'my & Fmsy. Consider the following grading of B(4,2) :

i) A=, Ay where n € Z>5 U {0},

(38) Ag=Fen®Feyn, Ay=Fmi, A_,=Fmy,  Asa=7Feyn, A _o,=Fe

and () = Z,.
i) A= 697624 Ay,
(39) Ap = Fey @ Fegyp, A= Fex® Fey, Aj=Fmy, Az= Fms.
i) A= @, A,
(40) Ag = Fey1 @ Fegy, Ai = Fea® Fmy, As; = Fey & Fmo.

Since on Zs only exists the trivial commutation factor, the last example is not important
in our work.

According to the Theorem 11 and 15 of [Aral5], we have the following result.

Theorem 5.27. Let F' be a field of characteristic # 2 and A be a composition e-algebra over
the field F' such that A% # 0. Then, char(F) = 3 and A is equivalent to one of the following

cases:

i) A= B(1,2) or A = B(4,2) with the main Zs-grading.
ii) A is the Z,-grading of B(1,2) given in (37) with n an even non-negative integer other
than 2, o = 1 and the commutation factor on Z,, defined by ¢(1,1) = —1.
iii) A is the Zy-grading of B(4,2) given in (38) with n an even non-negative integer greater
than 4, o = 1 and the commutation factor on Z,, defined by ¢(1,1) = —1.
iv) A is the Z4-grading of B(4,2) given in (39) and the commutation factor on Z, defined
by e(1,1) = —1.
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