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COMPOSITION COLOR ALGEBRAS

DANIEL FELIPE CASTRO OVALLE AND IVAN SHESTAKOV

Abstract. This work aims to define the composition color algebras and classify them. For
this, we use the Cayley-Dickson process and the construction of the “canonical” basis of a
split Cayley algebra as a reference.

1. Introduction

The role of composition algebras is difficult to overestimate. The quaternion and octo-
nion algebras were some of the first known examples of non-commutative and non-associative
algebras, respectively; in fact, the theory of algebras was initiated with these algebras. Com-
position algebras are a fundamental part of the classification of simple Jordan algebras and
exceptional simple Lie algebras (“Freudenthal’s magic square”).

With the development of the theory of superalgebras, it was natural to see if the notion
of composition algebra could be generalized to the super-analogous. In [She97], Shestakov
classified the simple alternative superalgebras, and he noted that in characteristic 3 appeared
two alternative superalgebras, B(1, 2) and B(4, 2). Later, Elduque and Okubo [EO02] defined
and classified the composition superalgebras with identity element (Hurwitz superalgebras).
They proved that the two algebras mentioned above are Hurwitz superalgebras and that if
the characteristic is different from 2, these two superalgebras are the only non-trivial Hurwitz
superalgebras (with non-zero odd part).

A generalization of Lie superalgebras was studied by Scheunert in [Sch79], called Lie color
algebras, in which case the algebra is graded by an abelian group and not only by Z2. The
main objective of this work is to introduce and classify composition color algebras. In addi-
tion, Scheunert showed that the study of Lie color algebras is closely related to the study of
gradings on Lie superalgebras. Therefore, for our purposes, gradings on composition superal-
gebras are important. Gradings on composition algebras have been described in [Eld98] and
[Eld09]. Gradings on composition algebras are useful for finding gradings on exceptional sim-
ple Lie algebras. On the other hand, gradings on composition superalgebras were described
in [Ara15].

The Cayley-Dickson process is an important tool for the classification of composition al-
gebras so, we will show that it can be generalized to composition color algebras and it plays

1991 Mathematics Subject Classification. 17A70, 17A75.
Key words and phrases. Commutation factor, gradings on algebras, color composition algebra, color alter-

native algebra, Cayley-Dickson process.
1



2 D. CASTRO AND I. SHESTAKOV

a fundamental role in the classification of them. On the other hand, the construction of the
“canonical” basis of a split Cayley-Dickson algebra is important for the study of the gradings
on these algebras so, we will also use this construction for the classification of composition
color algebras.

The structure of the paper is the following way: Section 2 contains some basic results
concerning graded algebraic structures and commutation factors. We introduce composition
color algebras and study some properties of these algebras in Section 3, and at the end of
that section we define a color alternative algebra and we prove that every composition color
algebra is a color alternative algebra. The theme of Section 4 is a generalization of the
Cayley-Dickson process. The aim of Section 5 is to give the classification of composition
color algebras. In Theorems 5.8, 5.21 and 5.27, we gave a complete classification of color
composition algebras. Up to equivalence, we have several types of such algebras. Some of
them are the classical composition algebras or the alternative superalgebras B(1, 2) or B(4, 2)
equipped with various gradings. But there are also some completely new algebras that have
not been known before. We have one of dimension 4 and several algebras of dimension 8,
that are non-alternative superalgebras.

2. Graded Algebraic Structures and Commutation Factors

In this section we present some definitions related to graded algebraic structures, see [EK13,
Chapter I] and [Sch79].

Let G be a group and V be a vector space over a field F. Generally, we will use multiplicative
notation for G, but for abelian groups we will change to additive notation. A G-grading on
V is any decomposition of V into a direct sum of subspaces of V indexed by G,

Λ : V =
⊕

g∈G

Vg.

Here we allow some of the subspaces Vg to be zero. The set

Supp Λ = SuppG(V ) := {g ∈ G | Vg �= 0},
will be called the support of Λ. The support of a G-grading is not in general a subgroup of G.
The subspace Vg will be called the homogeneous component of degree g. If 0 �= v ∈ Vg then
we will say that v is homogeneous of degree g. If a grading Λ is fixed, then V will be referred
to as a G-graded vector space. Any element v ∈ V can be uniquely written as

∑
g∈G vg where

vg ∈ Vg and all but finitely many of vg are zero. We will refer to vg as the homogeneous
components of v.

A subspace U of V is said to be a G-graded subspace if U =
⊕

g∈G(U ∩ Vg). Equivalently,

U is G-graded if for any element u ∈ U, all its homogeneous components (as an element of
V ) are also in U .

Let A be an algebra (not necessarily associative). A grading on A by G, or a G-grading
on A is a decomposition of A into a direct sum of subspaces Λ : A =

⊕
g∈G Ag, such that

AgAh ⊆ Agh for any g, h ∈ G. If such a decomposition is fixed, we will refer to A as a G-graded
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algebra. A subalgebra B of A is said to be a G-graded subalgebra of A if it is graded as a
subspace of A, i.e. B =

⊕
g∈G(Ag ∩ B). If A has unity 1 then 1 ∈ A0. A superalgebra is a

Z2-graded algebra.

The following definition is well-know in the theory of graded algebras.

Definition 2.1. Let Γ be an abelian group. A commutation factor on Γ, with values in F×,
is a mapping

ε : Γ× Γ → F×

such that

(1) ε(α, β)ε(β, α) = 1,

(2) ε(α, β + γ) = ε(α, β)ε(α, γ),

(3) ε(α + β, γ) = ε(α, γ)ε(β, γ)

for all α, β, γ ∈ Γ.

From (1), (2) and (3) we have ε(α, α) = ±1, ε(α, 0) = ε(0, α) = 1 and ε(α,−β) = ε(β, α) =
ε(−α, β) for all α, β ∈ Γ.

Note that a commutation factor is just a skew-symmetric bicharacter.

Example 2.2. The following are examples of commutation factors:

(1) Let Γ be an arbitrary abelian group. The trivial commutation factor is defined by
ε(α, β) = 1 for all α, β ∈ Γ.

(2) Let Z2 = Z/2Z be the additive group of integers modulo 2 and let ε defined by
ε(α, β) = (−1)αβ for all α, β ∈ Z2. It is easy to see that ε is a commutation factor on
Z2.

As a next step we would like to classify some commutation factors up to equivalence, in
the sense of the following definition.

Definition 2.3. Let Γ be an abelian group. Two commutation factors ε and ε′ on Γ are said
to be equivalent if there exists an automorphism h of Γ such that ε′(α, β) = ε(h(α), h(β)) for
all α, β ∈ Γ.

We will recall some particular cases. First, when Γ = Z
n
p , with Zp = Z/pZ and p is a

prime number. If we assume that on Γ = Z
n
p there is a nontrivial commutation factor then

char(F ) �= p.

Proposition 2.4. ([Sch79]) Let p be a prime number, Ep ∈ F be a nontrivial p-th root of
unity and n ≥ 1 be an integer. For any element α ∈ Z

n
p the coordinates of α with respect to

the canonical basis of Zn
p will be denoted by α1, α2, . . . , αn.

Let r be an integer such that 0 ≤ 2r ≤ n. We define an alternating bilinear form ψr on Z
n
p by

ψr(α, β) =
r∑

i=1

(α2i−1β2i − α2iβ2i−1) for all α, β ∈ Z
n
p .
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Let s be an integer such that 1 ≤ s ≤ n. We define a symmetric bilinear form φs on Z
n
p by

φs(α, β) =
s∑

i=1

αiβi for all α, β ∈ Z
n
p .

Then,

(a) If p = 2, then any commutation factor on Z
n
2 is equivalent to (−1)ψ with ψ equal to

one of the forms ψr or φs.
(b) If p ≥ 3, then any commutation factor on Z

n
p is equivalent to Eψ

p with ψ equal to one
of the forms ψr.

Another particular case, which is important for our results, is when Γ = Zm ⊕ Zn, where
m,n ∈ Z≥2 ∪ {0}.

Proposition 2.5. Let Γ = Zm⊕Zn, m, n ∈ Z≥2∪{0}, and let ε be a commutation factor on Γ
such that ε(α, α) = 1 for all α ∈ Γ. Then ε is equivalent to one of the following commutation
factors:

(a) If Γ = Z⊕ Z, let λ ∈ F×, then

ε((α1, α2), (β1, β2)) = λα1β2−α2β1 .

(b) If Γ = Z⊕ Zn, n ≥ 2. Let En ∈ F× be a n-th root of unity. Then

ε((α1, α2), (β1, β2)) = Eα1β2−α2β1
n .

(c) If Γ = Zm ⊕ Zn, m, n ≥ 2. Let d = gcd(m,n), the greatest common divisor of m and
n, and Ed ∈ F× be a d-th root of unity. Then

ε((1̄, 0̄), (0̄, 1̄)) = Ed, ε((0̄, 1̄), (1̄, 0̄)) = E−1
d , ε(α, α) = 1

for all α ∈ Zm ⊕ Zn

Proof. On the one hand, we have ε(α, α) = 1 for all α ∈ Γ and on the other hand by (1),
ε(β, α) = ε(α, β)−1. Then, we only need to find ε((1̄, 0̄), (0̄, 1̄)).

(a) If Γ = Z⊕ Z then ε((1, 0), (0, 1)) = λ for some λ ∈ F×. Therefore

ε((α1, α2), (β1, β2)) = λα1β2−α2β1 .

(b) If Γ = Z⊕ Zn, n ≥ 2. By (2),

1 = ε((1, 0̄), (0, n̄) = ε((1, 0̄), (0, 1̄))n.

So, ε((1, 0̄), (0, 1̄)) must be a n-th root of unity. Hence

ε((α1, α2), (β1, β2)) = Eα1β2−α2β1
n

where En ∈ F× is a n-th root of unity.
(c) If Γ = Zm ⊕ Zn, m, n ≥ 2. Let d = gcd(m,n), the greatest common divisor of m and

n. By (2) and (3)

1 = ε((1̄, 0̄), (0̄, n̄) = ε((1̄, 0̄), (0̄, 1̄))n

1 = ε((m̄, 0̄), (0̄, 1̄) = ε((1̄, 0̄), (0̄, 1̄))m.
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Then, ε((1, 0̄), (0, 1̄)) must be a d-th root of unity. Hence

ε((1̄, 0̄), (0̄, 1̄)) = Ed

where Ed ∈ F× is a d-th root of unity.

�
We recall that a primitive root of unity of order n in a field F is an element En ∈ F such

that En
n = 1 and Er

n �= 1 for any positive integer r < n.
Let us see some considerations on the existence of nontrivial roots of unity.

Remark 2.6. Let F be a algebraically closed field with char(F ) = p. If there exists a
primitive root of unity of order n in F then n is relatively prime to p. F contains a primitive
root of any order that is relatively prime to p. In the field of complex numbers, there are
primitive roots of unity of every order.
Let En ∈ F× be a n-th root of unity. If there exists a prime number q �= p such that q divides
n then En can be different from 1.
Let d = gcd(m,n) be the greatest common divisor of m and n, and Ed ∈ F× be a d-th root
of unity. If there exists a prime number q �= p such that q divides d then Ed can be different
from 1.

3. Color composition algebras

In this section we will introduce color composition algebras and discuss some of its fun-
damental properties. The constructions and proofs turn out to be completely analogous to
those in the cases of composition algebras and composition superalgebras ([ZSSS82], [EO02]).
We begin with the concept of quadratic ε-form.

Definition 3.1. Let Γ be an abelian group and ε be a commutation factor on Γ. A quadratic
ε-form on a Γ-graded vector space, V =

⊕
γ∈Γ Vγ over a field F, is a pair q = (q0, f) where

i) q0 : V0 → F is a usual quadratic form.
ii) f : V × V → F is an ε-symmetric even bilinear form. This is, f |(∑i∈Z

Viα)×(
∑

i∈Z
Viα) is

symmetric for all α ∈ Γ such that ε(α, α) = 1, f |(Vα+V−α)×(Vα+V−α) is skew-symmetric
for all α ∈ Γ with ε(α, α) = −1, and f(V0, Vα) = f(Vα, V0) = 0 for all 0 �= α ∈ Γ such
that ε(α, α) = −1.

iii) f |V0×V0 is the polar of q0, that is, f(a0, b0) = q0(a0 + b0) − q0(a0) − q0(b0) for any
a0, b0 ∈ V0.

The quadratic ε-form q = (q0, f) is called nondegenerate if for all α ∈ Γ such that ε(α, α) = 1
the symmetric form f |(∑i∈Z

Viα)×(
∑

i∈Z
Viα) is nondegenerate (let a ∈

∑
i∈Z Viα, if f(a, x) = 0 for

all x ∈
∑

i∈Z Viα then a = 0) and for all α ∈ Γ that satisfies ε(α, α) = −1 the skew-symmetric
form f |(Vα+V−α)×(Vα+V−α) is nondegenerate.

Definition 3.2. Let Γ be an abelian group and ε be a commutation factor on Γ. Let A be
a Γ-graded algebra over a field F , A =

⊕
γ∈ΓAγ , with identity element 1 ∈ A0, endowed

with a nondegenerate quadratic ε-form q = (q0, f) : A → F called the norm. A is called
a composition ε-algebra (also called color composition algebra) if the following identities are
satisfied:

(4) q0(a0b0) = q0(a0)q0(b0),
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(5) f(a0bβ, a0cγ) = q0(a0)f(bβ, cγ) = f(bβa0, cγa0),

(6) f(aαbβ, cγdξ) + ε(γ, ξ)ε(β, ξ)ε(β, γ)f(aαdξ, cγbβ) = ε(β, γ)f(aα, cγ)f(bβ, dξ),

for all a0, b0 ∈ A0 and homogeneous elements aα ∈ Aα, bβ ∈ Aβ, cγ ∈ Aγ, dξ ∈ Aξ.

If A is a composition ε-algebra with quadratic ε-form q = (q0, f) then A0 is a composition
algebra with quadratic form q0.

Remark 3.3. Let ε be the commutation factor on Z2 defined by ε(1̄, 1̄) = −1. If char(F ) �= 2
then a Z2-graded composition ε-algebra is a Hurwitz superalgebra, see [EO02, Definition
2.2]. This due to, if char(F ) �= 2 a bilinear form over F is alternating if and only if it is
skew-symmetric.

Lemma 3.4. Let A be a composition ε-algebra with norm q = (q0, f). Then, for any homo-
geneous elements aα, bβ, cγ, dδ:

(7) f(bβ, dδ) = ε(β, δ)f(dδ, bβ),

(8) (1 + ε(β, β))f(aαbβ, cγbβ) = ε(β, γ)f(aα, cγ)f(bβ, bβ),

(9) f(aα, c
2
γ) + ε(γ, γ)f(aαcγ, cγ)− f(aα, cγ)f(1, cγ) = 0,

(10) f(aα, dδ) = f(aα, 1)f(1, dδ)− f(aαdδ, 1).

Proof. Since A0 is a composition algebra then q0(1) = 1 and f(1, 1) = 2.
From (6), with aα = cγ = 1 (α = γ = 0) we have

f(bβ, dδ) + ε(0, δ)ε(β, δ)ε(β, 0)f(dδ, bβ) = ε(β, 0)f(1, 1)f(bβ, dδ).

Therefore
f(bβ, dδ) = ε(β, δ)f(dδ, bβ).

By (6), for dδ = bβ (δ = β) we obtain

f(aαbβ, cγbβ) + ε(γ, β)ε(β, β)ε(β, γ)f(aαbβ, cγbβ) = ε(β, γ)f(aα, cγ)f(bβ, bβ).

Thus
(1 + ε(β, β))f(aαbβ, cγbβ) = ε(β, γ)f(aα, cγ)f(bβ, bβ).

From (6) with bβ = 1 (β = 0), dδ = cγ (δ = γ) we have

f(aα, cγcγ) + ε(γ, γ)ε(0, γ)ε(0, γ)f(aαcγ , cγ) = ε(0, γ)f(aα, cγ)f(1, cγ).

Therefore
f(aα, c

2
γ) + ε(γ, γ)f(aαcγ, cγ)− f(aα, cγ)f(1, cγ) = 0.

By (6) for bβ = cγ = 1 (β = γ = 0) we obtain

f(aα, dδ) + ε(0, δ)ε(0, δ)ε(0, 0)f(aαdδ, 1) = ε(0, 0)f(aα, 1)f(1, dδ).

Thus
f(aα, dδ) = f(aα, 1)f(1, dδ)− f(aαdδ, 1).

�
Let Γ be an abelian group and V =

⊕
γ∈Γ Vγ be a Γ-graded vector space. Henceforth we

will say that a bilinear form f on V is ε-symmetric if it satisfies the identity (7).
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Definition 3.5. Let A be a Γ-graded algebra and ε be a commutation factor on Γ. An
endomorphism ρ on the vector space A is called an ε-involution of the algebra A if, ρ(ρ(a)) = a
and ρ(aαbβ) = ε(α, β)ρ(bβ)ρ(aα) for any a ∈ A, aα ∈ Aα and bβ ∈ Aβ.

Note that an ε-involution does not need to be an endomorphism of Γ-graded vector space.

Given a composition ε-algebra A with quadratic ε-form q = (q0, f), we shall prove that the
function A → A : a �→ a = f(a, 1)1− a is an ε-involution of the algebra A. But first we need
some results.

Lemma 3.6. Let A be a composition ε-algebra, Γ-graded, with quadratic ε-form q = (q0, f)
and let 0 �= γ ∈ Γ. Then f(cγ , 1) = 0 and cγ = −cγ for all cγ ∈ Aγ . Therefore, for all aα ∈ Aα,
α ∈ Γ, aα is a homogeneous element of A, aα ∈ Aα. Furthermore, f(Aα, Aβ) = 0 if α+β �= 0.
Also f |(Aα+A−α)×(Aα+A−α) is nondegenerate for all α ∈ Γ.

Proof. Let γ �= 0 and cγ ∈ Aγ. If ε(γ, γ) = −1 or char(F ) = 2 (ε(γ, γ) = 1 = −1), by
definition f(A0, Aγ) = 0, thus f(cγ, 1) = 0. Moreover, since q = (q0, f) is nondegenerate, by
(8) we have that f(cγ , cγ) = 0. Then, by (7)

f(cγ + d−γ , cγ + d−γ) = f(cγ , cγ) + f(cγ , d−γ) + f(d−γ , cγ) + f(d−γ , d−γ)

= f(cγ , d−γ) + ε(−γ, γ)f(cγ, d−γ) = 0,

for every cγ ∈ Aγ and d−γ ∈ A−γ . Hence f |(Aγ+A−γ)×(Aγ+A−γ) is alternating.
On the other hand, if ε(γ, γ) = 1 and char(F ) �= 2, by (9) and (8) we have:

0 = f(aα, c
2
γ) + f(aαcγ , cγ)− f(aα, cγ)f(1, cγ)

= f(aα, c
2
γ) +

ε(γ, 0)

2
f(aα, 1)f(cγ , cγ)− f(aα, cγ)f(1, cγ)

= f(aα, c
2
γ +

1

2
f(cγ , cγ)1− f(1, cγ)cγ).

Then

(11) c2γ − f(1, cγ)cγ +
1

2
f(cγ , cγ)1 = 0,

since f |(∑i∈Z
Aiγ)×(

∑
i∈Z

Aiγ) is nondegenerate. Hence f(cγ , 1) = 0. Also f(cγ , cγ) = 0 whenever
2γ �= 0.
Besides that, since f(cγ , 1) = 0 for all cγ ∈ Aγ if γ �= 0, by the identity (10) we have that
f(aα, bβ) �= 0 implies that α + β = 0. Thus, if α + β �= 0 then f(Aα, Aβ) = 0. Moreover,
since q = (q0, f) is nondegenerate, it follows that f |(Aα+A−α)×(Aα+A−α) is nondegenerate for
all α ∈ Γ. �

Remark 3.7. Three facts to keep in mind and that we will often use are: cγ ∈ Aγ for all
cγ ∈ Aγ and γ ∈ Γ (f(1, cγ) = 0 if γ �= 0), f(Aα, Aβ) = 0 if α+β �= 0 and, f |(Aα+A−α)×(Aα+A−α)

is nondegenerate for all α ∈ Γ.

Remark 3.8. Let A be a finite dimensional composition ε-algebra with norm q = (q0, f),
then f is nondegenerate as a bilinear map. Indeed, since f(Aα, Aβ) = 0 if α + β �= 0, and
f |(Aα+A−α)×(Aα+A−α) is nondegenerate for all α ∈ Γ.
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Remark 3.9. Let Γ an abelian group and ε the trivial commutation factor on Γ, and let
A =

⊕
γ∈ΓAγ be a composition ε-algebra over a field F with norm q = (q0, f). Then f is a

nondegenerate symmetric bilinear form. If char(F ) �= 2 then q(a) = f(a,a)
2

, for all a ∈ A, is
multiplicative by (6). Therefore, A is a composition algebra with quadratic form q(x).

The next proposition gives some important identities which satisfy the composition color
algebras.

Proposition 3.10. Let A be a composition ε-algebra, Γ-graded, with norm q = (q0, f). Then,
for any homogeneous elements aα, bβ, cγ ∈ A and d0 ∈ A0 :

i) f(aαbβ, cγ) = ε(β, γ)f(aα, cγbβ) = ε(α, β)f(bβ, aαcγ),

ii) f(aαbβ, cγ) = ε(α, β + γ)ε(β, γ)f(cγbβ, aα) = ε(β, γ)f(aαcγ , bβ),

iii) d0d0 = d0d0 = q0(d0)1,
iv) aαbβ + ε(α, β)bβaα = f(aα, bβ)1 = aαbβ + ε(α, β)bβaα,

v) d0(d0cγ) = q0(d0)cγ = (cγd0)d0,

vi) aα(bβcγ) + ε(α, β)bβ(aαcγ) = f(aα, bβ)cγ = (cγaα)bβ + ε(α, β)(cγbβ)aα.

Proof. It is easy to see that iii) and iv) are implied by v) and vi) respectively, taking cγ = 1.
So, it is enough to prove i), ii), v) and vi).

i) By (6)

f(aα, cγbβ) = f(aα, cγ(f(bβ, 1)1− bβ)) = f(aα, cγ)f(1, bβ)− f(aα · 1, cγbβ)
= ε(γ, β)f(aαbβ, cγ).

According to (6) and (7)

f(bβ, aαcγ) = f(bβ, (f(aα, 1)1− aα)cγ) = f(bβ, cγ)f(1, aα)− f(1 · bβ, aαcγ)
= f(bβ, cγ)f(1, aα)− [ε(β, α)f(1, aα)f(bβ, cγ)− ε(β, α)ε(α + β, γ)f(cγ, aαbβ)]

= (1− ε(β, α))f(1, aα)f(bβ, cγ) + ε(β, α)f(aαbβ, cγ)

= ε(β, α)f(aαbβ, cγ).

The last equality is true because (1− ε(β, α))f(1, aα) = 0. Indeed, if ε(α, β) �= 1 then
α �= 0, hence f(1, aα) = 0 for all aα ∈ Aα.

ii) Follows by i) and (7).
v) By i) and (5)

f(aα, d0(d0cγ)) = f(d0aα, d0cγ) = q0(d0)f(aα, cγ) = f(aα, q0(d0)cγ).

Since f |(Aγ+A−γ)×(Aγ+A−γ) is nondegenerate for all γ ∈ Γ, d0(d0cγ) = q0(d0)cγ.
Similarly we can prove that

(cγd0)d0 = q0(d0)cγ .
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vi) By ii), (6) and (7)

f(aα(bβcγ), dξ) = ε(β + γ, ξ)f(aαdξ, bβcγ)

= ε(β + γ, ξ)[ε(ξ, β)f(aα, bβ)f(dξ, cγ)− ε(β, γ)ε(ξ, β + γ)f(aαcγ , bβdξ)]

= f(aα, bβ)f(cγ , dξ)− ε(β, γ)[ε(α + γ, β + ξ)f(bβdξ, aαcγ)]

= f(aα, bβ)f(cγ , dξ)− ε(α, β)ε(α + γ, ξ)[ε(ξ, α+ γ)f(bβ(aαcγ), dξ)]

= f(f(aα, bβ)cγ − ε(α, β)bβ(aαcγ), dξ).

Since f |(Aδ+A−δ)×(Aδ+A−δ) is nondegenerate for all δ ∈ Γ and f(Aα, Aβ) = 0 if α+β �= 0,

we have that aα(bβcγ) = f(aα, bβ)cγ − ε(α, β)bβ(aαcγ).

On the other hand, by i), (6) and (7)

f(dξ, (cγaα)bβ) = ε(α + γ, β)f(dξbβ, cγaα)

= ε(α + γ, β)[ε(β, γ)f(dξ, cγ)f(bβ, aα)− ε(γ, α)ε(β, α + γ)f(dξaα, cγbβ)]

= f(aα, bβ)f(dξ, cγ)− ε(γ, α)f(dξaα, cγbβ)

= f(aα, bβ)f(dξ, cγ)− ε(γ, α)ε(α, γ + β)f(dξ, (cγbβ)aα)

= f(dξ, f(aα, bβ)cγ − ε(α, β)(cγbβ)aα).

Since f |(Aδ+A−δ)×(Aδ+A−δ) is nondegenerate for all δ ∈ Γ and f(Aα, Aβ) = 0 if α+β �= 0,

therefore (cγaα)bβ = f(aα, bβ)cγ − ε(α, β)(cγbβ)aα.

�

We will identify F with the subalgebra F · 1 of the algebra A.

Lemma 3.11. Let A be a composition ε-algebra, Γ-graded, with quadratic ε-form q = (q0, f).
The map a �→ a = f(a, 1)−a is an ε-involution of the algebra A which leaves all the elements
of the field F fixed. Also, the elements a + a and aαbβ + ε(α, β)bβaα lie in F for all a ∈ A
and any homogeneous elements aα, bβ ∈ A.

Proof. We will verify each of the properties for an ε-involution:

(a) a+ b = a+ b. We have a+ b = f(a+ b, 1)− (a+ b) = f(a, 1)− a+ f(b, 1)− b = a+ b.
(b) Let r ∈ F. Then ra = f(ra, 1)− ra = r(f(a, 1)− a) = ra.
(c) a = a. We have a = f(a, 1) − a = f(f(a, 1) − a, 1) − f(a, 1) + a = f(1, 1)f(a, 1) −

2f(a, 1) + a = a, since f(1, 1) = 2.
(d) aαbβ = ε(α, β)bβaα. By Proposition 3.10 i) and iv)

aαbβ = f(aαbβ, 1)− aαbβ = f(aα, bβ)− aαbβ = ε(α, β)bβaα.

Furthermore, if r ∈ F then r = f(r, 1) − r = rf(1, 1) − r = r. Finally, a + a = f(a, 1) ∈ F
and by Proposition 3.10 iv) aαbβ + ε(α, β)bβaα = f(aα, bβ) ∈ F. This proves the lemma. �

Let A be some algebra over an arbitrary field F and a, b, c ∈ A. We denote by (a, b, c) =
(ab)c− a(bc) the associator of the elements a, b, c.
Now, we will define an alternative ε-algebra (or color alternative algebra) and we are going
to prove that every composition ε-algebra is an alternative ε-algebra.
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Definition 3.12. Let Γ be an abelian group, ε be a commutation factor on Γ and A be an
Γ-graded algebra over a field F , A =

⊕
γ∈ΓAγ . A is called an alternative ε-algebra (or, color

alternative algebra) if

(12) (aα, bβ, cγ) + ε(β, γ)(aα, cγ, bβ) = 0,

(13) (aα, bβ, cγ) + ε(α, β)(bβ, aα, cγ) = 0,

(14) (d0, d0, aα) = 0

for any d0 ∈ A0 and homogeneous elements aα, bβ, cγ ∈ A.

By (12), (13) and (14) we have the following identities

(d0, aα, d0) = (aα, d0, d0) = 0,

(15) (aα, bβ, cγ) + ε(α, β + γ)ε(β, γ)(cγ, bβ, aα) = 0.

Proposition 3.13. Let A be a composition ε-algebra with norm q = (q0, f). Then A is an
alternative ε-algebra.

Proof. Taking into account that a = f(1, a)−a for every a ∈ A. Let us prove that (aα, bβ, cγ)+
ε(β, γ)(aα, cγ, bβ) = 0. By Proposition 3.10 items iv) and vi), we have

(aα, bβ, cγ) = (aαbβ)cγ − aα(bβcγ) = (aαbβ)(f(1, cγ)− cγ)− aα[bβ(f(1, cγ)− cγ)]

= −(aαbβ)cγ + aα(bβcγ)

= ε(β, γ)(aαcγ)bβ − f(bβ, cγ)aα + aα[f(bβ, cγ)− ε(β, γ)cγbβ]

= ε(β, γ)(aαcγ)(f(1, bβ)− bβ)− ε(β, γ)aα[cγ(f(1, bβ)− bβ)]

= −ε(β, γ)[(aαcγ)bβ − aα(cγbβ)] = −ε(β, γ)(aα, cγ, bβ).

Let us show that (aα, bβ, cγ) + ε(α, β)(bβ, aα, cγ) = 0. By Proposition 3.10 iv) and vi)

(aα, bβ, cγ) = (aαbβ)cγ − aα(bβcγ) = [(f(1, aα)− aα)bβ]cγ − (f(1, aα)− aα)(bβcγ)

= −(aαbβ)cγ + aα(bβcγ)

= −[f(aα, bβ)− ε(α, β)bβaα]cγ + f(aα, bβ)cγ − ε(α, β)bβ(aαcγ)

= ε(α, β)(bβaα)cγ − ε(α, β)bβ(aαcγ)

= ε(α, β)[(f(1, bβ)− bβ)aα]cγ − ε(α, β)(f(1, bβ)− bβ)(aαcγ)

= ε(α, β)[−(bβaα)cγ + bβ(aαcγ)] = −ε(α, β)(bβ, aα, cγ).

Let us prove that (d0, d0, aα) = 0. By Proposition 3.10 iii) and v)

(d0, d0, aα) = (d0d0)aα − d0(d0aα) = [(f(1, d0)− d0)d0]aα − (f(1, d0)− d0)(d0aα)

= −(d0d0)aα + d0(d0aα) = −q0(d0)aα + q0(d0)aα = 0.

�
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4. Generalized Cayley-Dickson Process

Let Γ be a finitely generated abelian group, ε be a commutation factor on Γ and A be a
Γ-graded algebra, A =

⊕
γ∈ΓAγ , over a field F with identity element 1. Let a → a be an

ε-involution of the algebra A verifying the following conditions:

• c0 + c0, c0c0 ∈ F for any c0 ∈ A0.
• If α �= 0 then aα = −aα for any homogeneous element aα ∈ A.
• aαbβ + ε(α, β)bβaα ∈ F for any homogeneous elements aα, bβ ∈ A.

• If α + β �= 0 then aαbβ + ε(α, β)bβaα = 0 for any homogeneous elements aα, bβ ∈ A.

Let f : A× A → F be the bilinear form on A, defined in the homogeneous components of A
by f(aα, bβ) = aαbβ + ε(α, β)bβaα, aα ∈ Aα, bβ ∈ Aβ, and let q0(c0) = c0c0, c0 ∈ A0. Let us
see that q = (q0, f) is a quadratic ε-form on A.

Lemma 4.1. In the same conditions as above, we have that q = (q0, f) is a quadratic ε-form
on A.

Proof. We will verify each of the properties for a quadratic ε-form.

a) q0 : V0 → F is a usual quadratic form and f |A0×A0 is the polar of q0. Indeed

q0(a0 + b0)− q0(a0)− q0(b0) = (a0 + b0)(a0 + b0)− a0a0 − b0b0

= a0b0 + b0a0 = f(a0, b0).

b) f : V × V → F is an ε-symmetric even bilinear form. Let us see it.
If ε(α, β) = 1 then

f(aα, bβ) = aαbβ + bβaα = f(bβ, aα)

for any homogeneous elements aα, bβ ∈ A. Therefore f |(∑i∈Z
Aiα)×(

∑
i∈Z

Aiα) is symmetric
for all α ∈ Γ such that ε(α, α) = 1.
If ε(α, β) = −1 then

f(aα, bβ) = aαbβ − bβaα = −f(bβ, aα)

for any homogeneous elements aα, bβ ∈ A.Hence f |(Aα+A−α)×(Aα+A−α) is skew-symmetric
for all α ∈ Γ with ε(α, α) = −1.
If 0 �= α ∈ Γ then

f(aα, b0) = aαb0 + ε(α, 0)b0aα = 0

for any homogeneous elements aα, b0 ∈ A. Thus f(A0, Aα) = f(Aα, A0) = 0.

�
The Generalized Cayley-Dickson process consists of building a new algebra Γ× Z2-graded

with an ε̃-involution (where ε̃ is a commutation factor on Γ × Z2) which contains A as a
Γ × Z2-graded subalgebra. In addition, if the dimension of the algebra A is m, then the
dimension of the new algebra will be 2m.

By the fundamental theorem of the finitely generated abelian groups we can suppose that

Γ = Z2s1 ⊕ Z2s2 ⊕ . . .⊕ Z2sl ⊕ Z
p
t1
1
⊕ Z

p
t2
2
⊕ . . .⊕ Zptmm

⊕ Z
n
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for some non-negative integers l,m, n, s1, s2, . . . , sl, t1, t2, . . . , tm and prime numbers, not nec-
essarily different, p1, p2, . . . , pm with pi �= 2 for all 1 ≤ i ≤ m.
Thus

Γ = Γ1 ⊕ Γ2 ⊕ . . .⊕ Γl+m+n,

where Γi = Z2si if 1 ≤ i ≤ l, Γl+i = Z
p
ti
i
if 1 ≤ i ≤ m, and Γl+m+i = Z if 1 ≤ i ≤ n. For each

1 ≤ i ≤ l+m+ n we can choose a generator ξi of the group Γi. A natural choice for ξi is the
residue class of 1 modulo 2sii if 1 ≤ i ≤ l, the residue class of 1 modulo p

ti−l

i−l if l+1 ≤ i ≤ l+m
and 1 if l +m+ 1 ≤ i ≤ l +m+ n.

Before building the new algebra we will define the commutation factors ε̃ on Γ × Z2. Let
ε be a commutation factor on Γ and let i, j be integers such that 1 ≤ i, j ≤ l +m + n. We
define the following commutation factors ε̃ on Γ× Z2 :

ε̃((0, 1̄), (0, 1̄)) = 1,

ε̃((ξi, 0̄), (ξj, 0̄)) = ε(ξi, ξj),

ε̃((ξi, 0̄), (0, 1̄)) =

{
1, if l + 1 ≤ i ≤ l +m
±1, if 1 ≤ i ≤ l or l +m+ 1 ≤ i ≤ l +m+ n.

Note that we have 2l+n commutation factors of the type ε̃ defined on Γ× Z2. Also, it is easy
to see that

ε̃((ξ, k̄), (0, 1̄)) = ε̃((0, 1̄), (ξ, k̄))(16)

for any (ξ, k̄) ∈ Γ× Z2.

We fix μ ∈ F× and a commutation factor ε̃ on Γ × Z2. We denote by GCD(A, μ, ε̃) the
collection of all ordered pairs (a, b) where a, b ∈ A, with operations of componentwise addition,
scalar multiplication and the multiplication on ordered pairs of homogeneous elements given
by

(aα, bβ)(cγ, dδ) = (aαcγ + ε̃((β, 0̄), (δ, 1̄))μdδbβ , ε̃((α, 0̄), (0, 1̄))aαdδ + ε̃((β, 0̄), (γ, 0̄))cγbβ).

(17)

It is easy to see that GCD(A, μ, ε̃) is an algebra over F. The element (1, 0) is an identity of
the algebra GCD(A, μ, ε̃). The set A′ = {(a, 0)|a ∈ A} is a Γ × Z2-graded subalgebra of the
algebra GCD(A, μ, ε̃) which is equivalent to the algebra A. Let v = (0, 1) then v2 = μ(1, 0),
and GCD(A, μ, ε̃) is the direct sum of the vector spaces A′ and vA′. If we identify A′ with
A, the elements of the algebra GCD(A, μ, ε̃) are represented in the form x = a + vb, where
the elements a, b ∈ A are uniquely determined by the element x, and the multiplication in
GCD(A, μ, ε̃) is given by

(aα + vbβ)(cγ + vdδ) = aαcγ + ε̃((β, 0̄), (δ, 1̄))μdδbβ

+ v[ε̃((α, 0̄), (0, 1̄))aαdδ + ε̃((β, 0̄), (γ, 0̄))cγbβ].
(18)

GCD(A, μ, ε̃) has a Γ× Z2-grading given by

GCD(A, μ, ε̃) := Ã =
⊕

(γ,k)∈Γ×Z2

Ã(γ,k)
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where Ã(γ,0̄) = Aγ and Ã(γ,1̄) = vAγ . Since v ∈ Ã(0,1̄), in accordance with the notation
v := v(0,1̄), but for short it will only be used v.

For an arbitrary element x = a + vb ∈ GCD(A, μ, ε̃), we set x = a − vb. Also, we de-

fine f̃(x(γ,̄i), y(δ,j̄)) := x(γ,̄i)y(δ,j̄) + ε̃((γ, ī), (δ, j̄))y(δ,j̄)x(γ,̄i) and q̃0(z(0,0̄)) = z(0,0̄)z(0,0̄) for all

z(0,0̄) ∈ Ã(0,0̄) and any homogeneous elements x(γ,̄i), y(δ,j̄) ∈ Ã. Extending by linearity we ob-

tain a bilinear map f̃ : Ã× Ã → Ã.

Lemma 4.2. The map x → x is an ε̃-involution of the algebra GCD(A, μ, ε̃). In addition,

x+x ∈ F for all x ∈ GCD(A, μ, ε̃) and f̃(x(γ,̄i), y(δ,j̄)) = x(γ,̄i)y(δ,j̄)+ ε̃((γ, ī), (δ, j̄))y(δ,j̄)x(γ,̄i) ∈
F for any homogeneous elements x(γ,̄i), y(δ,j̄) ∈ GCD(A, μ, ε̃). q̃ = (q̃0, f̃) is a quadratic ε̃-
form on GCD(A, μ, ε̃). If the quadratic ε-form q = (q0, f) is nondegenerate on A then the

quadratic ε̃-form q̃ = (q̃0, f̃) is nondegenerate on GCD(A, μ, ε̃). Moreover, x = f̃(x, 1)−x for
all x ∈ GCD(A, μ, ε̃).

Proof. It is clear that the map x → x is linear and x = x for all x ∈ GCD(A, μ, ε̃). We will
show that x(γ,̄i)y(δ,j̄) = ε̃((γ, ī), (δ, j̄))y(δ,j̄) ·x(γ,̄i) with which it will be proved that x → x is an
ε̃-involution of the algebra GCD(A, μ, ε̃).
Let aα, bβ, cγ and dδ homogeneous elements in A. By (18) we have

aαcγ = ε(α, γ)cγaα = ε̃((α, 0̄), (γ, 0̄))cγaα.

ε̃((α, 0̄), (δ, 1̄))(vdδ)aα = −ε̃((α, 0̄), (δ, 1̄))(vdδ)aα = −ε̃((α, 0̄), (δ, 1̄))v(ε(δ, α)aαdδ)

= −ε̃((α, 0̄), (0, 1̄))v(aαdδ) = ε̃((α, 0̄), (0, 1̄))v(aαdδ)

= aα(vdδ).

ε̃((β, 1̄), (γ, 0̄))cγ(vbβ) = −ε̃((β, 1̄), (γ, 0̄))cγ(vbβ) = −ε̃((β, 1̄), (γ, 0̄))ε̃((γ, 0̄), (0, 1̄))v(cγbβ)

= −ε(β, γ)v(cγbβ) = ε(β, γ)v(cγbβ) = (vbβ)cγ .

ε̃((β, 1̄), (δ, 1̄))(vdδ) (vbβ) = ε̃((β, 1̄), (δ, 1̄))(vdδ)(vbβ) = ε̃((β, 1̄), (δ, 1̄))ε̃((δ, 0̄), (β, 1̄))μbβdδ

= ε̃((β, 0̄), (δ, 1̄))μ[ε(δ, β)bβdδ] = ε̃((β, 0̄), (δ, 1̄))μdδbβ

= (vbβ)(vdδ).

Furthermore, for x = a+ vb we have that x+ x = a+ a ∈ F.
Now, we will see how is the behavior of f̃ in the different homogeneous components. By (18):

f̃(aα, cγ) = aαcγ + ε̃((α, 0̄), (γ, 0̄))cγaα = aαcγ + ε(α, γ)cγaα = f(aα, cγ).

f̃(aα, vdδ) = aα(vdδ) + ε̃((α, 0̄), (δ, 1̄))(vdδ)aα

= −aα(vdδ) + ε̃((α, 0̄), (δ, 1̄))ε(δ, α)v(aαdδ)

= −ε̃((α, 0̄), (0, 1̄))v(aαdδ) + ε̃((α, 0̄), (0, 1̄))v(aαdδ) = 0.
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f̃(vbβ, cγ) = (vbβ)cγ + ε̃((β, 1̄), (γ, 0̄))cγ(vbβ)

= ε(β, γ)v(cγbβ)− ε̃((β, 1̄), (γ, 0̄))cγ(vbβ)

= ε(β, γ)v(cγbβ)− ε̃((β, 1̄), (γ, 0̄))ε̃((γ, 0̄), (0, 1̄))v(cγbβ)

= ε(β, γ)v(cγbβ)− ε(β, γ)v(cγbβ) = 0.

f̃(vbβ, vdδ) = (vbβ)(vdδ) + ε̃((β, 1̄), (δ, 1̄))(vdδ)(vbβ)

= −(vbβ)(vdδ)− ε̃((β, 1̄), (δ, 1̄))(vdδ)(vbβ)

= −ε̃((β, 0̄), (δ, 1̄))μdδbβ − ε̃((β, 1̄), (δ, 1̄))ε̃((δ, 0̄), (β, 1̄))μbβdδ

= −ε̃((β, 0̄), (0, 1̄))μ(bβdδ + ε(β, δ)dδbβ)

= −ε̃((β, 0̄), (0, 1̄))μf(bβ, dδ).

In short, the bilinear form f̃ : Ã× Ã −→ F is defined as follows:

f̃(a(α,0̄), c(γ,0̄)) = f(aα, cγ),

f̃(a(α,0̄), d(δ,1̄)) = f̃(b(β,1̄), c(γ,0̄)) = 0,

f̃(b(β,1̄), d(δ,1̄)) =− ε̃((β, 0̄), (0, 1̄))μf(bβ, dδ),

where a(α,0̄) := aα, b(β,1̄) := vbβ, c(γ,0̄) := cγ and d(δ,1̄) := vdδ.

Therefore f̃(x(γ,̄i), y(δ,j̄)) ∈ F and q̃ = (q̃0, f̃) is a quadratic ε̃-form on GCD(A, μ, ε̃) by Lemma
4.1. In addition, if the quadratic ε-form q = (q0, f) is nondegenerate then the quadratic ε̃-form

q̃ = (q̃0, f̃) is nondegenerate. Also f̃(x, 1) = x+ x. �

Now, let A be a composition ε-algebra with norm q = (q0, f). By Lemma 3.11 there exists an
ε-involution a → a on A such that a0+a0, a0a0 ∈ F, aα = −aα if α �= 0, aαbβ+ε(α, β)bβaα ∈ F

and aαbβ + ε(α, β)bβaα = 0 if α+ β �= 0, for all aα, bβ ∈ A. This means that we can apply the
generalized Cayley-Dickson process to A.

Below, we will find conditions where the obtained algebra GCD(A, μ, ε̃), with norm q̃ =

(q0, f̃) is a composition ε̃-algebra. For this, first we shall prove some identities.

Lemma 4.3. Let A be a composition ε-algebra, Γ-graded. Then for any homogeneous elements
aα, bβ, cγ, dξ ∈ A :

i) f(aα, cγ) = f(aα, cγ),

ii) f(bβaα, dξcγ) = ε(β, α)ε(ξ, γ)f(aαbβ, cγdξ),
iii) ε(α, β)ε(γ, ξ)f(bβaα, dξcγ) + ε(α + β + γ, ξ)f(dξaα, bβcγ) = ε(β, γ)f(aα, cγ)f(bβ, dξ),
iv) ε(β, γ)f(aα, cγ)f(bβ, dξ) = ε(α, β + ξ)ε(γ, ξ)f(aα, cγ)f(bβ, dξ).

Proof.

i) By Proposition 3.10 i) and ii)

f(aα, cγ) = f(aα, 1 · cγ) = ε(0, γ)f(aαcγ , 1) = ε(γ, 0)f(aα · 1, cγ) = f(aα, cγ).
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ii) By item i)

f(bβaα, dξcγ) = f(bβaα, dξcγ)

= f(ε(β, α)aαbβ, ε(ξ, γ)cγdξ).

= ε(β, α)ε(ξ, γ)f(aαbβ, cγdξ).

iii) By items i) and ii) and (6)

ε(β, γ)f(aα, cγ)f(bβ, dξ) = ε(β, γ)f(aα, cγ)f(bβ, dξ)

= f(aαbβ, cγdξ) + ε(β + γ, ξ)ε(β, γ)f(aαdξ, cγbβ)

= ε(α, β)ε(γ, ξ)f(bβaα, dξcγ) + ε(α + β + γ, ξ)f(dξaα, bβcγ).

iv) Let us show that

[ε(β, γ)− ε(α, β + ξ)ε(γ, ξ)]f(aα, cγ)f(bβ, dξ) = 0.

If f(aα, cγ)f(bβ, dξ) �= 0 then α + γ = 0 and β + ξ = 0, hence for this case we have

ε(β, γ)− ε(α, β + ξ)ε(γ, ξ) = ε(β, γ)− ε(α, 0)ε(γ,−β) = ε(β, γ)− ε(β, γ) = 0.

Therefore equality is obtained.

�
Lemma 4.4. If A is a composition ε-algebra, Γ-graded, then GCD(A, μ, ε̃) is a composition
ε̃-algebra, Γ× Z2-graded, if and only if the algebra A is associative

Proof. The proof will be done by cases:

i) Let aα, bβ, cγ, dδ ∈ A be homogeneous elements. Let us prove that

f̃(aα(vbβ), cγ(vdδ)) + ε̃((γ, 0̄), (δ, 1̄))ε̃((β, 1̄), (γ + δ, 1̄))f̃(aα(vdδ), cγ(vbβ))

= ε̃((β, 1̄), (γ, 0̄))f̃(aα, cγ)f̃(vbβ, vdδ).

By (18), (6), (16) and lemma 4.3 i), we obtain

f̃(aα(vbβ), cγ(vdδ)) + ε̃((γ, 0̄), (δ, 1̄))ε̃((β, 1̄), (γ + δ, 1̄))f̃(aα(vdδ), cγ(vbβ))

= ε̃((α + γ, 0̄), (0, 1̄))f̃(v(aαbβ), v(cγdδ))

+ ε(γ, δ)ε(β, γ)ε̃((β, 1̄), (δ, 1̄))[ε̃((α + γ, 0̄), (0, 1̄))f̃(v(aαdδ), v(cγbβ))]

= ε̃((α + γ, 0̄), (0, 1̄))[−ε̃((α + β, 0̄), (0, 1̄))μf(aαbβ, cγdδ)]

+ ε(γ, δ)ε(β, γ)ε̃((β, 1̄), (δ, 1̄))ε̃((α + γ, 0̄), (0, 1̄))[−ε̃((α + δ, 0̄), (0, 1̄))μf(aαdδ, cγbβ)]

= − ε̃((γ + β, 0̄), (0, 1̄))μ[f(aαbβ, cγdδ) + ε(γ, δ)ε(β, γ + δ)f(aαdδ, cγbβ)]

= − ε̃((γ + β, 0̄), (0, 1̄))με(β, γ)f(aα, cγ)f(bβ, dδ)

= ε̃((β, 1̄), (γ, 0̄))f(aα, cγ)[−ε̃((β, 0̄), (0, 1̄))μf(bβ, dδ)]

= ε̃((β, 1̄), (γ, 0̄))f̃(aα, cγ)f̃(vbβ, vdδ).

ii) Let aα, bβ, cγ, dδ ∈ A be homogeneous elements. Let us show that

f̃(aα(vbβ), (vcγ)dδ) + ε̃((γ, 1̄), (δ, 0̄))ε̃((β, 1̄), (γ + δ, 1̄))f̃(aαdδ, (vcγ)(vbβ))

= ε̃((β, 1̄), (γ, 1̄))f̃(aα, vcγ)f̃(vbβ, dδ) = 0



16 D. CASTRO AND I. SHESTAKOV

if and only if A is associative.
By (18), (16) and Proposition 3.10 i) and ii)

f̃(aα(vbβ), (vcγ)dδ) + ε̃((γ, 1̄), (δ, 0̄))ε̃((β, 1̄), (γ + δ, 1̄))f̃(aαdδ, (vcγ)(vbβ))

= f̃(ε̃((α, 0̄), (0, 1̄))v(aαbβ), ε(γ, δ)v(dδcγ))

+ ε(γ + β, δ)ε(β, γ)ε̃((β + γ, 0̄), (0, 1̄))f(aαdδ, ε̃((γ, 0̄), (β, 1̄))μbβcγ)

= ε̃((α, 0̄), (0, 1̄))ε(γ, δ)[−ε̃((α + β, 0̄), (0, 1̄)μf(aαbβ, dδcγ)]

+ ε(γ + β, δ)ε̃((β, 0̄), (0, 1̄))μf(aαdδ, bβcγ)

= ε(γ, δ)ε̃((β, 0̄), (0, 1̄))μ[ε(β, δ)f(aαdδ, bβcγ)− f(aαbβ, dδcγ)]

= ε(γ, δ)ε̃((β, 0̄), (0, 1̄))μ[ε(β, δ)ε(β, γ)f((aαdδ)cγ , bβ)− ε(β, δ + γ)f(aα(dδcγ), bβ)]

= ε(γ, δ)ε̃((β, 0̄), (0, 1̄))ε(β, δ + γ)μf((aαdδ)cγ − aα(dδcγ), bβ).

The last term is 0 if and only if (aαdδ)cγ − aα(dδcγ) = 0 since f |(Aβ+A−β)×(Aβ+A−β) is
nondegenerate for all β ∈ Γ.

iii) Let aα, bβ, cγ, dδ ∈ A be homogeneous elements. We have that

f̃(aαbβ, (vcγ)(vdδ)) + ε̃((γ, 1̄), (δ, 1̄))ε̃((β, 0̄), (γ + δ, 0̄))f̃(aα(vdδ), (vcγ)bβ)

= ε̃((β, 0̄), (γ, 1̄))f̃(aα, vcγ)f̃(bβ, vdδ) = 0

if and only if A is associative.
The proof is analogous to the item ii).

iv) Let aα, bβ, cγ, dδ ∈ A be homogeneous elements. We see that

f̃((vaα)bβ, cγ(vdδ)) + ε̃((β + γ, 0̄), (δ, 1̄))ε(β, γ)f̃((vaα)(vdδ), cγbβ)

= ε(β, γ)f̃(vaα, cγ)f̃(bβ, vdδ) = 0

if and only if A is associative.
The proof is similar to item ii).

v) Let aα, bβ, cγ, dδ ∈ A be homogeneous elements. We note that

f̃((vaα)(vbβ), cγdδ) + ε(γ, δ)ε̃((β, 1̄), (δ, 0̄))ε̃((β, 1̄), (γ, 0̄))f̃((vaα)dδ, cγ(vbβ))

= ε̃((β, 1̄), (γ, 0̄))f̃(vaα, cγ)f̃(vbβ, dδ) = 0

if and only if A is associative.
The proof is analogous to the item ii).

vi) Let aα, bβ, cγ, dδ ∈ A be homogeneous elements. Let us prove that

f̃((vaα)bβ, (vcγ)dδ) + ε̃((γ, 1̄), (δ, 0̄))ε(β, δ)ε̃((β, 0̄), (γ, 1̄))f̃((vaα)dδ, (vcγ)bβ)

= ε̃((β, 0̄), (γ, 1̄))f̃(vaα, vcγ)f(bβ, dδ).
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By (7), (6) and Lemma 4.3 iv) we have

f̃((vaα)bβ, (vcγ)dδ) + ε̃((γ, 1̄), (δ, 0̄))ε(β, δ)ε̃((β, 0̄), (γ, 1̄))f̃((vaα)dδ, (vcγ)bβ)

= f̃(ε(α, β)v(bβaα), ε(γ, δ)v(dδcγ))

+ ε(β + γ, δ)ε(β, γ)ε̃((β + δ, 0̄), (0, 1̄))f̃(ε(α, δ)v(dδaα), ε(γ, β)v(bβcγ))

= ε(α, β)ε(γ, δ)[−ε̃((α + β, 0̄), (0, 1̄))μf(bβaα, dδcγ)]

+ ε(α + β + γ, δ)ε̃((β + δ, 0̄), (0, 1̄))[−ε̃((α + δ, 0̄), (0, 1̄))μf(dδaα, bβcγ)]

=− ε(α, β)ε(γ, δ)ε̃((α + β, 0̄), (0, 1̄))μf(bβaα, dδcγ)

− ε(α + β + γ, δ)ε̃((α + β, 0̄), (0, 1̄))μ[ε(α + δ, β + γ)f(bβcγ , dδaα)]

=− ε̃((α + β, 0̄), (0, 1̄))ε(α, β)ε(γ, δ)μ[f(bβaα, dδcγ) + ε(δ, γ)ε(α, γ + δ)f(bβcγ, dδaα)]

=− ε̃((α + β, 0̄), (0, 1̄))ε(α, β)ε(γ, δ)μ[ε(α, δ)f(bβ, dδ)f(aα, cγ)]

=− ε̃((α + β, 0̄), (0, 1̄))ε(α, β)ε(γ, δ)μ[ε(β, α+ γ)ε(δ, γ)f(bβ, dδ)f(aα, cγ)]

= ε(β, γ)ε̃((β, 0̄), (0, 1̄))[−ε̃((α, 0̄), (0, 1̄))μf(aα, cγ)]f(bβ, dδ)

= ε̃((β, 0̄), (γ, 1̄))f̃(vaα, vcγ)f(bβ, dδ).

vii) Let aα, bβ, cγ, dδ ∈ A be homogeneous. Let us show that

f̃((vaα)(vbβ), (vcγ)(vdδ)) + ε̃((γ, 1̄), (δ, 1̄))ε̃((β, 1̄), (γ + δ, 0̄))f̃((vaα)(vdδ), (vcγ)(vbβ))

= ε̃((β, 1̄), (γ, 1̄))f̃(vaα, vcγ)f̃(vbβ, vdδ).

Using the Lemma 4.3 iii) we obtain

f̃((vaα)(vbβ), (vcγ)(vdδ)) + ε̃((γ, 1̄), (δ, 1̄))ε̃((β, 1̄), (γ + δ, 0̄))f̃((vaα)(vdδ), (vcγ)(vbβ))

= f̃(ε̃((α, 0̄), (β, 1̄))μbβaα, ε̃((γ, 0̄), (δ, 1̄))μdδcγ)

+ ε(γ + β, δ)ε(β, γ)f̃(ε̃((α, 0̄), (δ, 1̄))μdδaα, ε̃((γ, 0̄), (β, 1̄))μbβcγ)

= ε̃((α + γ, 0̄), (0, 1̄))μ2[ε(α, β)ε(γ, δ)f(bβaα, dδcγ) + ε(α + β + γ, δ)f(dδaα, bβcγ)]

= ε̃((α + γ, 0̄), (0, 1̄))μ2ε(β, γ)f(aα, cγ)f(bβ, dδ)

= ε(β, γ)ε̃((β + γ, 0̄), (0, 1̄))[−ε̃((α, 0̄), (0, 1̄))μf(aα, cγ)][−ε̃((β, 0̄), (0, 1̄))μf(bβ, dδ)]

= ε̃((β, 1̄), (γ, 1̄))f̃(vaα, vcγ)f̃(vbβ, vdδ).

viii) Let a0, bβ, dδ ∈ A be homogeneous elements. Let us see that

f̃(a0(vbβ), a0(vdδ)) = q0(a0)f̃(vbβ, vdδ).

By (5)

f̃(a0(vbβ), a0(vdδ)) = f̃(v(a0bβ), v(a0dδ)) = −ε̃((β, 0̄)(0, 1̄))μf(a0bβ, a0dδ)

= q0(a0)[−ε̃((β, 0̄)(0, 1̄))μf(bβ, dδ)] = q0(a0)f̃(vbβ, vdδ).

ix) Let a0, bβ, dδ ∈ A be homogeneous elements. Let us prove that

f̃((vbβ)a0, (vdδ)a0) = q0(a0)f̃(vbβ, vdδ).
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By (5)

f̃((vbβ)a0, (vdδ)a0) = f̃(v(a0bβ), v(a0dδ)) = −ε̃((β, 0̄)(0, 1̄))μf(a0bβ, a0dδ)

= q0(a0)[−ε̃((β, 0̄)(0, 1̄))μf(bβ, dδ)] = q0(a0)f̃(vbβ, vdδ).

The other cases are easy to verify. Therefore, GCD(A, μ, ε̃) is a composition ε̃-algebra if and
only if A is associative. �

Examples 4.5. The following examples are composition ε-algebras.

In the first 4 examples we assume that F is a field of characteristic different from 2.

I. Γ = Z1 the trivial group, A = A0 = F and q0(a) = a2 for all a ∈ F. A is a composition
algebra.

II. K̃(μ) = GCD(F, μ, ε) = F ⊕ Fe1 where e21 = μ, μ ∈ F× and ε is the trivial com-
mutation factor on Z2. K̃(μ) is a composition algebra. K̃(μ) =

⊕
γ∈Z2

K̃(μ)γ where

K̃(μ)0̄ = F and K̃(μ)1̄ = Fe1. The bilinear form f : K̃(μ)× K̃(μ) → F is defined as
follows: f(1, 1) = 2, f(1, e1) = f(e1, 1) = 0 and f(e1, e1) = −2μ. The algebra K̃(μ) is
associative and commutative.

III. Q(l)(μ, ψ) = GCD(K̃(μ), ψ, εl) with ψ �= 0, l ∈ {1,−1} and εl the commutation factor
on Z

2
2 defined by εl((1̄, 0̄), (0̄, 1̄)) = l, εl((1̄, 0̄), (1̄, 0̄)) = εl((0̄, 1̄), (0̄, 1̄)) = 1.

Q(l)(μ, ψ) =
⊕

γ∈Z2
2
Q(l)(μ, ψ)γ with

Q(l)(μ, ψ)(0̄,0̄) = F, Q(l)(μ, ψ)(1̄,0̄) = Fe1,

Q(l)(μ, ψ)(0̄,1̄) = Fe2, Q(l)(μ, ψ)(1̄,1̄) = Fe3,

where e2 := v(0̄,1̄) and e3 := v(0̄,1̄)e1. The multiplication in Q(l)(μ, ψ) is given by the
following table:

· 1 e1 e2 e3
1 1 e1 e2 e3
e1 e1 μ −le3 −lμe2
e2 e2 e3 ψ ψe1
e3 e3 μe2 −lψe1 −lμψ

The bilinear form f : Q(l)(μ, ψ) × Q(l)(μ, ψ) → F is defined as follows: f(1, 1) =
2, f(e1, e1) = −2μ, f(e2, e2) = −2ψ, f(e3, e3) = 2lμψ, and f(ei, ej) = f(1, ej) =
0 for i �= j, i, j = 1, 2, 3. Q(1)(μ, ψ) is the algebra of generalized quaternions and
Q(−1)(μ, ψ) ∼= F [x, y]/〈x2 − μ, y2 − ψ〉. Q(l)(μ, ψ) = GCD(K(μ), ψ, εl) is associative
but not εl-commutative.

IV. C(l,j)(μ, ψ, λ) = GCD(Q(l)(μ, ψ), λ, ε̃(l,j)) with λ �= 0, j = (j1, j2), j1, j2 ∈ {1,−1} and
ε̃(l,j) the commutation factor on Z

3
2 defined by:

ε̃(l,j)((1̄, 0̄, 0̄), (0̄, 1̄, 0̄)) = l, ε̃(l,j)((1̄, 0̄, 0̄), (0̄, 0̄, 1̄)) = j1, ε̃(l,j)((0̄, 1̄, 0̄), (0̄, 0̄, 1̄)) = j2
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and ε̃(l,j)(α, α) = 1 for all α ∈ Z
3
2.

C(l,j)(μ, ψ, λ) =
⊕

γ∈Z3
2
C(l,j)(μ, ψ, λ)γ with

C(l,j)(μ, ψ, λ)(0̄,0̄,0̄) = F, C(l,j)(μ, ψ, λ)(1̄,0̄,0̄) = Fe1, C(l,j)(μ, ψ, λ)(0̄,1̄,0̄) = Fe2,

C(l,j)(μ, ψ, λ)(1̄,1̄,0̄) = Fe3, C(l,j)(μ, ψ, λ)(0̄,0̄,1̄) = Fe4, C(l,j)(μ, ψ, λ)(1̄,0̄,1̄) = Fe5,

C(l,j)(μ, ψ, λ)(0̄,1̄,1̄) = Fe6, C(l,j)(μ, ψ, λ)(1̄,1̄,1̄) = Fe7,

where e4 := v(0̄,0̄,1̄), e5 := v(0̄,0̄,1̄)e1, e6 := v(0̄,0̄,1̄)e2 and e7 := v(0̄,0̄,1̄)e3. The multiplica-

tion in C(l,j)(μ, ψ, λ) is given by the following table:

· 1 e1 e2 e3 e4 e5 e6 e7
1 1 e1 e2 e3 e4 e5 e6 e7
e1 e1 μ −le3 −lμe2 −j1e5 −j1μe4 lj1e7 lj1μe6
e2 e2 e3 ψ ψe1 −j2e6 −j2e7 −j2ψe4 −j2ψe5
e3 e3 μe2 −lψe1 −lμψ −j1j2e7 −j1j2μe6 lj1j2ψe5 lj1j2μψe4
e4 e4 e5 e6 e7 λ λe1 λe2 λe3
e5 e5 μe4 le7 lμe6 −j1λe1 −j1μλ −lj1λe3 −lj1μλe2
e6 e6 −e7 ψe4 −ψe5 −j2λe2 j2λe3 −j2ψλ j2ψλe1
e7 e7 −μe6 lψe5 −lμψe4 −j1j2λe3 j1j2μλe2 −lj1j2ψλe1 lj1j2μψλ

The bilinear form f : C(l,j)(μ, ψ, λ)× C(l,j)(μ, ψ, λ) → F is defined as follows:

f(1, 1) = 2, f(e1, e1) = −2μ, f(e2, e2) = −2ψ,

f(e3, e3) = 2lμψ, f(e4, e4) = −2λ, f(e5, e5) = 2j1μλ,

f(e6, e6) = 2j2ψλ, f(e7, e7) = −2lj1j2μψλ

and f(ei, ej) = f(1, ej) = 0 for 1 ≤ i �= j ≤ 7.
C(1,(1,1))(μ, ψ, λ) is the Cayley-Dickson algebra. C(1,j)(μ, ψ, λ) is not alternative if
j = (j1, j2) ∈ {(1,−1), (−1, 1), (−1,−1)}, for example: (e1+e4, e1+e4, e2) = 2(1−j1)e7
or (e2 + e4, e2 + e4, e1) = 2(1 − j2)e7 is different from zero. C(−1,j)(μ, ψ, λ) is not al-
ternative, for example: (e1 + e2, e1 + e2, e4) = −4j1j2e7 �= 0.

In the following examples we will consider the field F of arbitrary characteristic.

V. Γ = Z1 the trivial group. A = A0 = K(μ) = F+Fv1 where v
2
1 = v1+μ and 4μ+1 �= 0,

the involution is r + sv1 = (r + s) − sv1 and the quadratic form is q0(a) = aa. If the
polynomial x2−x−μ is irreducible in F [x] then the algebraK(μ) is a field (a separable
quadratic extension of the field F ), otherwise K(μ) = F ⊕ F.

VI. Q̃(μ, ψ) = GCD(K(μ), ψ, ε) = K(μ) ⊕ v2K(μ) with ψ �= 0, v22 = ψ and ε the
trivial commutation factor on Z2. Q̃(μ, ψ) is the algebra of generalized quaternions.
Q̃(μ, ψ) =

⊕
γ∈Z2

Q̃(μ, ψ)γ where Q̃(μ, ψ)0̄ = K(μ) = F + Fv1, and Q̃(μ, ψ)1̄ =

v2K(μ) = v2(F + Fv1) = Fv2 + Fu2 and u2 := v2v1. The multiplication in Q̃(μ, ψ) is
given by the following table:
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· 1 v1 v2 u2

1 1 v1 v2 u2

v1 v1 v1 + μ v2 − u2 −μv2
v2 v2 u2 ψ ψv1
u2 u2 u2 + μv2 ψ(1− v1) −μψ

The bilinear form f : Q̃(μ, ψ)× Q̃(μ, ψ) → F is defined as follows:

f(1, 1) = 2, f(v1, 1) = 1, f(v1, v1) = −2μ,

f(v2, v2) = −2ψ, f(v2, u2) = −ψ, f(u2, u2) = 2μψ

and f(Q̃(μ, ψ)0̄, Q̃(μ, ψ)1̄) = 0. It is easy to see that Q̃(μ, ψ) is associative but not
commutative.

VII. C(l)(μ, ψ, λ) = GCD(Q̃(μ, ψ), λ, ε̃l) with λ �= 0, l ∈ {1,−1} and ε̃l the commutation
factor on Z

2
2 defined by: ε̃l((1̄, 0̄), (0̄, 1̄)) = l and ε̃l(α, α) = 1 for all α ∈ Z

2
2.

C(l)(μ, ψ, λ) =
⊕

γ∈Z2
2
C(l)(μ, ψ, λ)γ with

C(l)(μ, ψ, λ)(0̄,0̄) = F + Fv1, C(l)(μ, ψ, λ)(1̄,0̄) = Fv2 + Fu2,

C(l)(μ, ψ, λ)(0̄,1̄) = Fv3 + Fu3, C(l)(μ, ψ, λ)(1̄,1̄) = Fv4 + Fu4,

where v3 := v(0̄,1̄), u3 := v(0̄,1̄)v1, v4 := v(0̄,1̄)v2 and u4 := v(0̄,1̄)u2. The multiplication in

C(l)(μ, ψ, λ) is given by the following table:

· 1 v1 v2 u2 v3 u3 v4 u4

1 1 v1 v2 u2 v3 u3 v4 u4

v1 v1 v1 + μ v2 − u2 −μv2 v3 − u3 −μv3 u4 u4 + μv4
v2 v2 u2 ψ ψv1 −lv4 −lu4 −lψv3 −lψu3

u2 u2 u2 + μv2 ψ(1− v1) −μψ −lu4 −l(u4 + μv4) lψ(u3 − v3) lμψv3
v3 v3 u3 v4 u4 λ λv1 λv2 λu2

u3 u3 u3 + μv3 u4 u4 + μv4 λ(1− v1) −μλ λ(v2 − u2) −μλv2
v4 v4 v4 − u4 ψv3 ψ(v3 − u3) −lλv2 lλ(u2 − v2) −lψλ lψλ(v1 − 1)
u4 u4 −μv4 ψu3 −μψv3 −lλu2 lμλv2 −lψλv1 lμψλ

The bilinear form f : C(l)(μ, ψ, λ)× C(l)(μ, ψ, λ) → F is defined as follows:

f(1, 1) = 2, f(1, v1) = 1, f(v1, v1) = −2μ,

f(v2, v2) = −2ψ, f(v2, u2) = −ψ, f(u2, u2) = 2μψ,

f(v3, v3) = −2λ, f(v3, u3) = −λ, f(u3, u3) = 2μλ,

f(v4, v4) = 2lψλ, f(v4, u4) = lψλ, f(u4, u4) = −2lμψλ

and f(C(l)(μ, ψ, λ)α, C
(l)(μ, ψ, λ)β) = 0 if α �= β.

C(1)(μ, ψ, λ) is a Cayley-Dickson algebra. If the characteristic of F is different from 2
then C(−1)(μ, ψ, λ) is not alternative, for example: (v2+v3, v2+v3, v1) = 2v4−4u4 �= 0.
C(−1)(μ, ψ, λ) is not associative, for example: (v1, u2, v3) = 2lμv4 + lu4 �= 0.

VIII. Γ = Z1 the trivial group. A = A0 = Q(μ, ψ) = CD(K(μ), ψ), with ψ �= 0, is the
algebra of generalized quaternions that is obtained by applying the Cayley-Dickson
process to K(μ).

IX. C̃(μ, ψ, λ) = GCD(Q(μ, ψ), λ, ε) = Q(μ, ψ)⊕Q(μ, ψ)v3, with λ �= 0, v23 = λ and ε the
trivial commutation factor on Z2. C̃(μ, ψ, λ) is a Cayley-Dickson algebra. C̃(μ, ψ, λ) =
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⊕
γ∈Z2

C̃(μ, ψ, λ)γ, where C̃(μ, ψ, λ)0̄ = Q(μ, ψ) and C̃(μ, ψ, λ)1̄ = Q(μ, ψ)v3. It is easy

to see that C̃(μ, ψ, λ) is not associative.
X. Γ = Z1 the trivial group. A = A0 = C(μ, ψ, λ) = CD(Q(μ, ψ), λ), with λ �= 0, is the

Cayley-Dickson algebra that is obtained by applying the Cayley-Dickson process to
Q(μ, ψ).

XI. Qn(0, 1) =
⊕

γ∈Zn
Qn(0, 1)γ is a split generalized quaternions algebra with Zn-grading

given by Qn(0, 1)0̄ = Fe1 ⊕ Fe2, Qn(0, 1)1̄ = Fu1, Qn(0, 1)−1̄ = Fv1, with n ∈
Z≥3 ∪ {0}. Let ε be the trivial commutation factor on Zn. The multiplication table of
Qn(0, 1) is as follows:

· e1 e2 u1 v1
e1 e1 0 u1 0
e2 0 e2 0 v1
u1 0 u1 0 −e1
v1 v1 0 −e2 0

The bilinear form f : Qn(0, 1) × Qn(0, 1) → F is defined as follows: f(1, 1) = 2,
f(ei, 1) = f(e1, e2) = 1, f(ei, ei) = 0, f(u1, v1) = 1, f(ei, u1) = f(ei, v1) = 0 and
f(u1, u1) = f(v1, v1) = 0 for i ∈ {1, 2}. It is clear that Qn(0, 1) is a composition
ε-algebra. Qn(0, 1) is associative but not commutative.

XII. D
(l)
n (0, 1,−1) = GCD(Qn(0, 1),−1, εl) with l ∈ {1,−1} if n is even, or l = 1 if n is

odd, and εl the commutation factor on Zn × Z2 defined by:

εl((1̄, 0̄), (1̄, 0̄)) = εl((0̄, 1̄), (0̄, 1̄)) = 1, εl((1̄, 0̄), (0̄, 1̄)) = l.

D
(l)
n (0, 1,−1) =

⊕
γ∈Zn×Z2

D
(l)
n (0, 1,−1)γ, where

D(l)
n (0, 1,−1)(0̄,0̄) = Fe1 + Fe2, D(l)

n (0, 1,−1)(1̄,0̄) = Fu1,

D(l)
n (0, 1,−1)(−1̄,0̄) = Fv1, D(l)

n (0, 1,−1)(0̄,1̄) = Fu2 + Fv2,

D(l)
n (0, 1,−1)(1̄,1̄) = Fv3, D(l)

n (0, 1,−1)(−1̄,1̄) = Fu3,

where u2 := −v(0̄,1̄)e2, v2 := −v(0̄,1̄)e1, u3 := v(0̄,1̄)v1 and v3 := v(0̄,1̄)u1. The multiplica-

tion in D
(l)
n (0, 1,−1) is given by the following table:

· e1 e2 u1 v1 u2 v2 u3 v3
e1 e1 0 u1 0 u2 0 u3 0
e2 0 e2 0 v1 0 v2 0 v3
u1 0 u1 0 −e1 lv3 0 −lv2 0
v1 v1 0 −e2 0 0 lu3 0 −lu2

u2 0 u2 −v3 0 0 −e1 v1 0
v2 v2 0 0 −u3 −e2 0 0 u1

u3 0 u3 v2 0 −lv1 0 0 −le1
v3 v3 0 0 u2 0 −lu1 −le2 0
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The bilinear form f : D
(l)
n (0, 1,−1)×D

(l)
n (0, 1,−1) → F is defined as follows:

f(e1, e2) = 1, f(ei, ei) = 0, f(u1, v1) = f(u2, v2) = 1,

f(u3, v3) = l, f(uj, uk) = 0, f(vj, vk) = 0,

f(ei, uj) = 0, f(ei, vj) = 0, f(uj, vk) = 0 if j �= k,

for all i ∈ {1, 2}, j ∈ {1, 2, 3} and k ∈ {1, 2, 3}.
D

(1)
n (0, 1,−1) is the split Cayley-Dickson algebra. If the characteristic of F is different

from 2 then D
(−1)
n (0, 1,−1) is a not alternative, for example: (u2 + u3, u2 + u3, v2) =

l(1 − l)u3 = −2u3 �= 0. D
(l)
n (0, 1,−1) is a not associative, for example: (u1, v1, u3) =

−u3 �= 0.

5. Classification of color composition algebras

The aim of this section is to give a characterization of color composition algebras without
restriction in the characteristic of the field. As a reference, we will use the generalized Cayley-
Dickson process and the construction of the canonical basis of the split Cayley algebra, see
Chapter 4 above and [EK13, Chapter 4] respectively.

Let us recall some important facts. Let Γ be an abelian group and A =
⊕

γ∈ΓAγ be a
Γ-graded algebra. Then the set

SuppΓ(A) := {α ∈ Γ | Aγ �= 0}

is said the support of the grading. We note that A =
⊕

γ∈〈SuppΓ(A)〉 Aγ , where 〈SuppΓ(A)〉
is the subgroup of Γ generated by SuppΓ(A). From now on, it will be always assumed that
〈SuppΓ(A)〉 = Γ.

We observe that every composition ε-algebra A =
⊕

γ∈ΓAγ has a natural Z2-grading. In

fact, it follows from (1) that the function

Γ → F×, α → ε(α, α)

is a homomorphism of groups and that ε(α, α) = ±1 for all α ∈ Γ. We define the following
sets Γ0 = {α ∈ Γ | ε(α, α) = 1} and Γ1 = {α ∈ Γ | ε(α, α) �= 1}. Then, Γ0 is a subgroup of Γ
and we have either that Γ0 = Γ (and hence Γ1 = ∅) or that Γ0 is a subgroup of index 2 in Γ
and, Γ0 and Γ1 are the two residue classes modulo Γ0.
We now set

A(i) :=
⊕

γ∈Γi

Aγ, for i=0,1,

and consider the indices 0, 1 as integers modulo 2; then it follows from the above that the
decomposition A = A(0) ⊕ A(1) is a Z2-grading of A.

We want to classify color composition algebras up to equivalence, in the sense of the
following definition.
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Definition 5.1. Let A =
⊕

γ∈ΓAγ be a Γ-graded composition ε-algebra and B =
⊕

γ′∈Γ′ Bγ′

be a Γ′-graded composition ε′-algebra. We say that A and B are equivalent if there exists
an isomorphism of algebras g : A → B and an isomorphism of groups θ : Γ → Γ′ such that
g(Aγ) = Bθ(γ) for all γ ∈ Γ and ε′ ◦ (θ × θ) = ε.

Definition 5.2. We say that two composition ε-algebras, Γ-graded, A =
⊕

γ∈ΓAγ and B =⊕
γ∈ΓBγ are isomorphic if there exists an isomorphism of algebras ϕ : A → B such that

ϕ(Aγ) = Bγ for all γ ∈ Γ.

On the one hand, a composition algebra C with norm q has zero divisors if and only if
q(x) = 0 for some x �= 0 in C, see [ZSSS82, Lemma 9, Chapter 2]. When this happens we
say that C is a split composition algebra. On the other hand, we say that C is a not split
composition algebra if C does not have zero divisors.

The aim of this chapter is to classify the composition ε-algebras up to equivalence. For
this, we divide the problem into three cases: the first case is A(1) = 0 and A0 is not split,
the second case is A(1) = 0 and A0 is split and the third case is A(1) �= 0. In the first two
cases A = A(0) since we are under the condition that the subgroup of Γ generated by the set
SuppΓ(A) coincides with Γ.

Before analyzing the different cases we will see some results and definitions that will be
useful to achieve our goal.

Let f(x, y) be the bilinear form associated with a composition ε-algebra A =
⊕

γ∈ΓAγ .

Thus f is ε-symmetric, that is, f |(Aα+A−α)×(Aα+A−α) is symmetric if ε(α, α) = 1 and skew-
symmetric if ε(α, α) = −1, for all α ∈ Γ.
Let B =

⊕
γ∈ΓBγ be a Γ-graded subalgebra of A. It will be denote by (Bγ + B−γ)

⊥γ the
orthogonal complement of the subspace Bγ + B−γ of Aγ + A−γ with respect to the bilinear
form f |(Aγ+A−γ)×(Aγ+A−γ), that is

(Bγ + B−γ)
⊥γ := {a ∈ Aγ + A−γ | f |(Aγ+A−γ)×(Aγ+A−γ)(a,Bγ + B−γ) = 0}.

We shall denote by B⊥ the orthogonal complement of the subspace B of A with respect to
the bilinear form f(x, y), this is

B⊥ := {a ∈ A | f(a,B) = 0}.

Since f(Aα, Aβ) = 0, if α + β �= 0, and B is a Γ-graded subalgebra of A, it is easy to check
that

B⊥ =
∑

γ∈Γ

(Bγ + B−γ)
⊥γ .

Proposition 5.3. Let A be a composition ε-algebra and B be a finite dimensional Γ-graded
subalgebra of A, such that f |B×B is nondegenerate. Then A = B ⊕ B⊥.

Proof. Let B be a finite dimensional Γ-graded subalgebra of A, B =
⊕

γ∈ΓBγ , such that

f |B×B is nondegenerate. Since f |B×B is nondegenerate and f(Aα, Aβ) = 0 if α + β �= 0, it
follows from this that f |(Bγ+B−γ)×(Bγ+B−γ) is nondegenerate for all γ ∈ Γ. Moreover, since
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f |(Aγ+A−γ)×(Aγ+A−γ) is symmetric or skew-symmetric and Bγ + B−γ is a finite dimensional
subspace of Aγ + A−γ , by a well-known theorem we obtain

Aγ + A−γ = (Bγ + B−γ)⊕ (Bγ + B−γ)
⊥γ .

Therefore

A =
∑

γ∈Γ

(Aγ + A−γ) =
∑

γ∈Γ

(Bγ + B−γ)⊕ (Bγ + B−γ)
⊥γ

=
∑

γ∈Γ

(Bγ + B−γ)⊕
∑

γ∈Γ

(Bγ + B−γ)
⊥γ = B ⊕ B⊥.

�

Proposition 5.4. Let A be a composition ε-algebra and B be a Γ-graded subalgebra of A. Then
B⊥ is a Γ-graded vector subspace of A and B⊥B + BB⊥ ⊆ B⊥. Moreover, when B is finite-
dimensional and contains the identity element 1 of the algebra A and f |B×B is nondegenerate,
if B⊥ �= 0 then B is associative.

Proof. It is clear that B⊥ is a vector subspace of A. To show that it is Γ-graded, as B⊥ =∑
γ∈Γ(Bγ + B−γ)

⊥γ , we only need to show that for all x = uγ + v−γ ∈ (Bγ + B−γ)
⊥γ with

γ �= −γ we have that uγ , v−γ ∈ (Bγ + B−γ)
⊥γ . Let bγ ∈ Bγ, since f(Aγ , Aγ) = 0 (γ + γ �= 0)

we have

0 = f(x, bγ) = f(uγ + v−γ, bγ) = f(uγ , bγ) + f(v−γ , bγ) = f(v−γ , bγ).

Thus f(v−γ , Bγ) = 0. Since f(A−γ , A−γ) = 0 (−γ − γ �= 0) we have f(v−γ , B−γ) = 0. Hence
v−γ ∈ (Bγ+B−γ)

⊥γ . Similarly, we obtain that uγ ∈ (Bγ+B−γ)
⊥γ . Therefore B⊥ is a Γ-graded

vector subspace of A.
By (6) we have

f(aα, vγbβ) = f(aα · 1, vγbβ) = f(aα, vγ)f(1, bβ)− ε(γ, β)f(aαbβ, vγ) = 0

for any aα ∈ Bα, bβ ∈ Bβ and vγ ∈ B⊥, and analogously f(aα, bβvγ) = 0. Since the elements
aα, bβ ∈ B and vγ ∈ B⊥ are arbitrary, this means that B⊥B + BB⊥ ⊆ B⊥.
Now, suppose that B is finite-dimensional and contains the identity element 1 of the algebra
A and f |B×B is nondegenerate. By Proposition 3.10 vi)

(19) aα(xξbβ) + ε(α, ξ)xξ(aαbβ) = f(aα, xξ)bβ = 0

for any aα ∈ Bα, bβ ∈ Bβ and xξ ∈ B⊥, and by Proposition 3.10 iv)

(20) aα(xξbβ) + ε(α, ξ + β)(xξbβ)aα = f(aα, xξbβ) = 0,

the last term is zero because BB⊥ ⊆ B⊥. On the other hand, since 1 ∈ B we have vγ = −vγ
for all vγ ∈ B⊥. Hence by (19) and (20)

ε(α, ξ)xξ(aαbβ) = aα(xξbβ) = −ε(α, β + ξ)(xξbβ)aα = ε(α, ξ)ε(α, β)(xξbβ)aα.

Thus

(21) xξ(aαbβ) = ε(α, β)(xξbβ)aα.



COMPOSITION COLOR ALGEBRAS 25

If (aα, bβ, cγ) = (aαbβ)cγ − aα(bβcγ) is the associator of any three homogeneous elements
aα, bβ, cγ ∈ B, then by (21)

xξ(aα, bβ, cγ) = xξ[(aαbβ)cγ ]− xξ[aα(bβcγ)]

= ε(α + β, γ)(xξcγ)(aαbβ)− ε(α, β + γ)[xξ(bβcγ)]aα

= ε(α + β, γ)ε(α, β)[(xξcγ)bβ]aα − ε(α, β + γ)ε(β, γ)[(xξcγ)bβ]aα = 0

for any xξ ∈ B⊥. Therefore B⊥(B,B,B) = 0.
Assume that B⊥ �= 0. By Proposition 5.3 f |B⊥×B⊥ is nondegenerate. Hence, there exist
xξ, y−ξ ∈ B⊥ \ {0} such that f(xξ, y−ξ) �= 0. Let aα, bβ, cγ ∈ B, dσ = (aα, bβ, cγ) with
σ = α + β + γ and e−σ ∈ A−σ. Since B⊥(B,B,B) = 0 then xξdσ = 0 and y−ξdσ = 0.
Therefore, by (6)

ε(σ,−ξ)f(xξ, y−ξ)f(dσ, e−σ) = f(xξdσ, y−ξe−σ) + ε(−ξ,−σ)ε(σ,−ξ − σ)f(xξe−σ, y−ξdσ) = 0.

Since f |B×B is nondegenerate, it follows from this that dσ = 0. Consequently (B,B,B) = 0.
Therefore, if B⊥ �= 0 then B is associative. �

In particular, if A is a composition ε-algebra such that Aα �= 0 for some α ∈ Γ \ {0} then
A0 is associative (dim(A0) ≤ 4).

5.1. A(1) = 0 and A0 is a non-split composition algebra.

Lemma 5.5. Let A be a composition ε-algebra and B be a Γ-graded subalgebra of A which
contains the identity element 1 of the algebra A. Then for every aα, bβ ∈ B and vγ ∈ B⊥

homogeneous elements the following relations are valid:

vγ = −vγ, aαvγ = ε(α, γ)vγaα,(22)

aα(vγbβ) = ε(α, γ)vγ(aαbβ), (vγbβ)aα = ε(β, α)vγ(aαbβ),(23)

(vγaα)(vγbβ) = ε(α, β + γ)ε(2γ, β)[bβv
2
γ]aα.(24)

Proof. Let vγ ∈ B⊥, from the equality f(1, vγ) = 0 (1 ∈ B), we obtain that vγ + vγ = 0. Let
aα ∈ B, by Proposition 3.10 iv), we have that aαvγ + ε(α, γ)vγaα = f(aα, vγ) = 0, whence it
follows (22). Furthermore, since aα ∈ B by Proposition 3.10 vi) we have

aα(vγbβ) = −ε(α, γ)vγ(aαbβ) + f(aα, vγ)bβ = ε(α, γ)vγ(aαbβ).

Similarly, by Proposition 3.10 vi) and (22) we have

(vγbβ)aα = (ε(γ, β)bβvγ)aα = ε(γ, β)[f(vγ, aα)bβ − ε(γ, α)(bβaα)vγ]

= ε(γ, α + β)(bβaα)vγ = ε(γ, α + β)(ε(β, α)aαbβ)vγ

= ε(γ, α + β)ε(β, α)ε(α + β, γ)vγ(aαbβ)

= ε(β, α)vγ(aαbβ).
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Therefore, we have (23). Finally, by Proposition 3.10 vi), (22) and B⊥B ⊆ B⊥, we have

(vγaα)(vγbβ) = f(aα, vγbβ)vγ − ε(α, β + γ)[vγ(vγbβ)]aα

= −f(aα, vγbβ)vγ + ε(α, β + γ)[vγ(vγbβ)]aα

= −ε(α, β + γ)[vγ(vγbβ)]aα = −ε(α, β + γ)[vγ(ε(γ, β)bβvγ)]aα

= −ε(α, β + γ)ε(γ, β)[f(vγ, bβ)vγ − ε(γ, β)bβ(vγvγ)]aα

= ε(α, β + γ)ε(2γ, β)[bβv
2
γ]aα.

�

Lemma 5.6. Let A be a composition ε-algebra such that A0 is non-split, that is, q0(a0) �= 0
for all 0 �= a0 ∈ A0. Let α ∈ Γ such that ε(α, α) = 1 and Aα �= 0, then aαaα ∈ F \ {0} for all
0 �= aα ∈ Aα (2α = 0).

Proof. Let 0 �= a0 ∈ A0. Since A0 is non-split then a0a0 = q0(a0) ∈ F \ {0}. Let 0 �= α ∈ Γ
such that ε(α, α) = 1 and Aα �= 0. We will see that aαaα = −a2α �= 0 and aαaα ∈ F for
all 0 �= aα ∈ Aα. Let 0 �= aα ∈ Aα. As f is nondegenerate there exists b−α ∈ A−α such
that f(aα, b−α) �= 0 (aαb−α �= 0). Since A0 is not split and f(Aα, Aβ) = 0 if α + β �= 0, by
Proposition 3.10 vi) and i) we have

a2αb
2
−α = a2α(b−αb−α) = f(a2α, b−α)b−α − ε(2α,−α)b−α(a

2
αb−α)

= b−α[(aαaα)b−α] = b−α[f(aα, b−α)aα − ε(α,−α)(aαb−α)aα]

= f(aα, b−α)b−αaα + b−α[(aαb−α)aα]

= −f(aαb−α, 1)b−αaα + f(b−α, aαb−α)aα − ε(−α, 0)aαb−α(b−αaα)

= [f(aαb−α, 1)− aαb−α](b−αaα)

= (aαb−α)(aαb−α) = q0(aαb−α) �= 0.

Therefore a2α �= 0. Now we will see that aαaα = −a2α ∈ F (2α = 0). As Aα �= 0 and α �= 0,
by Proposition 5.4, we have that A0 is associative (dim(A0) ≤ 4). In this case, we will prove
that A0 is a division algebra. To do this, we only need to show that every 0 �= a ∈ A0 has a
multiplicative inverse. Let 0 �= a ∈ A0, since aa = aa = q0(a) and A0 is not split (q0(a) �= 0),
it follows that a has a multiplicative inverse. Therefore A0 is a division algebra. Since f is
nondegenerate, aα �= 0 and A0 is a division algebra there exists b−α ∈ A−α and u0, d0 ∈ A0

such that f(aα, b−α) �= 0, f(1, u0) = 1 and d0(aαb−α) = u0. Moreover, by Proposition 3.10 vi)
we have

u0 = d0(aαb−α) = f(d0, aα)b−α − ε(0, α)aα(d0b−α) = aα(d0b−α).

Let b′−α := d0b−α, then aαb
′
−α = u0 and b′−αaα = aαb′−α = u0. In view of (10) we have

f(aα, b
′
−α) = f(aα, 1)f(b

′
−α, 1)− f(aαb

′
−α, 1) = −f(u0, 1) = −1 �= 0.
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By Proposition 3.10 vi) and (14) we obtain

f(aα, aαu0)b
′
−α = aα[(aαu0)b

′
−α] + ε(α, α)(aαu0)(aαb

′
−α),

= −aα[f(u0, b′−α)aα − (aαb′−α)u0]− (aαu0)u0,

= −aα[(aαb
′
−α)u0]− aαu

2
0,

= −aα(u0u0)− aα(f(1, u0)u0 − q0(u0)),

= −aαu0.

Then

aαu0 = −f(aα, aαu0)b
′
−α(25)

Since α �= 0 then aα ∈ A⊥
0 . Hence, by Proposition 3.10 v), (24) and (25) we have

q0(u0)a
2
α = [a2αu0]u0 = [(aαu0)aα]u0 = [(−f(aα, aαu0)b

′
−α)aα]u0

= −f(aα, aαu0)u0u0 = −f(aα, aαu0)q0(u0).

Therefore aαaα = −a2α = f(aα, aαu0) ∈ F \ {0} and 2α = 0.
�

Lemma 5.7. Let A be a composition ε-algebra such that A0 is non-split. Let α, β ∈ Γ, α �= 0,
such that ε(α, α) = ε(β, β) = 1 and Aα, Aβ �= 0. Then, for all 0 �= aα ∈ Aα, the operator
of right multiplication Rβ

aα : Aβ → Aα+β, bβ �→ bβaα is bijective (Aα+β �= 0). In particular,
dim(Aα) = dim(A0) for all α ∈ Γ such that ε(α, α) = 1 and Aα �= 0.

Proof. Since f is nondegenerate there exists u0 ∈ A0 such that f(1, u0) = 1. In the proof
of the Lemma 5.6 we showed that f(aα, aαu0) = aαaα �= 0 for all 0 �= aα ∈ Aα such that
ε(α, α) = 1 and α �= 0. Furthermore, by (5) f(c0, c0u0) = q0(c0)f(1, u0) = q0(c0) �= 0 for all
0 �= c0 ∈ A0, since A0 is not split.
Let aα, bβ ∈ A \ {0} homogeneous elements. By Proposition 3.10 vi) we obtain

(26) (bβu0)aα = −f(u0, aα)bβ + (bβaα)u0 = (bβaα)u0,

since α �= 0. Hence, by (6), (26) and Proposition 3.10 i) we have

0 �= ε(α, β)f(bβ, bβu0)f(aα, aαu0) = f(bβaα, (bβu0)(aαu0)) + f(bβ(aαu0), (bβu0)aα)

= f(bβaα, (bβu0)(aαu0)) + f(bβ(aαu0), (bβaα)u0)

= f(bβaα, (bβu0)(aαu0)) + f([bβ(aαu0)]u0, bβaα)

= f(bβaα, (bβu0)(aαu0) + [bβ(aαu0)]u0).

Then bβaα �= 0. Therefore the operator right multiplication Rβ
aα is bijective. In particular,

since Aα �= 0 then A−α �= 0 (f is nondegenerate) and Rα
b−α

and R0
aα are bijective for some

0 �= aα ∈ Aα and some 0 �= b−α ∈ A−α. Hence dim(Aα) = dim(A0). �
In the following theorem we will see that if A =

⊕
γ∈ΓAγ is a composition ε-algebra such

that A = A(0) and A0 is not split then A is equivalent to one of the algebras of the Example
4.5.

Theorem 5.8. Let A =
⊕

γ∈ΓAγ be a composition ε-algebra such that A = A(0) and A0 is
not split. Then A is equivalent to one of the algebras of types I-X given in Examples 4.5.
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Proof. By the term “Γ-graded subalgebra” we shall mean a Γ-graded subalgebra containing
the identity element 1. Since a + a ∈ F, every such Γ-graded subalgebra is invariant under
the involution.
Let B be a finite-dimensional Γ-graded subalgebra of the algebra A on which the restriction
of the form f(x, y) is nondegenerate. B exists because we can just take B = A0. By Corollary
5.3, A decomposes into a direct sum of subspaces A = B ⊕ B⊥. Moreover, the restriction of
the form f(x, y) to B⊥ is also nondegenerate. We assume that B �= A. Then we can find a
homogeneous element 0 �= vγ ∈ B⊥ (B⊥ is a Γ-graded vector space). Since A = A(0) and A0

is not split, by Lemma 5.6, we have vγvγ = −μ ∈ F \{0} (2γ = 0). Now, let aα, bβ ∈ B. From
(24)

(27) (vγaα)(vγbβ) = ε(α, β + γ)ε(2γ, β)[bβv
2
γ]aα = ε(α, β + γ)μbβaα.

In particular, taking aα = 1 ∈ B we have that

(28) vγ(vγbβ) = ε(0, β + γ)μbβ1 = μbβ.

Hence, by Proposition 3.10 i) and (28),

f(vγaα, vγbβ) = −f(vγaα, vγbβ) = −ε(α + γ, γ)f(vγ(vγaα), bβ)

= −ε(α, γ)f(μaα, bβ) = −ε(α, γ)μf(aα, bβ).

Therefore

(29) f(vγaα, vγbβ) = −ε(α, γ)μf(aα, bβ).

Since f is nondegenerate on B, it follows from this that the mapping a → vγa of the subspace
B onto vγB is one-to-one. Consequently, B and vγB have the same dimension. Furthermore,
the relation (29) shows that the subspace vγB is nondegenerate with respect to f(x, y). By
Propositon 5.4 we have BB⊥ ⊆ B⊥, then f(aα, vγbβ) = 0, this implies that the subspace B1 =
B+ vγB, which is the orthogonal sum of two nondegenerate subspaces, is also nondegenerate
with respect to f(x, y). Relations (23) and (27) show that B1 = B + vγB is the Γ-graded
subalgebra of the algebra A obtained from B by means of the generalized Cayley-Dickson
process, B1 = GCD(B, μ, ε) (since 2γ = 0 and ε(α, γ) = ±1 for all α ∈ Γ). As vγ = −vγ and

aα + vγbβ = aα− ε(γ, β)bβvγ = aα− ε(γ, β)ε(β, γ)vγbβ = aα− vγbβ, the involution induced on
B1 by the involution on A coincides with the involution obtained in the generalized Cayley-
Dickson process. Finally, f |B1×B1 is nondegenerate and B1 satisfies the same conditions as
B. Therefore, we can repeat the same process with the algebra B1.
We now return to the algebra A and consider separately four cases.

(1) dim(A0) = 1. In this case the field F has characteristic �= 2, A0 = F, the subalgebra
A0 = F is nondegenerate with respect to f(x, y), and therefore we can set B = A0 = F.
B is a composition algebra of type I. By Lemma 5.7, dim(Aγ) = dim(A0) = 1 for all
Aγ �= 0. If A �= F then, there is a 0 �= α1 ∈ Γ such that Aα1 �= 0 (2α1 = 0). Let
Γ1 = 〈α1〉 ∼= Z2, B1 = A0 ⊕ Aα1 and ε1 = ε|Γ1×Γ1 . B1 is a composition ε1-algebra of
type II. If B1 �= A then there is a α2 ∈ Γ \ {0, α1} such that Aα2 �= 0 (2α2 = 0).
Let Γ2 = 〈α1, α2〉 ∼= Z2 ⊕ Z2, B2 =

⊕
γ∈Γ2

Aγ and ε2 = ε|Γ2×Γ2 . B2 is a composition

ε2-algebra of type III. Finally, if B2 �= A, there is a α3 ∈ Γ \ {0, α1, α2} such that
Aα3 �= 0 (2α3 = 0). Let Γ3 = 〈α1, α2, α3〉 ∼= Z

3
2, B3 =

⊕
γ∈Γ3

Aγ and ε3 = ε|Γ3×Γ3 . B3

is a composition ε3-algebra of type IV. Since B3 is non-associative, by Lemma 4.3 the
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process must finish. Consequently A = B3, Γ = Γ3 and ε = ε3.

If dim(A0) ≥ 2, the field F has arbitrary characteristic.
(2) dim(A0) = 2. In this case A0 = K(μ) = F + Fv1 where v21 = v1 + μ and 4μ + 1 �= 0

with involution r + sv1 = (r+s)−sv1 and quadratic form q0(a) = aa. By Lemma 5.7,
dim(Aγ) = dim(A0) = 2 for all Aγ �= 0. Since the subalgebra A0 is nondegenerate with
respect to f(x, y), we can set B = A0. The Γ-graded subalgebra B is a composition
algebra of type V. If A �= A0 then there is a 0 �= α ∈ Γ such that Aα �= 0 (2α = 0).
Let Γ1 = 〈α〉 ∼= Z2, B1 = A0 ⊕ Aα and ε1 = ε|Γ1×Γ1 . B1 is a composition ε1-algebra
of type VI. Finally, if B1 �= A then there is a β ∈ Γ \ Γ1 such that Aβ �= 0 (2β = 0).
Let Γ2 = 〈α, β〉 ∼= Z2 ⊕ Z2, B2 =

⊕
γ∈Γ2

Aγ and ε2 = ε|Γ2×Γ2 . B2 is a composition
ε2-algebra of type VII. Since B2 is non-associative, by Lemma 4.3 the process must
finish. Consequently A = B2, Γ = Γ2 and ε = ε2.

(3) dim(A0) = 4. In this case A0 = Q(μ, ψ) = CD(K(μ), ψ) (ψ �= 0) is the algebra of
generalized quaternions. By Lemma 5.7 dim(Aγ) = dim(A0) = 4 for all Aγ �= 0. Since
the subalgebra A0 is nondegenerate with respect to f(x, y), we can set B = A0. B is
a composition algebra of type VIII. If A �= A0 then there is a 0 �= α ∈ Γ such that
Aα �= 0 (2α = 0). Let Γ1 = 〈α〉 ∼= Z2, B1 = A0 ⊕ Aα and ε1 = ε|Γ1×Γ1 . B1 is a
composition ε1-algebra of type IX. Since B1 is non-associative the process must finish,
since otherwise by Lemma 4.3 there would be a subalgebra B2 of A which is not a
composition ε-algebra, and that is impossible. Consequently A = B1.

(4) dim(A0) = 8. In this case A0 = C(μ, ψ, λ) = CD(Q(μ, ψ), λ) with λ �= 0, is the Cayley-
Dickson algebra. A0 is non-associative, therefore A = A0. The Γ-graded algebra A is
of type X.

�
With the notation of the Example 4.5, IV, we have the following result.

Proposition 5.9. We have the following equivalences:

i) C(1,(1,−1))(μ, ψ, λ) ≡ C(1,(−1,1))(ψ, μ, λ).
ii) C(1,(1,−1))(μ, ψ, λ) ≡ C(−1,(1,1))(λ, ψ, μ).
iii) C(1,(−1,−1))(μ, ψ, λ) ≡ C(−1,(1,−1))(μ, λ, ψ).
iv) C(1,(−1,−1))(μ, ψ, λ) ≡ C(−1,(−1,1))(λ, ψ, μ).
v) C(1,(1,−1))(μ, s,−rs) ≡ C(−1,(−1,−1))(rμ, s,−rs),

for any μ, ψ, λ ∈ F× and r, s ∈ {1,−1}.
Proof. i) Let θ : Z3

2 → Z
3
2 be given by

θ((1̄, 0̄, 0̄)) = (0̄, 1̄, 0̄), θ((0̄, 1̄, 0̄)) = (1̄, 0̄, 0̄), θ((0̄, 0̄, 1̄)) = (0̄, 0̄, 1̄).

Let g : C(1,(1,−1))(μ, ψ, λ) → C(1,(−1,1))(ψ, μ, λ) be given by

g(1) = 1, g(e1) = e2, g(e2) = e1, g(e3) = −e3,

g(e4) = e4, g(e5) = e6, g(e6) = e5, g(e7) = −e7.

It is easy to see that g is an isomorphism of algebras, ε̃(1,(−1,1)) = ε̃(1,(1,−1)) ◦ (θ × θ)

and g(C(1,(1,−1))(μ, ψ, λ)γ) ⊆ C(1,(−1,1))(ψ, μ, λ)θ(γ) for all γ ∈ Z
3
2. Therefore

C(1,(1,−1))(μ, ψ, λ) ≡ C(1,(−1,1))(ψ, μ, λ).
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ii) Let θ : Z3
2 → Z

3
2 be given by

θ((1̄, 0̄, 0̄)) = (0̄, 0̄, 1̄), θ((0̄, 1̄, 0̄)) = (0̄, 1̄, 0̄), θ((0̄, 0̄, 1̄)) = (1̄, 0̄, 0̄).

Let g : C(1,(1,−1))(μ, ψ, λ) → C(−1,(1,1))(λ, ψ, μ) be given by

g(1) = 1, g(e1) = −e4, g(e2) = −e2, g(e3) = e6,

g(e4) = e1, g(e5) = e5, g(e6) = e3, g(e7) = e7.

It is easy to see that g is an isomorphism of algebras, ε̃(−1,(1,1)) = ε̃(1,(1,−1)) ◦ (θ × θ)

and g(C(1,(1,−1))(μ, ψ, λ)γ) ⊆ C(−1,(1,1))(λ, ψ, μ)θ(γ) for all γ ∈ Z
3
2. Therefore

C(1,(1,−1))(μ, ψ, λ) ≡ C(−1,(1,1))(λ, ψ, μ).

iii) Let θ : Z3
2 → Z

3
2 be given by

θ((1̄, 0̄, 0̄)) = (1̄, 0̄, 0̄), θ((0̄, 1̄, 0̄)) = (0̄, 0̄, 1̄), θ((0̄, 0̄, 1̄)) = (0̄, 1̄, 0̄).

Let g : C(1,(−1,−1))(μ, ψ, λ) → C(−1,(1,−1)(μ, λ, ψ) be given by

g(1) = 1, g(e1) = e1, g(e2) = e4, g(e3) = e5,

g(e4) = e2, g(e5) = e3, g(e6) = e6, g(e7) = e7.

It is easy to see that g is an isomorphism of algebras, ε̃(−1,(1,−1)) = ε̃(1,(−1,−1)) ◦ (θ× θ)

and g(C(1,(−1,−1))(μ, ψ, λ)γ) ⊆ C(−1,(1,−1))(μ, λ, ψ)θ(γ) for all γ ∈ Z
3
2. Therefore

C(1,(−1,−1))(μ, ψ, λ) ≡ C(−1,(1,−1))(μ, λ, ψ).

iv) Let θ : Z3
2 → Z

3
2 be given by

θ((1̄, 0̄, 0̄)) = (0̄, 0̄, 1̄), θ((0̄, 1̄, 0̄)) = (0̄, 1̄, 0̄), θ((0̄, 0̄, 1̄)) = (1̄, 0̄, 0̄).

Let g : C(1,(−1,−1))(μ, ψ, λ) → C(−1,(−1,1))(λ, ψ, μ) be given by

g(1) = 1, g(e1) = e4, g(e2) = −e2, g(e3) = −e6,

g(e4) = e1, g(e5) = e5, g(e6) = e3, g(e7) = e7.

It is easy to see that g is an isomorphism of algebras, ε̃(−1,(−1,1)) = ε̃(1,(−1,−1)) ◦ (θ× θ)

and g(C(1,(−1,−1))(μ, ψ, λ))γ) ⊆ C(−1,(−1,1))(λ, ψ, μ)θ(γ) for all γ ∈ Z
3
2. Therefore

C(1,(−1,−1))(μ, ψ, λ) ≡ C(−1,(−1,1))(λ, ψ, μ).

v) Let θ : Z3
2 → Z

3
2 be given by

θ((1̄, 0̄, 0̄)) = (1̄, 1̄, 1̄), θ((0̄, 1̄, 0̄)) = (0̄, 1̄, 0̄), θ((0̄, 0̄, 1̄)) = (0̄, 0̄, 1̄).

Let g : C(1,(1,−1))(μ, s,−rs) → C(−1,(−1,−1))(rμ, s,−rs) be given by

g(1) = 1, g(e1) = e7, g(e2) = se2, g(e3) = e5,

g(e4) = se4, g(e5) = −re3, g(e6) = e6, g(e7) = −re1.

It is easy to see that g is an isomorphism of algebras, ε̃(−1,(−1,−1)) = ε̃(1,(1,−1)) ◦ (θ× θ)

and g(C(1,(1,−1))(μ, s,−rs)γ) ⊆ C(−1,(−1,−1))(rμ, s,−rs)θ(γ) for all γ ∈ Z
3
2. Therefore

C(1,(1,−1))(μ, s,−rs) ≡ C(−1,(−1,−1))(rμ, s,−rs).

�



COMPOSITION COLOR ALGEBRAS 31

Corollary 5.10. Let A be a composition ε-algebra of dimension 8 such that, A = A(0) and
A0 is not split. Then we have, up to equivalence, one of the following cases:

i) A = A0 = C(μ, ψ, λ) is a non-split Cayley-Dickson algebra.
ii) A = C̃(μ, ψ, λ) with A0 = Q(μ, ψ) a non-split quaternion algebra.
iii) A is C(1)(μ, ψ, λ), or C(−1)(μ, ψ, λ), with A0 = K(μ) a non-split composition algebra.
iv) A is C(1,(1,1))(μ, ψ, λ), or C(1,(1,−1))(μ1, ψ1, λ1), or C(1,(−1,−1))(μ2, ψ2, λ2), or

C(−1,(−1,−1))(μ3, ψ3, λ3), with A0 = F a field of characteristic different from 2.

5.2. A(1) = 0 and A0 is a split composition algebra. A composition algebra C is split if
it has a nonzero isotropic element, that is, there is 0 �= x ∈ C such that q0(x) = 0. Note that
any composition algebra of dimension ≥ 2 over an algebraically closed field is split.
Let A be a composition ε-algebra such that A(1) = 0 and A0 is a split composition algebra. To
analyze this case we will be based on the construction of the “canonical” basis of a split Cayley
algebra. Since A(1) = 0 (A = A(0)), we have that ε(γ, γ) = 1 for all γ ∈ Γ. Moreover, since A0

is a split composition algebra (dim A0 ≥ 2) and f |A0×A0 is nondegenerate then, there is an
isotropic element 0 �= a0 ∈ A0 (q0(a0) = 0) and a b0 ∈ A0 such that f(a0b0, 1) = f(a0, b0) = 1.
Let e1 := a0b0, we have q0(e1) = q0(a0b0) = 0 and f(e1, 1) = 1, so e21 = e1. Let e2 := e1 = 1−e1,
so q0(e2) = 0, e22 = e2, e1e2 = e2e1 = 0 and f(e1, e2) = f(e1, 1 − e1) = f(e1, 1) = 1. Then
K := Fe1⊕Fe2 is a composition subalgebra of A0. By Corollary 5.3, we have that A = K⊕K⊥

and K⊥ is a Γ-graded vector subspace of A.
For any xα ∈ K⊥, xα = −xα since 1 = e1 + e2 ∈ K. By Proposition 3.10 i) we have
xαe1 + xαe1 = f(xαe1, 1) = f(xα, e1) = f(xα, e2) = 0, so xαe1 = −xαe1 = −ε(α, 0)e1 xα =
e2xα. Hence xαe1 = e2xα. Analogously we can see that xαe2 = e1xα. Moreover, xα = 1 · xα =
e1xα + e2xα and by Proposition 3.10 v) we have

e2(e1xα) = e1(e1xα) = q0(e1)xα = 0

e1(e2xα) = e2(e2xα) = q0(e2)xα = 0.

Also, by (14)

ei(eixα) = (eiei)xα = eixα

(xαei)ei = xα(eiei) = xαei.

Therefore K⊥ = U ⊕ V with

U = {x ∈ A : e1x = x = xe2, e2x = 0 = xe1} = (e1A)e2,

V = {x ∈ A : e2x = x = xe1, e1x = 0 = xe2} = (e2A)e1.

Let aα1 + aα2 + . . .+ aαn ∈ U then

aα1 + aα2 + . . .+ aαn = e1(aα1 + aα2 + . . .+ aαn) = e1aα1 + e1aα2 + . . .+ e1aαn

aα1 + aα2 + . . .+ aαn = (aα1 + aα2 + . . .+ aαn)e2 = aα1e2 + aα2e2 + . . .+ aαne2

0 = e2(aα1 + aα2 + . . .+ aαn) = e2aα1 + e2aα2 + . . .+ e2aαn

0 = (aα1 + aα2 + . . .+ aαn)e1 = aα1e1 + aα2e1 + . . .+ aαne1.
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Since e1, e2 ∈ A0 then

aαi
= e1aαi

aαi
= aαi

e2

0 = e2aαi

0 = aαi
e1

for any i ∈ {1, 2, . . . , n}. Hence aα1 , aα2 , . . . , aαn ∈ U. Therefore, U and V are Γ-graded
subspaces of A. By (5), for any uα, u

′
β ∈ U,

f(uα, u
′
β) = f(e1uα, e1u

′
β) = q0(e1)f(uα, u

′
β) = 0

so f(U,U) = 0. Analogously f(V, V ) = 0. Also, by Proposition 3.10 i) we have

f(uαu
′
β, K) ⊆ f(uα, Ku′

β) ⊆ f(U,U) = 0

and for any vγ ∈ V by (6) we have

f(uαu
′
β, vγ) = f(uαu

′
β, e2vγ) = ε(β, 0)f(uα, e2)f(u

′
β, vγ)− ε(β, γ)f(uαvγ, e2u

′
β) = 0.

Hence U2 is orthogonal to K and V, so U2 ⊆ V due to f(x, y) is nondegenerate. Analogously
we have that V 2 is orthogonal to K and U, then V 2 ⊆ U. Furthermore, by Proposition 3.10
i) we have

f(U,UV ) ⊆ f(U2, V ) ⊆ f(V, V ) = 0,

f(UV, V ) ⊆ f(U, V 2) ⊆ f(U,U) = 0,

f(V U, U) ⊆ f(V, U2) ⊆ f(V, V ) = 0,

f(V, V U) ⊆ f(V 2, U) ⊆ f(U,U) = 0,

so UV + V U ⊆ K. Moreover f(UV, e1) ⊆ f(U, e1V ) = 0 and f(V U, e2) ⊆ f(V, e2U) = 0,
hence UV ⊆ Fe1 and V U ⊆ Fe2. More precisely by Proposition 3.10 vi), for uα ∈ U and
vγ ∈ V, f(uα, vγ)e1 = uα(vγe1) + ε(α, γ)vγ(uαe1) = −uαvγ. Then

(30) uαvγ = −f(uα, vγ)e1.

By Proposition 3.10 vi), f(uα, vγ)e2 = uα(vγe2) + ε(α, γ)vγ(uαe2) = −ε(α, γ)vγuα. Hence

(31) vγuα = −ε(γ, α)f(uα, vγ)e2 = −f(vγ, uα)e2.

Now let us see what happens with u2
α and v2γ : If char(F ) �= 2, since ε(α, α) = 1 for all α ∈ Γ

and f(U,U) = f(V, V ) = f(U ⊕ V,K) = 0, by (11) we have u2
α = v2γ = 0. If char(F ) = 2.

Take 0 �= uα ∈ U and v−α ∈ V with f(uα, v−α) = 1 (f is nondegenerate). By Proposition
3.10 vi) and (31) we have

v−αu
2
α = −v−α(uαuα) = −f(v−α, uα)uα + ε(−α, α)uα(v−αuα)

= −uα − ε(α, α)uα(−f(v−α, uα)e2) = −uα + uαe2 = 0,

so

(32) v−αu
2
α = 0.
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By Proposition 3.10 vi) and (30) we have

uαv
2
−α = −uα(v−αv−α) = −f(uα, v−α)v−α + ε(α,−α)v−α(uαv−α)

= −v−α − ε(α, α)v−α(−f(uα, v−α)e1) = −v−α + v−αe1 = 0,

thus

(33) uαv
2
−α = 0.

On the other hand, by Proposition 3.10 vi), (30) and (32) we obtain

u2
α = f(v−α, uα)u

2
α = v−α(uαu

2
α) + ε(−α, α)uα(v−αu

2
α)

= v−α[f(uα, u
2
α)e1] = f(uα, u

2
α)v−α,

then

(34) u2
α = f(uα, u

2
α)v−α.

By Proposition 3.10 vi), (31) and (33) we have

v2−α = f(uα, v−α)v
2
−α = uα(v−αv

2
−α) + ε(α,−α)v−α(uαv

2
−α)

= uα[f(v−α, v
2
−α)e2] = f(v−α, v

2
−α)uα,

so

(35) v2−α = f(v−α, v
2
−α)uα.

By replacing (34) and (35) in (32) and (33), respectively, we obtain

(36) f(u2
α, uα)v

2
−α = 0 and f(v2−α, v−α)u

2
α = 0.

Thus f(u2
α, uα) = 0 or v2−α = 0 and, f(v2−α, v−α) = 0 or u2

α = 0. If f(u2
α, uα) = 0 then

u2
α = 0 by (34) and, if f(v2−α, v−α) = 0 then v2−α = 0 by (35). Therefore we conclude that if

char(F ) = 2 then u2
α = 0 or v2−α = 0. If v2−α �= 0 by (35) we have −2α = α, that is, 3α = 0.

If u2
α �= 0 by (34) we have 2α = −α, that is, 3α = 0.

Now we are ready to show the first example for this case.

Example 5.11. (The Z3-graded algebra Qrs) Let Qrs =
⊕

γ∈Z3
(Qrs)γ be a Z3-graded algebra,

(Qrs)0̄ = Fe1 ⊕ Fe2, (Qrs)1̄ = Fu1̄ and (Qrs)2̄ = Fv2̄, with the following multiplication table:

· e1 e2 u1̄ v2̄
e1 e1 0 u1̄ 0
e2 0 e2 0 v2̄
u1̄ 0 u1̄ rv2̄ −e1
v2̄ v2̄ 0 −e2 su1̄

where r, s ∈ F. Let q0(l1e1 + l2e2) = l1l2 be a norm, for any l1, l2 ∈ F, defined in (Qrs)0̄
and f be a bilinear form on Qrs defined as follows: f(e1, e2) = 1, f(e1, 1) = 1, f(e2, 1) = 1,
f(u1̄, v2̄) = 1, f(u1̄, u1̄) = 0, f(v2̄, v2̄) = 0 and f((Qrs)0̄, (Qrs)1̄ + (Qrs)2̄) = 0. If r = s = 0
then Q00 is a composition algebra.

Proposition 5.12. Let ε be the trivial commutation factor on Z3. If r �= 0 or s �= 0, Qrs is
a composition ε-algebra if and only if r = 0 or s = 0, and char(F ) = 2.
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Proof. We have

f(e2v2̄, v2̄v2̄) + f(e2v2̄, v2̄v2̄)− f(e2, v2̄)f(v2̄, v2̄) = 2f(v2̄, su1̄) = 2s,

f(v2̄e1, v2̄v2̄) + f(v2̄v2̄, v2̄e1)− f(v2̄, v2̄)f(e1, v2̄) = 2f(v2̄, su1̄) = 2s,

f(v2̄ · 1, v2̄v2̄) + f(v2̄v2̄, v2̄ · 1)− f(v2̄, v2̄)f(1, v2̄) = f(v2̄, su1̄) + f(su1̄, v2̄) = 2s,

f(v2̄v2̄, u1̄u1̄) + f(v2̄u1̄, u1̄v2̄)− f(v2̄, u1̄)f(v2̄, u1̄) = f(su1̄, rv2̄) + f(−e2,−e1)− 1 = rs,

f(e2v2̄, u1̄e1) + f(e2e2, u1̄v2̄)− f(e2, u1̄)f(v2̄, e2) = f(v2̄, u1̄) + f(e2,−e1)− 0 = 0,

f(e1u1̄, u1̄u1̄) + f(e1u1̄, u1̄u1̄)− f(e1, u1̄)f(u1̄, u1̄) = 2f(u1̄, rv2̄) = 2r,

f(u1̄e2, u1̄u1̄) + f(u1̄u1̄, u1̄e2)− f(u1̄, u1̄)f(e2, u1̄) = 2f(u1̄, rv2̄) = 2r,

f(u1̄ · 1, u1̄u1̄) + f(u1̄u1̄, u1̄ · 1)− f(u1̄, u1̄)f(1, u1̄) = f(u1̄, rv2̄) + f(rv2̄, u1̄) = 2r.

The other cases are similar. Therefore, if r �= 0, Qrs is a composition ε-algebra if and only if
s = 0 and char(F ) = 2. And, if s �= 0, Qrs is a composition ε-algebra if and only if r = 0 and
char(F ) = 2. �
Remark 5.13. If s �= 0 then the algebra Q0s is not power-associative, for example

(v2̄, v2̄, v2̄) = (v2̄v2̄)v2̄ − v2̄(v2̄v2̄) = (su1̄)v2̄ − v2̄(su1̄) = −se1 + se2 �= 0.

Remark 5.14. Qs0 and Q0s are equivalents: Let g : Qs0 → Q0s be given by g(u1̄) = v2̄,
g(v2̄) = u1̄, g(e1) = e2 and g(e2) = e1. Let θ : Z3 → Z3 be given by θ(1̄) = 2̄. It is easy to see
that g is an isomorphism of algebras and g((Qs0)γ) = (Q0s)θ(γ) for all γ ∈ Z3.

Remark 5.15. If dim(U) = dim(V ) = 1 then A is equivalent to the algebra of matrices
M2(F ), or A = Q0s, or A = Qr0.

Now, let us see what happens when dim(U) ≥ 2 or dim(V ) ≥ 2. For that, we need the
following proposition first.

Proposition 5.16. If dim(U) ≥ 2 or dim(V ) ≥ 2 then there exist uα, u
′
β ∈ U and v−α, v

′
−β ∈

V linearly independent satisfying that

f(uα, v−α) = 1, f(u′
β, v−α) = 0,

f(uα, v
′
−β) = 0, f(u′

β, v
′
−β) = 1.

Proof. This follows easily because the restriction of f to (U∩Aα)×(V ∩A−α) is nondegenerate
for each α.

�
Returning to our algebra A. If dim(U) ≥ 2 or dim(V ) ≥ 2 then, by the above proposition,

there exists uα, u
′
β ∈ U and v−α, v

′
−β ∈ V, linearly independent, satisfying that

f(uα, v−α) = 1, f(u′
β, v−α) = 0,

f(uα, v
′
−β) = 0, f(u′

β, v
′
−β) = 1.

Let us show that u2
α = 0. By Proposition 3.10 vi), (34), (31) and (30), we obtain that

u2
α = f(u′

β, v
′
−β)u

2
α = u′

β[v
′
−βu

2
α] + ε(β,−β)v′−β[u

′
βu

2
α]

= u′
β[f(v

′
−β, uα)uα + ε(−β, α)uα(v

′
−βuα)]− v′−β[u

′
β(f(u

2
α, uα)v−α)]

= ε(−β, α)u′
β[uα(−f(v′−β, uα)e2)]− f(u2

α, uα)v
′
−β[−f(u′

β, v−α)e1] = 0.
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Similarly we can prove that (u′
β)

2 = v2−α = (v′−β)
2 = 0.

Let us show that uαu
′
β �= 0 and v−αv

′
−β �= 0. By Proposition 3.10 vi) and (30) we have

(uαu
′
β)v−α = −(uαu

′
β)v−α = −f(u′

β, v−α)uα + ε(β,−α)(uαv−α)u′
β

= ε(α, β)(f(uα, v−α)e1)u
′
β = ε(α, β)u′

β �= 0.

Consequently, uαu
′
β �= 0.

By Proposition 3.10 vi) and (31) we obtain

(v−αv
′
−β)uα = −(v−αv

′
−β)uα = −f(v′−β, uα)v−α + ε(−β, α)(v−αuα)v′−β

= ε(α, β)(f(v−α, uα)e2)v
′
−β = ε(α, β)v′−β �= 0.

Therefore v−αv
′
−β �= 0.

On the other hand, by Proposition 3.10 i) we have

f(v−αv
′
−β, v−α) = ε(−α,−β)f(v′−β, v−αv−α) = −ε(−α,−β)f(v′−β, v

2
−α) = 0,

f(v−αv
′
−β, v

′
−β) = ε(−β,−β)f(v−α, v

′
−βv

′
−β) = −ε(−β,−β)f(v−α, (v

′
−β)

2) = 0,

f(uαu
′
β, uα) = ε(α, β)f(u′

β, uαuα) = −ε(α, β)f(u′
β, u

2
α) = 0,

f(uαu
′
β, u

′
β) = ε(β, β)f(uα, u

′
βu

′
β) = −ε(β, β)f(uα, (u

′
β)

2) = 0.

Therefore v−αv
′
−β, uα and u′

β are linearly independent and, uαu
′
β, v−α and v′−β are also linearly

independent. Thus we have dim(U) = dim(V ) ≥ 3. Consequently, there exist uα, u
′
β, u

′′
γ ∈ U

(γ = −α− β) linearly independent such that f(uαu
′
β, u

′′
γ) = 1. Then v−α = u′

βu
′′
γ , v

′
−β = u′′

γuα

and v′′−γ = uαu
′
β are the dual elements of uα, u

′
β and u′′

γ relative to f, respectively. In particular,
by Proposition 3.10 i),

f(uα, v−α) = f(uα, u
′
βu

′′
γ) = f(uα, u′

β u′′
γ) = f(uα, ε(β, γ)u′′

γu
′
β)

= −ε(β, γ)f(uα, u
′′
γu

′
β) = ε(β, γ)f(uα, u

′′
γu

′
β) = f(uαu

′
β, u

′′
γ) = 1.

f(u′
β, v

′
−β) = f(u′

β, u
′′
γuα) = f(u′

β, u
′′
γ uα) = f(u′

β, ε(γ, α)uαu′′
γ) = −ε(γ, α)f(u′

β, uαu
′′
γ)

= ε(γ, α)f(u′
β, uαu

′′
γ) = ε(γ, α)ε(β, α)f(uαu

′
β, u

′′
γ) = ε(−α, α) = 1.

f(u′′
γ , v

′′
−γ) = f(u′′

γ , uαu
′
β) = ε(γ, α + β)f(uαu

′
β, u

′′
γ) = ε(γ,−γ) = 1.

By (30)

uαv−α = −f(uα, v−α)e1 = −e1,

u′
βv

′
−β = −f(u′

β, v
′
−β)e1 = −e1,

u′′
γv

′′
−γ = −f(u′′

γ , v
′′
−γ)e1 = −e1.

By (31)

v−αuα = −f(v−α, uα)e2 = −e2,

v′−βu
′
β = −f(v′−β, u

′
β)e2 = −e2,

v′′−γu
′′
γ = −f(v′′−γ , u

′′
γ)e2 = −e2.
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By Proposition 3.10 iv)

u′
βuα = −f(u′

β, uα)− ε(β, α)uαu
′
β = −ε(β, α)v′′−γ,

uαu
′′
γ = −f(uα, u

′′
γ)− ε(α, γ)u′′

γuα = −ε(α,−α− β)v′−β = −ε(β, α)v′−β,

u′′
γu

′
β = −f(u′′

γ , u
′
β)− ε(γ, β)u′

βu
′′
γ = −ε(−α− β, β)v−α = −ε(β, α)v−α.

By Proposition 3.10 vi) and (31)

v−αv
′
−β = v−α(u

′′
γuα) = −f(v−α, u

′′
γ)uα − ε(−α, γ)u′′

γ(v−αuα)

= −ε(−α,−α− β)u′′
γ(−e2) = ε(−α,−β)u′′

γ = ε(α, β)u′′
γ ,

v−αv
′′
−γ = v−α(uαu

′
β) = −f(v−α, uα)u

′
β − ε(−α, α)uα(v−αu

′
β)

= −u′
β + uα(f(v−α, u

′
β)e2) = −u′

β,

v′−βv
′′
−γ = v′−β(uαu

′
β) = −f(v′−β, uα)u

′
β − ε(−β, α)uα(v

′
−βu

′
β)

= −ε(α, β)uα(−e2) = ε(α, β)uα.

The other products are calculated similarly. In summary, we have the following example.

Example 5.17. (The algebra CG(〈α, β〉, α, β, ε(α, β))). Let Γ = 〈α, β〉 be the abelian group
generated by α and β, ε be a commutation factor on Γ such that ε(γ, γ) = 1 for all γ ∈ Γ, and
B = K ⊕ U ⊕ V (K = Fe1 ⊕ Fe2 ⊆ B0, U = Fuα ⊕ Fu′

β ⊕ Fu′′
γ , V = Fv−α ⊕ Fv′−β ⊕ Fv′′−γ ,

γ = −α− β) be a Γ-graded algebra, with multiplication table:

· e1 e2 uα u′
β u′′

γ v−α v′−β v′′−γ

e1 e1 0 uα u′
β u′′

γ 0 0 0
e2 0 e2 0 0 0 v−α v′−β v′′−γ

uα 0 uα 0 v′′−γ −ε(β, α)v′−β −e1 0 0
u′
β 0 u′

β −ε(β, α)v′′−γ 0 v−α 0 −e1 0
u′′
γ 0 u′′

γ v′−β −ε(β, α)v−α 0 0 0 −e1
v−α v−α 0 −e2 0 0 0 ε(α, β)u′′

γ −u′
β

v′−β v′−β 0 0 −e2 0 −u′′
γ 0 ε(α, β)uα

v′′−γ v′′−γ 0 0 0 −e2 ε(α, β)u′
β −uα 0

The norm q = (q0, f) is given by: q0(l1e1 + le2) = l1l2 for any l1, l2 ∈ F, f(e1, e2) = 1,
f(e1, 1) = 1, f(e2, 1) = 1, f(uα, v−α) = 1, f(u′

β, v
′
−β) = 1, f(u′′

γ , v
′′
−γ) = 1, f(K ⊕ V, V ) =

f(K ⊕ U,U) = 0 and f(uα, Fv′−β + Fv′′−γ) = f(u′
β, Fv−α + Fv′′−γ) = f(u′′

γ , Fvα + Fv′−β) = 0.
We denote the algebra B as CG(〈α, β〉, α, β, ε(α, β)). CG(〈α, β〉, α, β, 1) is the Cayley-Dickson
algebra with a 〈α, β〉-grading.

Proposition 5.18. CG(〈α, β〉, α, β, ε(α, β)) is a composition ε-algebra.

Proof. We have

f(uαe2, u
′
βu

′′
γ) + ε(β, γ)ε(0, γ)ε(0, β)f(uαu

′′
γ , u

′
βe2)− ε(0, β)f(uα, u

′
β)f(e2, u

′′
γ)

= f(uα, v−α) + ε(β,−α)f(−ε(β, α)v′−β, uβ) = 1− ε(β,−α)ε(β, α) = 0

f(e1uα, u
′
βu

′′
γ) + ε(β, γ)ε(α, γ)ε(α, β)f(e1u

′′
γ , u

′
β · uα)− ε(α, β)f(e1, u

′
β)f(uα, u

′′
γ)

= f(uα, v−α) + ε(β,−α)f(u′′
γ ,−ε(β.α)v′′−γ) = 1− ε(β,−α)ε(β, α) = 0
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f(v−αe1, v
′
−βv

′′
−γ) + ε(−β,−γ)f(v−αv

′′
−γ, v

′
−βe1)− f(v−α, v

′
−β)f(e2, v

′′
−γ)

= f(v−α, ε(α, β)uα) + ε(−β, α)f(−u′
β, v−β) = ε(α, β)− ε(−β, α) = 0

f(e2v−α, v
′
−βv

′′
−γ) + ε(−α,−β)f(e2v

′′
−γ, v

′
−βv−α)− ε(−α,−β)f(e2, v

′
−β)f(v−α, v

′′
−γ)

= f(v−α, ε(α, β)uα) + ε(−α,−β)f(v′′−γ,−u′′
γ) = ε(α, β)− ε(−α,−β) = 0

f(uαu
′
β, v−αv

′
−β) + ε(−α,−β)ε(β,−α)f(uαv

′
−β, v−αu

′
β)− ε(β,−α)f(uα, v−α)f(u

′
β, v

′
−β)

= f(v′′−γ , ε(α, β)u
′′
γ)− ε(β,−α) = ε(α, β)− ε(β,−α) = 0

f(uαv−α, v
′
−βu

′
β) + ε(−α, β)ε(−α,−β)f(uαu

′
β, v

′
−βv−α)− ε(−α,−β)f(uα, v

′
−β)f(v−α, u

′
−β)

= f(−e1,−e2) + f(v′′−γ ,−u′′
γ) = 1− 1 = 0

The other cases are similar. �

Remark 5.19. Let A be a composition ε-algebra such that A(1) = 0, A0 is a split composition
algebra and CG(〈α, β〉, α, β, ε(α, β)) ⊆ A. As (uαu

′
β)e1 − uα(u

′
βe1) = v′′−γe1 = v′′−γ then

CG(〈α, β〉, ε(α, β)) is non-associative. Since CG(〈α, β〉, α, β, ε(α, β)) is a non-associative Γ-
graded subalgebra of A then, by proposition 5.4, A = CG(〈α, β〉, α, β, ε(α, β)). On the other
hand, CG(〈α, β〉, α, β, ε(α, β)) is not always an alternative algebra: If ε(β, α) �= 1 then

(uα + u′
β, uα + u′

β, e1) = [1− ε(β, α)]v′′−γ �= 0.

Remark 5.20. Let Γ be an abelian group generated by two elements, without loss of general-
ity, we have Γ = Zl or Γ = Zn⊕Zm, with l ∈ Z≥0 and m,n ∈ Z≥2∪{0}. Let ε a commutation
factor on Γ such that ε(α, α) = 1 for all α ∈ Γ. If Γ = Zl, l ∈ Z≥0, then ε is the trivial
commutation factor on Γ and if Γ = Zn ⊕ Zm, m, n ∈ Z≥2 ∪ {0}, then ε is a commutation
factor of Proposition 2.5.

To characterize color composition algebras in this case it is sufficient to know the gradings
of composition algebras ([Eld98] and [Eld09]) and some commutation factors on abelians
groups (see section 2). So we have the following result.

Theorem 5.21. Let A =
⊕

γ∈ΓAγ be a composition ε-algebra over a field F such that A =

A(0) and A0 is split. Then A is equivalent to one of the following algebras.

i) A = A0. Thus, A is equivalent to either the algebra F ⊕ F, or the algebra of matrices
M2(F ), or the Cayley-Dickson algebra C(F ).

ii) A =
⊕

γ∈Z2
Aγ where A0̄ = Fe1 ⊕ Fe2 and A1̄ = Fu1̄ ⊕ Fv1̄, and ε is the trivial

commutation factor on Z2. A is equivalent to the algebra of matrices M2(F ).
iii) A =

⊕
γ∈Zn

Aγ where A0̄ = Fe1 ⊕ Fe2, A1̄ = Fu1̄, A−1̄ = Fv−1̄, ε is the trivial

commutation factor on Zn and n ∈ Z≥3∪{0}. A is equivalent to the algebra of matrices
M2(F ).

iv) A = Qr0 for any r ∈ F, char(F ) = 2.
v) A =

⊕
γ∈Z2

Aγ where A0̄ = Fe1 ⊕ Fe2 ⊕ Fu0̄ ⊕ Fv0̄, A1̄ = Fu′
1̄ ⊕ Fv′1̄ ⊕ Fv′′1̄ ⊕ Fu′′

1̄,
and ε is the trivial commutation factor on Z2. A is equivalent to the Cayley-Dickson
algebra C(F ).
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vi) A =
⊕

γ∈Zn
Aγ where A0̄ = Fe1⊕Fe2, A1̄ = Fu1̄⊕Fu′

1̄⊕Fu′′
1̄, A−1̄ = Fv−1̄⊕Fv′−1̄⊕

Fv′′−1̄, ε is the trivial commutation factor on Zn and n ∈ Z≥3 ∪{0}. A is equivalent to
the Cayley-Dickson algebra C(F ).

vii) A =
⊕

γ∈Z4
Aγ where A0̄ = Fe1 ⊕ Fe2, A1̄ = Fu1̄ ⊕ Fu′

1̄, A2̄ = Fu′′
2̄ ⊕ Fv′′2̄ ,

A3̄ = Fv3̄ ⊕ Fv′3̄, and ε trivial commutation factor on Z4. A is equivalent to the
Cayley-Dickson algebra C(F ).

viii) A =
⊕

γ∈Zn
Aγ where A0̄ = Fe1 ⊕ Fe2 ⊕ Fu′′

0̄ ⊕ Fv′′0̄ , A1̄ = Fu1̄ ⊕ Fv′1̄, A−1̄ =

Fu′
−1̄ ⊕ Fv−1̄, ε is the trivial commutation factor on Zn and n ∈ Z≥3 ∪ {0}. A is

equivalent to the Cayley-Dickson algebra C(F ).
ix) A =

⊕
γ∈Zn

Aγ where A0̄ = Fe1 ⊕ Fe2, A1̄ = Fu1̄ ⊕ Fu′
1̄, A−1̄ = Fv−1̄ ⊕ Fv′−1̄,

A2̄ = Fv′′2̄ , A−2̄ = Fu′′
−2̄, ε is the trivial commutation factor on Zn and n ∈ Z≥5 ∪{0}.

A is equivalent to the Cayley-Dickson algebra C(F ).
x) A =

⊕
γ∈Zn

Aγ , where A0̄ = Fe1 ⊕ Fe2, Aα = Fuα, A−α = Fv−α, Aβ = Fu′
β,

A−β = Fv′−β, Aγ = Fu′′
γ , A−γ = Fv′′−γ (γ = −α − β), α and β generate Zn and

n ∈ Z≥7 ∪ {0}. ε is the trivial commutation factor on Zn and A is equivalent to the
Cayley-Dickson algebra C(F ).

xi) A =
⊕

γ∈Z2n
Aγ where A0̄ = Fe1 ⊕ Fe2, A1̄ = Fu1̄, A−1̄ = Fv−1̄, An−1 = Fu′

n−1
,

A1−n = Fv′
1−n

, An̄ = Fu′′
n̄ ⊕ v′′n̄, ε is the trivial commutation factor on Z2n and

n ∈ Z≥3. A is equivalent to the Cayley-Dickson algebra C(F ).
xii) A =

⊕
γ∈Z2⊕Z2

Aγ where A(0̄,0̄) = Fe1 ⊕ Fe2, A(1̄,0̄) = Fu(1̄,0̄) ⊕ Fv(1̄,0̄), A(0̄,1̄) =
Fu′

(0̄,1̄) ⊕ Fv′(0̄,1̄), A(1̄,1̄) = Fv′′(1̄,1̄) ⊕ Fu′′
(1̄,1̄), and ε is any commutation factor on

Z2⊕Z2 such that ε(α, α) = 1 for all α ∈ Z2⊕Z2. If ε is the trivial commutation factor
then A is equivalent to the Cayley-Dickson algebra C(F ) and if ε is not the trivial
commutation factor (char(F ) �= 2 and ε((1̄, 0̄), (0̄, 1̄)) = −1) then A is equivalent to
the algebra CG(Z2 ⊕ Z2, (1̄, 0̄), (0̄, 1̄),−1).

xiii) A =
⊕

γ∈Zl⊕Zm
Aγ where A(0̄,0̄) = Fe1 ⊕ Fe2, Aα = Fuα, A−α = Fv−α, Aβ = Fu′

β,

A−β = Fv′−β, Aγ = Fu′′
γ , A−γ = Fv′′−γ (γ = −α − β), α and β generate Zl ⊕ Zm,

l,m ∈ Z≥3∪{0}, and ε is a commutation factor on Zl⊕Zm such that ε(δ, δ) = 1 for all
δ ∈ Zl ⊕Zm. If ε is the trivial commutation factor then A is equivalent to the Cayley-
Dickson algebra C(F ) and if ε is not the trivial commutation factor (ε((1̄, 0̄), (0̄, 1̄)) �=
1) then A is equivalent to the algebra CG(Zl ⊕ Zm, α, β, ε(α, β)).

xiv) A =
⊕

γ∈Zn⊕Z2
Aγ where A(0̄,0̄) = Fe1 ⊕ Fe2, Aα = Fuα, A−α = Fv−α, Aβ = Fu′

β,

A−β = Fv′−β, Aγ = Fu′′
γ ⊕ Fv′′γ , (γ = −α − β = α + β = −γ), α and β generate

Zn⊕Z2, n ∈ Z≥3∪{0} and ε is a commutation factor on Zn⊕Z2 such that ε(δ, δ) = 1
for all δ ∈ Zn ⊕ Z2. If ε is the trivial commutation factor then A is equivalent to the
Cayley-Dickson algebra C(F ) and if ε is not the trivial commutation factor (n is an
even non-negative integer, char(F ) �= 2 and ε((1̄, 0̄), (0̄, 1̄)) = −1) then A is equivalent
to the algebra CG(Zn ⊕ Z2, α, β,−1).

It is easy that an algebra of the item x) is equivalent to an algebra of the item xiii) if l
and m are relatively prime and n = l ·m. Also, an algebra of the item xi) is equivalent to an
algebra of the item xiv) in the case that n is odd. ε is the trivial commutation factor in both
cases.
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5.3. A(1) �= 0. In this section we show that every color composition algebra A such that
A(1) �= 0 is equivalent to the alternative superalgebra B(1, 2) or B(4, 2).

Example 5.22. (The superalgebra B(1, 2), [She97]). Let F be a field of characteristic 3 and
V be a vector space over F of dimension 2 with an alternating nondegenerate form (·, ·).
Consider the superspace B(1, 2) = B(1, 2)0̄ ⊕B(1, 2)1̄ with B(1, 2)0̄ = F1, B(1, 2)1̄ = V, and
supercommutative multiplication given by 1x = x1 = x and uv = (u, v)1 for all x ∈ B(1, 2)
and u, v ∈ V. B(1, 2) is a Hurwitz superalgebra ([EO02]) with the norm given by q0̄(1) = 1,
f(1, V ) = 0 and f(u, v) = (u, v) for all u, v ∈ V.

Example 5.23. (The superalgebra B(4, 2), [She97]). Let F be a field of characteristic 3.
Consider the superspace B(4, 2) = B(4, 2)0̄ ⊕ B(4, 2)1̄ over F, with B(4, 2)0̄ = M2(F ) the
algebra of 2×2 matrices over F, and B(4, 2)1̄ = V = Fm1+Fm2 the 2-dimensional irreducible
Cayley M2(F )-bimodule, that is, M2(F ) acts on B(4, 2)1̄ as follows:

eij ·mk = δikmj, i, j, k ∈ {1, 2},

m · a = a ·m,

where a ∈ B(4, 2)0̄, m ∈ B(4, 2)1̄ and a → a is the symplectic involution in M2(F ) (a �→ a :=
tr(a)1− a for all a ∈ M2(F )). The odd multiplication on B(4, 2)1̄ is defined by

m2
1 = −e21, m2

2 = e12, m1m2 = e11 and m2m1 = −e22.

B(4, 2) is a Hurwitz superalgebra ([EO02]) with norm given by q0̄(a) = det(a) for all a ∈
M2(F ), f(M2(F ), V ) = 0 = f(V,M2(F )), f(m2,m1) = −f(m1,m2) = 1 and f(mi,mi) = 0.

Lemma 5.24. Let F be a field of characteristic different from 2 and A =
⊕

γ∈ΓAγ be a

composition ε-algebra. If there exists α ∈ Γ such that ε(α, α) = −1 and Aα �= 0 then the
superalgebra B = B(0) ⊕B(1) with B(0) =

⊕
i∈Z A2iα and B(1) =

⊕
i∈Z A(2i+1)α, is isomorphic

to a Hurwitz superalgebra, that is, char(F ) = 3 and B ∼= B(1, 2) or B ∼= B(4, 2). In addition
Γ = 〈α〉, A =

⊕
i∈Z Aiα and A is isomorphic, as an algebra, to B(1, 2) or B(4, 2).

Proof. Let α ∈ Γ such that Aα �= 0 and ε(α, α) = −1. Since ε(rα, α) = (−1)r for any r ∈ Z

then |〈α〉| = 2n ≥ 2 or |〈α〉| = ∞. By Proposition 5.4, B(0) :=
⊕

i∈Z A2iα is associative.

Since ε(2iα, 2jα) = 1 for any i, j ∈ Z and char(F ) �= 2, then B(0) is a composition algebra
with dimension ≤ 4, due to the remark 3.9. Now let B(1) =

⊕
i∈Z A(2i+1)α, B

(1) �= 0. Since
ε((2i + 1)α, (2j + 1)α) = −1, ε(2iα, (2j + 1)α) = ε((2i + 1)α, 2jα) = 1 for all i, j ∈ Z2,
f(B(0), B(1)) = 0 and char(F ) �= 2, it follows from this that B = B(0) ⊕ B(1) is a Hurwitz
superalgebra. Hence B is isomorphic to B(1, 2) or B(4, 2). Moreover, again by Proposition
5.4, we have that A = B =

⊕
i∈Z Aiα, due to B(1, 2) and B(4, 2) are non-associative algebras.

In addition Γ = 〈α〉 and A is isomorphic, as an algebra, to B(1, 2) or B(4, 2). �
Therefore in this case is enough to consider some gradings of B(1, 2) and B(4, 2), which

were studied in [Ara15].

Example 5.25. Gradings of B(1, 2).
Let B(1, 2)0̄ = F1, B(1, 2)1̄ = Fx + Fy. Consider the following grading of B(1, 2) : A =⊕

γ∈Zn
Aγ , where n ∈ Z≥3 ∪ {0},

(37) A0̄ = F1, Aα = Fx, A−α = Fy and 〈α〉 = Zn.
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Example 5.26. Gradings of B(4, 2).
Let B(4, 2)0̄ = M2(F ) and B(4, 2) = Fm1 ⊕Fm2. Consider the following grading of B(4, 2) :

i) A =
⊕

γ∈Zn
Aγ where n ∈ Z≥5 ∪ {0},

A0̄ = Fe11 ⊕ Fe22, Aα = Fm1, A−α = Fm2, A2α = Fe21, A−2α = Fe12(38)

and 〈α〉 = Zn.
ii) A =

⊕
γ∈Z4

Aγ ,

(39) A0̄ = Fe11 ⊕ Fe22, A2̄ = Fe12 ⊕ Fe21, A1̄ = Fm1, A3̄ = Fm2.

iii) A =
⊕

γ∈Z3
Aγ ,

(40) A0̄ = Fe11 ⊕ Fe22, A1̄ = Fe12 ⊕ Fm1, A2̄ = Fe21 ⊕ Fm2.

Since on Z3 only exists the trivial commutation factor, the last example is not important
in our work.

According to the Theorem 11 and 15 of [Ara15], we have the following result.

Theorem 5.27. Let F be a field of characteristic �= 2 and A be a composition ε-algebra over
the field F such that A(1) �= 0. Then, char(F ) = 3 and A is equivalent to one of the following
cases:

i) A = B(1, 2) or A = B(4, 2) with the main Z2-grading.
ii) A is the Zn-grading of B(1, 2) given in (37) with n an even non-negative integer other

than 2, α = 1̄ and the commutation factor on Zn defined by ε(1̄, 1̄) = −1.
iii) A is the Zn-grading of B(4, 2) given in (38) with n an even non-negative integer greater

than 4, α = 1̄ and the commutation factor on Zn defined by ε(1̄, 1̄) = −1.
iv) A is the Z4-grading of B(4, 2) given in (39) and the commutation factor on Z4 defined

by ε(1̄, 1̄) = −1.
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