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Abstract

Zika virus, a reemerging mosquito-borne flavivirus, posed a global public health emer-
gency in 2016. Brazil is the most seriously affected country. Some measures have been
implemented to control the Zika transmission, such as spraying mosquitoes, develop-
ing vaccines and drugs. However, because of the limited medical resources (LMRs) in
the country, not every infected patient can be treated in time when infected with Zika
virus. We aim to build a deterministic Zika model by introducing a piecewise smooth
treatment recovery rate to research the effect of LMRs on the transmission and control
of Zika. For the model without treatment, we analyze the global stability of equilib-
ria. For the model with treatment, the model exhibits complex dynamics. We prove
that the model with treatment undergoes backward bifurcation, Hopf bifurcation and
Bogdanov-Takens bifurcation of codimension 2. It means that the model with LMRs
is sensitive to parameters and initial conditions, which has important significance for
control of Zika. We also apply the model to estimate the basic and control reproduction
numbers for the Zika transmission by using the data on weekly reported accumulated
Zika cases from March 25, 2016, to April 14, 2018, in Brazil.
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1 Introduction

Zika virus is a reemerging mosquito-borne pathogen initially isolated from rhesus
monkeys in the Zika forest, Uganda, in 1947 (Dick et al. 1952). The first case of
human infection was reported in Nigeria in 1954 (Dick et al. 1952). The next 50 years,
Zika has been quietly circulating in several countries in equatorial Africa and Asia.
Few human cases were reported prior to the first recorded outbreak on Yap Island,
Micronesia, in April-July 2007 (Duffy 2009). Subsequently, after that in 2013, an
outbreak occurred in French Polynesia, with estimated approximately 28,000 infected
individuals (Cao-Lormeau and Musso 2014). From then on, Zika virus was not any-
more a minor infection restricted to Africa and Asia (Campos et al. 2015; Roa 2016).
It has quickly spread to all continents, swept through Central and southern America
and arrived in North America in 2016. The widespread of Zika virus urged the World
Health Organization(WHO) to declare the outbreak of Zika virus on February 1, 2016,
as a “Public Health Emergency of International Concern” (World Health Organization
(WHO) 2016).

The mathematical model is a good tool for understanding the mechanisms of inter-
action between hosts and vectors in depth, going back to Ross (1911) and Macdonald
(1952). The first model was used to study transmission dynamics of malaria. For Zika
virus, the main transmission vector is Aedes species mosquito (Ae. aegypti and Ae.
albopictus) (Marcondes and Ximenes 2016). It is necessary to contain mosquito-borne
transmission route into Zika models. Kucharski (2016) employed a compartmental
model incorporating both an SEIR (susceptible—exposed—infected—removed) frame-
work for humans and an SEI (susceptible—exposed—infected) framework for vectors
to fix the outbreak on the six major islands of French Polynesia between 2013 and
2014 and estimated that 94% of the total population of the six archipelagos were
infected during the outbreak. Funk (2016) built the same framework model to study
the Zika outbreak on Yap Island, Micronesia, in 2007. In addition, Zika virus may be
transmitted via sexual interaction (Musso et al. 2015). Zika models with both sexual
and mosquito-borne transmission routes have recently been proposed and analyzed
(Gao 2016; Agusto et al. 2017a; Saad-Roy et al. 2018; Sasmal et al. 2018). Dynamics
analyses of some various Zika models were obtained (Wang et al. 2017; Agusto et al.
2017a,b; Pizza 2016; Shah et al. 2017; Zhang 2017; Tang et al. 2016; Imran et al.
2017; Wiratsudakul et al. 2018). However, there are very few models to investigate
the effects of LMRs on Zika transmission.

Symptoms of Zika infection are generally mild including fever, pain and headache.
However, the most frightening thing about Zika virus is that it can interfere with the
development of the fetal nervous system, leading to fetal abortion, microcephaly and
even stillbirths (Petersen et al. 2016). In addition, Zika virus can cause Guillain—Barré
syndrome, myelitis (Schuler-Faccini 2016; Lucchese and Kanduc 2016; Munoz et al.
2016). Due to severe neurological complications caused by Zika virus, the develop-
ment of anti-Zika drugs is urgently needed, not only to alleviate the virus-induced
symptoms, but also to damage the transmission chain. Carolina et al. tested antivi-
ral drug sofosbuvir inhibited the replication of Zika virus (Sacramento et al. 2017).
Moreover, sofosbuvir enabled at least 50% (95% confidence interval: 40-60%) of
patients to produce significant symptoms decay (Reznik and Ashby 2017). In addi-
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tion, 7-deaza-2’-C-methyladenosine was identified as an inhibitor of the replication of
Zika virus in vitro and could significantly decrease Zika viremia (Zmurko 2016). Li
(2017) tested that 25-hydroxycholesterol could reduce Zika viremia and protect host
from Zika virus infection. Except for medicine, there are many factors that determine
treatment recovery rate, such as hospital settings, doctors and nurses. For Brazil, the
supply of medicines and the number of doctors are far from adequate (Barros et al.
2011; Almeida-Filho 2011). Thus, their medical resources for diagnosis and treat-
ment of patients infected with Zika virus and other mosquito-borne diseases remain
still limited.

As of February 2, 2016, approximately 5000 suspected cases of microcephaly were
reported, which was 20 times more than in previous years (Arbex et al. 2016). Since
Zika case was first reported in the Brazil in May 2015 (Camila et al. 2015), by end of
2016, up to 215,319 reported cases from the Brazil Ministry of Health were identified
in Brazil (http://portalms.saude.gov.br/boletins-epidemiologicos). According to the
“Daily Mail” on February 15, 2016, Goiana, in Pernambuco, Brazil, was the worst
place for Zika infection, where at least 40,000 people had been infected and up to 500
new daily infections were sent to already overcrowded hospitals. It has become a great
challenge to public health in Brazil (Arbex et al. 2016).

When the Zika infection started in regions of Brazil, the available medical resources
of the health system sufficed for diagnosing and treating the infected cases. As the
number of infections keeps increasing, the LMRs proved incapable of treating the
emerging cases in time. As a result, more susceptible people would be infected via
the bite of mosquitoes because of the increasing number of infected humans. Wang
and Ruan (2004) first proposed the piecewise treatment function in an SIR model.
Later, Wang (2006) improved the treatment function to be proportional to the number
of infectious individuals before the capacity of the health system was reached, and
otherwise, got the maximal capacity. Shan and Zhu (2014) first introduced the number
of hospital beds to the recovery rate. Later, the recovery rate was used in dengue
model (Abdelrazec et al. 2016) and Filippov epidemic model (Wang et al. 2018). For
the modeling studies of Zika transmission, the study of the effect of LMRs on the
control and transmission of Zika is still in its early stages.

The paper is organized as follows. In Sect. 2, we formulate a model for Zika trans-
mission with a non-smooth continuous treatment recovery rate describing the effect
of capacity of available medical resources. In addition, the basic properties on the
positivity and boundedness of solutions are discussed. In Sect. 3, dynamic behaviors
of the model without treatment are analyzed. In Sect. 4, for the model with treatment,
we study the existence and stability of equilibria, backward bifurcation, Hopf bifur-
cation and Bogdanov-Takens bifurcation of codimension 2. For the main results, the
biological meaning explanations are given. In Sect. 5, we present numerical simula-
tions to confirm the analytic results. In Sect. 6, the model is applied to mimic the Zika
transmission in Brazil. A brief discussion is given in Sect. 7.
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2 Model Formulation

In this section, we will examine the effect of LMRs on Zika transmission. To this pur-
pose, we formulate a treatment recovery rate depending on LMRs. Denote parameter
b as an indicator to reflect the capacity of available medical resources, which can diag-
nose and treat maximal number of infective individuals. In fact, when the capacity of
medical resources is insufficient, patients infected with Zika virus may take medicine
such as acetaminophen to reduce pain and fever. So, the health systems have the lowest
medical resources, which can ensure that a certain number of infectious individuals
are treated and recovered. That is, b has down bound, denoted b (b > 0). Thus, b > b.

Based on the discussion in Shan and Zhu (2014), the treatment recovery rate u
depends on available medical resources b and the infectious individuals /;,. Therefore,
wu is a function of b and Iy,. In general, for the treatment recovery rate wu(b, I), we
extend to have the following assumptions.

(Al u, Iy) >0forly, >0,b > b. u(b, Iy) = u1 > 0for0 < I, < b, where
w1 is the maximum per capita treatment recovery rate when the capacity of
available medical resources is not reached.

(A2) For fixed parameter b > b. d%w =0for0 < I, <b,and d’—‘gﬂ 0
for Iy > b. limy, _,p+ w(b, In) = p1 and limy 00 (b, In) = po > 0.
From the assumption (A1), it is obvious that there will be always zero rate
of the change of u with respect to I, when the capacity of available medical
resources is not reached. Once the capacity of available medical resources
is reached (i.e., Iy > b), u(b, Iy) is decreasing from w1 and is a decreasing
function of I;,. Moreover, when the number of infectious individuals keeps
increasing, the minimum treatment recovery rate /4o can be obtained because
the lowest resources can be guaranteed by hospitals.

(A3) For fixed Iy > 0. dute I, 0forb < b < I, and 94®- 1) — ¢ for
b > Iy.limp_p (b, Iy) = po and limp_, oo (b, Iy) = w1. The rate of the
change of u with respect to b is the increasing function when the capacity of
medical resources is insufficient. From the assumption (A1), if the capacity
of medical resources is sufficient, then there will be always zero rate of the
change of p with respect to b. In addition, p is bounded by 1o and p; for
any b > b.

In general, based on above assumptions, numerous functional treatment recovery
rate can be chosen to satisfy the assumptions. In this paper, we will utilize a simple
function as follows:

U1, 0<I<b,

2 ub, Iy = 1

which is illustrated in Fig. 1.
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0 >

Iy

Fig.1 The treatment recovery rate (b, Iy) defined in (1) versus infective individuals I, for given b

We rewrite (1) as the non-smooth continuous treatment recovery rate (b, I) as
follows:

2(b—b
( b) {0, 0<Iy<b, ?)

b, Iy) = — ) =
w(b, In) = po + (1 “0)€1h+(2—e)b—21_7 € 1, Iy > b.

Now, we will study the effect of LMRs on the transmission and control of Zika
using the treatment recovery rate (2). Motivated by the compartmental model in Wang
et al. (2017), we divide the total number of humans at time ¢, denoted by Ny (), into
three categories: susceptible humans Sy (¢), infectious humans I (¢) and recovered
humans Ry (#). So Ny(t) = Sh(¢) + Ih(t) + Rn(t). We denote the total number of
vector mosquitoes at time ¢ by Ny(¢), and divide them into two classes: susceptible
mosquitoes Sy (7) and infectious mosquitoes I, (¢). That is, Ny (t) = Sy(¢) + I,(¢). In
our work, 7, (¢) indicates symptomatic infectious individuals. The infected individuals
mainly take self-recovery and symptomatic treatment.

Susceptible individuals are recruited by birth into the population at a rate A and
may be infected by the Zika virus either via the bite of infectious mosquitoes during
biting and feeding at a rate a1 ]{,—Vh per week or through sexual transmission at a rate

B3 }{,—';] per week. The infected individuals recover at a natural recovery rate r per week
or a treatment recovery rate w(b, I) per week defined by (2). There is a natural death
rate of human dy per week. Susceptible mosquitoes are recruited at a rate A, and
become infectious after biting infectious humans at a rate a ,821{,—*; per week, and later
die at a rate dy per week. A flow diagram for modeling the transmission of Zika is
depicted in Fig. 2. The descriptions of all parameters are shown in Table 1.
Following the flow diagram in Fig. 2, we now adopt the previous models to establish
a new model for Zika virus with the non-smooth treatment recovery rate as follows:
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1, +u(b.1,)1, .

I d;8; 41, ] d.R,

A] lvh + /111]1

4

ds,
Fig. 2 Dynamical transmlsswn flow diagram of Zika between humans and mosquitoes. Here, Ay, =
apy =g Sh Y Ahh = /S3 b Ay = apr =} hS" . The parameters are given in Table 1
dSh _ Iy Sh IhSh
dt Ny
diy I, Sh InSh
—— =afi—— +/33— —rly—p, I —dnln,
dr Nn
dRy
o —ht p(b, In)Ih — dn Ry, 3)
dSV Ith
= Ay — —dySy,
dr v—aps N VOV
dr, ISy
— =afp—— —dyl
dr :32 Ni, vy

The populations of humans and mosquitoes can be confirmed by

dNh(1) dNy (1)
(;lt = Ap — dpNp (1), -

= Av - vav(t)y

respectively. It is easy to see that for humans and mosqultoes the corresponding total

population sizes are asymptotic constant: lim,_, oo Ny (1) = and lim; o0 Ny(£) =
fi‘v Without loss of generality, we can assume Ny () = A“ and Ny(t) = AV for all

t > 0. Then, Ay = dy Ny, and Ay = dy Ny. Therefore, it sufﬁces to study the followmg
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Table 1 Parameter descriptions

Parameter Description

Ap Recruitment rate of humans (Week_l)

Ay Recruitment rate of mosquitoes (Week_l)

dp Natural death rate of humans (Week‘l)

dy Natural death rate of mosquitoes (week_l)

a Biting rate of mosquitoes (week™1)

B1 Transmission probability from infectious mosquitoes

to susceptible humans (dimensionless)

Ba Transmission probability from infectious humans
to susceptible mosquitoes (dimensionless)

B3 Sexual transmission rate from infectious humans

to susceptible humans (week ™ 1)

r Natural recovery rate of humans (week*l)
m) Minimum treatment recovery rate of humans (week™1)
ni Maximum treatment recovery rate of humans (week™1)
system:
dSh Iy Sh InSh
— =dpNy—a — B3—— — dnSh,
5 hNh — api N B3 N hSh
dily I, Sy I Sh
— =a 4+ ps—— —rly — u(b, )y —dnlp, 4
” ﬂlNh ﬂ3Nh h— pn, Iy —dnly )
drly Ih(Ny — )
— =afp——— —d 1.
dr ,32 Ni viv

The switching system (4) with w(b, Iy) in (2) refers that there is a threshold for
infected human I, = b.

2.1 Basic Property

System (4) describes the interactions between humans and mosquitoes during the Zika
epidemic. So, it is epidemiologically significant to study the positivity and bounded-
ness of solutions of system (4).

Lemma 1 If initial values Sy(0), I1(0), I,(0) are nonnegative, then the solution
(Sn(®), In(), Iy(t)) of system (4) is nonnegative for all t > 0. In particular, the
solution (Sy(t), Ih(t), I,(t)) of system (4) is positive for t > 0 in the existence
interval of the solution if S4(0) > 0, I4(0) > 0, I,(0) > 0. Moreover, the region
I'={h, h, L) | Sh >0, L, >0, I, >0, S, + I < 2—;, I, < g—hv} is positively
invariant with respect to system (4).
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Proof 1t follows from system (4) and S,(0) > 0, I(0) > 0, I,(0) > O that
! I I
Sh(t) = Sh(0)exp [—/ ( v(s) + B3 “(S)>ds —dht:|
0

t 1
+thh/ exp [—/ ( LE) I“(S))dg —dh(t—s):| ds > 0,
0 s Nn Ny

I(t)_I(O)exp|: f ﬁzﬁd —dv}
+faﬂ2N *I‘\Es) [f ,leh(g)dé—d(t—s)}ds>0
0

If $4(0) > 0, I,(0) > O, then Sy(r) > 0, I,(t) > 0. Next, we give that Iy (t)
has the same property under the condition /I, (0) > 0. Suppose not, then there exists a
t1 > O such that Iy(¢1) = 0 and I1,(t) > O fort € (0, t1). Since I1(z;) = 0, Sp(t1) >
0, I,(t;) > 0 and the second equation of (4), we have I (n) = w > 0.
Thus, there exists a sufficiently small @ such that I,(t) < O for all ¢ € (t1 -0, 1),
which is a contradiction. So, Iy (t) > 0 for Sy(0) > 0, 1,(0) > 0, I4(0) > 0. Adding
the first and the second equations of system (4) yields

d(Sh + In)

” =dyNyp —rly — u(b, In)ly — dn(Sh + In)

< dnNn — dn(Sh + In),

and we get Sp 4 I, < (Sh(0) + 1,(0))e~N + Ny (1 — e~ for V1 > 0. If S,(0) +
Ih(0) < Ny, then Sy, + Iy < Ny

dr,
dr

= —dyl, <0.8S0,0 <
I,=Ny
I,(t) < N, for I,(0) < Ny. Thus, I" is positively invariant. m]

3 Dynamic Analysis Without Treatment

To better analyze the impact of treatment on Zika transmission, we first study dynamic
analysis the following model without treatment.

ds I

s _ hSh

dr Nh

dly I, S Iy Sh

— = — —rly —dn1y, 5
a apr—— N ﬂ3 riy —dnly 5)
dIv Ih(NV_IV)

— = — —d I

dr ap No vily

It follows from Lemma 1 that I" is also positively invariant with respect to system
(5). System (5) always has a disease-free equilibrium (DFE) Eg,, = (Sl?w, 0, 0),
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where S}?W = 3—}'}‘. Calculate the next-generation matrix of system (5) as follows:
B350 ap S0 -1
vl M M (T O
apr Ny 0 0 dV
Nn

B3 api
— r+dp dy
- apr Ny 0 :

(t1+r+dn) Ny

Then, the basic reproduction number Ry, the spectral radius of the next-generation
matrix FV~! in Diekmann et al. (1990) and Van den Driessche and Watmough (2002),
is given by

[p2 2
RihwR/ Rijpw F4Rigw (6)

0=—"> "

where Rphy = rf—fih is partial reproduction number induced by sexual transmission

an'd I'thw =,/ % is partial reproduction number induced by mosquito trans-
mission.

Although the basic reproduction number R is the most important indicator in
epidemiology to provide threshold conditions for eradicating an disease, when control
is targeted at a specific population rather than at whole population, it is not useful. We
are interested in the expected number of secondary infectious humans generated by an
infected human. For this purpose, we use the type reproduction number proposed by
Roberts and Heesterbeek (2003) and Heesterbeek and Roberts (2007) to describe the
meaning above. From Roberts and Heesterbeek (2003) and Heesterbeek and Roberts
(2007), we can calculate the type reproduction number of system (5), denoted as R,
given by

Ry =e'K(I—(I—P)K) e
p3 a’B1B2Ny

Tt dn  dyNp(r +dh)
= Rphhw + Rﬁvw,

(N

inwhichK = FV—1 e represents the first unit vector with the first element to be 1 and
others to be 0, I represents the identity matrix, P = (p;;) represents the projection
matrix with p;; = 1 and p;; = 0 for other elements. One obtains the following
equivalence relations

R()>1<:>R6<>1; R0=1<:>R6k=1; Ry <1 ©R5<1.

We will use threshold quantity: the type reproduction number of system (5) R;j for the
following analysis.

When Ry > 1, system (5) has a unique endemic equilibrium, denote E} =

. . dp Ny — (r+dp) I aBaNy I
* * * * “hw. * PV hw *
(Shws Taw» fyw)» in which S = an =, Loy aﬁ215w+dezvhf Iy,
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—A1+,/A2—4A04;

2A0

, where

Ap=app; >0,
Ap = dyNy(r + dn) RS + aBadn Nu(1 — Rpnw),
Ar = dndyNi (1 - R}).

Theorem 1 For system (5), if R < 1(or Ry < 1), then Eqy, is globally asymptotically
stable.

Proof of Theorem 1 is given in “Appendix A’.

Theorem 2 If R; > 1 (or Ry > 1), then system (5) has a unique globally asymptoti-
cally stable endemic equilibrium EY, in I"\ Eqy.

Proof of Theorem 2 is given in “Appendix B'.

Remark 1 Biologically, Theorems 1 and 2 show that the basic reproduction number can
be used as a control parameter which determines whether the disease will eventually
die out or not. It means that the disease can be eradicated by reducing R below 1.

4 Dynamic Analysis for System (4) with Treatment

System (4) always has a disease-free equilibrium (DFE) E(’)" = (Sg , 0, 0), where
Sg = Np. When we consider treatment, control measures come into force. Then, the
control reproduction number R, by applying the next generation matrix in Diekmann
et al. (1990) and Van den Driessche and Watmough (2002), is given by

2 2
Rczp(FV_1)=th+— V Rin +4Rpy (8)

2 )

where Ry, = ﬁ is partial reproduction number induced by sexual transmission

_ |__aBipoNy - : : : :
and Rh'v =V TVt is partial reproduction number induced by mosquito
transmission.

Similar to form (7), we can calculate the type reproduction number of system (4),
denoted as R, given by
RY = Run + Rp,.
One obtains the following equivalence relations

Re>1 &R >1; Re=1 4R =1; Re <1 & R! < 1. 9)

We will use threshold quantity: the type reproduction number of system (4) R} for the
following analysis.
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Denote

R} = Run + R3,. (10)

A ~ 2 Ny . A
where Ry, = ﬁ and Ryy = 4/ %. Obviously, R} < R!. By analyz-
ing the eigenvalues of the Jacobian matrix of (4) at DFE E;}, we have the following

result about the stability of Efj.

Theorem 3 The DFE Ej of system (4) is locally asymptotically stable when R} < 1
and unstable when R} > 1.

Proof The local stability of DFE Ef of system (4) is decided by the eigenvalues of the
Jacobian matrix at Ej. Though simple calculations, the eigenvalues of the Jacobian
matrix at Ej§ are —dy, and the roots of the following function

A+ (dy + (1 47 +dn) (1= Run)A +dy (1 + 7 +dn)(1— R =0. (1)

If RY < 1, then Ry, < 1. So, two roots of Eq. (11) have negative real parts. When
R} > 1,Eq. (11) has one positive root. Thus, Ejj is locally asymptotically stable when
R} < 1 and unstable when R} > 1. ]

4.1 Existence of the Endemic Equilibria

We consider the following two cases to investigate the existence of the positive equi-
librium of system (4).
Case 1 When 0 < I;, < b, an endemic equilibrium of system (4) satisfies

I, Sh InSh
dn Ny — — B3—— —dpSp, =0,
hNh — af N B3 Ny hSh
Iy Sy I Sh
api +B3—— —puithh —rly — dnlh =0, (12)
Nh Nh
Ihw(Ny — I
aﬂz—h( v dyl, = 0.
Ny

Adding the first and second equations of Eq. (12), one can obtain S, = N —
Mﬂ agd solve third equatif)n of Eq. (12) to ob.tain I, = a;‘iﬁ%' S.ub—
stituting them into the second equation of Eq. (12), I satisfies the following equation

Cool? + Corln + Cop = 0, (13)
where Cop = apafs > 0, Cor = dyNn(1 + r + dn)R¥ + aPodnNn(1 — Run),

Copp = dthN}? (1 — R:) .
When R} < 1, clearly, Cpp > 0 and Cp; > 0. Equation (13) has no positive root.

When R} > 1, thatis, Cox < 0. Equation (13) has one positive root Ing = _COZIC—JFOO VA3,
. . dnNp— (i +r+dp) Ny,
in which Az = Cgl — 4CpoCop2. Set Sppo = %}lrh)hﬂ)’ Lo = af;lﬁifo—+cl;:(}\’h’
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Eto = (Snfo, Info, Ivio). Then, Efo is an endemic equilibrium of system (4) if 1 <
R} <1+ y. Here,

_ C()()b2 + Co1b

14
dndy N} (1
Case 2 When I;, > b, an endemic equilibrium of system (4) satisfies
Iy Sh 11 Sh
dn Ny — —B3—— —dnSh =0,
h Nn aﬂlNh 53Nh hSh
I, Sy Iy Sh 2(b—b) Iy
—_— - dn) Iy — — — =0,
api N + 83 N (mo +r +dn)h — (11 M0)1h+b—22 (15)
In(Ny — 1
algzu —dyl, = 0.
Nn

It follows from Eq. (15) that system (4) has an endemic equilibrium E = (Sp, _I_h, 1),

R 3 2b=b)iny 7
where Sy = g (dvNo — (o +r +dn) In — (1 = po) 7 5525,) Iy = 220 and
I, satisfies the following equation
g(In) £ Do} + D11 + Dyl + D3 = 0, (16)

where

Dy =aprB3(o +r +dn) > 0,

Dy = (B3dyNn + aB1B2Ny) (1o + 1 + dy) + aPaa((u + 1 + dy) (b — 2b)
+ b1 — o)) + aBadnNu (1o + r 4 dn)(1 — Run),

Do = (B3dy Ny + a2 B1 B2 Ny) (i1 + 7 + dn) (b — 2b) + b(pa1 — 110))
+ 2aPrdnNn (1 — po)(b — b) + apa(b — 2b)dy Nn (1o + r + dn) (1 — Ryp)
+ dhdy N2 (o + r + dy)(1 — RY),

D3 =dndyNij (b — 2b) (11 +r +dy) (1 + 71 — RY)

in which

_ b(u1 — po)
© (b =2b) (1 +r +dn)

Y1 7)

Note that Eq. (16) can have up to three real roots. Further, we analyze the system
for the following assumption:
(H1) ﬁhh < 1, b > 2b. Throughout this work, we assume that (H1) holds. This
condition will not be specifically stated below.
Then, D1 > 0, 1 > 0. Note that R < 1 + y; if D3 > 0.
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A
a) 4

A A
a(l,) ad,)

c d

Fig.3 The positive roots of g(I) =0.a R < 1+y|, Dy >0;b R <1+ y;, Dy <0;¢c R =14y,
Dy <0;dRY>1+y;,Dy=0

Next, let
A=D?—-3DyD;, B= DDy —9DyD3, C = D} —3D|D;.
Let Ap be the discriminant of g(/I,) with respect to I, then
Ap = B> — 4AC.

From the various possibilities between roots and coefficients and the sign of g’ (1)
(see in Hu et al. 2012; Li and Zhang 2017), we have the following results:

Case I D3 > 0. Eq. (16) has no positive solution for D, > 0 (Fig. 3a). If D, < 0,

then we have the following conclusions shown in Fig. 3b:
(i) Ap > 0, there are no positive solutions of Eq. (16);
(i) Ap < 0, there are two positive solutions of Eq. (16), denoted as Int1, Inhf2.

Case Il D3 = 0. Eq. (16) has no positive solution for D, > 0 and has a positive
solution for D> < 0 (Fig. 3c).

Case IIl D3 < 0. It is found that Eq. (16) has a unique positive root, denoted as Inf,
regardless of the sign of D, from Fig. 3d.

@ Springer



99 Page 14 of 50 H.Zhao et al.

2(b—b) g
Set Swi = g <thh — (po + 7 +dn)Insi — (1 — Mo)ﬁ) L

Ny Ini . .
= aﬁﬁi—dfwh Eri = (Shiis Ingi, Iyri) fori = 1,2. If Iy; > b, then Ej; is an

endemic equilibrium of (4), i = 1, 2. Note that g(b) = Dob3 + Db? + Db + D3
and g'(b) = 3Dob* +2D1b+ Dy £ ¢. Solving g(b) = 0 in terms of R}, one can get
R =1+y.So R} < 1+yifg(b) > 0. Tosum up the above discussions, we come
to the following conclusions.

Theorem 4 For system (4) with positive parameters, if (H1) holds, then the following
results hold.

(F1) For R} > 1+ y, system (4) has a unique endemic equilibrium Ey if one of
the following conditions is satisfied:
@) R > 14y,
(i) R} =1+ y1and D, < 0;
(i) R¥ <1+ y;, Dy <0and Ap < 0.

(F2) For R} = 1+y, system (4) has two endemic equilibria Ety and Et, provided
that R} <14 y1, Dy <0, Ap <0, and ¢ < 0; otherwise, system (4) has
a unique endemic equilibrium Ey.

(F3) For1 < R¥ < 1+ vy, system (4) has three endemic equilibria Er, Er) and
Ep if Rf <14+ y1, Dy <0, Ap <0and ¢ < O; otherwise, system (4) has
a unique endemic equilibrium Ey.

(F4) For R} =1, system (4) has two endemic equilibria Et; and Er, if Dy < 0,
Ap <0and ¢ < 0; otherwise, system (4) has no endemic equilibrium .

(F5) For R} <1, and
a) if R* < 1, then system (4) has no endemic equilibrium ;
ai) if Ii’: > 1, then system (4) has two endemic equilibria Ef; and Eg of
system (4) provided that Dy < 0, Ap < 0and ¢ < 0; otherwise, system (4)
has no endemic equilibrium .

4.2 Stability of Equilibria

From Theorem 4 (F5), for R} < 1, Ié: > 1 is a necessary condition for the existence
of an endemic equilibrium . If Ié;‘ < 1, then the DFE E of system (4) is a unique
equilibrium. Next, we will present E is also globally asymptotically stable.

Theorem 5 The DFE EE; of system (4) is the unique equilibrium and globally asymp-
totically stable in I' if R} < 1.

Proof Assume that ﬁ: < 1. One can easily obtain C; >0, D; >0, i=1,2, j=
1, 2, 3. Then, Egs. (13) and (16) have no positive root. Hence, the DFE Ea" of system
(4) is the unique equilibrium if ﬁ: <1.

Consider the Lyapunov functional

S S I dp)(1 — Ryp) 1
V:(_h_ln_h)+_h+(ﬂo+r+ h)( ) Iy
Nn Nh Np ap

z
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in I". The orbital derivative of V along the solution of system (4) can be written as:

dv . 1 N\ dSh 1 dIy (uo+r+dn— B3)dly
dr '® TN, Sp ) dt ' Ny dr aBaNy dr
1 Ni apBiSnly InSh
=—(1=22) (v, — - — S
Nn ( Sh> ( nh Nh & Nh h h>
aPiSuly  B3InSh Iy 2(b — b)(u1 — o) In
+ + - +r+dy)— — =
N2 N2 (1o b Ny el 2 — )b — 2b) N
dy — ILZ/(Ny — 1
(o + 71 +dn— B3) (aﬂ2 h(Ny — Iy) —dvlv)
aPaNy Nn
dn 2 A (o +r+dy)lviy
= — Ny —S)"— (1 —R
NhSh( h—Sh)” —( hh) NoN:
2(b —b)(ur — o) In Ao dy(uo +r +dp)ly
- 2 - R .

elh+ (2 — )b —2b Ny, apaNy

Then, ((ifl_‘t/ | @) < Ofor Iéa‘ < 1. From the inspection of system (4), it can be seen that Ea“
is the largest positively invariant set contained in %—‘t/ | @4 = 0. Thus, according to the
LaSalle theorem, E is globally attractive. If ﬁj <1, then R} < 1. From Theorem 3,

we know E is locally asymptotical stable. Therefore, the DFE Ej of system (4) is
globally stable in I" for }i’g <1. O

In the following, we will present local stability of endemic equilibria by analyzing
the eigenvalues of the Jacobian matrix of (4) at endemic equilibria.

Case 1 When 0 < I, < b, system (4) has at most a unique endemic equilibrium
Erp. There is the following result for stability of Efy.

Theorem 6 For system (4), Exg is locally asymptotically stable if 1 < R} <1+ y.

Proof Efy is an endemic equilibrium of (4) under condition 1 < R} < 1+ y from
(F3) in Theorem 4. The characteristic equation at Efj is given by

B 4ar?+ar+az =0, (18)
where
I apBi 1 apBr N
al:l33hf0+ B1 O Ly .32hf0+dv_.33 b0 L d,
Nn Ny Ny
B3lnto | aBilvio . aBalnfo B3 Shio
= d| —_— d
ap ( Ni + N + N +dp N + 1 +r+dn
1 apBql a B Inf 1 apBql N
n B3 Info n B11vfo +dy B21nfo )+ B3 Info n Bilvo \ B3 hfo.
Nh Np N Ny Nn Nh
B3lnto . aBilvio ap Info B3 Shfo
= —— 4| ——+dv ) - d
a3 ( Ni + N + dn Nn +dy N + 1 +r+dy
B3 Shfo aB Info Bslnio . aBilvio\ B3Shfo
dnd : — —r —d —— +d : : .
e v( Ny prmr=dn ) Ny v Ny * Ny Ny
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From the second equation of (12), we can obtain —f3 5 "“’ +u +r+dy =

apB Sl{‘,follvfg’ >0.Soa; >0, ap > 0and a3 > 0. It is also easy to verify that

1
ajan > </33ﬂ api v +dh> < ﬂzﬂ ) < ﬂ3ﬂ +pr+r +dh>

Nh
Lo Info Liro '\ Shfo
+ B3 aﬁ2—+dv ,33—+ api—; Ny

> 3.

Then, the Routh—Hurwitz conditions for Eq. (18) are satisfied. Therefore, Ey is locally
asymptotically stable if | < R¥ <1+ y. O

Case 2 When Iy > b, let E = (S, Iy, Iy) be any endemic equilibrium , where
2(b—b . .
Sh = g (dnNn— (o +r+dn) In— (111 — ,uo),:Jrh )212) I, = %.The]acoblan

matrix at endemic equilibrium E = (S, Iy, Iy) (E = Ef) or E = Ep) is given by

—Bagl —aiy; — dy —B3 — 5 Sh
JE=| B tapif Bz —(+dv+ i+ i'h) ﬂ,}s
19)
The characteristic equation of Jacobian matrix Jg is given by
M4 aa? +ak+az =0, (20)

in which
1 I 1 N _ _
=/33—h+a/31—v+r—|—2dh+a,32—h+dv—ﬁ3—h+u+u’lh,
Np Nn
; ﬂlh+/3 i dy) (apaye+d
oHh = —_— a _— a [—
2 SN 1w h 2N v
I
+ (,33_h+aﬂ1—v+a,32—h+dh+dv) r+dyn+p+ il
Ny
Sh _
+,33— /33—+a,31— _dv(_/g3ﬁh+r+dh+ﬂ),
a3 = ﬁ3i+aﬁ1—v+dh AP g d )ty + ik )
Ny Ny Ny ¥

Shin _
- dhaﬁ2ﬂ3v —dndy(r +dn + 1).
h

. 2(b=b) (11 —p10) oL di . 20-b) (i)
Here, i = po + =355 and ' = g = = =55 550s
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From the definition of D;, i = 0, 1, 2, 3, and Eq. (16), we can represent the coefficient
a3 as a function on I}, as follows:

Iy

(I
TR

az(ly) =

where g (1) is defined by (16). Obviously, the sign of @3 (1) is as same as that g’ (I).
It follows from Fig. 3b that g’(Ihs1) < 0 and g'(Ihr2) > 0 when Ef and Ep exist.
So a3(Inf1) < 0 and @3(Ihyp) > 0. Thus, Ef; is a saddle and Ey, is an anti-saddle.
We know that a1 (Ipr2) > O if (A1) holds. The stability of E, depends on the sign
of ap (Ihep) and A(Ihp), where A(Iy) = o (In)ao (Ih) — a3(Iy). So we can obtain the
following theorem.

Theorem 7 For system (4), the equilibrium Ef| is a saddle whenever it exists. When
the equilibrium Erp exists and ar(Inp) > 0, Ep is locally asymptotically stable if
A(lpp) > 0.

System (4) is non-smooth in I}, = b. For this case, the stability of equilibrium is
analyzed by using a generalized Jacobian matrix in “Appendix C'. From Theorem 7,
if A(Ihr2) = 0 and o (Ihf2) > 0, the linearized system of (4) around Efy, has a pair of
pure imaginary roots. For this case, we will study it in Sect. 4.3.2. Next, we will first
present backward bifurcation analysis.

4.3 Bifurcation Analysis
4.3.1 Backward Bifurcation
From Theorem 4, we know that when R} < 1+ y, system (4) may have two epidemic

equilibria with I}, > b. So, system (4) may have a backward bifurcation phenomenon.
To verify this, we firstly study the backward bifurcation of the following system:

dSh Iy Sh InSh

= N — — B oh Sk,

5 hNh — api N B3 A hSh

dly I, Sh InSh 2(b —b) Iy
= Lt dn) Iy — (1 — o) ———=—+, (21
5 — P N + B3 N (o + 7 +dn)Ih — (u1 MO)Ih—i-b—ZQ 2h
dIv Ih(Nv_Iv)

_— = ——d I s

@ ST vy

with I, > 0. It is easy to get that system (21) always has a DFE Ea‘ = (S}?, 0, 0),

52 1472
y RinT4R,

and the control reproduction number of system (21) is R, = % +*—5—, where

23 — # 2) — a2ﬂ1ﬁ2Nv
Rin = Grgrrdnaam and Ry = \/vah<u1+r_+dh>(11Lyl>’

(17). For convenient analysis later, we denote R} = Rpp + R%V. One can also obtain
the following equivalence relations:

in which yj is defined by

Re>1 &R:>1; Re=1 &R =1; Re <1 & R < 1.

C
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Now, we carry out backward bifurcation analysis of system (21) by applying the
center manifold theorem (Castillo-Chavez and Song 2004). System (21) can be written
in the following form:

x'= f),

with x = (x1, x2, 3)" = (Sh = S, In, )T, and f = (fi, fa, f3)7 is shown as
follows:

X1X3 X1Xx2

fi= _a,BlTh _ﬂ3Th —aBix3 — B3xy — dnxy,

X1X3 X1Xx2
+ ﬂ3Th +apix; + B3xz — (o +r +dp)x2

f2 aﬂlTh

20— b1 — o)
x2+b—2b
x2(Ny — x3)

f3 =052T — dyx3.

’

Consider R: = 1. Further, choose w| as the bifurcation parameter. Solving for 1
from R} = 1 gives ;1 = fi1, where

B3dyNn + a’Bi BNy
dy Ny

b—2b
26— b)

f1 = po + ( — (no+r+ dh)) (22)

Let ¢ = fi1 — p1, then system (21) at the DFE Ejj evaluated for ¢ = 0 has a simple
zero eigenvalue and all other eigenvalues having negative real parts. Hence, the center
manifold theorem can be used to analyze the dynamics of (21) near ¢ = 0.

The Jacobian of (21) at ¢ = 0, denoted by J(E)|p=0, has a right eigenvector
(relevant to the zero eigenvalue) given by

T
B3dy Ny +a2,31,32Nv dy Ny )
— 1) ws

apPadnNy " aPaNy’

T
w = (w1, wa, w3) =(

Similarly, we can obtain a left eigenvector (relevant to the zero eigenvalue) of
J(EG)|p=0 given by

d.
v= (v, V2, V3) = <0, —, 1) V3,
api

where w3 > 0 is required by Theorem 4.1 in Castillo-Chavez and Song (2004). One

. 2
can choose w3 and v3 satisfy wivz = % > Osuchthatv-w = 1.
v \
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To exhibit the existence of backward bifurcation, we need to calculate second-order
partial derivatives of f;, i = 1, 2, 3, at the DFE E(’)‘ and obtain

32 32 2
LA ) o R I e £ R O L
dx10x2 Np 0x10x3 Np  0x10xp N
32 82 4b — b)Y (11 — 82
f2 0.0) = b f2 0.0) = (b — D)1 — o) f 0.0) = _abr
0x10x3 Nh 8x% (b —2b)? 0x20x3 Ny

and all other derivatives equal zero.
Now, the coefficients a and b defined in Theorem 4.1 in Castillo-Chavez and Song
(2004) are calculated as follows:

3

92
> v ﬂ(om

wi
J
ki, j=1 9x;0x
2 (b — byvsw3
= — b)vzwsy,
a3B1B3dn NZNy (b — 2b)? ’
where
1
f — 20bd Ng (= p10)+(2cobdy Ny (i1 —po)+dy Np (1 =10)) 2 (23)

€0

in which ¢ = (B3dy Ny + a®B1B2Ny)? + a®B1 B3dy Ny Np. In addition, it is easy to
show that b > 0.

So, we obtain @ > 0 when b < b. Hence, it follows from Theorem 4.1 of Castillo-
Chavez and Song in Castillo-Chavez and Song (2004) that model (21) undergoes
backward bifurcation at R;“ = 1if b < b. Thus, we can obtain the following result.

Theorem 8 System (21) undergoes, at Ié: = 1, a backward bifurcation if b < b, and
a forward bifurcation if b > b.

In this part, we through analyze backward bifurcation of system (21) to represent
backward bifurcation phenomenon of system (4). As shown in Fig. 4, system (21)
undergoes, at 1 = ft1 (@1 satisfies R* (@t1) = 1), a backward bifurcation if b < b.
Curves C; and C3 are backward blfurcatlon curves generated by system (21). We
know that when I, > b, systems (4) and (21) are identical. So, curves Ci and C; are
bifurcation curves generated by system (4). Thus, it follows from Theorems 4 and 8
that system (4) has a backward bifurcation phenomenon if b < b, and the following
conditions are satisfied:

() Ap < 0; (i) g(b) = 0; (iii) g'(b) < 0.
Use parameter b to express the above relations. Firstly, it is too complicated to analysis

the curve Ap(b) = 0 analytically. With the help of simulation numerically in Fig. 5,
we can present that b = b satisfies Ap(b1) = 0and Ap < O if and only if b < by.
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b i
01/ Tl

0 H1 ﬂ']
Ky

Fig.4 Bifurcation diagrams in (i1, In) plane. pu} satisfies R (4]) = 1. i1 satisfies Ri(iy) =1

So condition (i) is equivalent to b < b;. Next, if g(b) = 0, then RY = 1 4 y. Solving
R¥ =1+ y for b gives b = by, where

by = —Co1+v43

3Cor (24)

in which Cy; is defined by Eq. (13),i = 0, 1,2. We can easily get g(b) > 0 (i.e.,
R¥ <1+ y)ifand only if b > by. So condition (ii) is equivalent to b > b,. Later,
since g’ (b) = 3Dob* + 2D b + D> = 0, we have

g ) =11b*>+hb+13=0, (25)

where

Iy =apaf3 4y + 5r + S5dn + o),

Iy =2(B3dy Ni + a*B1BaNy) (1o + r + dn) — 4aBaB3b(ie1 + r + dn)
+ (B3dy Ni + a*B1 B2 Ny + aPadn Np) ey + 1 + dn — o)
+ 2aBodn Ny (o + r + dn) — 3aB2B3dn N,

I3 =2ap2B3dn Nub + dndy NE (o + r + dn)(1 — RY)
— 2(p1 + 7 + dn) (B3dy Ny + a*B1 B2 Ny + aBadn Ni)b.

Then, Eq. (25) has unique positive root b = b3, where

b —lz+,/l§—41113 (26)
3= —>5, -

21

So condition (iii) is equivalent to b < b3. Thus, we can obtain the following results.
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Similar to the name of bifurcation in Corollary 2.3 in Wang (2006), we also call it
as “backward bifurcation with endemic equilibrium.”

Theorem 9 System (4) undergoes a forward bifurcation with DFE at R} = 1.

Theorem 10 For system (4) with positive parameters, the following results hold.

(B1) Whenb > b, system (4) does not undergo backward bifurcation.

(B2) Whenb < b, system (4) has a backward bifurcation with endemic equilibrium
if by < b < min{by, b3}, otherwise, system (4) does not undergo backward
bifurcation.

Remark 2 Biologically, if b < by or b > b3, then we can get I, < b. That is, the
available medical resources suffice for diagnosing and treating the all infected cases.
On the other hand, b > b means the available medical resources are rich. For both
cases, from Theorems 9 and 10, system (4) does not undergo backward bifurcation. It
means that the control reproduction number can be used as a control parameter which
determines whether the disease will eventually die out or not. When by, < b < by, it
means that the capacity of the available medical resources is limited; system (4) has
a backward bifurcation phenomenon. The disease may not be eradicated by simply
lowering control reproduction number below 1 unless it is lowered a new threshold.

Through analyzing the stable of equilibria, there exists a saddle-node bifurcation
point R¥¢. R¥¢ is the new threshold. We can determine R} by setting Ap = 0, and
we have

R¥ =14y —»n. 27
" 18D0D1D2—12.AD1+\/(18D0D1D2—12.AD1)2—324D3D§D§(Df—4,4)
where y» = 162D3dnds N2 (6—2b) G+ . We assume
I14+y1—y >0.

Note that the backward bifurcation is very interesting in application when R} < 1.
We show the following theorem for such a backward bifurcation phenomenon.

Theorem 11 When RZ® < RI < 1, system (4) has a backward bifurcation with
endemic equilibrium if b < min{b, by, b3}.

Remark 3 Biologically, when R} < R¥ < 1, astable DFE coexists with two endemic
equilibria. For R} < R}, system (4) has the unique stable DFE. This indicates that
the disease may not be eradicated by simply lowering the value of R} below 1 unless
R is lowered a secondary threshold RF“.

4.3.2 Hopf Bifurcation

From Theorem 7, we know that Hopf bifurcation can possibly occur when A () = 0
and a3 (Inp) > 0. If for some value of w1, denoted u}, we have a2(u}) > 0 and

ar(upa(u) —as(ui) =0, (28)
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then the characteristic equation (20) becomes
O+ &1 (U2 + @ () =0, (29)
which has a negative real root Ay = —a; (i) and a pair of purely imaginary roots

A3 = =i/az(u}). According to continuity, for sufficiently small € > 0, when
1 € (uy — €, uj + €), the eigenvalues are of the form

A= —a1(p1), 2o =wp) +iv(r), Az = w(uwr) —iv(p).

We need to give the transversality condition to determine whether bifurcation occurs
when 1 = p7. By substituting A, into Eq. (20), calculating the derivative on 111 and
separating the real and imaginary parts, we can get

d d
Zu(u) 229D 7y B 7 = o,
dpy dpg
d d
Zou) 229D 7y B = o,
dpuy duy

where

Zi (1) = 3w (w) — v2(r1) + 261 () w(py) + @ (1),
Zo(w1) = 201 (m)v(r) + 6w () v(ur),

Z3(u1) = &) + @ (D) w? (1) — v () + @ (upDwr),
Za(pr) = a5 () o) + 2a) (m)w()v(pr).

Solving for dﬁ#u"ll) and setting j11 = u}, we have
dw (1) d(ar(uan(pr) —az(pm) . _
; = - (2t e + @2(u)
(S N M1 wi=py

£0

if 4@ ()@ (1) =3 (1)
dps

# 0. It implies from the transversality condition that
ni=py
Hopf bifurcation occurs as (1 crosses the critical value u’f . Therefore, we have the
following result.

Theorem 12 When the equilibrium Ey exists, if there exists a critical u} of param-
eter (v such that ax(uy) > 0, A(uy) = 0 and A'(u}) # 0 where A(u}) =
ay(uaz(uy) — az(uy), then system (4) undergoes a Hopf bifurcation at Eg when
W1 passes (7.

Here, we can also choose b as a bifurcation parameter. If the transversality condition
is satisfied, then a similar result can be obtained.
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4.3.3 Bogdanov-Takens Bifurcation of Codimension 2

We know that when R} = R}, two endemic equilibria Ef; and Ep coalesce at

b=b)]I,
o o Nyt (s =110) s
the equilibrium E* = (S, I, I}), where S} = T )
* aﬂzN\,I];k * ot -
I = T and I} is a repeated positive root of Eq. (16). One can get a3 = 0

in Eq. (20) if R} = R}. If @ = 0, the eigenvalues of E* are 11> = 0 and A3 =
—ay1, which suggests that system (4) may undergo a Bogdanov—Takens bifurcation of
codimension 2. We confirm this statement by the following theorems.

For convenience later, we note

my =r+dn+ i+ 71y,
* *

Ih ]V
my = /33— +apfr— +dp,
Ny

S
m3 =/33—h

my = aﬁzﬁhh +dy,

2 *
m dyl
- mi (_m1m4 B 2 g - ) <,33m4 apidy V)
m2

dhp dh my — dp NuI
+ m(m +my —m3) +m3 + ™ apama
a 1 2 3 3 my —dn N
2
mym m 2 — b—Db)(b—2b)m
N 1 4+m3+ 5 (11 M(i)( b)( . b) 4
dn my — dp (I +b—2b)

Bamy
Ny

1 mimgy m% _
my=— (- — + a1 —m3 | Qdnmy + dnmg — mimy)
dn my — dp

2
ms aPomy
+< dh(ml-i-mz m3)+lﬂ3+m2_dh> N

Nhllf dn my — dy

» 4y — )b — b)(b — 2b)ymy
(I +b—2b)}

apfidyI* mim m2
+ (dhmy + dnma — mymy) pravly -|-< ! 4+m3+—2>

’

o = 222 (dymy +d d?
20—7 hin| + dhmg — mimq4 — dy
h

Bamy n aprdyly
Nn NhI}T
apfamy
Nh

1
+ — (dhmy + dnmg — mymg)(my + ma —m3)
h
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2
my afamy
— | m3+
(3 mz—dh> Nh

my
- ?(dhml + dnmg — mymy)
h

2(p1 — o) (b — b)(b — 2b)my
(I +b —2b)3

Theorem 13 Suppose R} = R:, ax(Iy) = 0, mao # 0 and myy + 2l29 # 0. Then,
the equilibrium E* is a cusp of codimension 2, and system (4) localized at E* is
topologically equivalent to

o,

e

A dIF 5 Ayl X 30)
e v v 21 @ , )

” |T|IITM20771 + T (m11 + 2Lo)ninz + OUn1, n217)

where T is defined by (44) in “Appendix D’.

The proof is given in “Appendix D'.

System (30) represents the normal form of system (4) restricted to the center man-
ifold at the cusp E* of codimension 2. Theorem 13 indicates that system (4) may
exhibit Bogdanov—Takens bifurcation of codimension 2. In the following, we discuss
if such a bifurcation can be fully unfolded inside the class of system (4) under a small
parameter perturbation if the bifurcation parameters are chosen suitably.

w1 and b are chosen as bifurcation parameters to study the Bogdanov—Takens
bifurcation of codimension 2 in system (4). ;1 = u{ and b = b° satisfy R} = R%¢ and
a2(1}) = 0. In order to show (1, b) can indeed unfold the cusp type of Bogdanov—
Takens bifurcation of codimension 2, we perturb the parameters (11, ) in the small
neighborhood of (1§, b°) in system (4). Thus, we let u; = u§ 4+ € and b = b’ + €3,
where € = (€], €3) is a parameter vector in a small neighborhood of (0, 0). Next, we
study the bifurcations of the following system using (¢, €) as bifurcation parameters

dSh I, Sh InSh

b Ny — — B3 h S,

5 hINh — api N B3 N hSh

dily I, Sh Iy Sh

— =afi—— + Ps—— — (no+7 +dn)l

dt Nh Nn 31
ot |20 + e~ by )

_ € — ,

e b ¥ ea— 2

dIv ]h(Nv - Iv)

=Y gy Y g,

dr ap2 Nn ViV

For convenience, we note

20° = b)(uf — o) 2(0° + €2 = b)(u] — po + €1)
I +b°—2b L4+ bo4e—2b
2(b” = b)(b° — 2b) (1] — o)
(I + b° — 2b)?

qi1(e) =

3

q2(€) =
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_200°+ e = D)0 + &2 = 2b) (1] — po + €1)
(I} + b° + €3 — 2Db)2 ’
2(b° = b)(b° — 2b) (] — o)
(I7 + b° — 2b)3
2007+ €2 = b)(b” + €2 — 2b) (1] — 1o + €1)
(If +b° + & — 2b)3 '

q3(e) =

If we repeat the similar procedure of applying the transmission (45) and reducing
to the center manifold, then system (31) takes the form

o e + app(€) + ajo(e)uy + agi(€)uy + Eazo(é)ul
1
+ an(©uiuz + Sap(©u3 + O(lur, ual),
du 1 (32)
2
O =boo(€) + bio(€)uy + bo1(€)u + zbzo(é)u%
1
+ bu(@uius + Shoa()u3 + Olur, ual),
where
VLY
ago(€) = ———>(dnm + dnma — mima)qi (),
|T|dj;
dyl*my
aio(€) = ————(dnmy + dnmg — mima)ga(€),
\T|d2T;
1
ap1(€) = —ajo(e),
ms
dyI* (mimy m%
boo(€) = — +m3 + 1(€),
17| \ dn mr —dy ) !

dyl*my [ mimgy m%
bio(€) = A ,
10(€) I ( a +m3 + P q2(€)

1
boi(e) = m—4b10(6),

2dyI*
axy) = 2Ly + W%‘}*(dhml + dnmy — mymy) (mi% (€)
hln
—so(m) + my —m3)qa(€)) ,
]*
an = Ly + ———(dnmy + dyms — myma) (2maq3 (€)
\T|d2T;
—s1(my +my — m3)qa(€)),
I*
ap = 2Lp+ |T|;2;* (dnmy+dnmg—mimy) (q3(€) —s2(my+my—m3)qa(€)) ,
b lh
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2dyIF [ mymgy m3
by =2Ma — X | == fmy + —2— (2
20 20 |T|Il;k( @ m3 m — dn myq3(€)

—so(my +my —m3)ga(€)),

dyl* [ mimgy m%
by = My — —~ —=— 12 €
11 11 TR ( @ +m3 + — (2maq3(€)

—si1(my +my —m3)ga(€)),

b M 2dy I [ mimy n n m% (@30
= - — m _ €
02 2\ a 3t ) @3

—s2(m1 +my —m3)qa(€)) .

To make the calculations easier, we will remove € from the expressions ¢;;(¢) and
bjj(e) (i.e., ajj = ajj(€) and b;j = b;j(€)), i, j =0, 1, 2. Making transmission

1 1
X =wuy1, Y =uy+coo + crour + coruz + ECZOM% + criuiuy + ECozu%

+O(u1, uz)?),

system (32) becomes

dX

PR

dY 1 1 (33)

o 8w +g10X +gmY + zgzon + g1 XY + EgozY2 +O(X,YP),
where

1 1
2 2
800 = boo — apobor + zbozaoo + ao1boo — aooao1bor + zambozaoo — apobooao?
2
+ boranagy,
810 = b1o — a10bo1 — apob11 + aoaioboz + ap1bor — aroao1bor — agoao1 b1
1
2
~+ apoaioaoiboz + booai1 — agoborair + anobozau — aiobooaoz — apobioaoz
2
+ 2apoaioboranz + brianagy,
go1 = bo1 — agobz + aio + ap1bor — agoao1boz — agoai + booaoz — 2apobo1agz,
2
820 = bao — 2a10b11 + ajyboz + ao1bro — 2a0a01b11 — 2apobi1a11 + 2agoaioariboz
1
2
— 2aiobioan + 2aigboragy — zaoobzoaoz + 4apoaiobiiaos,

g1 = b1 — aiobox + ap1b11 — arpao1boz + axo + borai1 — agpborail — ajoain
+ bioagz — 2a10bo1ao2 — 2agob11apz and
802 = bo 4 ao1boz + 2a11 4 2bo1aos.
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One can verify goo(0) = gi0(0) = go1(0) = 0, 820(0) b20(0), g02(0) =
b02(0) +2a11(0), g11(0) = b11(0) +a20(0) = My1 +2Loo = |T|,*(m11 +2I0) # 0.

Taking transmission X = v; — %, Y = vy, system (33) becomes

dU1
— =02,
ddlfz 1 1 (34)
rrke hoo + hiovt + Ehzovlz + hijvivy + Ehozv% + O(lv1, v2]®),
where
hoo = hoo(€) = goo(€) — g“(o)glo(e) +O(@8%), hao = hao(€) = g2 + O,
ho = hio(e) = gio(€) — LiGgr(e) + OB, hii = hii(e) = gn + OE),
ho2 = hoa(€) = g2 + O(9),
in which § = 80
g11(0)

Introducing a new time variable t by df = (1 — %vl) dt and rewriting 7 as f,
we can get

dv) e hoz(é)v ;

5 o 5 Vv,

d h 1 h

2 =hoo + (h10 = —Zheo | v1 + hao — 2—2 v? (35)
dr 2 210

1
+ hiiviva + Ehozvg +O(lv1, val).

Leté) =vy, & =v2 — hoé(e)vlvz, then (35) becomes

d
i—éz,

(36)

? = qoo0 + q10&1 + q20&} + quéi1ér + O(&1, &),

where oo = hoo. q10 = h10 — hoohoz. g20 = % (h2o — 2h10ho2 + 3hoohdy). g1 =
hiy.

By simple calculation, we show that goo(0) = ¢q10(0) = 0, g20(0) = %mzo

#0, q11(0) = \T\I* (m11 + 2lp9) # 0. If € = 0, then system (36) becomes (30). By
introducing the change of variables and rescaling of time

q20
— T

2 3

q q20 \ 4
:—“51, 2_51gn< )—12152, t =
20 q11

q11/ g5,
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in a small neighborhood of the original point and renaming t as ¢, system (36) becomes

dm _

o (37)
2

% =P + pami + 0t +smm + O, mP),

4 2
__ 90097, — qwodn o _ q20(0)
where p; = ol b2 = 2 5= sign (411(0) ’

By the resultos in Kuznetszgv (1995), system (37) is the versatile unfolding of the
Bogdanov-Takens singularity of codimension 2, and the dynamics of system (4) in
a small neighborhood of the equilibrium E* as (u1, b) varying near (u{, b°) are
equivalent to that of system (37) in a small neighborhood of (0, 0) as (p1, p2) varying
near (0, 0). We also obtain the following local expressions of the bifurcation curves
in a small neighborhood of E*.

Theorem 14 Under the conditions of Theorem 13, system (4) undergoes a Bogdanov—
Takens bifurcation of codimension 2. If we use j11 and b as bifurcation parameters,
the bifurcation cures are given by the following:

(D) there is a saddle-node bifurcation curve

SN = {(m S b—b%): dpy = pg} :
(I1) there is a Hopf bifurcation curve

Hopf = {(u1 — uf, b=b%): p1 =0, pr < 0};

(IIT) there is a homoclinic bifurcation curve

Hom = {(IM —ug, b—0°%) :25p +6,0% = 0(p§>, m < 0)}.

Remark 4 Biologically, the Bogdanov—Takens bifurcation of codimension 2 is found,
which shows that trends of Zika epidemic with the limited medical resources can
be revealed in several different parameter regions. The saddle-node bifurcation, Hopf
bifurcation and homoclinic bifurcation will occur. It means that there are rich behaviors
for trends of Zika epidemic, such as extinction, multiple stable or epidemic break out
in periodic pattern. Thus, trends of Zika epidemic are sensitive as parameter vector
(1, b) perturbs in the small neighborhood of (1, 5°).

Remark 5 Tt is not easy to give an explicit determination of the sign of mog and (m 1] +
2l509) due to the complexity involved. We observe from simulations that m»>o and
(m11 + 2l20) can have alternate signs or vanish which suggest higher co-dimension
bifurcation may occur. Therefore, we leave the cases when myg or (m11 + 2l9) = 0
for future work.
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Table 2 Parameter descriptions

Parameter Range Value References

a 2.1, 7) 2.1 Andraud et al. (2011)

B (0,0.97) 0.015 Zhang (2017)

B2 (0, 0.97) 0.3 Zhang (2017)

B3 (0.001, 0.1) 0.08 Gao (2016)

r (% %) z Gourinat et al. (2015)
and Froeschl (2017)

"o (r, 1) 0.5 Assumption

dp 75>l<52 Wiratsudakul et al.
(2018)

Np 2.05 x 108 http://population.city/
brazil/#cities

Ny (2.05 x 108, 2.05 x 10%) 3 x 108 Wang et al. (2017)

dy (% %) 0.04075 Andraud et al. (2011)

5 Numerical Simulations

Using numerical computations, bifurcation diagrams and numerical simulations of
system (4) are provided to substantiate the theoretical results.

5.1 Bifurcation Diagram in (1, b) Plane

According to the above analyses, we know that system (4) can undergo Bogdanov—
Takens bifurcation of codimension 2. In this subsection, the parameters 1 and b are
chosen as bifurcation parameters to present bifurcation diagram.

Fixing all parameters in Table 2 except 11 and b, choosing b = 30, we get ﬁ (m1+
2l»0) > 0 and BT+ = (1f, b°) = (0.51012,255) satisfying the conditions in
Theorem 13 (BT T represents the positive coefficient of 117, term in the normal form
(30)). E* = (2.037 x 108,425, 9725) is the Bogdanov-Takens point of order 2. By
simulation, we plot three bifurcation curves in Theorem 14 in (11, b) plane shown
in Fig. 5 and the phase portrait of (4) at BT shown in Fig. 6. In Fig. 5, the blue
solid curve represents saddle-node bifurcation (SN), the red solid curve represents
subcritical Hopf bifurcation (Hopf) and the green solid curve represents homoclinic
bifurcation (Hom). The curve Hom and curve Hopf are tangent to curve SN and end
at BT . The SN curve is separated into two parts by BT T point. Its upper part is the
attracting saddle-node curve SN~ connecting to the attracting hyperbolic node point
(Lo ), and its lower part extending to infinity is the repelling saddle-node curve SN*.
Between the curve Hopf and curve Hom, there is only one unstable limit cycle. Next,

we give other bifurcation curves.
2
It is easy to.get L*.: n = % + B3 — (r.—i- dy) = ,u% by solving R} = 1
The forward bifurcation at DFE occurs on the line L*. Curve L: b = by(j41) is
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450

0 1
Ho Hq oy

Fig.5 Bifurcation curves in (i1, b) plane (Color figure online)

Fig.6 The phase portrait of (4)

at BT (1, b) = (ug. b°)).

E* is the Bogdanov—Takens x10*
point of order 2. System (4) has 2
a stable equilibrium Efy and an

unstable DFE Ej

defined by R} = 1+ y in (1, b) plane, where b, is defined by Eq. (24). Curve L3:
b = b3(1e1), where b3 is defined by (26). Denote intersection point of curve L and L3
be Ly = (,u(l), bo). Lo divides L into two parts L4 (b > bg) and L_ (b < bg). System
(4) has a backward bifurcation with endemic equilibrium on the line L_. In addition,
saddle-node bifurcation curve SN also satisfies b = bi(u1), where b = b1 (1)
satisfies Ap(b;) = 0.
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We define

21 ={(u1, b) | b < ba(pu1), 1 > o},
211 = { (1, b) | b > max{by(u1), ba(u1)}. o < p1 < pi b,
25 = { (1, b) | ba(p1) < b < min{b(u1), bi(e1), b3(uD}, 1l <y < pul},
2 = { (w1, b) | b < min{b(p1), by(u1), b3(u)}, p1 > pj b,
20 ={ (1, b) | b>bi(w), w1 > puj b

Based on the above discussion, system (4) has 0, 1, 1, 2 and 3 positive equilibria in
regions £20, £21, §21—1, §22 and £23, respectively.

5.2 Bifurcation Diagramin (R}, I;,) Plane

As R} is biologically significant, it is necessary to plot the bifurcation diagram on
(R}, In) plane. As R} is a monotone decreasing function of (1, we change n| with
different . Choose four representative values of b = b,, by, b., by displayed in
Fig. 5, to illustrate the all possible bifurcation diagrams in (R}, Iy) plane.

Forb = b, = 100, 1 or R changes, in turn, from region £2¢, §27, £23 to 21 shown
inFig. 5. A typical bifurcation diagram is illustrated in Fig. 7a. The bifurcation from the
DFE at R} = 1 is forward, and the bifurcation from an endemic equilibrium at R} =
14y is backward. This bifurcation phenomenon gives rise to the existence of multiple
endemic equilibria. We can see from Fig. 7a that the disease does not die out when RY <
1. This is a very important conclusion for disease control. Biologically, for R} < 1, if
available medical resources are not enough, and at the beginning of endemic, by the
introduction of enough new cases (due to the sudden influx of infectious individuals),
then force epidemic outbreaks that could stabilize at an endemic state. If few patients
were introduced, then the disease may be eradicated. Thus, control measures that focus
onreducing R so that R} < 1 may not be successful in eradicating the disease unless
R} is lowered a secondary threshold value R¥¢.

If we increase b so that 1 < R¥® < 1 + y, there is no endemic equilibrium when
R¥ < 1.Inthis case, choosing b = b, = 210and b = b, = 280, backward bifurcation
diagrams in (R¥, I) are shown in Fig. 7b, c, respectively. Backward bifurcation and
saddle-node bifurcation occur in cases shown in Fig. 7a—c. One unstable limit cycle
bifurcated from subcritical Hopf bifurcation disappears from homoclinic bifurcation in
cases shown in Fig. 7a, b. If b is so large that b > b (Fig. 5), choosing b = b; = 400,
then system (4) does not have a backward bifurcation, and only forward bifurcation
is illustrated in Fig. 7d, where the bifurcation at R} = 1 is forward and system (4)
has a stable unique endemic equilibrium for all R} > 1. Figure 7 suggests that an
insufficient capacity of available medical resources b is a key factor of the backward
bifurcation. The dashed curve indicates the unstable equilibrium, and the solid curve
represents the stable equilibrium in next all bifurcation diagrams.
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Fig. 7 Bifurcation diagrams in (R}, I) plane of system (4) with different b. FB represents forward
bifurcation and BB represents backward bifurcation

5.3 Bifurcation Diagram in (b, ;) Plane

Now, fix 1 and continuously change b for Fig. 5. Choosing @1 = 0.52, we calculate
R} =0.9905 < 1. A bifurcation diagram in (b, I,) plane is displayed in Fig. 8a. Sys-
tem (4) presents complicated dynamic when b < b1 = 120.5, and these rich dynamics
finally disappear through the saddle-node bifurcation when b = b;. From b = by,
as b decreases, the unstable limit cycle bifurcated from subcritical Hopf bifurcation
disappears from homoclinic bifurcation. Figure 8a indicates there exist two endemic
equilibria when b < by; otherwise, there is no endemic equilibrium. Figure 8b shows
that there always exists endemic equilibrium for R} > 1. So increasing the capacity
of available medical resources can only reduce limited number of the infectious, but
cannot eliminate the disease as shown in Fig. 8b. Next, we will discuss the effect of
available medical resources b on the dynamical behavior of system (4) for R} < 1.

5.4 Stability of System (4)

Consider system (4) with the parameter ;; = 0.52 for Fig. 5, the corresponding
value R} is 0.9905. We change the value of b and fix other parameters unchanged
and illustrate the effect of available medical resources b on the dynamical behavior of
system (4).
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Fig. 8 Bifurcation diagrams in (b, Ij,) plane of system (4) for a R} = 0.9905 < 1 with 1y = 0.52, and b
R¥ =1.0012 > 1 with u1 = 0.5115

For R¥ = 0.9905 < 1 (i.e., iy = 0.52), Fig. 9 displays the six types of dynamical
behaviors of system (4) shown in Fig. 8a. When b = 125 > by, system (4) has a
unique stable DFE Ej and has no endemic equilibrium (Fig. 9a). As b decreases,
when b crosses by, system (4) undergoes a saddle-node bifurcation (Fig. 9b); there
are two endemic equilibria: a saddle Ef; and an unstable node Ef. Then, the node
changes into a focus (Fig. 9¢). As b decreases, Er, changes stability and an unstable
limit cycle marked black curve around the stable equilibrium Efy, is bifurcated from
subcritical Hopf bifurcation (Fig. 9d). When b = byom (bHom = 112.5), the limit
cycle disappears from homoclinic bifurcation, and system (4) has a homoclinic orbit
marked green curve to the saddle (Fig. 9e). Then, for b = 100 < byem, bistability
occurs. That is, a stable DFE coexists with a stable endemic equilibrium shown in
Fig. 9f.

Biologically, this conclusion shows that the epidemic levels with limited medi-
cal resources are sensitive to parameters and initial conditions. When the medical
resources is sufficient (i.e., b > by), the disease can be eliminated (Fig. 9a). When the
medical resources are below threshold (i.e., b < b1), saddle-node bifurcation occurs
(Fig. 9b). In this case, there are rich behaviors for the epidemic levels, such as multiple
stable or epidemic break out in periodic manner. The occurrence of periodic phenom-
ena is due to branching Hopf bifurcation. Therefore, the recurrence of the Zika disease
is possible when the initial number of infected individuals is in some certain ranges
(Fig. 9d). As the medical resources decrease, the emergence of homoclinic bifurcation
breaks this periodic phenomena and makes the epidemic levels bistable (Fig. 9e, f).
In this case, whether Zika disease dies out or outbreak depending on initial number of
infected individuals. Hence, biologically our results have important consequences for
the control of Zika disease.

5.5 The Comparison of System (4) and System (5)
Fixing 1 = 0.52, b = 100 and other parameters in Table 2, continuously vary S;.

Figure 10 shows bifurcation curves from I, versus 81 for system (4) (black curves)
and system (5) (red curves). By comparing black and red curves in Fig. 10, it is
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Fig. 9 The phase diagram of system (4) for RY = 0.9905 < 1. a System (4) has a stable DFE E(’)k b An
unstable node Ef and a saddle Efy of system (4) coalesce at the equilibrium E*. EB‘ is locally stable. ¢
System (4) has an unstable equilibrium Ep,, a stable DFE E(’)k and a saddle Ey;. d System (4) has an unstable
limit cycle marked black curve near the locally stable equilibrium Eg;. E(’)k and Ep are locally stable. Eyj is
a saddle. e System (4) has a homoclinic orbit marked green curve to the saddle Ef. ES‘ and Epp are locally
stable. f System (4) has two locally stable equilibria: a DFE E(’)‘ and an endemic equilibrium Ef;. The other
endemic equilibrium Eg¢ is a saddle (Color figure online)
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Fig. 10 Bifurcation curves from I, versus 81 for system (4) (black curves) and system (5) (red curves)
(Color figure online)

found that system (4) and system (5) have completely different dynamical behaviors.
When B, < B1 < Bf, for system (4) with treatment, the disease-free equilibrium
is the unique and stable state, while for system (5) without treatment, disease-free
equilibrium is unstable and endemic equilibrium is globally asymptotically stable.
Biologically, without treatment will overestimate the emergence of Zika epidemic and
increase the risk of Zika outbreak. So, the non-smooth treatment recovery rate plays
an important role in generating complex dynamics.

6 A Numerical Application to Brazil
6.1 Parameters Estimation and Reproduction Number

We collect weekly reported accumulated cases that start from thirteenth week of
2016 and use the weekly cases from March 25, 2016, to April 14, 2018, from
the Brazil Ministry of Health (http://portalms.saude.gov.br/boletins-epidemiologicos)
and the World Health Organization (http://www.paho.org/hq/index.php?option=com_
content&view=article&id=11117). So, we choose the thirteenth week in 2016 as the
starting date of the initial observation and corresponding reported accumulated case
as the initial value. We apply system (4) to fit the accumulated cases (due to lack of
information about weekly new cases, here, we only use our model to fit the accumu-
lated cases) in Brazil and take a week as the unit time. So the period is about 106
weeks in our study. Some parameters values can be obtained from previous literatures
and Web sites about Zika for Brazil, but some parameters values are unknown due
to lack of information about Zika. Based on the ideas in Sasmal et al. (2018), we let

v = ¢1 X Ny and I,(0) = ¢ x Np. In addition, the initial values S, (0) and 7;,(0)
cannot be obtained directly, So, the values of ¢y, ¢2, Sy(0) and I;,(0) can be estimated
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Table 3 Parameter descriptions

Parameter Range Value References

a 2.1, 7) 2.1 Andraud et al. (2011)

B (0,0.97) 0.12 Zhang (2017)

B2 0,0.97) 0.225 Zhang (2017)

B3 (0.001, 0.28) 0.1 Sasmal et al. (2018)

"o 1.17 Estimation

I 1.5 Estimation

r (;—0 %) 0.5 Gourinat et al. (2015)

Np 2.05 x 108 http://population.city/brazil/#cities
dy i Wiratsudakul et al. (2018)
dy (% %) 03 Andraud et al. (2011)

b 5000 Assumption

b 2000 Assumption

cl 3.7 Estimation

(o) 0.00033 Estimation

Sh(0) 1.540 x 108 Estimation

1,(0) 1.845 x 10% Estimation

as parameters by using least-square estimation method. Denote unknown parameters
as © = (o, 41, ¢1, €2, Sh(0), In(0)).
Let y(¢) be theoretic accumulated cases, and its change with time is described

as d—é% = aﬁl% + ﬂ3%, where Sy, In, I, satisfies system (4), and y(¢) is
surveillance data in week 7, with y(0) = y(0). Next, the least-square estimation

method is used to calculate the parameters values to minimize the objective function

n—1

_1! — 5>
J==3 00 =30y,

t=0

in which 7 is the number of reported data.

By applying the real data and system (4), the vector of parameters ® is estimated
in Table 3.

Through some rational assumptions and parameter estimation, the good fitting result
for the accumulated cases is given in Fig. 11. We can see that the slope of the fitting
cure increases gradually, which means that Zika is still deteriorating in the early stages
of the epidemic. Later on, the slope of accumulated cases gradually tends to the level.
We estimate the control reproduction number R, = 0.8822, where the term of R,
concerning the mosquito transmission is Rpy = 0.8568, and the sexual transmission
is Rpp = 0.05. Further, by substituting parameters values shown in Table 3 into the
expression (10) of I%;‘, one obtains Iéj = 0.9410 < 1. From Theorem 5, the DFE E
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Fig. 11 Fitting curve of real data from March 25, 2016, to April 14, 2018, and prediction result for the
following 30 weeks by deterministic system (4), where the red star denotes the real data of accumulated
Zika cases (Color figure online)

of system (4) is the unique equilibrium and globally stable. This means that in Brazil,
Zika epidemic will eventually disappear.

If effective measures are not taken, then the basic reproduction number Ry, an
indicator of the initial transmissibility of the Zika disease, is estimated to be 1.8162,
concerning the mosquito transmission is Rpyw = 1.7133, and the sexual transmission
iS Rphw = 0.1999. From Theorem 2, endemic equilibrium EJ, of system (5) is
globally asymptotically stable. It means that without any effective measures, Zika
epidemic erupts in Brazil.

6.2 The Effect of Parameters b, (1, 1 and B3 on the Final Accumulated Cases of
Zika in Brazil

The effect of limited medical resources b From Fig. 12a, we can show that the more
capacity of available medical resources is, the smaller the final size of accumulated
cases will be. If capacity of available medical resources can only treat 3000 infected
people per week, the final size of accumulated Zika in Brazil will reach 241,900 cases
which is 6900 more than that of real reported data. If capacity of available medical
resources is so much that 10,000 infected people enough can be treated per week, the
final size of accumulated Zika cases will reduce 11,500 cases.

The effect of maximum treatment recovery rate pp It can also greatly reduce
the magnitude of the final accumulated cases by increasing the maximum treatment
rate from Fig. 12b. If the maximum treatment rate is equal to that of minimum (i.e.,
L1 = o), the final size of accumulated Zika in Brazil will reach 282,100 cases which

@ Springer



99  Page 38 of 50 H.Zhao et al.

x10° x10°
g 2.6 § 3
@ 8 28
o 25 g
X N 26
N o
3 24 £ 24
K] =]
>
E E 22
g 2.3 8 5
: :
-222 = 18 13 14 15 16 1.7 1.8 1.9 2
° b 4,000 6,000 8000 10,000 @ Ho T T IS LB A RS
< b < .
[= [ 1
a b
[%2] 5 5
8 2.8X10 2'7><10
© ®
(2]
S 26 x 8 26
N ]
X 25
B 24 N
g D 24
]
E 22 35
3] € 23
8 =
5 2 S 22
£ =
© 1.8 £ 21
,—E 0.1 0.11 0.12 0.13 ° 0.01 0.1 0.2 0.28
B, £ B
c d

Fig. 12 The final accumulated cases of Zika in Brazil with respect to b, n1, f1 and 3. The red point
corresponds to a b = 5000, b 1 = 1.5, ¢ f1 = 0.12 and d B3 = 0.1, respectively. All other parameters
values are shown in Table 3 (Color figure online)

is 47,100 more than that of real reported data. If the maximum treatment rate is 2 per
week, that is, the infected people can recover in 3.5 days, the final size of accumulated
Zika cases will be 41,000 less than that of real reported data.

The effect of transmission probability from mosquito to human 8 and sexual
transmission rate 3 Figure 12c, d shows the effect of two critical parameters in
spread of Zika: transmission probability from mosquitoes to humans f; and sexual
transmission rate 3 on the final size of accumulated Zika. From Fig. 12c, d, the
final scale of Zika outbreaks in Brazil will get larger when the B (or B3) increases
which is consistent with the actual situation. From Fig. 12, we obtain that increasing the
capacity of available medical resources, improving the maximum treatment efficiency,
eradicating mosquitoes and protecting oneself from infection during intercourse are
effective methods to decrease the final size of accumulated Zika case in Brazil.

The effect of the capacity of available medical resources on the final accumulated
cases of Zika is discussed above. Next, we consider the relationship between the mean
duration from infected to recovered individuals u_l [ defined by (1)] and available
medical resources.
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Fig. 13 The mean duration from infected to recovered individuals uil

values are shown in Table 3

with respect to b. Other parameters

6.3 The Effect of Parameter b on the Mean Duration from Infected to Recovered
Individuals 1

In this subsection, we will present a relation between b and M_l. Choose I, =
3000, 5000, 7000, 9000, respectively. It follows from Fig. 13 that the mean duration
from infected to recovered individuals is decreasing as capacity of available medical
resources increases when available medical resources are not sufficient(i.e., b < Iy)
and keeps the shortest time when the capacity of available medical resources for treat-
ment is sufficient (i.e., b > Ip). From Fig. 13, if keep b = 2800 unchanged, then
w~ ! will get smaller when infectious humans decrease. The mean time of infected to
recovered individuals is 0.8095 week for 9000 infectious cases, but 0.6826 week for
3000 infectious cases. If choose b = 6000, then the mean time of infected to recov-
ered individuals is all 0.6667 week for 3000 and 5000 infectious cases. From Fig. 13,
we obtain that increasing the capacity of available medical resources can effectively
shorten sick time.

7 Discussion

In this paper, we build a model which incorporates both mosquito-borne and sexual
transmission routes with a non-smooth treatment recovery rate to describe the effect
of available medical resources. Our system extends the previous Zika models (Funk
2016; Kucharski 2016; Gao 2016; Wang et al. 2017; Agusto et al. 2017a,b, a; Pizza
2016; Shah et al. 2017; Zhang 2017; Tang et al. 2016) in which dynamics of the sys-
tems completely depend on the basic reproduction number. In contrast to their work
and to classic epidemic systems, our finds reveal that R, is not enough to determine the
dynamical behaviors, and the non-smooth treatment recovery rate plays an important
role in generating complex dynamics. We prove that the model with LMRs undergoes
backward bifurcation, Hopf bifurcation and Bogdanov—Takens bifurcation of codi-
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mension 2. Biologically, these rich dynamics show that trends of Zika epidemic may
be extinction, multiple stable or epidemic breakout in periodic pattern. It shows that the
model with limited medical resources is sensitive to parameters and initial conditions.

Our system can undergo a forward bifurcation at DFE, and a backward bifurca-
tion at endemic equilibrium due to LMRs (Fig. 7a). Different from previous models
(Abdelrazec et al. 2016; Shan and Zhu 2014; Imran et al. 2017), the backward bifurca-
tion occurs at DFE. We find that stable DFE may coexist with two endemic equilibria
when the control reproduction number is less than unity. Moreover, bistable endemic
equilibria may coexist when the control reproduction number is more than unity. From
Fig. 7b,incase R} > 1, although system (4) has a backward bifurcation with endemic
equilibrium, the disease also can be eradicated when R} < 1. In case R} < 1, the
disease cannot be eradicated simply by reducing R} below 1 unless R} falls below a
secondary threshold R¥ or b > by (11).

The capacity of available medical resources does not change the control repro-
duction number in our model; this is in agreement with Wang (2006) and Shan and
Zhu (2014). However, the capacity of available medical resources could be used to
control the transmission of Zika when R} < 1 illustrated in Fig. 8a. We also find a
threshold value b;. When R} < 1, there exist two endemic equilibria when b < by,
and otherwise, no endemic equilibria are shown in Fig. 8a. Our analysis suggests that
backward bifurcation is generated by changing b for R} < 1. For the control strategy,
we can wipe out the disease by increasing available medical resources. For R} > 1,
increasing b can reduce only a limited number of the infectious; it cannot eliminate
the Zika disease shown in Fig. 8b.

In our model, if we do not consider the available medical resources, then the treat-
ment recovery rate is 0. In this case, model (5) without treatment does not undergo
backward bifurcations. By comparison with model (4), without treatment will overes-
timate the emergence of Zika epidemic and increase the risk of Zika outbreak (Fig. 10).
So, the non-smooth treatment recovery rate plays an important role in generating com-
plex dynamics.

As an application, we apply the model to estimate the accumulated cases in Brazil
from March 25, 2016, to April 14, 2018, and get reasonable matches. We estimate
the control reproduction number R. = 0.8822, where the term of R concerning the
mosquito transmission is Rpy = 0.8568 and the sexual transmission is Rpy = 0.05.
This means that in Brazil, two transmission routes play more important roles in the
transmission of Zika virus. From Theorem 5, Zika epidemic in Brazil will eventually
disappear. Through simulation analysis, b and u| are very key parameters. From
Fig. 12, itis obvious that accumulated case is decreasing as b (or 1) increases which is
consistent with the actual situation. It is a rather challenging work to find the minimum
capacity of available medical resources for the control of Zika transmission in Brazil.
In future work, we will determine an optimal value for the capacity of available medical
resources.

To establish a tractable system to model the mosquito—human interactions, this
work considers only a simplified life cycle of mosquitoes. In fact, the mosquito has
a complex life-cycle. Climate factors play a crucial role in MBDs and can influence
various aspects of the life cycle of mosquito, including mating, reproduction, biting
behavior and mortality. The spatial spread of Zika virus actually exists because of
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the movement of humans and the different distributions of different geographic Aedes
mosquitoes. Because of the limited information and data, we do not consider spatial
spread. It will be interesting to study the effect of climate changes, human movements
and distributions of Aedes mosquitoes on the transmission of Zika in our system. We
leave these for future investigation.
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Appendix A: Proof of Theorem 1

Proof Consider the Lyapunov function

N dn)(1 =R I
Vw—( b ——1>+ (r+ h)( hhw) Iy
s, Sp, Nh ap Ny

in I". if Ry < 1, then Rppy < 1. One has Vi, > 0, and Vy, = 0 if only if Sy =
S}?W, Iy = 0,1, = 0. So, Vy is a positive definite function. The orbital derivative of
Vi along the solution of system (5) can be written as

dvi, 1 o \dSh 1 dly  (r+dy— B3) dI,
e = (55 3 Lt
de 'O 5,89 dt Ny dt apBaNy dr
1 apfiSnly I Sh
Sh— S0 [ A — - —dn S
=5 SO (Sh — hw)( h N B3 N h h)
L (aBiSnly IhSh
— dn) I
+ N ( N + B3 — (r +dn) h)
(r +dn — B3) Ih(Nv -1y
—dy 1
+ a,BzNV aﬁZ Nh viy
dn 0 2 (r +dn)
= — Sie, —Sh)°— (1 —R — I
ShS}?W( hw — Sh)” — ( hhw) N, h
dy(r + dn)
— (1=R))————1,.
¢ OW) aBrNy ¥

If Rj < 1, then dvy | T = < 0. So, Eoy is stable. It is easy to see that Ey,, is the largest

positively invarlant set contained in ddﬂ | 5) = 0. Thus, from the LaSalle theorem,
Eoy is globally attractive. Thus, Eoy, is globally stable if Rj < 1. O
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Appendix B: Proof of Theorem 2

Proof If R; > 1, then system (5) has a unique endemic equilibrium E,. Let

S S
Vi =S§W<S7h—1n(s*h ) - 1>,i =1,2.
hw hw
Iy I
hw hw
1 1
V4=I:,kw (ITV_IH(ITV> —1)
VW VW

Differentiate V; along the solution of system (5). One has

dvi
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Sty I,S IS
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- (1 _SL:> (“’3‘( WSt = IvS) + ﬂ (i S = TnSt)

+ dn (S — Sh))

d api L}, St Sk 1S I
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Fig. 14 The weighted digraph / l /
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Now, denote a weight matnx M = (a;j )4><4 and the corresponding weighted digraph
(G, M) is shown in Fig. 14. Denote s(C) be the arc set of C. Then, for each cycle C,
one has ) (i, j)es(C) G;;j = 0. Thus, from Theorem 3.5 in Shuai and Van den Driessche
(2013), there exist¢c; >0, i =1,2,...,4, suchthat V = Z?:l ¢; Vi is a Lyapunov
function of system (5) and %—‘t/ | 5) = 0. Using the same step in Wang and Zhao (2019),
V = Z‘-‘ 1 €'V is a positive definite function. So, E; is stable. EY, is the largest
positively invariant set contained in C(lj 5) = = 0. Thus, from the LaSalle theorem, E7;
is globally attractive. Thus, E, is globally stable in the region I"\ Eqy,. O

Appendix C: Discontinuous Bifurcation

Denote Ef = (S, I, I;) be any endemic equilibrium of system (4). Assume that
(H1), the conditions of (F1), @ (Ih) > 0, a2 (Iher) > 0 and A(Ips) < 0 hold. When
Ity < b, Ef = Epf is stable, and when I}, > b, Ef = Epy is unstable. Furthermore,
if Iy = b, then there exist a pair of conjugate complex eigenvalues for J (Ef). Hence,
we expect a limit cycle can bifurcate when I passes through b, which is called
discontinuous bifurcation (Leine and Nljmel_]el‘ 2004 Clarke et al. 2008; Leine and
Van Campen 2006) since system (4) is non-smooth at I; = b. Note that equilibrium

E} = (thh—(udl+r+dh)b’ b, _aPaNb ) for I, = b.

h * afab+dy Ny
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Let J_(E}) and J (E}) denote the left and right Jacobian of system (4) at endemic
equilibrium E}, respectively. Then,

J1(Ep)
ﬁ,; Ihf aﬂl I\j{f _ﬂ,; Shf _aﬂli
W S
= /33 -+ 61,31 ﬂz M= (i +r+ dh) — py(b)b aﬂl s ;
Ny—I%
0 apy b —aﬁzN—h =
where (Sj, Iy, I%) = E}, W/ (b) = (b ) and u’_(b) = 0. It is obvious that

J_(E}) # Jy(E}) when I = b. Note J_ & J_(Ey) and J & J4(Ey). We have
real parts of eigenvalues of J_ are all negative, and there exists at least one positive
real part eigenvalue of J.. Then, there exists a jump from J_ to J.

It is difficult to study the stability of equilibrium Ej. Here, we introduce the
smooth approximation system and the generalized Jacobian matrix of Clarke (Leine
and Nijmeijer 2004; Clarke et al. 2008; Leine and Van Campen 2006). In our study,
the smooth approximation system of (4) is as follows:

dcfth = dnNp — apr L Sh - B3t Ihsh — dpSh.

2(b-b
%I,h = api 5 + gy o IhS“ - (Mo + (u1 — Mo)élﬁ((z_g)z_z@) In —rly — dyly,
%It_v = aIBZ Ih(]\llvh L) _ dVIV7

(39)
with 0 < € < 1, and the generalized Jacobian matrix of Clarke at E; is
J=colJ-, Jy}={eJ_+ (1A —¢€)Jy|ee]0, 1]}
Obviously, E}; is endemic equilibrium of system (39). Let J(€) = eJ_ + (1 —€)J5.

Then, J(€) is Jacobian matrix at E} of system (39). The characteristic equation of
J(¢) is as follows:

A+ aaZ+ar+a3 =0, (40)
where
&) =&1(b)+(’“_“2¢,
@y = ar(b) + (/3 — + %% + dy +aﬂ2Nih +dv> W,
&3 = a3(b) + (/3 — %% -|—dh> (aﬁzNih +dv> W

in which &; (b) = ;| p=p,i = 1,2, 3.
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When € = 0, the real parts of all roots of Eq. (40) are negative. When ¢ = 1,
there exist a negative real root and the real parts of two roots of Eq. (40) which are
positive. We know that &3 > 0 always holds which implies 0 is not a root of Eq. (40).
Hence, there is a 0 < €* < 1 such that Eq. (40) has a pair of purely imaginary roots
+iw* (w > 0) when € = €*. Therefore, the discontinuous Hopf bifurcation (Leine
and Nijmeijer 2004) may occur. Now, we tend to find such €*. Substituting iw (@ > 0)
into (40) and separating the real and imaginary parts give

> 2
oy —w” =0,
{5[3 —qjw? =0. (41)

Then, @& — &3 = 0. So, we can get the unique € = €* and w = w*, where

—A1+,/A%2—4A,A
P b s B R TR S . (42)

2A0 ’
in which
apr  aPaNy b (1 — mo)?
Ap = — 14 — +d, | —
0 <'33N+Nha,32b+th+ h+aﬁzNh+v> )
apy  aPrNy b _ _
Al = — — 1+ d — +d. b b
1 ('BgNh+Nhaﬂ2b+th+ h—i-aﬂzNh-i- v ) a1(b) + az(b)

apy  aPaNyb b
(= _ARD Ly 2 ia),
('33 N N apob + dyNy + h) <aﬂ2 Nh * V)

Az =a;(b)az(b) —az(b) < 0.

Then, (¢*, »*) is a solution of Eq. (40). It implies that +iw* is a pair of purely
imaginary roots of Eq. (40) when € = ¢* (Fig. 15). we can obtain the following result.

Theorem 15 Assume that (HI1), the conditions of (F1), a1(Inp) > 0, aa(Ihp) > 0,

—A1+,/AT—4A1A
A(lhy) < 0 and + < 1 hold. Denote Ef = (Sf, I;, L)) be any
endemic equilibrium of system (4). When 1. = b, we have the following:

(C1) The endemic equilibrium Ef of the smooth approximation system (39) of
system (4) is stable for all 0 < € < €* and unstable for all €* < € < 1.

(C2) Adiscontinuous bifurcation occurs at endemic equilibrium E{ of the smooth
approximation system (39) of system (4) as € increasingly passes through
€*. That is, system (39) has a branch of periodic solutions bifurcating from
the endemic equilibrium Ef.
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Fig. 15 Sets of eigenvalues of the generalized Jacobian J. It has three paths from € = 0 to ¢ = 1 with
€* = 0.4892 and w* = 0.01237. Here, dy = 0.175, 1 = 0.10895, B3 = 0.03, r = 0.07, pp = 0.08035,
1 = 0.081, and all other parameters values are shown in Table 2 (Color Figure Online)

Appendix D: Proof of Theorem 13

Proof The translation x = S, — S}, y = In — I}, x = I, — I brings E* to the origin.
Expanding the right-hand sides of the resulting system in a Taylor series about the

origin, we obtain

dx ap1 S
— = —mpXx —m3zy — ————
P 2 Y-
dy
m =(mp —dn)x + (m3 —my)y +
a
+ P oG v o),
Nh
dz  dyI7 aps
— = —m4z — ——yz.
a T TNt

B b
Nh Y Ny
ap St
al hz+ﬁ

Nn Ny

xy +

2(p1 — no)(b —b)(b —2b) ,

(I + b —2b)3

(43)

The generalized eigenvectors corresponding to A = 0 of Jacobian matrix Jg= are

mim dy I\’
V1=<_¥7 ny4, VV) ) V2=

dn I}T
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2
which satisfy Jg=V) = 0 and Jg=Vo = Vi. V3 = (— ms3 — m;nTzdh»ml + my — m3,

s
Iy

/
) is the eigenvector of A = —a;j. Let
T = (Tij)3xz = (V1, V2, V3), (44)
then under the non-singular linear transformation
@ oy, )t =T,y 2h (45)

then, system (43) becomes

du
ditl =uz+ Lzou% + Lijugup +L02M% +u3z - O(luy, ual) + Oluy, ua, u3l),
du
de = Maoui + Myjuyuz + Mopu3 + uz - O(uy, ual) + O(uy, uz, u3l?). (46)
du _
(Tf = —ou3 + Kzou% + Kpjuguz + Kozu% +uz - O(uy, ual) + Ouy, uz, uz*),
. . dy I} _dI _ 4l
in which Ly = |T|,}leo, My = 17717 M20, My = T
dyI*
L = Y (dm +dm—mm—d2)
11 T hmi + dnmy 1mg — dj
Bzmimy Bsmy  aPrdyly dyIy
s (224 4 Qdymy + dymy — S ) )+
< Ny 2dnmy + dpmy — mymy) N Mol I
1 m3 aB»
X | | =5 (dnmi+dnma—mims) | mi+ma—m3 — | m3 + —
dy my —dn | | Nn
my 4y — po)(b — b)(b — 2b)
-G dyimg — 2 21,
d}%( hmiy + dnmg — mims) UF +b—2b)
dyl* 1 B3
Loy = Y dnmy + dnms — mm —(dnmy + dpma — myma — d> | =
02 |T|I};“d§<h1 himy ]4)<d§(hl hing 1mg4 — dj N
~ 2(u1 — po)(b — b)(b —2b)
(IF +b—2b)> :
dyI* | 1 mimy m3 _ B3
Mo = Y| —(dymy +dpms —mim — — 4o —m3 | —=
02 i |:d§(h 1 +dnmy 1 4)( a0 my — d 1 3 N
2
mim m 2 — b—>b)(b—-2b
o s 2 4 (1 /:0)( _)(3 b) ’
dn mo — dp (I +b —2b)
afamy

Ky = Lo + ,
20 20 Nh
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apa
K = L + s
11 11 Nh

Ko = L.

We reduce system (46) to a two-dimensional center manifold which corresponds
to a pair of simple zero eigenvalues. According to Kuznetsov (1995), there exists a
center manifold for system (46) which can be locally be represented as follows

W ={(ur, uz, uz) |uz = F(uy, uz), lui| < ey, luzl
<&, FO, 0)=0, DF(, 0) =0}

for 1 and &; sufficiently small. So, we consider the center manifold
uz = F(uy, ug) = soui + siuruz + sous + O(luy, uzl). (47)

By putting the center manifold (47) into the third equation of (46), and then by equating
powers of u%, uiuy and u% on both sides, we can calculate the coefficients of the center
manifold as follows:
K> 1 _ I _, _
so = ——, 51 = (@1 K11 —2K»), 52 = (@ Koz — a1K11 + 2K»0).
o1 o] aq

System (46) restricted to the center manifold is given by

dul
5 =t Looui + Liyuyuz + Loou + O(luy, uzl),
48
dus 2 2 3 49
T Moouy + Myjuyuz + Mopus + O(Juy, uz|”).
Using the following transformation
1
up=n+ E(L“ + Mo)ni + Loamnz + O(n1. mal).
uz = n2 — Loont + Moaminz + O(lny, mal?),
then system (48) is topologically equivalent to the normal form (30). O
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