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Abstract. Hydrodynamic instability has emerged as an active field of study in non-Newtonian fluid mechanics and their
study and results are being increasingly explored. The flow of non-Newtonian fluids between parallel plates is a problem
of considerable practical interest and this study will be considered. In this paper, the stability of the non-stationary
disturbances of viscoelastic fluid is studied through the growth rate of Tollmien-Schlichting waves for incompressible
two-dimensional fluid flow in a straight channel. The mathematical model adopted for the non-Newtonian fluid is the
Giesekus model. The analysis is carried out by means of Direct Numerical Simulation (DNS) and Linear Stability Theory
(LST). For the high Weissenberg number problem (HWNP), the Log-Conformation formulation was considered for the
conformation tensor decomposition of the Giesekus model. In order to evaluate the maximum amplification rates and the
neutral stability curves, different numerical simulations were performed by varying the non-dimensional parameters of
the viscoelastic fluid flow.
Keywords: Straight channel, viscoelastic fluid flow, Log-Conformation formulation, Direct Numerical Simulation, Linear
Stability Theory.

1. INTRODUCTION

Viscoelastic fluids are complex fluids that describe many flows of industrial products, such as polymers, petroleum,
food, cosmetics, and their study has been widely developed over the last decades. In the literature could be found many
works about constitutive models of viscoelastic fluids, such as the differential models of Maxwell [Beris et al. (1987)],
Oldroyd-B [Brasseur et al. (1994), Mompean and Deville (1997)], Giesekus [Giesekus (1962), Giesekus (1982)], models
of FENE type [Bird et al. (1980)], PTT [Phan-Thien and Tanner (1977)]; and the integral models: Maxwell [Kaye (1962)]
and K-BKZ [Luo and Tanner (1986), Luo and Tanner (1988)].

The process of a laminar flow becoming turbulent is known as laminar–turbulent transition [Schmid and Henningson
(2001)]. This process is extremelly complex and actually is not complete established. Laminar flows are always subject to
small disturbances. These disturbances appears by many factors, such that, structural vibrations, surface roughness, noise,
external turbulence, etc. If these disturbances are not smoothed the laminar flow undergoes transition to another complex
state, but not necessarily to turbulent state flow [Souza et al. (2005)]. The mechanisms and phenomena relationed with the
disturbances growth in the laminar flows are called instability. The hidrodynamic stability theory investigates how these
disturbances are amplified or smoothed and how the evolution of these disturbances are relationed with the transition
phenomena for turbulent flow [Zhang et al. (2013)].
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Despite the impetuous effort and remarkable progress in viscoelastics fluid flows simulation, some numerical insta-
bility problems have arisen with this advance. The High-Weissenberg number problem (HWNP) was the major obstacle
in computational rheology since the early 1970s. This numerical phenomena that leads to instabilities and/or to not con-
vergence of the solution even with different formulations or discretizations [Palhares Junior (2014)]. In order to improve
this problem many treatments were developed. An idea gained prominence with the use of matrix decomposition, given
by [Fattal and Kupferman (2004), Fattal and Kupferman (2005)], that proposed a new formulation for the constitutive
equation of the conformation tensor using the matrix-logarithm of tensor. After these works, Afonso [Afonso et al.
(2012)] presented an advantageous formulation in terms of precision and stability, called “Kernel-conformation” which
generalizes the formulations, such that, log-conformation transformation, rootk-conformation transformation, etc.

In this work, the incompressible two-dimensional straight channel flow was considered in the numerical simulations
for Giesekus fluid, in which high values of Weissenberg number were investigated. For the numerical simulations using
the DNS technique the governing equations are written in a vorticity-velocity formulation and in the LST technique the
objective is to solve the modified Orr-Sommerfeld equation for the viscoelastic Giesekus fluid [Brandi et al. (2019)]. The
linear system arising from the numerical solution of the Poisson equation is solved by a multigrid methods. The Orr-
Sommerfeld equation is solved by shooting method. The spatial derivatives are discretized by compact finite difference
schemes [Lele (1992)] and the time integration is carried out by a fourth-order Runge-Kutta method [Souza (2003)]. The
log-conformation formulation was used for the simulations considering high Weissenberg numbers. In order to evaluate
the maximum amplification rates, different values of dimensionless parameters are tested for the Giesekus model.

2. MATHEMATICAL FORMULATION

In this paper, it is assumed a two-dimensional unsteady non-Newtonian fluid flow, incompressible and without body
forces. The equations that describe this flow are the continuity and Navier-Stokes equations with a expression for the
non-Newtonian extra-stress tensor, that in this paper is considered the Giesekus constitutive equation. These equations, in
the dimensionless form, are given by

∇ · u = 0, (1)

∂u
∂t

+∇ · (uu) = −∇p+
β

Re
∇2u +∇ · T, (2)

where u denotes the velocity field, t is the time, p is the pressure and T is the extra-stress tensor. The dimensionless
parameter Re = (ρUL)/(η) denotes the Reynolds number. The amount of Newtonian solvent is controlled by the
dimensionless solvent viscosity coefficient, β = ηs/η0, where η0 = ηs + ηp denotes the total shear viscosity; ηs and ηp
represent the Newtonian solvent and polymeric viscosities, respectively. In this paper, we worked with viscoelastic flows
governed by the non-linear Giesekus constitutive equation [Giesekus (1982)], given by

T +Wi
∇
T +

αGWiRe

(1− β)
(T · T) = 2

(1− β)

Re
D, (3)

where D = 1
2 (∇u + (∇u)T ) is the rate of deformation tensor, Wi = (λU)/(L) denotes the associated Weissenberg

number, with λ representing the relaxation-time of the fluid, αG is the so-called mobility parameter and
∇
T is the upper-

convected derivative of T, defined by

∇
T =

∂T
∂t

+∇ · (uT)− T · (∇u)T − (∇u) · T. (4)

2.1 Log-Conformation Method

The Log-conformation method [Fattal and Kupferman (2004)] proposes a reformulation of the constitutive equation
of the tensor in order to control the numerical instabilities caused by HWNP [Keunings (1986)].

The application of this method starts from two main steps: a decomposition applied to the tensor ∇u and, later, a
logarithmic transformation in A, constructing a new constitutive equation for the logarithmic variable used. The polymeric
contribution constitutive equation is frequently formulated in terms of the conformation tensor A = A(x, t), which is an
approximation of microstructural state of liquid. Hulsen [Hulsen (1990)] has proved that the tensor conformation must
remain SPD (symmetric positive definite) throughout the temporal evolution of the constitutive equation if it is initialized
in this way, i.e. if was initialized SPD.

The equation that relates the conformation tensorA to the polymeric contribution τ is equation (5). This relationship
between tensors varies according to the chosen constitutive model. For the Giesekus model, this relation is given by

τ = ξ(A− I), (5)
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where ξ =
1− β
ReWi

.

The constitutive equation of the conformation tensor A is given by

∂A

∂t
+ (u · ∇)A− (ΩA−AΩ)− 2BA =

1

Wi
M(A), (6)

where M(A) is defined according to the viscoelastic model. For Giesekus model, M(A) = (I− A)[I + αG(A− I)].
Thus, we define the logarithm of the conformation tensor as

Ψ = loga(A) = O loga(Λ)OT , (7)

which implies, by inverse property, in

aΨ = A. (8)

Therefore, the log-conformation formulation equation can be written as

∂Ψ

∂t
+∇ · (uΨ) = (ΩΨ−ΨΩ) + 2B +

1

Wi
a−Ψ(I− aΨ)[I + αG(aΨ − I)]. (9)

In practice, it is adopted a = e (natural logarithm).

2.2 Direct Numerical Simulation

In this paper, we employ high order finite difference schemes, such that all flow scales are simulated, from the largest
and most energetic to the smallest, without adding closing equations.

In order to eliminate the pressure term in the Navier-Stokes equations, it is adopted the vorticity-velocity formulation.
Thus, the vorticity in direction z, ωz , is defined by

ωz =
∂u

∂y
− ∂v

∂x
. (10)

Therefore, the equations (1)-(3) in the two-dimensional can be rewritten as

∂u

∂x
+
∂v

∂y
= 0, (11)

∂2v

∂x2
+
∂2v

∂y2
= −∂ωz

∂x
, (12)

∂ωz
∂t

+
∂(uωz)

∂x
+
∂(vωz)

∂y
=

β

Re

(
∂2ωz
∂x2

+
∂2ωz
∂y2

)
+
∂2T xx

∂x∂y
+
∂2T xy

∂y2
− ∂2T xy

∂x2
− ∂2T yy

∂x∂y
, (13)

T xx + Wi
(∂T xx

∂t
+
∂(uT xx)

∂x
+
∂(vT xx)

∂y
− 2T xx

∂u

∂x
− 2T xy

∂u

∂y

)
+ αG

WiRe

(1− β)
(T xx

2

+ T xy
2

) =

= 2
(1− β)

Re

∂u

∂x
, (14)

T xy + Wi
(∂T xy

∂t
+
∂(uT xy)

∂x
+
∂(vT xy)

∂y
− T xx ∂v

∂x
− T yy ∂u

∂y

)
+ αG

WiRe

(1− β)
(T xxT xy + T xyT yy) =

=
(1− β)

Re

(∂v
∂x

+
∂u

∂y

)
, (15)

T yy + Wi
(∂T yy

∂t
+
∂(uT yy)

∂x
+
∂(vT yy)

∂y
− 2T xy

∂v

∂x
− 2T yy

∂v

∂y

)
+ αG

WiRe

(1− β)
(T xy

2

+ T yy
2

) =

= 2
(1− β)

Re

∂v

∂y
. (16)

In the computational domain, represented in Fig. 1, there are three types of boundary conditions adopted: inflow,
outflow and wall boundary conditions. The inflow is specified according to the following conditions:

u = U(y), v = 0, and T = 0. (17)

On wall boundaries, the no-slip condition and impermeability (u = 0, v = 0) are employed. At the outflow the second
derivative of variables in respect to x are set to zero.
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2.2.1 Numerical Method

The system of equations considered in the DNS technique is solved numerically in the domain as shown in Fig. 1. The
calculations are performed on an orthogonal uniform grid, parallel to the wall. The fluid enters the computational domain
at x = x0 and exits at the outflow boundary x = xmax.

Figure 1. Definition of the computational domain for Poiseuille flow.

The flow variables for time t = 0, are undisturbed, therefore from time t > 0, the disturbances are introduced in a
disturbance strip near the inflow (in both walls), through the imposition of the v velocity, given by

v = Af(x) sin(ωt t), x1 < x < x2, and v = 0, x ≤ x1 or x ≥ x2, (18)

where A is a constant used to adjust the amplitude of the disturbances, f(x) is a 9th-order function and ωt is the distur-
bance temporal frequency. The points x1 and x2 are the initial and the last point of the disturbance strip, respectively.
The values of f(x), its first, and second derivatives are zero in these extreme points. To avoid wave reflections from the
inflow and outflow boundaries, it was implemented a buffer domain technique, from (Kloker et al., 1993), in the region
located between x0 and x1 and x3 and x4, respectively. The simulation finishes when a periodic flow is reached and the
disturbances reach the region close to the end of the domain in the streamwise position.

2.3 Linear Stability Theory

The LST technique consider that the flow can be decomposed in a base flow and a disturbed flow. These disturbances
can be written in the general form as

ũ = u(y)ei(αx−ωt), p̃ = p(y)ei(αx−ωt), T̃ = T(y)ei(αx−ωt), (19)

where, considering two-dimensional flow ũ = (ũ, ṽ), u = (u, v), T̃ = (T̃xx, T̃xy, T̃yy) and T = (T xx, T xy, T yy).
The autofunctions ũ, ṽ, ..., ˜T yy can be complex functions of y. The wave length of the disturbances in the streamwise

direction (x) is denoted for the complex parameter α, which shows the disturbances propagation along the flow in the
streamwise direction and if these disturbances are stable, unstable or neutral.

The LST technique has objective the solution of the Orr-Sommerfeld equation (20). For a viscoelastic fluid, the
Orr-Sommerfeld equation is modified and solved for this model. The solution correspond a eigenvalue problem whose
solution exists for some parameter values α, ω,Re,Wi, β, and depends the velocity profile of the base flow.

The Orr-Sommerfeld equation modified for a viscoelastic fluid considering a two-dimensional problem is given by

α(U−c)
(
d2v

dy2
− α2v

)
−αvd

2U

dy2
+α

d2T
xy

dy2
+iα2

(
dT

xx

dy
− dT

yy

dy

)
+α3T

xy
= − iβ

Re

(
d4v

dy4
− 2α2 d

2v

dy2
+ α4v

)
. (20)

The stability analysis is performed by studying the numerical solution of this equation and by the temporal and spatial
stability diagrams constructed as the Table 1 shows.

2.3.1 Numerical Method

In LST technique the objective is solve the Orr-Sommerfeld equation (20) modified for a viscoelastic fluid. The
solution of the modified Orr-Sommerfeld equation corresponds to an eigenvalue problem, whose solution is linked to the
parameter values α, ω,Re, β, αG and Wi, and depends on the base flow velocity profile.

The computational process was performed by [Mendonça and de Medeiros (2002)] adopting the Shooting method to
solve the Orr-Sommerfeld equation for a non-Newtonian fluid of Giesekus type.

• Consider the initial values for the eigenvalues α, ω,Re,Wi, αG and β;
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Table 1. Instabilities classification.

Type of analysis Amplification rate Amplitude Classification
ωi < 0 decreases stable

Temporal analysis ωi = 0 constant neutral
ωi > 0 increase unstable

αi < 0 increase unstable
Spatial analysis αi = 0 constant neutral

αi > 0 decreases stable

• Integrate the Orr-Sommerfeld equation by 4th order Runge-Kutta scheme starting from the lower boundary;

• Verify if the boundary condition at the upper boundary is satisfied;

• Change the value of ω (or α depending on the analysis - temporal or spatial) and integrates again te Orr-Sommerfeld
equation;

• Verify if the boundary condition on the wall is satisfied;

• If the checked condition is not satisfied, it interpolates ω through the last two approaches.

3. CODE VERIFICATION

In order to verify the DNS and the LST code implemented with the Giesekus fluid and the log-conformation transfor-
mation, we consider two-dimensional fluid flow between parallel plates. Numerical simulations were performed in order
to compare the base flow generated numerically with the DNS code implemented with the Giesekus model, considering
αG = 0 in mathematical model and comparing with the base flow generated analytically with the DNS code implemented
with the Oldroyd-B model.

For verification test of implemented code, the following parameters were adopted: the number of points in the stream-
wise and wall-normal directions are imax = 9049 and jmax = 249, respectively; the distance between two consecutive
points in the x- and y-directions are dx = 2π/(32αr) and dy = 2/(jmax− 1), respectively, where αr is the real part of
the wavenumber; the time steps per wave period is 128.

Figure 2 shows the comparison between the analytical solution of Oldroyd-B fluid and the numerical solution obtained
using a DNS technique for Giesekus fluid considering αG = 0. In this figure was performed three simulations, considering
Re = 2000, 5000 and 8000, β = 0.25, 0.50 and 0.75 and Wi = 10, 15 and 20.
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Figure 2. Comparison between the analytical solution of Oldroyd-B fluid and the numerical solution obtained using a
DNS technique.

It can be seen the analytical and the numerical solutions are in agreement for the three simulations performed. Figure
3 shows the error between analytical solution and numerical solution and it can be noted that the error grows when the dx
is increasily and the convergence order of error is approximately 10−5.

4. NUMERICAL RESULTS

Different numerical simulations were performed by varying the non-dimensional parameters for the viscoelastic
Giesekus fluid, in order to evaluate the maximum amplification rates. In these simulations the following parameters
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Figure 3. Error between analytical and numerical solutions.

were considered: Re = 2000, 3000, 4000, 5000, 6000, 7000 and 8000, β = 0.75 and 0.90, αG = 0.1, 0.2 and 0.3,
Wi = 1, 2, 5, 10, 25, 50, 75 and 100.

The parameters adopted in DNS simulations carried out here were: the number of points in the streamwise and wall-
normal directions are imax = 961 and jmax = 249, respectively; the distance between two consecutive points in the x-
and y-directions are dx = 2π/(32αr) and dy = 2/(jmax−1), respectively, where αr is the real part of the wavenumber.

4.1 Base Flow

In order to show the influence of Weissenberg number in the behavior of the Giesekus fluid flow components, some
simulations were performed for the base flow with different values of Weissenberg number. The parameters adopted were:
Re = 4000, β = 0.75, αG = 0.30 and Wi = 1, 10, 100.

Figure 4 shows the components profile U(y) (velocity) and T xx, T xy and T yy (non-Newtonian tensors) of the vis-
coelastic flow. It can be seen that in the velocity profile the velocity increases when Wi is increased. For the non-
Newtonian tensors the opposite occurs, that is, the absolut value of the tensors component decreases when Wi is in-
creased.
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Figure 4. Components of viscoelastic fluid flow for different values of Weissenberg number.
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4.2 Stability Analysis

In this section, the stability analysis of the Giesekus fluid flows were performed carried out by means DNS and LST
techniques. In the DNS simulations were adopted the following parameters: 128 time steps per wave period, disturbance
frequency ωt = 0.2 and the parameter A to adjust the amplitude of the Tollmien-Schlichting waves was 1× 10−4.

For LST technique numerical simulations were performed to find the spatial amplification rates values (αi) for different
Reynolds and ωt values in order to determine the neutral curve, that is, where the values of αi = 0. In this diagram, the
amplification rates smaller than zero αi < 0 (unstable) are inside the curve and the amplification rates greater than zero
αi > 0 (stable) are outside the curve.

In order to verify the results obtained using both techniques, different numerical simulations were performed by
varying the Weissenberg number for Giesekus fluid flows and their results were compared as can be seen in Fig. 5.
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Figure 5. Comparison between DNS and LST results.

Figure 5(a) shows that for all Wi numbers performed the flow is still stable even when Wi is increased. This conclu-
sion can be verified by the neutral curves presented in Fig. 5(b). In Figure 5(c) it can be noted that for all Wi numbers
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performed the flow is still unstable even when Wi is decreased and this can be verified by the neutral curves presented in
Fig. 5(d). Figure 5(e) shows that the flow will be stable for Wi = 1, 2, 5 and 10, unstable for Wi = 50, 75 and 100, and
neutral for Wi = 25 as can be seen in neutral curves presented in Fig. 5(f).

Figure 6 shows neutral curves obtained by LST technique varyingWi number and different dimensionless parameters.
In all neutral curves presented it can be seen that the instability region grows when Wi is increased.

Re

0 2000 4000 6000 8000

ω
t

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

Wi = 1

Wi = 2

Wi = 5

Wi = 10

Wi = 25

Wi = 50

Wi = 75
β = 0.75, α

G
 = 0.20

Re

2000 3000 4000 5000 6000 7000 8000

ω
t

0.15

0.2

0.25

0.3

0.35

β = 0.90, α
G

 = 0.10

Wi = 10

Wi = 25

Wi = 50

Wi = 100

Wi = 2

Wi = 5

Re

2000 3000 4000 5000 6000 7000 8000

ω
t

0.2

0.25

0.3

β = 0.90, α
G

 = 0.30

Wi = 1

Wi = 2

Wi = 5

Wi = 10

Wi = 75

Wi = 100

Wi = 50

Wi = 25

Figure 6. Neutral curves of instability.

5. CONCLUSION

The present paper shows two techniques to investigate the stability of the viscoelastic fluid flow in a straight chan-
nel, Linear Stability Theory and Direct Numerical Simulation. It was considered the Giesekus constitutive equation for
the numerical simulation with the implementation of the Log-Conformation formulation to solve the high Weissenberg
number problem. In order to evaluate the maximum amplification rates for different Reynolds and Weissenberg values,
different values of these dimensionless parameters are tested.

In order to verify the implemented code, some numerical simulations were performed for the Giesekus fluid flow
considering αG = 0 and compared with the analytical solution of Oldroyd-B fluid flow. In addition, different values
of Weissenberg number were performed with the objective to analyse the components behavior in the flow when Wi is
increased.

The stability analysis were performed carried out by means DNS and LST techniques. The comparison between both
techniques was accomplished in order to verify the consistence and agreement of the results obtained. The results show
that when Wi number is increased the fluid flow becomes unstable for lower values of Reynolds number.
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