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Abstrad 

We study the shape identities arising in the theory of Bernstein 

algebras. We determine all shape identities of minimal degree for two 

subclasses of Bernstein algebras, namely, normal Bernstein algebras and 

exceptional Bernstein algebras. 

1 Bernstein algebras 

2 

Let F be a field of characteristic not 2, A a nona.ssociative commutative 

algebra over F. If w : A ➔ F is a nonzero homomorphism, the ordered 

pair (A,w) is called a baric algebra over F, w is its weight function and, for 

;,; € A, w(;,;) i:1 the wcig/,t of;,;. If N = ker wand w(a) = 1 then A= Fa EB N. 

A Bernstein algebra is a. baric algebra. (A,w) such that the following identity 

holds: 

(1) 

Bernstein algebras always have idempotents of weight 1 (for example, e = a2 

with w(a) = 1). An idempotent e of weight 1 determines the Peirce d~ 

composition A = Fe EB U EB V, where U = · {n E N 2en = n} and 

V = { n E N : en = 0}. 

It is well-known that if U2 = 0 then the same equality holds for any other 

choice of idempotent. The condition 0 2 = 0 is then invariant and defines a 

subclass of the class of all Bernstein algebras, the so-called exceptional ( or 

exclusive in the language of Lyubich [8]). As shown by Correa and Labra. [.a], 

a Bernstein algebra is exceptional if and only if it satisfies the identity 

2(zy)(zt) = w(zy)zt + w(zt)zy. (2) 

The conditions UV = 0 and V2 = 0 define the subclass of normal Bernstein 
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algebras. It can be proved that A is normal if and only if A satisfies the identity 

(3) 

The class of all Bernstein algebras is not a variety of algebras as the equa­

tion (1) involves variable coefficients w(x). The same is true for the subclasses. 

A natural question if to find polynomial identities of lowest degree which hold 

for such classes. The variety defined by these identities is refered as the mini­

ma/ variety containing these classes. The minimal variety containing the class 

of all Bernstein algebras or some of its most interesting subclasses were de­

termined in Correa, Hentze! and Peresi (m, and Correa and Suazo (f]. For 

algebras satisfying ;i;
2 = w(;i;);i; (also a subclass of Bernstein algebras), the de- · 

termination of this minimal variety appears in Peresi ([.!!], Theorem 1). In the 

same paper, Theorem 2 finds the mininal variety containing a.11 the Bernstein­

Jordan algebras, and other results in this direction involving some other classes 

of baric algebras are given by Theorem 4. In all these calculations, it is used 

the technique of "representing identities by matrices", which is fully explained 

in Uil- Notations and terminology used here are the same as in (~. 

2 Shape identities 

The concept of shape polynomials was introduced in Costa [§) based 

on ideas already present in Etherington (1). We review here some of the ba­

sic properties used in the following sections. We consider the free F-algebra 

F(xi, x2, ••• ) generated by an infinite number of nonassociative noncommuta­

tive variables x1, x 1 , ••• Any word of the form x 1x 1 ••• x1:, with some arrange­

ment of parenthesis, is called a shape monomial of degree k. The number of 

such monomials is k' = ¼ (Z:,_:-1
1
). There are 5 shape monomials of degree 4, 

namely, 



Jt1 = (x1x1)x3.X4, 

I'◄ = x 1.(x1x3 )x4 , 

1'1 = x,(x1xa).x◄ , 

/ts = X1 .x:,(X3X4). 

There are 14 shape monomials of degree 5, namely, 

V1 = (x,x:,.X3)X4.Xr;, V:, = (z1.X:,X3)X4.X5 1 

V◄ = x 1(x1.x3x4).xr;, Vi;= X1.(X1X3.x4)xr;, 

V-, = X1 .X2(X3X4.Xr;), Va= X1.X2(X3.X4X5), 

1/10 = x1(x1X3.X,tXi;), 1111 = (x1x1.x3).x,txi;, 

V13 = X1X1.(X3X4.Xr;), 

4 

(4) 

VJ= X1(X:,X3.x.).xr;, 

Va= xi-(x1.xax4)xs, 

V9 = (x1X2.X3X4)Xr., (5) 

1111 = (z1.X:,X3).X4X5 1 

V14 = X1X1.(X3.X4X5). 

In general, the k' shape monomials of degree k generate a vector subspace of 

F(:i: 11 x;,i, .• • ] of dimension k'. Any nonzero element of this subspace is called 

a shape polynomial of degree k and the corresponding variety of F-algebras 

is called a shape variety of degree k. Given a F-algebra A, the level of A 

is the degree of the shape polynomials of smallest degree vanishing on A (if 

these polynomials exist). It is easily seen that if a shape variety defined by 

S(x1, ... , x,.) = r:, a,.µ, whereµ runs over the set of shape monomiais of degree 

k and a,. E F, contains an algt:bra with =.,.n idempotent, then necessarily r:, a,. = 
0. So, in particular, a shape polynomial of degree 3 must be a scalar multiple 

of the associator (xi, x:,, x 3) = (x 1x 3)x3 - x 1(x:,x3 ). This says that algebras of 

level 3 arc associative. In (1], Baeza-Vega and Costa stated some properties of 

shape identities of degree 4 and 5. According to [1], Proposition 2, the variety 

defined by the shape polynomial 

(6) 

is the only one of interest among all varieties of degree 4 (for our purposes). In 

case the degree is 5, the situation is more involved but. some of these varieties 

are more natural in our cont.ext of genetic algebras theory. 
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In (fil it was proved that the gametic algebra for simple Mendelian inheri­

tance, denoted by G(n+ 1, 2), satisfies the shape identity (6) and, being nonas­

sociative, it has level 4. Also from (fil it., commutative duplicate Z(n + 1, 2) 

satisfies the degree 5 shape identity S(xi, x2, x3 , z4):r6 = 0. It is well known 

that G(n + 1,2) satisfies the equation z2 = w(:r)z and so z2z2 = w(z)2z2. 

It is also known that Z(n + 1, 2) is a Bernstein algebra. As a consequence, 

it seems na~ural to study the occurence of shape identities in the class of all 

Bernstein algebras. In particular, to find the sl:ape variety of smallest degree 

containing all these algebras. As the polynomial identities of minimal degree 

satisfied by all Bernstein algebras have degree 6 ([.Q], Theorem 5), the degree 

of this minima.I shape variety should be at least seven. 

Some of the results of this paper were obtained "by hand". For instance, 

the fact that the shape polynomial (z1z:i, (z3, z4, zs), z6) is an identity for all 

exceptional Bernstein algebras. But, it was unknown wether this was the only 

shape identity of degree 6 for these algebras. The use or more sophi11ticated 

techniques, using computer, seemed to be a good way towards the solution of 

the problem. This was done mainly by L. A. Peresi, using methods developed 

by I. R. Hentze! already mentioned in section 1. 

3 Representation of the symmetric group 

Let Sn denote the symmetric group and FS,. the corresponding group 

algebra. When char( F) is O or greater than n, F S. is semisimple and, therefore, 

it is isomorphic to a direct sum of matrices. Clifton (2) gives an algorithm to 

construct the irreducible representations of S,.. To construct a representation, 

Clifton first associates to ff' E S,. a matrix A. and then the representation is 

given by 1r E S,. ➔ A11 A •. In this paper we use the maps ff' ➔ (A,.)1 to 

construct an isomorphism between F S,. and a direct sum of matrices. We 
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call each direct summand a represe:1tation although it is not necessarily a 

representation in the usual sense for n > 4. For instance, i£ n = 4 we have five 

representations and the isomorphism of F S4 into the direct sum of matrices is 

given by 

(12) ➔ (1] EB [ _~ 

{1234)-► 111 $ r-: -~ 
0 I 

:1 $ 1-11, 

-1 
(7) 

In the next sections, to verify if there is or there is not a shape identity or 

degree n we use the representations (in our sense) of the group algebra FSn. 

Therefore, we assume that the characteristic of the field is zero, or greater than 

the degree of the shape identity. 

4 Normal Bernstein algebras 

In this section, we find all shape identities of minimal degree satisfied by 

all normal Bernstein algebras. In the first part we show that no such identities 

or degree four exist. 

Degree four. Linearizing the identity (3) we _obtain J(x1, x2, x3) = 2(x1x2)x3-

w(xi)x2x3 - w(x2)x1x3 = 0. Using this equation we obtain the following iden­

tities of degree four: 

w(x4)/(x1,z2,z3) = O, 

/(zi, X2, X3X4) = 0. 

These identities are expressed in terms of the following association types: 

T1 = w(R)(RR)R, T2 = w(RR)RR, T3 = (RR)R.R, T4 = (RR)(RR). 

(8) 
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Here R has no meaning. It is just a. convenient way to say how the asssociation 

types look like. Since we are interested in shape identities (which are polyno­

mial identities) it is important to put the association types not involving the 

weight function w at the end of the list of a.ssociation types. 

For each association type we have to consider also the identities implied by 

the commutative law. They are: 

w(z1)(z2z3):.t4 -w(z1)(z3:.t2)z4 = O, w(z,z2)z3x4-w(z2:r,)x3:r4 = O, 

w(z1z2):r3:.t4 -w(z1z2)x4X3 = 0, (z1:r2):r3.:r4 - (z2:rt)x3.:r4 = O, (9) 

(x1x2)(x3x4) - (:r2:r1)(:r3x4) = 0, (:r1:r2)(:r3:r4) - (:r3:r4)(:r1z2) = 0. 

Considering how the positions of the variables x,, :r2, :r3, x4 are changed in the 

terms of the identities (8) and (9) we represent each one of them by an element 

of the direct sum F S4 EB F S,. EB F S4 EB F S4 , where each summand corresponds to 

each association type. For example, the identity /(:r,:r4, x2, :r3) = 0 expands to 

2(:r,:r4)z2.:r3-w(x,x,.):r2:r3-w(:r2)(x,:r4).2:3 and is represented by -(12)(34)EB 

-(234) EB 2(234) EB 0. Now, using (7) we represent the identities (8) and (9) by 

block matrices. After reducing to the row canonical form we obtain: 

Representation 1 

0 

1 

0 

0 

0 

1 

T,. 

-1] 
-1 

-1 

(10) 
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Representation 2 

Ti T2 T3 T• 

I 0 0 0 0 0 0 0 2 0 0 0 

0 l 0 0 0 0 0 0 0 0 0 0 

0 0 l 0 0 0 0 0 0 0 0 0 

0 0 0 I 0 0 0 0 2 0 0 0 

0 0 0 0 1 0 0 0 2 0 0 0 

0 0 0 0 0 1 0 0 -2 0 0 0 (11) 

0 0 0 0 0 0 1 0 2 0 0 0 

0 0 0 0 0 0 0 1 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 1 0 

0 0 0 0 0 0 0 0 0 0 0 1 

Representation 3 

Ti T2 T3 r. 

l 0 0 0 0 0 0 -1 

0 l 0 0 0 0 0 -1 

0 0 1 0 0 0 0 -4 

0 0 0 1 0 0 0 2 (12) 

0 0 0 0 1 0 0 -1 

0 0 0 0 0 2 0 1 

0 0 0 0 0 0 l 2 
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The block matrices corresponding to representations 4 and 5 arc formed by 

identity matrices. 

A shape polynomial of degree four is a linear comhination a1 ,,1 + ... +nr; 116 

of the shape monomials (4). Using the commutative law we write 112 , 114 and 

µ6 as I'~ = (x2x3)x,.x◄ , µ~ = (x2x3)x4.X1 and ,,~ = (x3x4)x2.x1. Thus, the 

shape polynomial can be written in terms of T3 and T4 as 

(13) 

In representation 1 the monomials /-'1, µ~, µ3 , µ~, /1~ are represented 

by the same identity matrix [ l ). In representation 2 they arc represented, 

respectively, by the matrices 

and in representation 3 by the matrices 

[1 o] [ o 1] [1 o] [-1 -•i [ 1 o] 
0 1 ' -I -1 ' 0 J ' 0 1 ' -1 - I . 

Therefore, the shape polynomial {13) is represented by the block matrices: 

Representation 1 

(14) 
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Representation 2 

T,. 

[a, +a, 04 05 

-U5 o, -05 02 + 04 - 05 

-n2 - O',t -0'2 - 04 + 05 Ot -O:z-04 

Representation 3 

[ 

O't - 04 + 05 O:z - O,t 

-02 - as 01 - 02 + 04 - 05 

03 o l 
0 03 

(16) 

The polynomial (13) is a shape identity for all normal Bernstein algebras if 

a11d only if it is a consequence of identities (8) and (9), and this happens if and 

only if tlie row spa.cc of the block matrix representing (13) is contained in the 

row space of the hlock matrix representing (8) and (9) for each representation. 

We put tl1e block matrices (14), (15), (16) at the botton of the matrices 

( 10), (JI), (I 2), respectively, and perform row reductions. Since the rank 

cannot increase, the coefficients o; must satisfy the following constraints: 

o 2 + a,. + 05 = 0, 

o, + 02 + 04 = 0, 
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Since the block matrices reprcsenLing the identities (8) and (9) arc formed 

by identity matrices in representations 4 and 5, they do not give any other 

constraints. Solving the above linear system of equations we obtain ai = 0 (i = 
1, ... , 5). Therefore there exists no shape identity of degree four satisfied by 

all normal Bernstein algebras. 

Degree five. From the identity /(:r1, :r1 , :r3 ) = 0 we obtain the following 

identities of degree five: 

/(x1,x2,x3)x4.x5 = 0, 

w(xs)/(xi, :r:2, x3)x4 = 0, 

/(x11 X2, X3).X4X5 = 0, 

w(x4xs)/(x1,x2,x3) = 0, 

w(xs)/(x1x4, xi, x3) = 0, 

w(x5)/(x., x3, x3x4) = 0, 

/(z1:r4, X1Xr;, X3) = 0. 

These identities involve the following association types: 

w(R)(RR.R)R, 

(RR.R)R.R, 

w(R)RR.RR, 

(RR.RR)R, 

w( RR)RR.R, w( RRR)RR, 

(RR.R).RR. 

(17) 

Using the representations of FS5 these identities and those implied by the 

commutative law are represented by tlie block matrices: 

(Here we write only the matrices corresponding to the last three association 

types.) 

Representation 1 

0 

1 
-1 l 
-1 

(18) 
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Representation 2 

1 0 0 0 0 0 0 0 0 0 0 4 

0 3 0 0 0 0 0 0 0 0 0 2 

0 0 l 0 0 0 0 0 0 0 0 -1 • 
0 0 0 6 0 0 0 0 0 0 0 -11 

0 0 0 0 l 0 0 0 0 0 0 4 ' 
0 0 0 0 0 1 0 0 0 0 0 -1 (19) 

0 0 0 0 0 0 1 0 0 0 0 -1 

0 0 0 0 0 0 0 1 0 0 0 -1 

0 0 0 0 0 0 0 0 3 0 0 2 
& 

0 3 0 0 0 0 0 0 0 3 0 2 

0 0 1 0 0 0 0 0 0 0 3 2 

Representation 3 

-
3 0 0 0 0 0 0 0 0 0 0 0 0 0 4 ~ 

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 3 0 0 0 0 0 0 0 0 0 0 0 -2 

0 0 0 3 0 (l 0 0 0 0 0 0 0 0 -2 

0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 I 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 l 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 
(20) 

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 3 0 0 0 -4 

0 0 0 0 0 0 0 0 0 0 0 3 0 0 2 

0 0 0 0 0 0 0 0 0 0 0 0 3 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 0 3 2 
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The block matrices corresponding to representations 4, 5, 6 and 7 are formed 
• by identity matrices. 

• 

A shape polynomial of degree five is a linear combination z:=:!, {J; v; of the 
shape monomials (5) and it can be written in terms of the last three types as 

8 14 

IE/J; v:J + !flu ½I+ /J10 Viol+ IE /J; v:J (21) 
i=I i=ll 

where 

The polynomial (21) is represented by the block matrices: 

Representation 1 

/Jg +/110 (22) 

Representation 2 

[A, A3) (23) 

where 
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/J1 + /J2 + /33 + /J-c lh, +/Jo P1 

-/Ja /31 + /J2 -/Ja /J3 + {J.., - /Js /J-c + /Js + /J1 - /Ja 

A1= -/31 - /J6 - /J1 -fJ◄ - /Jo -/31 /31 -/34 -/Jr /J2 +/J3-/J-4+ 

/31 + /Ja /3& -/Jo -/Jr 

-lh - /J3 - /Jr. -f3'J - {33 - f3&+ -/Ji - {33 + {J,c- /J, - /J2 - /J3 - /Js 

/31 + /Ja /J6 +/Jo 

/Jg fJio 0 0 

0 /J9 
A2= 

/J10 0 

0 0 /Jo /110 

-/J,o -/J10 -/J10 /Jg- /110 

/311 + /312 0 /J13 /J14 

A3 = 
-/J,. /111 + /112 - /J14 -/J1,c /J13 - f31 ◄ 

-/J13 -/313 /Ju - /J13 + /J14 /Jn - /J13 

-/J,2 + fJ13 + /J1-t -/J12 -/J12 /111 -/J12 

Representation 3 

(24) 

where 



81= 

/J1+/Jr 

/Js+/Js 

-/12 - lh-

/Js 

-/J-J +/14+ 

/Je + fJ,, 

-{J, -(J,, 

-/J, - /h+ 

/J4 

-f13 + /J4 - /11+ 
/Js + p., 

-/J4 -P. 

/Ju +/112+ -/J13+/J14 

/J14 

0 /Ju -/J14 

81,= 
-/112 -/Jn+/Jl'a 

-/J12+/J13 /J13 

-/111 -/J14 -/J14 

/J1 -/J,-

fJ3 

-lh -/Js+ 

/Ja 

/J:s-/J4+ 
fJ,-/1, 

-/J13 

/112 + /J13-
/J14 

/J11-/J12+ 

/J14 

/J14 

/J13-/J14 

-P. +/Js+ 
fJ,, 

/11-/J,+ 

fJ,, - /Js 

-/11 + /Js 

15 

/11 - /J:i + /J4- /J,-/13-

/J1 + /Js + fJ,, /Js + /Ja 

-/JJ-/J4- /J1 - /J, + /J:s - P•+ 
{J,-{Ja /JI - fl• + 1h - fJa 

-/J13 +/J14 -/J1:s 

-/J14 /J13 -/J14 

0 0 

/111 + /J13 /J12 + {114 

-/112 /111 -/112 



Ba= 

{Jg 

-/J10 

0 

0 

-{Jg 

0 0 /J10 

/J9 0 0 

0 {Jg -/J10 

-/J,o -/110 /Jg - /310 

0 /J10 0 

0 

/J10 

-/J10 

-/J10 

/Js+P10 
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As before we put the block matrices (22), (23) and (24) at the botton of the 

block matrices (18), (19) and (20), respectively, and perform row reductions. 

We find a linear system of equations on the variables Pt, ... , /J1,4. The row 

canonical form of the coefficient matrix of this system is 

1000000 1 1 1000 0 

0 2 0 0 0 0 0 1 -1 1 0 0 0 -2 

0 0 2 0 0 0 0 -7 -1 -7 0 0 0 6 

0 0 0 1 0 0 0 1 1 . 1 0 0 0 -2 

0 0 0 0 l O O -1 

0 0 0 0 0 2 0 7 

0 0 0 0 0 0 2 -1 

0 0 0 0 0 0 0 0 

0 0 0 0 0 2 

0 6 0 0 0 -6 

0 -2 0 0 0 

0 0 1 0 0 

2 

1 

0 0 0 0 0 0 0 0 0 0 0 1 0 -2 

0000000 0 0 0001 2 

IL follows that the shape polynomial E]!1 /Ji Iii is an identity for all normal 

Bernstein algebras if and only if it is a linear combination of the following shape 

polynomials: 

2111 + 112 - 711:J + 211.a - 211& + 711a - 1/'t - 2va, 

2111 -112 - V;J + 211.a - 211g, 

2111 + 112 - 7V;J + 211,. + 611a - 2"'1 - 21110 , (25) 

-112 + 3V;J - 211.a + 211, - 3ve + 1/'t + 1111 - 211n + 21113 - 111.a, 
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As clear, the set of shape identities given by (25) is equivalent to the fol­
lowing set: 

(26) 

(27) 

(28) 

(29) 

011 the other hand, it is easy to verify that each one of these equations is 
an identity for all normal Bernstein algebras. As an example, we verify that 
(26) is an identity. Using the identity f(x., x 2, x3) = 0 many times we obtain: 

I l 2v1 = w(x1X:zX3)X4X11 + 2w(x1x:zx4)X3X5 + 4w(x1X3X,c)X:zX5 
l 

+ 4
w(x2x3x,c)x1.r5, 

l l 1 -"2 = - 2w(z1X:,X3)x4X5 - 4w(z:,X3X4)z1z5 - 8w(x1X:zX4)X3X& 
I 

8w(.r1x3x,c)x1.r5, 

1 I l -V:3 = --w(.r1x3.r4).r1xi; - -w(.r1.r:zx3)x-tX11 - 8w(.r1x.ax◄).r3X5 2 4 
1 
8w(x1.r3x◄ )x:.ixi;, 

2v4 = l 1 w(x.aX3X4)Z1X& + ~(x1Z3X4).r:zX5 + :r1(.r1X:zX3)X4X5 
1 

+ 4w(X1X:zX4)X3Xi;, 

1 1 1 -2Vg = --w(x1X:.1X3).:r4%5 - -w(x1x2.:r4)X3X1 - 2w(x1X3X4)X;,iX11 2 2 
1 
2w( X:zl:3X4 )z IX&• 



Now, we aJJ these identities to obtain 2v1 - v2 - VJ+ 2v4 - 2Vi, = 0. 

The results of this section can be summarized in the following theorem. 

Theorem 1 Fm· l!&c class fJj normal Bernstein algebras ,ve have: 

(i) Tlm·e are no shape identities of degree less or equal to four. 
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(ii) The dcg1"Ce five shape identities are linear combinations of identities (26}, 

(27), (28) and (29}. 

Remark. In terms of associat.ors identities (26), (27), (28) and (29) are 

given by: 

{(x., x2x3, x,c) + (x1, x,, X3X,c) - 2x1(x2, X3, x,c)}X& + 

xi{(x2,x3x,e, xi;)+ (x2x3,x,e, xi;) - (x2 , X3, z,e)zs} - . 

,--

Notice that the first identity is S(z1,z2,x3,x4)xs = 0 and the last identity is 

x1S(x:i,X3,X4,X5) = 0. 
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5 Exceptional Bernstein algebras 

In the previous section we presented the full argument used to obtain 

the shape identities of normal Ucruslein algebras. The argument we use lo 

study the shape identities of exceptional Bernstein algebras is very similar. 
Therefore, in this section, we give the argument in the proof of the theorem in 
a brief manner. 

Theorem 2 For the class of exceptional Bernstein algebras we liave: 

(i) There are no shape identities of degree less or equal to five. 

(ii) The degree six shape idc11tities arc linear combinations 1Jf the identities 

(x., X2, X3}(X4, X&, X11) = 0, (x1x1, (x3, X◄ , Xr;), xa) = 0, 

(x.,(x1,x3,x4),xr;xo) = 0. 

Proof. Using identity (2), which we write as 

we obtain 

g(xi, x2, x3, x4)xr; = O, w(xr;)g(x., .i:1, z3, x4) = 0, 

g(x,xr;, X:,, X3, X4) = 0. (30) 

These identities are expressed in terms of five association types. The ones 
that do not involve thew-function are (RR.RR)R and (RR.R).RR. Thus, a 
polynomial that is a candidate for a shape identity in this case has the form 

14 

(Pit v~ + /310 v;o) + [ E /J; 11:J (31) 
i=II 

Representing (30) (together with the identities implied by commutativity) and 
(31) by block matrices, and comparing them as in section 4 we get a;= 0 (i = 
9, ... 14). Therefore, there is 110 shape identity of degree five (or less). 



In the degree six case there are nine identities, namely, 

g(x1,x2,x3,x4)x5.X5 = O, g(x1,x2,x3,x4).xi;.re = 0, 

g(x1,x:.z,X3,X4X5)xu = 0, g(x1,x2,X3,X4X5.X5) = o, 

g(xi,.r1 ,x3 x6 ,x4 xe) = 0, g(.r1.r&,.r2,.r3.rs,.r-t) = O, 

w(xa)g(xi, x2, X3, X4).r5 = 0, w(xu)g(x1, .r2, X3, X-4.r5) = O, 

w(x,;x6 )9(x1, x2, X3, .r-4) = 0, 
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which are expressed in terms of eleven association types. The ones without 

aw arc (RR.RR)R.R, (RR.RR).RR, (RR.R)R.RR, (RR.R)(RR.R) and 

((RR.ll).IW)ll. There are 42 shape monomials of degree six. We need to 

co11sidcr only 26 of them, that i11, tl1e ones that can be rewritten modulo the 

commutative law to fit in one of these five association types. Representing the 

identities and the linear combination of these 26 shape monomials by block 

matrices, we conclude that a shape identity of degree six for the exceptional 

Bernstein algebras has to be a linear combination of (xi, x2, .r3)(.r4, x 5 , .r6) = 

0, (x1x2, (x3, .r-4, .rs), xo) = 0, (.r1, (.r,, x3, .r-4), .r11.ro) = 0. On the other hand, 

using g(x 1, .r2 , x3 , x4 ) = 0 it is straighforward to check that each one of these 

last three equations is a shape identity. 
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