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1. Introduction 

Let (V, E) be a directed graph, where V = {(m, n) E Z 2 m + n is even } is the set of 

Typeaet by A,w-1t:;X 
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vertices and E = {((m,n),(m ± 1,n + 1)): (m,n) EV}, the set of oriented bonds. Under 

this graph, from each (m, n) E V there are two directed bonds, one pointing to (m-1, n+ l) 

and the other one pointing to (m + l,n + 1). A function f3 : E-+ {O, 1} will be called a 

configuration of open and closed bonds of E; by P( e) = 1 we mean that the bond e E E is 

open, while f3(e) = 0 means it is closed. On {O, l}E we define the measure lF by postulating 

that each bond is open with probability p and independently of the other bonds. ({O, l}E,JP) 

is called the oriented bond percolation model in two dimensions (see Durrett (1984, 1988) 

and Grimmett (1989) for detailed discussion of this model). 

For x, y E V, we say there is an open path from x to y in /3 E {O, l}E if either x == y 

or there is a sequence of ,·ertices x0 = x, .. . , Xn = y in V such that for each 1 :5 i '.5 n, 

(x,-1,.r,) is a bond and it is oprn in J. For an .-1 C 2.l define 

C(A) = {y E V : there is am EA such that there is an open path from (m,O) toy} 

C(A) is a. random set of points of V which is called a cluster connected to A. The study of 

random clusters is one of the central problems in percolation models; a particular interest 

is devoted to IP(IC(A)I < oo) which is called the extinction probability (I · I means here the 

cardinality of a set). In the abstract we used the notation 11(A) = IP(IC(A)I < oo). It has 

been proven by Harris (l!>60) thaf ·for any finite sets A,B C 2.l, 

IP(IC(A)I < oo, IC(B)I < oo) = IP(IC(AU B)I < oo) ;::: IF(IC(A)I < oo) IP(IC(B)I < oo). 

(1.1) 

The above inequality was also derived by Fortuin, Kasteleyn and Ginibre (1971). For this 

reason we call it the Harris-FKG inequality. See also Durrett (1984), page 1028. Inequality 

(1.1) holds for oriented bond percolation models on quite general graphs. For (V, E) defined 

above, the Harris-FI-i:G inequality is refined by the following 

Theorem 1. For arbitrary finite .-\, B C 2Z, it hold., that 

IP(IC( Au B)I < oo l iP(IC( .-1 n B)I < oo) ;::: IP'(IC(.-1)1 < oo) lP'(IC(B)I < oo) (1.2) 

For a set M C 2Z we define the process { ~!'} n~o by putting (!' := { k E Z : there exists 

an m E Af such that there is an open path from (m,O) to (k,n)}. This process relates to 
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C(M) as below: 

C(M) = LJ {{m,n): m E ~!'} 
n~O 

It is well known ( and will also follow from the above relation and a Markovian construction of 

C(M) to be presented in Section 3) that U!'}n~o is a Markov process. Therefore {~l!}n~o 

is also a Markov process on {O, 1}211 ; we select even times in order to get the same state 

space at all times. Arguments similar to those applied to the contact process in Chapter 6 

of Liggett {1985), imply that ~l! converges weakly, as n-+ oo, to a measure;; on {O, 1 J2Z. 

This measure is called the upper invariant measure because it is invariant for {fzn}n~o and 

may be different from the so-called lower invariant measure!!.= 6t, the measure that gives 

mass one to the empty configuration. Duality as discussed in Section 8 of Durrett (1984) 

implies that 

where HM(a) := fl,eM(l -o(y)) for any o E {0,1}2z. Set A' := A\ B.B' := B \ A, 

and C' :=An B. Then upou di\'iding (1.2) by (vHc, )2 , we obtain the following equivalent 

inequality. For finite pairwise disjoint A'. B' and C', 

(1.3) 

The above is a kind of Harris-FKG inequality for the measure v conditioned on having zeroes 

in the sites of C'. This is interesting because Liggett (1995) proved for the Contact Process 

that (the analogous to) v conditioned on having ones in C' does not satisfy the Harris-FKG 

inequality. We thank Tom Liggett for pointing out this fact to us. 

This paper is organized as follows. In Section 2 we show how Theorem 1 follows almost 

immediately from two properties of iF which are stated respecti\'ely in Lemma 2 and Propo­

sition 3. In Section 3 we present a Markovian construction of the orientPd hond pr.rcolation, 

which is then used to prove Lemma 2 and Lemma 4, the key element to show Proposition 3. 

[n the remark after Lemma 4, we explain why our argument works only for the oriented 

percolation in two dimensions. In Section 4, we apply Theorem 1 to derive an upper bound 

on P(IC( {O} )I < oo) which improves the existing ones, to the best of our knowledge. 
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2. Proof of Theorem 1 

We assume throughout that AnB ¥ 0, because for AnB = 0 we have that the inequality 

we want to prove is just Harris-FKG inequality. For any finite M C 2Z, let r(M) be the set 

of all finite clusters that can be connected to M, that is, 

f(M) = h c V: lP(C(M) = -y) > O} 

If hi= oo, the probability that C(M) = -y is zero, hence f(M) contains only finite clusters. 

Let WM <lenote the event IC(M)I < oo. From these definitions, we have 

IP'(IC(M)l<oo)= L IF(W.\f\(AnB)n{C(AnB)=-y}) (2.1) 

·1Ef(AnB) 

In the sequel we will write L-, for L-,er(AnB) and use the shorthand notation introduced 

in the <lisplay below, where ll' and U are any events an<l -y E f(A n B) is arbitrary: 

IP'{,)= ll"(C(A n B) = -y), 

IP(WU) = :F(W n U), 

lF(Wh) = iF(lV n {C(A n B) = 1'} )/IP'(C(An B) = -y). 

Using (2.1) and (2.2), the inequality (1.2) can be rewritten as 

(2.2) 

EL IP'h)IFh')IP'(WA\Bw B\Ab) ::::: EL iP(-y)IF(-y')ffll(W..t\Bb)IP(WB\..th') (2.3) 

-r T -, T 

We prove in Lemma 2 below that for any 1' E f{A n B), we have 

(2.4) 

From (2.4) and (2.3), to prove (1.2) it suffices to establish that 

LL ilPh)iP'(,')iP(lV..,,uh )iP(lV B\.-lh J ~LL iP(-y)iFh')lP'{W A\ab)IP'(W B\Ah') (2.5) 

-, ~ -, T 

Tu rewrite (2.5) in a somewhat "familiar" form, we introduce two functions f and g ~ 

f(A n B)--+ ~ and a measureµ. on f(A n B): 

/(,) := F(W~,ah), g(-;) := IP'(WB\Ab) 

µ.(-y) := iP( C(A n B) = -y)/IP(IC(A n B)I < oo) 
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Then, dividing by (lF(jC(A.nB)I < oc))2 = L-w :F(,-) L-w• :Fh'), the inequality (2.5) becomes 

~f(-y)g(-y)µ(-y) ~ ( ~f(-y)µ(-y)) ( ~?(:)µ(::)) (2.6) 

With respect to the partial order C on f(A n B), f and g are increasing functions. Thus 
the inequality (2.6) follows from Proposition 3 below which says that the measure µ has 
positive correlations, that is to say that (2.6) holds if both / and g are either increasing 
or decreasing functions on f(A n B) (see Definition 2.11, page 77, Liggett(1985)). This 
completes the proof of the theorem. D 

3. Markov construction. 

We now present a 1Iarkovian construction of C(J/) that will be used in the proofs of the 
results stated above. 

Let Vn = {x EV : there exists m with (m,n) = x}. For each x E V \ Vo, let D(x) := 
{z EV : (z, x) EE} denote the set of vertices from which emanate the bonds pointing to 
x. Given /3 on {0, l}E and MC 22':, define C(J/,0,/J) = {(m,O) : m E .M} and. iteratively 
define C(M, n + 1, /3) by 

l{:r E C(M,n + l,P)} = 1- II (1- 8{z,:r))1 (zEC(M,t1,.8)}, V:r E v .. +1 (3.1) 
•ED(r) 

where, P(z,x) means the value of 8 E {O, l}E on the bond that points from z EV to :r EV. 
It is easy to see that for each B, 

LJ C(M,n,P) = C(.lf,/3) (3.2) 
n~O 

where C(Af, /3) is the cluster connected to ,lf for the bond configuration /3 . 
Let M be finite and -y E f(M) be arbitrary. Set 

• t := {x E i· \ l'0 : there is a= E 1 such that (z,x) EE} 

to be the set of vertices which are the extremes of the bonds emanating from -y. Observe that 
if D(x) n C(M, n) = 0 then x cannot belong to C(.\/, n + l ). Thus, if C(M, n, J) = 1 n l',., 
then the indicator function of the event C(.\f, n + l , J) = -y n Vn+t is 

II [-y(x) (1 - IT (1 -,B(y,x)P<r>) + (1 - -y(x)) IT (1- IJ(y,x)P<•>] , 
rE¥JV,.+1 1ED(r) JED(r) 
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where -y(.r) = l{.r E -y}. Since from the definitions, C(M,O,P) = -yr\ Vo, then using the 

abov!' expression and the :.larkov property (3.1) and (3.2), we conch~de that l{C(M,,8) = 

-y} = Iln~o l{ C(M, n, P) = -y n i'n} has the following expression: 

rr[-y(.x)(l- rr (l-J(y,.r)r1< 111 )+(l--y(.r)) rr (1-P(y,:r)rr<,,] (3.3} 
.cEt trED(z) rED(z:) 

Taking expectations and employing the independence of {J(e), e EE, we derive that 

IF(C(M) = 1) = IT ir(.r,1·), {3.4) 
zE'i' 

where ir(.r, 1) is the expected value of the factor corresponding to x in (3 .3): 

Lemma 2. Fur any -y E f(.-1 n B), where A, BC 21: are finite, we have that 

Proof. Fix an arbitrary -y e r(A n B). Let 

F(-y) := {(x,y) e E : x e -y} 

be the set of the bonds emanating fr~m the points of -y. For finite MC 21:, define 

C(M) := {.i: E F ; there exists m E AI such that there is an open path from {m,O) to x 

that does not contain any bond of F( 1·)} 

From the above <lcfinition, the ~vent Ti'M := {IC(M)I < :x,} does not depend on close­

ness/openness 11f ilny hon<l from F(; ). It is straightforward to see that 1 {\Vi\t} is_ a non-

increasing function ou {O, l}E\Fhl. • 
• 

Recall that (3.3) expresses l{C(.-t n B) = ")} when -y E r(A n B) and M =An B. It 

follows imme<liately from this expression that the event C(.~ n B) = -y depends only on 
... - . 

the bonds in F(,). Hence IF( · I C(A n B) = ")) is a product measure on {O, l}E\F(T)_ By 

Durrett (1988), pages 129,130 (see also Liggett (1985) page 78), this measure has positive 

correlations. 

• 
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Combining the conclusions of the above two paragraphs , we get that 

P(W..t\aWa\A I C(An B) = -r) ~ IP(WA\B I C(A n B) = -y)lF(Wa\A I C(A n B) = ;) (3.6) .. 
The derivation of (3.6) is exactly the same as that of the Har-ris inequality in the cited above 

Durrett's book, page 130. But since -y is finite then 

{IC'(M)I < oo}n{C(AnB) = -y} = {IC(M)I < oo}n{C(AnB) = -y}, for any finite Mc 2Z'... 

Thus lbe lemma follows from (3.6). D 

Remark. The fact that IP(• I C(A n B) = -() is a product measure o~ {O, l}E\F<-,) has 

appeared before in the literature. Aizenmann and Newman (1984) :;how that fort.he regular 
bond percolation model, the cluster of the origin is "self determined". Chayes ..t al (1989) 
used this idea to perform a "duplication trick". We thank Roberto Schonmann for pointing 
out these references. Notice that in the oriented percolation case the proof is more direct 
than in the unoriented case because of the explicit expression (3 .3) for the indicator function 

of C(M) = -y. 

Proposition 3. For any finite MC 2Z, the mea.,un: µ defined. on f{M) by 

fuu po&itive correlation.,. 

IP(C{M) = -y) 
µ("y) = IP(IC(M)I < oo) (3.7) 

Proof. Set r = r(M). Let / and g be increasing functions. We want to prove (2.6) which 

is equivalent to 

1)b)µ2(-y) 2: E f('y)µ1 (-y) (3.8) 
~Er ~Ef 

where µ 1 =µand µ2, defined by 

are probability measures on r giving positive rnai;s to each cluster of r. Since f is increasing, 
Theorem 2.4 of Liggett (1985) says that to prove (3.8) it suffices to show that there exists 

a measureµ on r X r with marginals /lJ and µ2 such that 

µ{((,-y) : ( C-y} = 1. (3.9) 
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In orclcr to do this we introduce r-.iarkov processes 77;(t), i = 1,2, on r with the following 

transition ratf-s: for all 1' E r and all X E V \ Vii such that X rt 1' and 'Yz = 'Yu { X} in r' 

Q;(-y,"fr) = 1 

Q ( 
% ) µ;(,) 

i 1' ,1 = µ;(T") 
(3.10) 

and a.II other transitions have rate 0. Sinceµ;( 'Y) > 0 for any 7 E f then these rates are finite. 

Also, it is easy to see that both processes 111(t) and 112(t) are ergodic and have respectively 

measures µ 1 and µ 2 as reversible. This implies that µ; is the unique invariant measure for 

77;(t) and I.hat, starting from any configuration 'Y E r, the process 77;(t) converges to the 

measure µ,. Hence, to show (3.9) it is sufficient to find a process ii(t) on r x r whose 

marginals are 771 ( t) and 172( t) such that the following holds: 

111(0) C 112(0) implies 77,(t) C 112(t), for all t ~ 0. 

The non-zero rates for this process are given by Q defined below. _For all (, 7 E r and all 

X E V \ Vo such that ( C "f 1 X '1- (, X ¢ 1' 1 "(" E r 1 we put 

Q(((, -yr),(("', 'Yr})= 1 

Q{((,1'),{(r,yz)) = 1 

if(" E f 

if("' E f 

(3.11) 

Ohse.rvP that in the bottom li11e of the nhnvf' display we considered configurations satisfying 

< c -r, x rt -r, x ¢ <. -y" = -r u { x} e r. ("' = < u { x} E r (3.12) 

Therefore the numbers Q corresponds to (non-negative) rates of a Markov process on r x r 

provided 

(3 .12) ~ 111(() > µ2(1'). 
µ1((•) - µ2("1") 

Due to the definition of µ 2 , the above implication is equivalent to the following one: 

• 
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But since g is an increasing function and µ.1 = µ, the latter follows from Lemma 4 Lelow.O 

Remark. The above argument repeats, with a slight modification (compare (3.10) aml 
(3.11) with the rates of page 76 of Liggett's book) the proofs of Theorem 2.9 and Corol­
lary 2.12, Chapter II, Liggett {1985). Corollary 2.12 can not be applied directly to our case 
because the set -y A ( defined by (-y /\ ()( x) = min(-y( x ), (( x)) may not be a cluster. If this 
is the case, µ( 7 A () = 0 and the inequality (2.13) in the hypothesis of that corollary is not 
satisfied by our µ.. In our proof, the role of inequality (2.13) in Corollary 2.12 of the book 
is played by (3.13) below. 

Lemma 4. Let (,7 Er and x EV\ Vo. Then 

(3.13) 

which i.s equivalent to the implica.tion below, d-ue to (J. 7): 

(
3.12) IF(C(M) = () > IF(C(M) = -y) 

=> IP'(C(M)=(Zl - w(C(M)=1"') 
(3.14) 

Proof. We prove (3.14). Applying (3.4) twice, once for -y and the other time for -y"' instead 
of -y (which is posaiblc :since -y" E r by (3 .12)), we conclude that 

(3.15) 

By the same reasoning, the identity (3.15) holds with -y being substituted by (. Thus, 
(3.14) follows if we show that (3.12} implies that the value of (3.15) does not decrease if we 
substitute there -y by(. For this, we will show that (3.12) implies 

_ir_( x_,_(_) > _ir_( x_,_'Y_) . 
,r(:r,("') - ir(x,-y")' 

,r(y,() > ,r(y,-y) for ally such that (.i:,y) EE. 
1r(y, (") - ,r(y, -y"' )' 

From (3.5) and because -y(x) = 0,7"(.r) = 1, we have that the lhs of (3.16) is 

(1- p)ID(z)n--,.1 

1 _ (1 _ p)ID(zJn-rl 

(3.16) 

(3.17) 

(3.18) 

Since <(x) = 1 - ("(x) = 0 in the considered case, since ( C -y yields that ID(.i:) n (I~ 
jD(x) n 11, and since the function in (3.18) is decreasing in ID(.r) n-rl, then (3.16} follows. 
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To prove {3.17), we will consider three cases which exhaust all the possibilities for 

-y(y),((y) which satisfy ( C,: 

Ca.1e 1. -y(y) = 0 and ((y) = 0. In this case C(y) = 0, ID(y) n ("I = ID(y) n (I+ 1, and 

thus, the lhs of (3 .17) is 
(1 _ p)ID(r)n(f 1 

(1- p)ID(,ln<•I = 1 _ p 

Similarly, (1 - p>- 1 is the value of the rhs of (3.17). 

C11Je !. -y(y) = l,((y) = 0. The lbs of (3.17) is (3.19). The rhs is 

1 _ (1 _ p)ID(,Jn-yf 

1 - (1 - p)ID(r)n-y•f 

(3.19) 

Since (1- p)- 1 ~ (1-(1- vl )/(1 -(1- p)H 1 ) for all k and all p E [O, lJ then (3.17) holds. 

for this case. 

C,ur. ,'J. -y(y) = ((y) = l. Int.his rnsc -yr(y) = C(y) = 1 nnd thus, 

1 _ (1 _ p)ID!r)n(l 
. the lhs of (3.17) = 1 _ (l _ p)ID!r)n(•t • 

But since calling q = 1 - p, 

, 1 _ (1 _ p)ID(,)n-yt 
the rhs of (3.17) = 1 _ (l - p)ID(,Jn'Y"I 

1-q'• 1-qHt 
----,--,--,- < - ---,....,..,,. Vk when O < q < 1 
1-qHl 1-qA:+2' 

then (3.17) is untrue unless 

(3.12) and y E V is such that (x, y) E E ~ ID(y) n (I= ID(y) n -rl (3.20) 

For the oriented bond percolation in two dimensions, {3.20) is satisfied. Indeed, let y = 
(m,n) and x = (m+ !, ,i-1) (when x = (m-1, n-1) the argument will be the same). Recall 

z ¢ "Y, x ¢ ( . Thus, assuming that (m-1, n-1) E "Y, we conclude that ID(y)n(I < ID(y)n-yj 

requires that (m-1, 11-1) ¢ ( . But the latter means that ( ¢ r, since y E ( in the considered 

case. If, to the contrary (m - 1, 11 - 1) ¢ "Y then already "Y ff. r. Observe (3.20) fails for 

the oriented bond percolation on any oriented graph with at least three bonds pointing to 

a site. D 

Remark. The above requirement (3 .20) is the only point where our proof fails when we 

want to generalize Theorem 1 to an arbitrary graph. 
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4. Application 

First we introduce some notation as follows: 

v(o) := P(IC{{O})I < oo), 11(00) := lP{IC({0,2})1 < oo), 

v(o o o) := P(IC({-2,0,2}1 < oo), 11(0 x o) := IP'(IC({-2,2}1 < oo). 

In this section, using Theorem 1, we will give an upper bound on the percolation probability 

from the origin, i.e., u(p)(= IP'(IC{{O})I = oo) = 1 - v(o)). By translation invariance, we 

have 

11(0) = p211(00) + 2p(l - p)11(0) + {1- p)2, 

v(oo) = p3(2 - p)11(0 o o) + p2(1 - p)211(0 x o) 

+ 2p2(1 - p)(2 - p)11(00) + 1'(1 - p)2(4 - 3]')11(0) + (1 - p)4. 

Applying Theorem 1 to A= {-2,0} and B = {0,2} gives 

v(o)v(o o o);::: v(oo)2
. 

(4.1) 

(4.2) 

(4.3) 

Note that this inequality refines v( o o o) ~ v( o )v( oo) given by the Harris-FKG inequality 

(1.1) with A = {-2, O} and B = {2}. Moreover, applying the Harris-FKG inequality (1.1) 
to A= {-2} and B = {2} gives 

v( o x o) ;::: v( o )2
• 

By using (4.1)-(4.4), we have the following inequality. 

This inequality implies 

Corollary 5. FoT ~/3 ~ p ~ l, 

u(p) ~ (4p3 - 2p2 + 2p- 1 - Ji5)/2p\ 

when 

D = 4p6 - 16p5 + 24p4 
- 16p3 + 8p2 

- 4p + l. 

(4.4) 

(4.5) 

Remarks. (i) The above upper bound on a survival probability u(p) is the best one to our 

knowledge. This result gives also a lower bound on a critical probability, Pc= inf{p E (0, 1): 
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cr(p) > O}, as follows: ,/3/3::,;; 0.577:::; Pe• However, this lower bound is not the best. See 

Section 6 in Dnrrrtt (1984), fur example. 

(ii) By (4.3) and a trivial inequality v(o x o) ~ v(o o o), we have 

v(o)v(o x o) ~ v(oo)2 . (4.6) 

So, instead of ( 4.4), we can choose ( 4.6). Similarly, we get 

u(p) $ (p4 
- 4p3 + sp2 - 1)/(p4 

- 4p3 + 6p2 
- 2p), (4.7) 

for p. $ p $ 1, where p. = inf{p E (0, lj : p1 - 4p3 + 5p2 - 1 > O} . ~owever, it can be 

checked that this bound is not better than that in ( 4.5). 
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