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Abstract 

\\',-. show that nonconuuutativc rings which satisfy so1ut> funny couditior,l'I ar.- co11I ­

m11tati\'e . a fact which makes the conditions e\'en fonnier . 

Abstr1tcl 

It is shown that i[ a division ring is such that, for every elc111e11l u thert• C)(ISt Cl>­

monic integer polynomials f.,g. of different orders so that J0 (a)/g0 (u) is central then 
Lhe riug is commutative. Extending the condition lo prune rings. and substituting the 
center hy the extend centroid one still achieve commutat1vit~· for domains . Tl,is hreaks 
down slightly for primit.ive rings, where the exceptions are characterized . This extends 
some earlier theorems of Berstein and Faith . 

1 Introduction 

Divisiou rings seem to have some wild iuner structurP which precludes almost any strong 
conditiouiug hypothesis from defiuing au interesting sul,cla.,,~. (h1P w;,y of expre~siug this is 
~commutativity theorem~~. that b. statements like ~tlu· ouly division rings satisfying such 
and surh ( usually contrived I conditions are commutative field~~. As for whal such a wild 
structurt> would be. thert• is al least ouc conjecture: the multiplicative ,:roup contains )oh 
of frt'C sul>group,. Thib has ht-en investigated elwwl1er<• (((i] . (12), {l:lj. 11 ·1}). aud appears. 
to be supported hy strong evidence. That, if proved. would explaiu almo~t <'Vcr,·thing 
that is lmow11 abou1 multiplicative groups of division ring~. i11rludi11g man~·. hut nol all. 
commutativily theorem;. 011 the other baud. when it comeh to tllt'orem~ ahout alf!:chrair 
rouditions implying rommulalivity. there is 1101 even a rnuulerparl for tlwt ronj(•rlurc ( [ 1-1] 

"Work parliall~• •upJ><>rleJ h,.- CNl'c1 , 



speculates a hit). So. it looks like one must gather more information about what is going 
011, and that will take the form of commutativity theorems here. Indeed. as is often the 
case, we will be able to sa,v something about a wider class of rings. 

A basir rommutativit,v theorem due to J,;aplansk,v states that a division rinl!: in which 
some positi\'(' power of each element lies in the center is commutative . This has been 
genera.lizecl a111l extended in srveral directions, and herr we tacklr two of thesr. further 
extending both alonl!: a similar theme. 

Followin!!, ll"rslein [i]. wr will evaluate integer pol~·nomials on rinj!:s . We do not assum<' 
that rinj!:s ha1•p 1 (C'xn·pl. of course, division rings): for rings without I. these integrr co­
efficients should hi' read as living iu the centroid. For a 11011zero polynomial f E Z[.r], we 
dcnotr its de~,.,.. I,~· i)J and its ordrr (least degrPe of a monomial with 110111.ero cocflicient) 
h~· w/; f is mnnic (ro-mo11ir) provided its leadin!!, (trailing) coefficient is I. In that paper. 
llerslcin prov<'d that a division ring for which !'very element is sent into the center h~· a 11011-
constant. rn-monic. inleJ!.<'I' pol~·nm11ial must bl' a field . On positive characteristic. one has 
as a rnrollar.1· that ll<•rstl'in's re,ult remains true if ,·o-11w11ic is replaced h.1· monic: Hichoux 
{l!i] complet!'d th<' proof "on the othN side~. that is. monk polynomials in characteristir 
U. W,, unifr all this with a morr ~<'IINal statement i11 whirh the center is s11hstit11lPtl. so Lo 
s1u•ak. h1· tlw 1•xtp11(1,.,I C<'lltruid. and the ring is wha1 is usuall~· called rHlucn/: 

Theorem 5 L, I fl /,, " 1·i11r1 u•it/1 ,io no11:ero ni/polrnl elem mt.,. Sup,,o_.c that fn,. each a in 
R thtrr ,,,., lll'o ,·11-mrmir 111,/y,wmfols /, fl E Z[x). of ,li/Jrrrnl on/c,-.,, _.uch tlwt /( a ):r_q{n) = 
g(" );r /(" I fm- ,.,., ry .r E H. Thrn R i.< comnwlatin. 

Ther<' is a11otl1Pr direction in which this special case of this theorem for dh•ision rings. 
extends • hut h<·r" ,om111111ativity is lost: 

Theorem G ,.-,,,. ",,,.;,.,;,;,., 1·i11y fl . th, fol/m/'1119 1/,rH nmdilum.• an "'fllir>11/rnt: 

i l /·,11· < t•ny ,/n11r11t " tl1rn arr tu,o i11te9r,. ,·o-11w11i,· pnlynomi"I·• f. fl E Z(x) . of 
di!J, /'Cllt ,m!t ,·., .. ,11,./, '""' f( ,1 )J·g(") = g(" )x/(") f11r <TffY J' E fl. 

ii) f'11r, 1·n·y, /nm nt" then ,ire two 111011ic i11tc9rr 110ly11m11in/., f.11 E Z(i·]. of diffrN'nl 
,lt9nc.< . . ,r,,.J, that fl11).rg(al= y(11)x/(,,)fm· rreryi· ER. 

iii) Eitlu r fl ;_.. rtm1m11talit·<. hc11r:< 11 field. or ii.• mult,plicnlit•r- .<e111igm1111 i.• /or.sio11.­

F11rtlu r. 111 the 11n11romm11talil'f ca.<e, the ron111111ti119 rinrJ of R i.• an ab.oolutc ly n/9rbrair 
field. mu/ 11·11·.11 rnmm11tntir, s11bri11g of R i.• lnrnlly [,nit,. 

:\ se111i!!;rot1p is /01·.•inn if l'acl, of its ryclir suhs,•migroups is finite. \\'car .. ~oiug to call 
a rin~ or alJ!;('hra torsion. i11 rasp it~ multiplir;iti\'(' S<'t11ij!rot1p is so. 

:! 



Notice that condition (iii) implies that the former two hold in a quilt> triviul wal'. For 

division rings. tl1e theorem states that (i) or (ii) are commutativity conditions. :\ctuall_r. 

in this case. it is au easy exercise to show that the ''distinct degreesTI and ~distinn order;~ 

conditions are equivalent ( derive the polynomials of one type for an rlemeut from thl' 

polynomials of the other type for its inverse), so one gets llerstein 'sand Hichoux's l ht>orcm, 

as specializations of either of the above. On the other hand. we do not sec sucl, a simpl<' 

equivalence between (i) and (ii) for primitive rings. Indeed, primitivit_v and torsion are 

unrelated as far as other local co11ditio11s go, even in the preseucc of a unit element: 

Theorem 1 Any torsio11 algebm ove,· an absolutdy algebmic jidd cw1 b, ,·111b1:t"1((/ into " 

1111ital primitwt torsion algebra. 

The comoination of .. ro-111011ir" and ~dilfore111 order~- (or ··mouir·· a11d ·•<lillt>re11t ,1,.. 

grees-) appearing a.hove are not just a restrictiou of the proof lechniqu<·. Indeed. in au 

algebraic algebra over the rationals. 011e ca11 alwa_vs fi11d for each element "distinct i11teger 

pol_vuomials /,!/ such that /(11):::; g(t1}. by trivial ma11ipulatio11s of a11 iutej!;Pr pol~·uomial 

having " as zero: it is also eas~· to get them both co-monic or having them with different 

orders. 
Another extensio11 of Kaplauski"s theorem is in tlw work of Faith (:l) . [·1] about radical 

extensious of rings. 111 particular. he showed that if a divisiou ring l) routaius a proper 

subring which includes some power of each element. tlw11 V is a li~ld. \\"I' ~how: 

Theorem 11 Ld R be <1 pro11u- ~ubri11g of tlu di1•i.,io11 1·i11g lJ. mu/ .,upJm" that fur me/, 

a ED there ar·c monic poly11omials f,g E Z(z) such tlwl of> 09 mu/ /(11)/9(") ER. The11 

D i., l'Ollllllllllltll'< . 

2 Division Rings and domains 

Jlere we st't up tliC' basis for proving Thl'Ore111 5 aud Thl'Orern G. 

Lemma 2 L, / . I Ix " 11011rom11111l<ltir< 1i· -algebm without 11il1wtc11I c/1111n1h. A' " /it/1/ o/ 

cl11m1Clffi,,tic I' > 0. Thrn . l ii< ,wt p11rrly i11sqmr11bh Ol'll" 1,·. 

/'roof. SuppoM· tha1 .I i, pure(_\· iuscparablt• m•1•r fl". Thell. for eacl, " E . I. tht• I,·: 
linear map T.(r) :::: [11,J·J 011 A is nilpotent. Thus. starting with a 11011n·11ll",1l <'lc1nent 

,I. WI' cau find a.b E ,I such that 1',1(11) :::: b f 0. and 1',1(b) :::; IL Si11n• b i, purely 

iuseparahle O\'er 1,· aud 1101 nilpotent. we haven :::; bP" E /,··. Set 11· :::: -,lb1•"-tu; theu 

7'.,.(d):::; -dl,l•"- 1 [a, cl):::; dl,P" :::; da. Since o E A"•, T~ , cannot be uilpotent. a co11tradictio11. 

D 
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The next theorem is a basic tool for what follows. and is a minor modification of a 
theorem due to Naµ;ata. Nakayama and Tuzuku[15). 

Theorem 3 Let R l,c 1111 inteqml dnmain (possibly u•ithout I} wlw.sr field of fractions 11 
is not absolutf'l.11 algebraic. l,d L be a finite separable extension of fl". Then there exists a 
pair of di.sti11ct rr1,one11tial valuations ,,1 and 112 on L. and an t>lemenl ,. E R such that 

and 

Now we pro\',. :i for thr sp••dal casp of di\'isio11 ri11µ;s. hut i11 an altPrnatr form which 
\\IP will us<'T lall•r. .lust notir<' that in this case. thr hypothrsis imp!_,. that f(a)/g(al lies in 
LhP rent Pr of th(• ri11p, . Ll'I us denol<' the center of a ri11µ; ll hy (R. 

Lemma 4 L, t /J be fl dzvi.sim, ring and let A be a s11bri11g of JJ. ff for eadi a E .·I thrre arr 
11110 cu-mrmir 1wly11omi11/.< f. !I E Z(.\" ]. of di!Jerc11/ orrlCJ'.<. 1111,I two elcmen/., z1 • Zz E ( ,I. 
110/ both zrrn .. •11r/, Iha/ 

thr:11 A ,., 1·011111111/atir,,. 

Proof. O!'notr h~· 1,· 1111• lirlcl of frartio11s of (.-1. /' its prime li<'l<I and I' its d1aracteristic. 
Jly h~·1mt.h1•sis .. I is alf!;Pbrair O\'t•r T1·. If 11· is :,hsul111.,J~- alg,.l,raiL th1•11 <'vt•ry ele111l'11I of ..I 
would be algebraic O\'E.'T /'. he11rp a root of I if nonzero: h.1· a well k11ow11 res11lt of Jacobson. 
it follows tl,a1 .-1 is rn11111111tath·e . Thus. if the theorem fails to hold. Ii' is not absolutely 
algcbrair. and. from Lemma 2. tl1Pre is a no11rentral" E .-1 srparablP 01·er fl". We show that 
this ]rads lo a rn11tradirtio11. 

l11d<'Pd, in this rasp Tht•orem :i ~-idds disti11rl valua1io11s ,,1.,,2 011 /1"(11) coi11cidi11g 011 
/\. and ,. E ( .-1 011 whidi thr~· ar!' both positin·. Lrt , . E /i"( a) br such that ,,i( 1·) -:f. 
''2( r ). Gl'lli1t1?: rid or deuominators. H IIE'C!'ssary. ,1·1• ran assu1111• that .r helougs tu ( ,t[a]. 
S11hstit11ti11µ; i · hy r "' .r. wh<'rl' rn is 1,ig enough. we c.111 supposr that 1•i(:r) > ,,1 (:r) > U. So, 
if 

/,( .Y) = llu.Y"' + flJ _ym-l + · · · + <lm-.,-1 _y•+l + .\"' E Z[.Y]. 
it. follows tha1 for,= l. 2 aml [or.•+ I ~ j ~ 111. si11re 11;tn1 )? II. 

., 



lle11c<• 
1•,(/1(:r)) = .w,(x). 

Now. there exist f,g E Z[.\'] of orders min, and : 1,22 E (.-l such th.it f(x): 1 = g(x)z2. 

Su, computing as above: 

m11,(:r) + 11,(.?1) = 11, U (;r)) + 11,(21) = 11, (/(:r)z1) = ,,, (g(x)z2) = 1111,(.r) + 11,(z2 ) 

Since both 111 and ,,2 both coincide on : 1 and z2, and III i 11 . it follows that ,,i(x) = ,,2(.r ). 

a contradiction. D 

We are ready 110w to prove Theorem 5. 

Theorem 5 Lei R b£ " riny with ,w 11011:ero 11ilJJO/e11/ dc111c111~. S1111/""'' //wt for we/, a 111 

R tht>re fir£ two co-111011ic 110/ynnmial.< f. 9 E Z[Y], of ,lilferrnl onl1 r.,. suc/1 tlwl /( a):rg( a)= 

9(11):rf(11)for t't'fTY r ER. T/1111 R i., <·0111111utali1,1 . 

Proof . lly the main tht•ore111 of [1] . I{ is a s11l1direc1 prud111·1 of do111ai11,. Siure th<• 

hypothesis is preserve<! 1111<ler homomorpl,ic images. it is enough to cousi<fc.r th<• cas,, where 

Ii is a domain . 
Suppos!' W<' mu !>lww tli.,t 

(H#{O} and U isalgebraicov!'r (ll. 

The11. if /1 is the fiel<l of fractious of (Rand V = {r:- 1lr E fl.: E (U-) is the central 

localizatio11 of R. it follows that D is a division ring. Without los, Oil<' ca11 assum<' that 

always g( a) :/:- 0. hence the h~·pothesis can be read a.s /( u )/ y(" I E ( /) = 1~·. and we fall 

back on the conditions of -1. which yields commutativity of R. 
We proceed then to prove ( • ). Consider first the po~sibilit _,· that lor !'wry II E /( then· 

is a co-monic integer pol~·nomial f of positiv<' orJcr (thus nonzero) such that /(ll) E (/l. 

This implies that (R i {O}: if for some":/:- 0, /(n) = 0. theu. since Hi~ a ,lomaiu om• can 

assume-·/ = I and wrill• /( X) = S ..p( S) - S. wher,• -,: is au integ<'r pul~·110111ial of order 

al least I. he11<·e tt,'(") = "· all(l i,:,(u) =IE R. Thus. in tlii, c-asl' l•l hold,. 

Before completing till' proof. we note tbat h_v Posner·, Theorem !JO. 1.-1.:J]. every l'I 

prime ring satisfies ( • ). hence. ever~· Pl subring of R is commutativ,• . The remaining 

possibilit~· is that for some II E R. /,(11) is not central in Ii for any w -rno11ic integer pol~-­

nomial I,_ Now. if f and y ar<• tlu· polynomials till' l,~·pothesis ass<•rls exbt for " · then 

/(" ).\' y( ,I) - g( ll ).Y /( n I is a generalized polynomial id<'ntit y for H. Sine!' /( is prime ( a do­

maiu ). it follow from a theorem of Smith [18) that either /Ii~ Pl. or R ro11tain~ Pl subringo 

of arbitrarily large Pl degree. Uut \\'!' 1,ave just ohserveJ th.it a Pl suhring of fl 11111st be 

comm11tati,·e. 1l1erefore tht> seco11d alternative cannot hold. and we hani fiui~l,e,l the proof. 

D 



3 Primitive Rings 

Having srlll<'cl tire division ring case. we can prove now: 

Theorem G /-iw 11 111·i111iti1', n119 ll, t/1, followi119 t/1rn rml(/itio11.s nn· equit,11/c11t: 

i) hir evrr!I rlfmml II tltf're arr two inteyrr co-mo11ic polynominls f. .f/ E Z[:r I. nf 
di/Term/ or,lrr.,. surl, thnl /(11):rg(11) = 9(11):r /(a) for e1•ery x E R. 

ii) fnr, rrT.IJ r/rn1c11/ a lhr,-c nrr lwn monir integer polynominl.s f, g E Z[x]. of di/Jf're11/ 
dc9n,~ .. <11rl1 t/111/ f(11)x9(a) = g(a)xf(n) for rvcry l' ER. 

iii) Eil/11 r II ;., rm1111111/alil'<. l,er,r, a fidd. or ii.< m11/ti11lirnti1·~ semigm1111 i.< lo1·.sio11. 

/-11r//,, , .. 111 //,, 11om·,m111111/nlirr rn.,,. tllf ro11111111li11q 1·1119 nf R i.< 1111 absolulcly 11/gebmic 
field. 

l'ronf. W1• \I ill JHO\'l' that ril her of conditions ( i) or (ii) implies (iii): hoth proofs go togrther. 
spparating for just a littl<' while. 

\\'!' 11111st co11sid<'r now th<' cas<' whNe R is a d<'ns<' ring of li11l'ar transformations of a 
vector spac1• of diml'11sio11 ~ '2 ovf'f a. division ri11g /J. Therefore. both D and M 2( D) are 
homomorphir imag<'s of suhrings of R. hence thry i11herit. properties (i) or (ii). whichever 
we are ass11111i11g. Th,· last srct.ion has alread~· prO\·idl'<l us thr proof that lJ is a field. We 
show now that if ~1 2( IJJ satisfips (i) or (ii), then Dis ahsolutel~· algebraic. 

If 1101. w1• ra11 liiul on /) a 11ontrivial nonarchimedPan \·alnation ,,. At. this point we 
separat<• slightly our argu111rnt: WI' choos<' an element d E /) whos<' valu<> is positil'e iu 

thC' "'ordrr~ .. ca,('. negath·c in tlw '"degree's·· cas1•. L<·t " = ( ;'. J, ) and let f.g be the 

appropri;it(• pol.rnomials such that f(n)xg(u) = 9(n).1·f(ll) for ev<'f~· l' E R. Applying 

this rnnditio11 to .r = ( ~ 1
1
1 ) we condude tlrnt f(,/)9(,F) = f(,/2)9(d). Notiriug that,, 

is uouegatin· 011 th!' rneflicirnt.s of the pol~•uomials, and artuall~· zero if D is of positive 
char.-£teristk. w<• SI'<' that ,,(/(,1)) = i,:f -1,(rl) if ,,(rll > 0. =DJ· ,,(,1) if 11(r/l < 0. In either 
case. the equality 11(/(,/)) + ,,(9(,/2)) = ,,(/(rl2 )) + 11(9(,/)) gives us a co11tra.dictio11. 

Also. from hC' primitivity of R a.11d from Lemma -~ l)('low. we conclud<' that for evert 
a E fl thPr1• ar•· integ<'r pol~·1wmials f, 9 (of distinct orders or degrees). aud n E D such that 
/(a)= ng("): thus II is a zero of th!' nonzero pol~·uomial f- Of/ over D. In combiuation 
with thr fornirr paragraph. tl1r r<'liult follows fro111 th<' uext L<'mma. D 

Proposition 7 :I II ll{r1rbrnir a/9clm1 m•rr n11 a/1.<olulr .field i.< tor.sim1. 
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Proof. This seems lo bt> well know11; we repeat the arp;u111e111 iu [I 7] . Let II he an eleme11t 
of lhe algebra. F be lhe field. and f E f'[X] be a nonzero pol_vnomial sud, thil-t f( u) = 0. 
The splitting field of f uver the prime field of F is finite. with q elements. Thus . if m is 
larger than the mulliplicit_v of a11y root off. it follows lhal .f divi<les ( .\"Y - X )"',hence.if 
m is a large enough powt'r of the cl1aracterislic, a9"' = a'". □ 

\Ve still depend on the following Lemma, due to Amitsur [I. Lemma !ia] and provc<l 
here with a slight modification. 

Lemma 8 Lei ll be a c/c,1.sl' srl of Pndomarphisms of a (l</1) t•eclor :;pace 1 · 01•,·r a ,/it,isiort 
ring D. If f, g an non=ero endomorphisms of \ · such that for n•ery r E R. frg = grf. the11 
f = og /01· SOl/ll ll in lht center of D. 

Proof. Chooser E 1· s11rl1 that gr i- 0. If fr and g11 an• linear!~· i11dl•peml••111. then. hy 
density. there exists an r E /l sucl, that rgt• = r = rfr. he11re f,· = frg1• = grf,· = gv. a 
contradiction . Thus. there is an u E lJ sucl, thal fr= ngr. Now. if 11• E 1·. thcrl' is an 
r E R such that rgt· = ti-. hence Ctr = frg1• = grfr = gragr = a·grgr = ng11·. therefor,• 
f = og. Finall.v. if t.l E JJ. 1La:g1• = dfr = fdr = og,Jr- = odgr. he11ce" b central iu D. □ 

We have pass<'d b~· tl1l' last remark in the statement o{Tl11~rc111 Ii. that is. under the h.v­
polhesis of the theorem. if fl is noncommutativc. then c•very commutativP subrin!l: is locally 
finite. Thi, follows from two facts. both easil.,· ,·erified: a finitely generated. commutative, 
lorsion semigroup is finih• - and a finite multiplirati\'l· semigroup of an algd,ra of positivt• 
characteristic generates a finite subring ( and a finite-dimensional suLalgehra ). Its presence 
in the theorem is mostly lo draw attention to the fart that then• is 110 othl'r local propert)' 
implied h~· either of conditions ( i) or (ii) specific all)· for primitiv1• rin)?,,. l·or instaure. a 
primitive lorsion algebra may contain a copy of a c;olod-Shafarevitd, (5] 11il algebra. so it 
is not necessarilly locallr finite. This asserlion follows fro111 Theorem I: 1hi, one. in turn. 
in view of Proposition , . follows from the more general: 

Theorem 9 .·I ny t1lgelm11r nlgt bm ore r a field may I,, rmb..tltlu/ iulu ll 1iri111it11·1. unitul. 
algebrnic ulgd,rn. 

/'roof. Let H be an algebraic algebra over lhe field /-' . \\"., 111av supposi• thal ll is alread_v 
e111bdded into the endomorphism ring of a 1·ector span• 1 · over F. Ll't :F Ii<• tl11· set of 
endomorphisms of l · of finite rank. If / E :F. t he11. as ·11, i111a1?;t' fl · is lini11· dimensional. 
there is a mmzero polynomial JI E FIX] such that 11(/)-fl · = 0. which slww;, th.ii/,{/)/= U. 
henn· / is algl,hrai.-. It i~ dear that :Fis an ideal of l:,n cll 1 · ).hence till' M't S = {/-+ rl/ E 
:F. r E R} is a subring of End(\·). which is dense for containing :F. i.l'I 11, sho\\" tl1at S is 
algebraic. If·• E !i. lhere is au r E /l such thats= r (mod :F): as 1· is torsion, there exist 
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O $ n < m such that rm - rn = 0, hence .•m - .•" E :F. As :F is algebraic. it follows that 

s, hence S. is algebraic too. To get a ring with a unit. we consider all sums of a member 
of Sand one of F. vil'wed as a scalar multiplication in End(l'): this is clearly an algebraic 

subal!(l'bra of End( I·). D 

4 Rings rational over subrings 

Let us extend thr notion of order from polynomials to rational functions: if f. g are pol~·no­
mials. let w{f /g) = wf -wg. Also we will sa~· that a rational function is co-monic provided 
it can Iii' expressed as the <111otient of two co-manic polynomials with integer coeflicients. 

Notice thal if i;. ~• arr rational functions. and w,; > 0. then. w(,p.w) = ;.;.,,•wt·. and if both 
are ro-rnonic so is thr composition. In particular. co-monic rational functions of positi\'I' 
order are closPd unclcr composition (not surprising. if Olli' thinks of powl'r series). 

Small sulirings. as rl'<JUired below. arl.'. for instanrl'. proper subfield~. Thr proof is 

rngul.'1.1' rC'111inis1·C'nl of that of l!I). 

Proposition 10 /,ct R bf r, .<11bri11g nf thf ,/i11i.•io11 ri11y /J, ,<uch that tlu .•ubri11y u-• Ii 
gF11rratr,I l,y tlu de111c11t.• of U all(/ it.• im•ersc.• i.o 110/ D. Then. if for t1·rr11 Flem,11/ x E D 
there is a co-111011i<· rational funrlinn nf 1m.•ili1·f orrlrr i; .•uch that ,;Ix) E R. Ihm lJ ,_. 
com11111/11lil'<. 

/>roof. For this proof, WC' shorten "co-monic rational function of positil'e order- simply to 
f1111clio11. Lt•t us show first that. ii;iven an_,. C'lements x, y E D. thl're exists a function ,.;, 
surh thal ,;(y) commutes with x. 

For a J?;iven y. cousider first the case x E D\R- 1 R. Let ~• b<' a function such that o: = 
11·(y) ER. ('hoos<' a fnnrlion t· 1 such that 11•i(xnx- 1 ) =~ER. and let 1 = ~·i(o) = x- 1 sx. 
C'hoosP also a functiou \'1 such that 11•1 (( I+ x)/J( I+ r)- 1 ) = ,. E /l. Writing n = f /g. 
whPT<' f. !J an• i11teJ?;<'r poly110111ials. we now obsrrn• that sinn• 

(I+ l')th(l1J = r·(I + r) 

it follows thal 

I I+ 3·Jf(/l) = r( I+ x)g(1J) 

aud. as J"d = .o:r. 
/(/1) - rg(11) = - (/(.s) - ,·g(s))x. 

Now. this l''lllat.ion says that x E n-• R. unless f(~) - rg(.•) = 0. This implirs that 
l/•1(11) = r. whl·nrP it ro11111111tPs with J". II follows that ~•:i-1,•,.~··(,11) commutes with J'. 



• 

Now, given :r E n-1n. choose u• E D\R- 1R. Then. there is a function -1, such that 
a = v•(y) commutes with w. and, since :r + w rt. R-1 R. there is a function f/,1 such that 
¢1(0) commutes with :r + w. Since this clearly commutes with w. it also commutes with 
:r. Therefore. t/J1.i/•(y) commutes with x. 

We can finish the proof now. Given x, y E D, let A be the subring of D they generate. 
Then. for every a E A. there exist a function '{) such that '{)(a) commutes with x. and a 
function ti• such that 11'>(1.{)(a)J commutes with y. Since it clearly commutes with x also, 
,µ.p(a)(,I. It follows from Lemma 4 that A is commutative. That is. x and y commute. □ 

Theorem 11 Let R bt> a proper subring of the division ring D. and suppo.•t that for tvtry 
a E D there e:risl monic 110/ynomial.• f, g E Z[ .\"] such that fJ f > IJg and /(a)/ g( a) E R. 
Then D is commutative and R i.• a subfield. 

Proof. Pick a. nonzero n ED. and let J,g be as stated for u- 1 • Let 11 = of, m = og, and 
definE> j(.\") = xn/(.Y- 1 ),g(Xl = .\""'g(X- 1 ). Not.e that J and g are both co-manic of 
order 0. an<l it follows that 

i(a) ER. 
a"'-"g(a) 

If a E R. this shows. as m > 11. that a- 1 E R. whence R is a (proper) division subring. 
But then. it also follows that for a general a E D. am-"g(a )/ ii a) E R hence the hypothesis 
of the last proposition are fulfilled (the possibility that j(a) = 0 does not hinder this 
conclusion). So. the result follows. □ 
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