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Abstract

We show that the quantum Fokker-Planck equation, obtained by a canonical quantization of its classical version, can be
transformed into an equation of the Lindblad form. This result allows us to conclude that the quantum Fokker-Planck equa-
tion preserves the trace and positivity of the density operator. The Fokker-Planck structure gives explicit expression for the
quantum equivalence of probability current as well as the quantum equivalence of detailed balance. We also propose expres-
sion for the rate of entropy production and show that it does not vanish for a closed system except in equilibrium.
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1 Introduction

The dynamics of quantum open systems [1-16] is usually
formulated considering a system and its environment. The
equation of motion of the system is then derived by sum-
ming out the degrees of freedom of the environment. The
derivation is not accomplished without assuming an approxi-
mation concerning the interactions of the system with its
environment. Usually, the environment is considered a ther-
mal system which means to say that the interaction with the
system is regarded as being of stochastic nature.

Starting from the quantum Liouville equation for the total
system, which is the system proper and its environment, the
resulting evolution equation is a quantum Liouville equation
supplemented by a dissipation term D [14-16],

%~ LiH g1+ D, M
where H is the Hamiltonian of the system.

Taking into account that the variables of the environment
act as stochastic variables, the reduced Eq. (1) describes a
quantum Markov process which means that the dynamics
is described by a quantum dynamic semi-group. The most
general form of the generator D that has the property of
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semi-group and that preserves the trace and positivity of the
density operator is of the Lindblad form [14-16],

D= Y ayQA;pA; = Aidip = pAA), @)
I

where aj, are the entries of a Hermitian and positive matrix.
The Eq. (1) with D in the form (2) is called the Lindblad
equation.

An alternative approach to reach an equation for quan-
tum open system is to consider the classical Fokker-Planck-
Kramers equation [17-20], which is known to describe
open classical systems, and carry out its canonical quan-
tization. This approach has been indeed carried out by the
present author [21, 22]. The resulting quantum Fokker-
Planck (FP) equation was then applied to a system of two
harmonic oscillators in contact with heat reservoirs at dis-
tinct temperatures from which the quantum thermal con-
ductance was determined [21]. It was also used to calculate
the thermal conductance of a two-level atom coupled to
quantum oscillators [23], and to study the heat transport
along a chain of coupled quantum oscillators [24] and of a
bosonic system [25].

The quantum Fokker-Planck (FP) equation resulting from
the canonical quantization is given by [21]

. dp 1 +
ih—=[H.p] = 5 Zj:[xj,Jj +J11, 3)

where J; is the quantum version of the probability current,
given by
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J; = —v,(pg; + i, [ D, 4)
and
8 = _ihﬂﬂj(eﬁﬁ??/‘e_ﬂﬂ — %) ©)

As happens to its classical version, this equation describes
the contact of a system of interacting particles of mass m
with thermal reservoirs at temperatures inversely propor-
tional to f;, and y; measures the strength of the interaction
with the reservoirs. The positions and momenta of the par-
ticles are denoted by x; and p;. The first and second terms of
the current J; correspond to the dissipation and fluctuation,
respectively. We remark that g;, which is related to dissipa-
tion, is not in general proportional to the momentum p; as
in the classical dissipation but becomes proportional to p;
in the classical limit.

Equations similar to (3) were considered by Dekker [5]
and by Caldeira and Leggett [8, 15]. However, there is a
difference in that the dissipation term of their equations
is proportional to the momentum whereas in Eq. (3), the
dissipation term is proportional to a general term g; which
depends on the Hamiltonian of the system as can be seen in
Eq. (5). This form of g; is crucial if we wish to describe the
thermodynamic equilibrium, or in other words, if we wish
that the system thermalizes in the long run.

The quantum FP Eq. (3) can be written in a more sym-
metric form in terms of annihilation and creation operator ¢
and a in which case it reads

m 2<[a VARSA)S 6)
where
J; = irgp + ~laz ). @)
b
and
g = ﬁl(e—ﬂﬁajeﬂ/h ~a). @®)
J

It is worth writing J; in the form

lv.
Ji= %(e‘ﬁHajeﬂfhp - pa;). )
J

The quantum FP equation in either forms (3) or (6) is
understood as describing a quantum Markov process and
in this sense it should be of the type given by Egs. (1) and
(2). The first term of the quantum FP equation which cor-
responds to a unitary transformation is indeed the same. As
to the second non-unitary term, it is not of the Lindblad type
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given by (2). The main purpose of the present paper is to
show that the second term of the quantum FP equation can
be transformed into the Lindblad form, showing thus that
the quantum FP equation preserves the trace and positivity
of the density operator p.

2 Quantum FP Structure

We consider a Hilbert vector space and choose a basis con-
sisting of the eigenvectors of some Hermitian operator L.
The eigenvectors associated to the eigenvalue 4; of L are
denoted by ¢;, that is, L¢p; = 4,¢,. Taking into account that
L is Hermitian its left eigenvectors are the adjoint vector d)j.
The operators acting on the vectors of the Hilbert space such
as L itself can also be understood as belonging to another
vector space, the Liouville space, whose complete basis con-
sists of the operators A; = qﬁjqﬁ:ﬂ

The general expression of a non-unitary generator D
which preserve the trace of p and its complete positivity for
any initial condition is of the Lindblad form [14],

D= a;,(24;0A],
ikt

A Al]p pAkgAz/) (10)

where a;,, are the entries of a Hermitian and positive
matrix. Our point of depart is the following expression of
the Lindblad type

— T il T
D= Z bijreQAypAL, = Ay Ayp — PAAy)
ikt

t t t
+ Z Cipie CAPA = AreAyp — PARAY),
ij.kt

an

where b;; ;. and ¢, are the entries of Hermitian and positive
matrices, and are nonzero only wheni <jand k < 7.
Defining the operators B;; by

a;B; Zbl, Ak (12)

where a; > 0, the first summation can be written in the form

Za,,(A”pBU+BUpA — ATB;p— pBJA;).

ij

13)

In an analogous manner we defined the operators C;; by

a;Cy = ; CirkeAkes (14)

and the second summation becomes

:
ZaU(A PCy+ ClpAy— A;Clp— pCAD). (15)

Summing up these two terms, we reach the expression
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- t T AT _
D=3 ayllAy. 0B}~ Cipl = [AL.Byp = pCil). (4
i
and the Lindblad equation acquires the FP structure

d + +
ih?f =[H, p] - Z{[AU,JI.}] + AL J;1), (17

i
where J;; is given by
J; = ihay(Byp — pCy). (18)

The expression (17) for the Lindblad equation is particu-
larly meaningful because J; represents the quantum version
of the probability current. Suppose that the right-hand side
of (17) vanishes for a density operator p,,, in which case the
system is said to be in a stationary state. If in addition the
currents Jii(po) vanish, in which case [H, p] also vanishes,
then the system will be in thermodynamic equilibrium. The
vanishing of the currents corresponds to the condition of
detailed balance since each term of the summation in (17)
vanishes. The condition of detailed balance is represented by

Bjipy = poCys (19)

for some py,.

3 Contact with Thermal Reservoirs

There are various possibilities of choosing the operators
B;; and C;. The only restriction is that the coefficients of
the expansions (12) and (14) define Hermitian and positive
matrices. The choices will depend on the type of physical
conditions one wants to describe. Here we choose these
operators with the purpose of describing a system in contact
with several heat reservoirs at distinct temperatures. When
the temperatures are all the same, then in the stationary state
the system will be in thermodynamic equilibrium in which
case the density operator is of the Gibbs form

1
— —-pH
= e 5 2
=7 (20)
where f is inversely proportional to the temperature of the
IeServoirs.

We choose C; and B;; so that

_B.H —B.H
Be Mt = Pl Cy, Q21

where f; are constants and H is the Hamiltonian. When f;
has the same value, independent of i and j, the condition
(21) guarantees that the detailed balance condition (19) is
fulfilled and the system will be found in thermodynamic
equilibrium. In other words, the system will thermalize in
the long run.

A simplification arises by choosing C;; = A; so that B;
is given by

—8.H H

Bij =e By Aijeﬁl_r s (22)
and the current (18) becomes

Jij = ihaij(e_ﬂifHAijeﬂ"pr - pAij), (23)

which has the form (9) as desired.

It is now left to show that the coefficients of the expansion
of B;; in terms of A; are entries of a Hermitian and positive
matrix. We recall that A; = q’)jq')iT where ¢, are the eigenvec-
tors of L.

Let us denote by y; and E; the eigenvectors and eigenval-
ues of the Hamiltonian, that is, H y; = E, y;. The operators
X;=x ;(; can be considered a complete basis of the Liou-
ville space. The change from this basis to the basis used
above is given by the unitary transformation

Ay = 2 Ui Xie- 24)
kt

Replacing this expression in (22), we find

— —pi(E—E,
Bij — Z Uij,kfe By (Ey /»)ka.

> (25)
Using
X = 2 Ui (26)
it can be written as
B; = sz: GijieAies 27
where
Gy = Z Uij,mne_ﬂ ‘/(E”'_En)U:m,kf' (28)

From this expression it follows that G, ¢ii = Gijke and that

the matrix with elements G, is positive, finishing our
demonstration.

4 Entropy Production

The Lindblad equation or its quantum FP version (17) is sup-
posed to describe the thermodynamic of quantum system in
equilibrium or out of equilibrium. In this sense it constitutes
the basic equation of a stochastic quantum thermodynam-
ics [21, 22]. A fundamental concept in the description of
systems out of thermodynamic equilibrium is the entropy
production which we discuss below.
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The average energy U is defined by
U = Ti(Hp), (29)

and its time evolution is obtained from the quantum FP
Eq. (17), and is given by

du "
R (30)
ij
where
u _ 1 T T
CDij = —%{Tr[H,A[j]Jij + Tr[H,Aij]Jij}, 31)

and @" is understood as the flux of energy to the system. The
entropy of the system is defined by

S = —kTr(pln p), (32)

and its time variation is obtained from the FP Eq. (17), and
is given by

das

— =11+ ®,

o (33)
where

k T
n=4 Z]: Tr([In p — In py, A1)

k f
+ o ; Tr({In p — In py, AT1J),

(34

is understood as the rate of entropy production, and
k
® = - ¥ Te(lIn py Ay + [In py A1) 35)
ij

is understood as the flux of entropy to the system, where p;;
is given by

Byp; = p;iCy. (36)

For the case of a system in contact with several heat reser-
voirs, In p;; is proportional to —f;H and the flux of entropy can
be written in the form

1

® =) 7 37
ij y

where T;; = 1/kf; and can be understood as the temperature

of the heat reservoirs. We recall that @; is the energy flux,

or heat flux in the present case, from each heat reservoir to

the system

In the stationary state, the total flux of energy

o' =) D
ij

i

(38)
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vanishes, but it does not mean that each flux @; vanishes
because the temperatures are not all the same. In this case
the flux of entropy ® does not vanish, and [T = ®. As a con-
sequence, in the nonequilibrium stationary state the produc-
tion of entropy II is nonzero. If however temperatures of the
reservoirs are all the same, Tij =T, then

1
®= 0",
7 (39)

and in this case ® vanishes and so does I1, which describes
a system in thermodynamic equilibrium.

5 Isolated System

Usually one describes an isolated system by the Liouville
equation. This is in fact the point of depart of deriving the
Lindblad equations for a given system. The given system plus
the environment are assumed to be described by the Liou-
ville equation because as a whole they are isolated, and the
total energy is a conserved quantity. If the system of interest
is itself isolated, then we could describe it by the Liouville
equation, which means to regard the dissipative term D of
Eq. (1) as nonexistent.

The mean feature of an isolated system that allows us to
use the Liouville equation is that the Hamiltonian is strictly
conserved along a trajectory. However, it is possible to impose
a conservation of the Hamiltonian along a stochastic trajectory
in such a way that the dissipation term does not need to be
absent. Indeed, if we choose the operators Cii = B,_»,» = Al_»i then

and if A; commutes with the Hamiltonian J;;(H) = 0 and the
Hamiltonian will be strictly invariant.

In this case, d>l’.’i vanishes identically and there will be no
flux of energy, as éxpected. The fluxes of entropy ®;; will also
vanish identically and there is no flux of entropy to or from the
system. The rate of entropy production IT equals dS/dt and is
given by

_k t +
m=— Z Tr([In p, A1} + [In p, ATV, @n
)

It is nonzero but vanishes in the stationary state in which
case it is also the equilibrium state because J;; vanishes.

6 Conclusion

We have shown that the quantum FP equation can be trans-
formed into an equation that has the Lindblad equation.
As the Lindblad equation preserves the trace and positivity
of the density operator so does the quantum FP equation.
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The advantage of the FP form is that one easily recognizes
the quantum equivalents of the probability current and of
the detailed balance condition. When the detailed balance
condition is not satisfied, the quantum system in the long
run will be found in a nonequilibrium stationary state. In
this case the production of entropy is nonzero and can be
obtained by the expression provided for the rate of entropy
production. The Fokker-Planck form allows to determine a
dissipation term for the case in which the Hamiltonian of
the system is strictly constant, which can be understood as
a closed system.
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