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MOUFANG UNIT LOOPS TORSION OVER THE CENTRE 

EDGAR G, GOODAIRE AND a8AR POLCINO MILI~ 

AlisTaACT. La L be an RA loop, that ia, a loop whme loop ring in any cbaracteristic 
• an alternatift, but not ..xiative, ring. We find n-,. and aaflicimt conditiom 
for the (Moufang) unit loop of RL to be tomon over it. cmt.re when R ia the ring of 
ratioual integen or an arbitnlr]' field. Over a field, toniion ova- the centre tuma out to be 
equivalem to torsion of bounded exponent. 

1. INTRODUCTION 

Let L be a. Moufang loop, tha.t is, a. loop satisfying the identity 

(1.1) ((zy)z)y = z((yz)y). 

Any group is a. Moufa.ng loop a.nd, given a. commuta.tive a.nd associa.tive ring R with unity, 
one ca.n form the loop ring RL ju.st as if L were a group. In general, the Moufa.ng identity 
does not "lift" from L to RL (the repeated variable.is the problem),.but sometimes it does. 
If Lis a Moufa.ng loop such tha.t RL also aa.tisfies (1.1), then L is called a.n RA loop. If L 
is an RA loop, the set U(RL} of unit., (invertible elements) in RL is aJiio a Moufang loop 
(containing L) and it is interesting to compare the properties of L and U(RL}. An RA 
loop Lis very special. The torsion units of L form a subloop. The loop Lis solvable, in 
fa.ct, nilpotent. Each element of L has at most two conjuga.tes a.nd L is torsion over the 
centre; indeed, fl Is central for any le L. Ia it possible for U(RL) to share with L any of 
these properties? Conditions under which the torsion units of RL form a subloop when R 
is either the ring of rational integers or a. field were given in two papers [GM95b, GM96cJ. 
Nilpotence and the "finite conjugacy property" oCU(RL), for various R, were explored in a. 
series of papers, [GM95b, GM97, GM96b, GM95a] a.nd, more recently, solvability has been 
investiga.ted [GM]. In this paper, we consider the possibility tha.t the unit loop U(RL) might 
be torsion 0t1er iu centre-tha.t is, for anyµ E U(RL), µn is central for some n = n(µ)­
a.nswering the question when R = Z and when R is a. field. In ea.ch ca.se, we consider 
also whether or not there is a uniform bound on the exponenta "· For group rings, these 
questions ha.ve been investigated by Sehgal (Seh78, Section 11.2], Cliff a.nd Sehgal (CSSOJ, 
Coelho [Coe82) and Bist (Bis94). 
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A ring with 1 which satisfies the Moufang identity (1.1) is necessarily an alternative ring; 
that is, a. ring which also satisfies the right and left alternative laws 

(y:r):r = y:r2 a.nd z(:ry) = z2y 

for all :r and y. Our basic. reference for Moufang loops, alternative rings and loop rings 
is the monograph [GJM96), though we endeavour to cite original references throughout 
this paper too. The most useful property of a Mouf&ng loop ( or an alternative ring) is its 
diaaaociatimt11: the eubloop (or eubring) generated by any pair of element.a is associative; 
moreover, any three elements which associate generate an associative eubloop (or eubring). 
We use these facts throughout this work. 

2. THE UNIT LOOP OF ZL 

A toraion element in a loop is an element of finite order. In an RA loop, the set of torsion 
elements forms & normal subloop which is locally finite and, if Lis finitely generated, actually 
finite [GJM96, Lemma VIIl.4.1], [GM95b, Lemma 2.1]. A loop Mis toraion if every element 
of Mis torsion, tor,ion over ita centre if, for ea.ch :,; e M, there exists a pollitive integer 
n = n(:,;) so that :,;" ia central, and toraion over it& amtre of bounded uponent if there 
exists a positive integer n such that:,;" is central for all :r EM. 

The unit loop of an integral loop ring ZL always contains the elements ±l, t e L. Such 
units are called trivial and it is often that case that assumptions about U(ZL) imply that 
all uniis are trivial. For a torsion Moufang loop L, U(ZL) = ±L if and only if L is an 
abelian group of exponent 1, 2, 3, 4 or 6, or a hamiltonia.n 2-loop. Thia is a theorem of 
Higman for group rings (Hig40), [Seh78, Theorem 11.4.1, p. 57) and, for alternative loop 
rings which are not associative, of Parmenter and Goodaire [GJM96, Theorem VIII.3.2), 
[GP86, Theorem 7). A loop is hamiltonian if it is not commutative and every subloop is 
normal. A group is hamiltonian if and only if it is the direct product Qs x E x A, where 
Q8 is the quaternion group of order 8, E is elementary abelian of exponent 2 and A is a 
group all of whose elements are of odd order [Hal59, Theorem 12.5.4]. A Moufang loop 
which is not associative is hamiltonian if and only if it is the direct product C x E x A 
where C = M1e(Q8 ) is the Cayley loop [GJM96, §4.1), [Che74, Cue 2(d)J and E and A are 
aa before [GJM96, Theorem 11.4.8), [Nor52). 

Let L be an RA loop. The main theorem of this section gives necessary and sufficient 
conditions for the unit loop of the integral loop ring ZL to be torsion over its centre. First, 
however, we settle a perhaps more obvious question. 

Propomion 2.1. U(ZL) u toraion i/ and onlg i/ L it, a /Jamiltonian Mou/ang 2-loop. 

Proof. If U(ZL) is torsion, then certainly the torsion units of ZL form a aubloop, eo tlie 
torsion units are trivial by Corollary 3.2 of [GM95b). As a. subloop of a torsion loop, L is 
torsion, so the alternative analogue of Higman 's Theorem described above tells us that L 
is a hamiltonian Moufang 2-loop. Conversely, if L is a. hamiltonian Moufang 2-loop, then 
Lis a torsion loop and U(ZL) =±Land Higman's Theorem again gives the desired result 
and completes the proof. (See also [GJM96, Proposition 3.1).) D 

The proof of the main result of this section, Theorem 2.2, requires the concept of the 
"support" of an element in a. loop ring. If a = EteL atl, at E R, is an element of the loop 
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ring RL, the support of a is the set 

supp(a) = {l E L I a,-:/:- O}. 

We also require the fact that if L is an RA loop, then P is central for all l E L [GJM96, 
Theorem IV.I.SJ, [Goo83, Theorem 3); 

Theorem 2.2. Let L be an RA loop with torsion subloop T. Then the following conditions 
are equivalent: 

(i) U(ZL) is torsion over its centre, Z(U(ZL)). 
(ii) T is an abelian group or a hamiltonian Moufang 2-loop and, if z E L does not centralize 

T, then x-1tx = t-1 for all t E T. 
(ill) U(ZL) is torsion of bounded exponent 2 over Z(U(ZL)). 
(iv) U(ZL) is nilpotent. 

Proof. The equivalence of conditions (ii), (iv) and several others is given in [GJM96, Corol­
lary XII.2.14] and [GM95b]. Since (iii) implies (i), it suffices here to show that (i) implies 
(ii) and (ii) implies (iii). 

Assume (i) and suppose that a E ZL satisfies a 2 = 0. Then 1 + a is a unit (with inverse 
1 - a). Also, for any positive integer n, we have (1 + a)" = 1 + na. Our hypothesis thus 
implies that 1 + na is central for some n. Thus a is central and (ZL)a is a nilpotent ideal 
in ZL. It is known that an alternative loop ring RL is semiprime if and only if RZ is 
semiprime, where 2 = Z(L) denotes the centre of L [GJM96, Corollary VI.3.6), [GP87). 
Since ZZ is semi prime (GJM96, Theorem Vl.2. 7), [May76, Proposition 2}, a = O. All this 
shows that ZL contains no nilpotent elements. 

For t E T of order n, write t = 1 + t + t2 + • • • + t"-1 • Let l be any element of L. Since 
tt = t, a = (1 - t)ll satisfies a2 = 0, so a = 0 and 6 = tU. In this last equation, l is in the 
support of the left hand side, so it is in the support of the right. This means that l = tlt' 
for some i :::: 0 and hence t-1tl = ,-, E (t}. In an RA loop, this is sufficient to ensure 
normality of (t} [GJM96, Corollary N.1.11), (CG90, Corollaries 2.4 and 2.11]. It follows 
that every subloop of T is normal in L. In particular, every subloop of Tis normal in T, so 
T is either an abelian group or a hamiltonian Moufang loop. In the latter case, if T contains 
a nonidentity element of odd order, then ZT contains nontrivial units by Higman 's Theorem 
(for alternative loop rings) and hence a free group of rank 2 by [HP80) in the case T is a 
group and [GJM96, Theorem VIIl.5.8J otherwise. Since a free group cannot be torsion over 
its centre, T cannot have elements of odd order, so T is a 2-loop in the hamiltonian case. 
Moreover, if T is a hamiltonian Moufang 2-loop, the known structure of such loops makes 
it easy to see that the rest of condition (ii) is satisfied. On the other hand, suppose T is an 
abelian group and x E L does not centralize T. The subloop G = (T, x} generated by T and 
xis a group (GJM96, Corollary N.2.4), [GM96b, Lemma 1.3) with U(ZG) torsion over its 
centre. That x-1tx = t-1 for all t E T now follows from a result of Bist [Bis94, Corollary 
6J. So we have (ii) in this case as well. 

Assume condition (ii), which is condition (10) in Corollary XII.2.14 of [GJM96]. Then 
U(ZT) = 1lL is the product of Land an a.belian group 1£, central in U(ZL) (see al8o the proof 
of Theorem 3.3 in [GM95b]). Letµ= vl E U(ZL), 11 E 1£, Then µ 2 := 112£2 E Z(U(ZL)) 
because v2 E 1£ is central and fl is central in L. This is (iii). □ 
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3. THE UNIT Loop OF A Loop ALGEBRA OVER A FIELD 

Now we tum our attention to alternative loop algebras over fields and completely deter­
mine when the unit loop of an alternative algebra is torsion (possibly of bounded exponent) 

over its centre. Our result.a depend on the characteristic of the field and are summarized 
in Theorems 3.8, 3.9, 3.13 and 3.14. AB in the previoua section, we first dismiss the case of 
torsion unit loops which, in the present discussion, are not very interesting. 

Prop011ition :u. Let L be an RA loop and K a field. Then U(KL) ill tor11ion if and onl11 
if L and K- = K \ {0} are both torsion. 

Proof. Nec:e11Sity is clear. Conversely, if K• and L are torsion, then char K = p > 0, 
80 K has a finite prime field P. Given µ = E:,1 k,l; E U(KL), k; E K, l; E L, let 
E = P{k1, k2, ..• , k11) be the subfield of K generated by P and the coefficients ofµ. Let Lo 
be the finite loop generated by l 1, l 2 , ••• , t,.. Then each element of the finite Moufang loop 

U(ELo) {for instance, µ) has finite order. D 

Corollary 3.2. 1/U(KL) ill not torsion, there e:rist central unit., in Kor in L of infinite 
order. 

Proo/. If U(K L) is not torsion, Proposition 3.1 says that either L contains an element I. 
of infinite order, in which case fJ E Z(L) also has infinite order, or else K* contains an 
element of infinite order. Since elements of Kare central in KL, the result follows. □ 

Lemma 3.3, Let K be a field and let L be an RA loop with torsion subloop T. SuppoBe 
U(KL) ill torsion over it., centre, 1,ut not torsion. Then eWlrJI idempotent of KL is ttntrul. 

Proo/. By Corollary 3.2, KL contains a central uni\ z of infinite order which ia either in 
K* or in L. Let e E KL be an idempotent. Following [CS80, Lemma 2.4], we obeerve that 
µ = ze+ {1-e) is a unit, with inverse z-1e+ (1-e), 110 µ" = z"e+ (1-e) = 1+ (z"-l)e is 
central for some positive integer n. Thua (z" - l)e is central and :r-1 (z" - l)e:r = (z" - l)e 
for any :re L. (Note that :r, z and e associate because z is central.) Writing r = s-1e:r, 
~ gives z"(e" - e) = r - e for any :r E L. Replacing z by z1' in the preceding argument.a, 
we have in fact that z"'(e" - e) = e" - e for any ,: and for any A: = 1, 2, 3, .... If z E W, 
z1'-a = a for any o E KL implies z1'- = 1, contradicting the fact that z ha11 infinite order. 
Th118 z E L, but then, If l is in the support of r - e, so is ~l. Since this happens for 
infinitely many k and the support of r - e is finite, it must be that e" - e = 0, hence e" = e 
(for any :r) and e is central. □ 

We have noted and, indeed, made frequent uae of the fact that the set of torsion elements 
of an RA loop Lis a subloop. In fact, for any prime p, the set.a T,, of p-elementa (order a 
power of p) and Tp1 of p'-elementa (order relatively prime top) &re normal subloope of L 
and T = T,, x Ty [GM96a, Lemma 1.2]. (In the ca.ae p = 2, see also [GJM96, Proposition 
V.1.1].) 

Corollary S.4. Let K be a field of characteriatic p > 0 and let L be an RA loop with 
torsion subloop T. SvppoBe U(K L) is torsion over its centre ht not torsion. Let Ty denote 
the subloop of '[I-element., in T I that is, thtue of order relatively prime to p. Then 

(i) every subloop of Tp1 is normal in L,· 
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(ii) T p' is an abelian group. 

Proof. (i) Let t E T have order n relatively prime to p and let t = 1 + t + t2 + ... + tn-1 . 
Then e = ¼tis a.n idempotent, so z-1u = e for a.ny z e L by the lemma. It follows that 
z-1tz = ti for some i. AJJ previo118ly noted, the test for normality in an RA loop is the same 
as it is in a group, hence (t} is normal in L, a condition which implies that every subloop 
of T,, is normal in L. 

(ii) Since elements in L of odd order a.re central [GJM96, Proposition V.1.1], (CG86, 
Theorem 6], the result is clear if p = 2 while, if p 'F 2, it suffices to show that the set 
T2 of elements of L whose order is a. power of 2 forms an a.belian group. Since T2 ~ T,1, 
every subloop of T2 is normal by part (i) so, if T2 is not an abelian group, it is hamiltonian 
and hence contains Qs, the quaternion group of order 8. Denoting by P the prime field of 
K, we have PQs ~ KL. Now the semi-simple group algebra PQ8 contains a quaternion 
algebra [GJM96, Corollary VII.2.4], [Seh78, Proposition 1.14] which is necessarily a. ring of 
2 x 2 matrices since it is finite. Thus KL contains noncentral idempotent.s, contradicting 
~~~ D 

The first theorem of this section makes use of the fact that if G is an a.ssociative subloop 
of an RA loop, then either G is abelian or else the quotient G/Z(G) of G by it.s centre 
is C2 x C2, the Klein 4-group [GJM96, Proposition III.3.6 and Corollary IV.2.2], [CG86, 
Theorem 5). We also require the following lemma the proof of which can be deduced from 
Lemma XIl.1.1 of [GJM96] a.nd its proof. See also [GM95b, Lemma. 2.3]. 

Lemma 3.5. Let K be a field and let L be an RA loop with torsion nbloop T. Suppose 
KT = EB D; i., the direct sum of division rings and that every idempotent of KT i., central 
in KL. Then the following are true. 

(i) Any BtJm S of a subset of the division rings D; is normal in KT in the sense that 
Sa= aS, (Sa)/3 = S(a/3), (aS)/3 = a(S/3) and cr(/3S) = (crfJ)S for any a,/J e KL. 

(ii) Each unitµ E KL can be written in the formµ= Eµ,q, where q e L, theµ, are 
in KT and, if q1 'F 92, the set of division rings required to write Pn a., a .sum in 
EB D; has empty intersection with the set required to write µ 92 a., a aum; in particular, 
µq,µ92 = 0 if qi-:/:- 92. 

Remark 3.6. When KT = EB D; is the direct sum of division rings, it will be convenient in 
certain parts of what follows to write µ ~ v if µ and II a.re sums of element.s in the same 
subset of division rings. Clearly this defines an equivalence relation. 

Corollary S. 7. With notation as in the lemma, suppose that µ and II are suma of elements 
in certain division rings D; and that a and /J are any elements of KL. Then there ezist 
µ', ,I withµ'~µ and ,I~ 11 such that (µcr)(vfJ) = (µ'il)(a/J). 

Proof. Part (i) of the lemma. gives the existence of P.1,1-'2 ~µand 111,J."J,"'3 ~ v such that 

(µa)(v/J) = µ1(a • 11/J) = µ1(a111 · {J) = 1,11(11-Jcr · /J) = 1,11("'3 · a{J) = (Jl2"3)(a/J) 
from which the result follows. D 

In the theory of group rings, one of the best known theorems is surely that of H. Maschke: 
if G is a. finite group and K is a field of characteristic O or p > 0 not dividing IGI, then KG 
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is semisimple artinian [Row88b, §8.1} and hence the direct sum of ma.trices over division 
rings. This result will prove useful to us here. 

Theorem 3.8. Let L be an RA loop with toraion aubloop T and let K be a field of charac­
teristic O. Suppo,e U(KL) i8 not tor.non. Then the following condition, are equioolent. 

(i) U(KL) is torsion over its centre. 
(ii) T is central. 

(iii) U(KL) is tor.non of uponent 2 011er ita centre; that is, [U(KL)}2 !;; Z(U(KL)). 
(iv) U(KL) is toraion of bounded ezponent 011er its centre. 

Proof. Assume (i). By Lemma 3.3, every idempotent of KT is central in KL. Lett ET, 
:r: e L and let G = {t, z) be the group generated by t and z. Certainly U(KG) is torsion 
over its centre but, since char K = O, U(KG) is not torsion by Proposition 3.1. AB noted 
above, either G is abelian or G/Z(G) ~ C2 X C2. In any event, G is solvable, so the torsion 
element t is central in G by Theorem 1 of [CS80). In particular tz = zt, giving (ii). 

ABsuming (ii), it is clear that every idempotent of KT is central in KL. Letµ E U(KL). 
Replacing L by the support ofµ (and, if necessary, a.t m011t three additional elements from 
L which do not associate), we may assume that L is finitely generated and, hence, that T 
is finite. By Ma.schke's theorem, the group algebra KT is a direct sum of fields. Now we 
apply Lemma 3.5 and write µ = E µ1q ae in that lemma. Since T ia central, so ia each µ 1 , 

so µ 2 = Eµ:q2. This gives (iii) because each q2 E Z(L). 
Since it is trivial that (iii) implies (iv) and (iv) implies (i), the proof is complete. D 

Some of our arguments in the sequel make ue of the concept of augmentation ideal, one 
reference for which is (GJM96, §VI.1}. Let R be any commutative and a.ssociative ring with 
1. Let N be a normal subloop of an RA loop (or a group) L and let EN: RL ➔ R[L/N} 
denote the linear extension to RL of the natural homomorphism L ➔ L/N. This map 
is a ring homomorphism wh011e kernel is the ideal tJ..(L,N) = EneNRL(n - 1). In the 
special case N = L, we write t = tL, calling this the augmentation map on RL, note that 
t(Ea,t) = Ea, and set tJ..(L) = tJ..(L, L). We call tJ..(L) the augmentation ideal of RL. 
The identity l1(l2 - 1) = (l1l2 - 1) - (l1 - 1) shows that 

tJ..(L) = {}:a,(l-1) I a, e R}. 
tEL 

For any normal subloop N of L, note that tJ..(L, N) = (RL)tJ..(N). 

Since the number 2 is so important in the theory of RA loops (for example, finite RA 
loops which a.re not direct products a.re 2-loops), it is not surprising that theorems about 
RA loop algebras over fields often vary depending on whether or not the characteristic is 2. 

Theorem 3.9. Let K be a field of positive characteristic p -/:- 2 and let L be an RA loop 
with toraion aubloop T. Suppose U(KL) is not toraion. Then U(KL) is torsion over its 
centre if and only if T is an abelian group, every idempotent of KT is central in KL and, 
if T i, not central, then K i., algebruic over ita prime field. 

Proof. Suppose U(KL) is torsion over its centre. Then every idempotent of KL (and hence 
certainly of KT) is central by Lemma 3.3. Since T is a. subloop and since commutative RA 
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loops are associative [GJM96, Corollary IV.1.3], [CG90, Corollary 2.5], to show that T is 
an abelian group, it suffices just to show that the elements of T commute. So let a, b E T. 
Since elements of odd order in L are central, we may assume that a and b each have order 
a power of 2. The group G = (a, b) generated by a and b is a (finite) 2-group because L 
has a unique central commutator of order 2 [GJM96, Theorem N.1.8], [Goo83, Theorem 
3). Let P denote the prime field of K. Since p ,:/; 2, the finite group algebra PG is a direct 
sum of fields and matrix rings. Since idempotents in KL are central, the same is true for 
PG ~ KL, so there are no matrix rings. Thus G is commutative, so ab = b4 and T is an 
abelian group. Suppose T is not central and let G be any associative subloop of L which is 
not torsion and which contains noncentral elements of order a power of 2 (for example, the 
group generated by a noncentral element of 2-power order and another element which is not 
torsion, such element existing because Tis an a.belian group and Lis not). Then U(KG) is 
torsion over its centre, U(KG) is not torsion and not every rl element of G is central (since 
pis odd). It follows from Theorem 1 of [CSSO) that K is algebraic over its prime iield. 

Conversely, suppose tha.t T is an abelian group, that every idempotent of KT is central 
in KL and, if T is not central, that K is algebraic over its prime field. Let µ E KL be a 
unit. Replacing L by a finitely generated subloop which is not associative and contains the 
support of L, we may assume that T is finite. Write the abelian group T = P X A, where 
P is the p-primary component of T and A = Ty is the set of p'-elements. Since p ,:/; 2, P 
is central and hence normal in L. Also, the torsion subloop of L/P is T/P ~ A which has 
no elements of order p = char K. By Maschke's Theorem, K[T / P] is a direct sum of fields. 
Since Pis a p-group and char K = p, A(P) is nilpotent (Jen41]. Centrality of P shows 
that A(L,P)" s;; (KL)A(P)" for any n ~ l; thus A(L,P) is also nilpotent. (See also [MZ, 
Theorem 3.4].} Let e E K[T/P] be an idempotent, where 'ii= £p(a) denotes the image 
of a E KL under the homomorphism £p: KL-+ K[L/P] ~ KL/A(L,P}. Then e "lifts" 
to an idempotent in KT; that is, l = J for some idempotent/ E KT [Row88a, Corollary 
1.1.28]. Since idempotents of KT are centra.l in KL, l is central in K[L/P]. 

Now apply Lemma 3.5 and write the unit 7I in the form 7I = Eµ9 q, µ, E K[T/P], 
q E L/P, and µ;;µ;; = li if q1 "f' qi, hence µ~1 µ~ = li if q1 ,:/; qi whenever µ~1 ~ µ91 
andµ~ ~ I-In• Thusµ = Eµ9q + 6 for some 6 E A{L,P), µ9 E KA, q E L, and 
µ91 µrn E A(L,P) if q1q,-1 ~ P. 

If T is central in L, each µ, is central in KL and hence associates with all pairs of 
elements in KL. Thus, for any q1,'b, (µ,,q1)(J.lg,'b) = µ 9,µ92q1'b• It follows that the 
product. µ9,qilin'b is µ!

1
pq1

2 for some p E P if q1q21 E P and an element of A(L,P) 
otherwise. Note that µ:

1
pqi2 is central. Thus µ 2 = -y+61 , with 'Y central and 61 E A(L, P). 

There exists a positive integer n such that [A(L, P)]"'' = O. Since (a+ b}'" = aP" + bP" for 
commuting elements a and b in characteristic p, we see that µ2p" = -yP" is central. Thus 
U(KL} is torsion over its centre in this case. 

Suppo&e that T (a.nd hence A) are not centra.1. By hypothesis, K is algebraic over its 
prime field. Since each idempotent of KT is central in KL, the a.lgebraic closure of the 
prime field of K in K is finite [GJM96, Theorem XIII.1.6], [GM96a, Theorem 2.1], so K 
and hence KT are finite. Thus KT is a direct sum of (finite} fields K;. Choose an integer m 
such that o:"' "'" 1 for any nonzero a in any K,. By Corollary 3.7, for a.ny Vi, qi, there exist 
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µ~1 ~ µ91 andµ~ ~ µ92 such that {µqi q1}(JJg,, q2) = (µ~ 1 µ~)(q1 q2) for some µ~1 ~ µq, and 
µ~ ~ µ 92 • Thus 

(JJv191HJJ92'h) E ~(L, P) if q1q;1 ~ P, 

while 

(JJ1191)CJJ12'h) = (µ~ 1µ~)pqf with p E P and pqf central, if q1qi"1 ~ P. 

It follows that 

(3.1) µ 2 = E OqZq + 01 

with each a9 E KT, z9 EL central and o1 E ~(L, P). Recalling that KT is the direct sum 
of fields K;, we may assume that each a 9 appearing in (3.1) is an element of some K;. In 
particular, a 9 m = 1 for all q. Centrality of the z9 now gives 

(3.2) µ2m = L z;m + ~. 

with }: z:m central and 62 E .ll(L, P). There exists pn such that [.ll(L, P)]"'' = {O}. Thus 
µ2mp" is central. □ 

Remark 3.10. It is known, in terms of Land K, precisely when all the idempotents of KT 
a.re central in KL [GJM96, §XIII.1], [GM96a]. 

With reference to Theorem 3.9 and its proof, suppose K is a field of positive characteristic 
p =/: 2 and L is an RA loop with no elements of order p. Then P = {l}, 80 .il(L, P) = {O}. 
If L has central torsion, we showed that that the square of any unit is central. So we have 
the following result for semiprime alternative loop algebras. 

Corollary 3.11. Let K be a field. of characteristic p 'F 2 and let L be an RA loop which 
has central torsion and which contains no elements of order p. Then U(KL) is torsion over 
its centre if and only if it is torsion of exponent 2 over its centre. 

We wish now to explore the case of bounded exponent. In 80 going, we shall make use of 
the following lemma of S. Coelho (Coe82]. 

Lemma 3.12. Let U(K L) denote the unit loop of an altemative loop algebra over a field 
K of characteristic p > 0 and suppose (U(ZL)r s;; Z(U(ZL)). Write n = p"n' with pf n'. 
Then zP• is central for any nilpotent :r: E KL. 

Proof, Let z E KL be a nilpotent element. Then 1 + :r: is a unit, so (1 + z)R central; that 
is, (1 + :r:"•)n' is central. Now :r;P" = 0 for some y and there exist integers i and j with 
iy + jn' = 1. Thus 1 + zP• = (1 + zP

0 )iP"+in' = (1 + zP")'P
0 (l + zP0

)in' = (1 + zP•);n' is 
central, so :r:"

0 

is central. □ 

Theorem 3.13. Let K be a field of positive characteristic p ,f:. 2 and let L be an RA loop 
with torsion subloop T. Let P and A = Tl" denote, respectively, the sets of p- and ti-elements 
in T. Suppose U(KL) is not torsion. Then the following statements are equiMlent. 

(i) U(KL) is torsion of bounded exponent over its centre. 
(ii) T is abe/ian, there exists a such that xP" is central for all x E ~(L, P) and either 
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• T is central and U(KL) has exponent 2p" over its centre, or 
• K is finite, A"' = { 1} for some m and U (KL) has exponent 2rp" over its centre, 

where r = IK(()I - 1, ( a primitive mth root of unity. 

Proof. Clearly we have only to prove that (i) implies (ii), so assume (i) is the case. Since 
U(ZL) is torsion over its centre (but not torsion), Tis abelian by Theorem 3.9. There exists 
n such that [U(KL)]n ~ Z(U(KL)). Write n = p"n' with pin'. Given 5 E .i::1(L,P), by 
restricting to a subloop which is not associative and which contains the support of 5, we 
may assume that L is finitely generated, hence that P is finite. Aa shown in the proof of 
Theorem 3.9 (the second part), .d(L, P) is nilpotent, so Y is central by Lemma 3.12. 

If T is central and µ E KL is a unit, exactly aa in the proof of Theorem 3.9, we have 
µ2 = 1+6i, with"'( central and 61 E= .d(L, P). Since 61"• is central, 80 is µ2"• = 1"• +5f. 

Suppose T is not central. Then there exist t E T and l e L such that t and l do 
not commute. Since P is central, we may assume that t E A. Since T is abelian, l has 
infinite order, 80 the suhloop (A, l} generated by A and l is not torsion, not commutative 
and a group by [GJM96, Corollary IV.2.4], [GM96b, Lemma 1.3]. By (Coe82, Theorem 
BJ, A"' = {1} for some m and K is finite. Letµ E U(KL). Once again, without loss of 
generality, we may assume that L is finitely generated and hence that T is finite. Thus 
T = P x A and, by Maschke's Theorem, K[T / P] ~ KA = EB K; is the direct sum of 
fields, necessarily finite and all contained in K((), ( a primitive mth root of unity. For 
r = IK(()I - 1 and nonzero a in any K,, we have of= 1. Aa in the proof of Theorem 3.9, 
we can write µ 2 = E a,z, + 5 with z, central, a 9 E K; and 5 e ..::1( L, P). Th1111 µ2r = 'Y + 61, 
with -y central and 51 E .d{L, P). So (µ 2r)p• is central. D 

Theorems 3.9 and 3.13 have assumed that the characteristic of K is different from 2. The 
remaining case is answered by the following very easy result. 

Theorem 3.14. Let L be an RA loop and let K be afield of charocteriatic 2. ThenU(KL) 
is of bounded exponent 2 over its centre. 

Proof. Since L baa a unique nonidentity commutator-associator a (necesaarily central and 
of order 2) [GJM96, Theorem IV.1.8], [Goo83, Theorem 3], then lili - l2l1 is either O or 
l 1l 2(1-s) for any l1,l2 EL. Thua for any a,{J E KL, the ring commutator a{J-/Ja, which 
we denote [a, {JJ, is of the form -y(l + a) for some -y E KL. Thus [a2, fJ] = a[a, fJ] + [a, fJ]a = 
(1 + a)(a-y +-ya) E {1 + s)2{K L) = 0. So a2 is central. D 

(Bia94] 
(CG86) 

[CG90] 

[Che74] 
(Coe82] 

[CS80) 
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