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ABSTRACT 

In this paper we COl15ider time series models belonging to the ARMA familiy and deal with the estimation of the residual variance. This is important because estimates of the variance enter, for example, into confidence sets for the parameters of the model, in the estimation of the spectrum and in expressions for the estimated error of prediction.We consider the asymptotic biases for moment,least squares and maximum likelihood estima­tors of the residual variance for some simple,but useful models.Simulation results are also presented. 
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1. Introduction. 

We consider time series models belonging to the ARMA(p,q) family, defined as follows: 
The observable stochastic process {Xe} satisfies 

, ' 
LfJ;(X,-; - µ) = L o,.a,-t, t = .. . , -:-1,0, 1, .. . , (1.1) 
1=0 l=D 

where µ,/Jo= l,/J1, ... ,/J,,oo = l,01, ... ,0, are real parameters and the process {a.} is 
white noise with variance O < O'! < oo .For stationarity we requin- that tht' roots of the 
polynomial equation 

, 
LP;zr-i = 0 (1.2) 
;-o 

satisfy lz;I < l,j = 1, ... ,p; this also gives invertibility of (1.1) into an infinite moving 
average(the model is causal). No restriction on the Ot 's is needed for stationarity, but if 
the roots of 

' La,.w•-• = 0 (1.3) 
lr=D 

satisfy lwll < 1, k = 1, . . . , q, then (1.1} is invertible into an infinit.- autort'gression. 
In this paper WP. consider the estimation of the paramelt'r u! . This is important 

because estimates of CT~ enter, for example, into conficlenre st>ts fr)l" th.- par11..111t>lers. in tht> 
estimation of the spectrum and in expressions for tht> .-stimatt"<l t'HOI of prnlirtiun. 

Estimates of u~ come from the methods of mumeuts( Ml\1 ). 1,-ao;t squart>s( LS) m 
maximum likelihoocl(ML) under nonnality, and also from frt><Jllt'll<"Y ,lomain argmnt'ut,, . 
In spite of its inferential role, not many papers have been wi-itteu ali1111t thf' <li-tt>nni11atio11 
of (large-sample) biases of the eslima.lol"S of the vari11..11ce in ARMA mocleb. 

The main purposes of this pa.per are to review the literalllff' on th.- s11l,jt>rt and present 
some new material. 

2. Review of the Literature 

Some of the papers deal with the estimation of coefficients of the model ( 1.1) only, 
some deal with the estimation of the residua.I variaJ.Ke a.1.1<) somf' with both. In this sf'rtion 
we comment briefly 011 each paper a.n<l present the maiu rt>sults iu s.-rtious 3, 4 and :i. 

The bias for Yule-Walker(YW)( or 111oment) and lea.st squlU'f"s estimators, for uni­
variate and multivariatf' autoregressivc-(AR) processes wa.~ considert>cl by Tj0stheim a.ml 
Paulsen(1983). They obtain explicit formulas for the la.rgt>•samplf' bia.o; of YW estimators 
in the scalar AR( 1) and AR( 2) cases and for LS estimators in thf' )?;f'llf'ral ca.•;i•. Both theory 
and simulations indicatf' that "'"" estimators are inferior to LS f'stimator~ . For strongly 
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autocorrelated processes, YW estimators can be severely biased even for comparatively 
large sample sizes. 

In a recent paper Shaman and Stine(l988) presenl simple expressions for the biases of 
estimators of coefficients of an AR(p) model, p considered arbitrary but known. Results 
include models both with and without a constant term. Emphasis is on YW and LS 
estimators. An easily programmed algorithm for generating these expressions is given, 
for any AR(p) process e.nd for LS estimators. The same kind of conclusion arises: YW 
estimators tend to have greater biases than LS estimators. 

Paulsen and Tj•stheim(l985) consider the bias for the residual variance of AR(p) 
models for YW, LS and Burg-type estimators. The same conclusion that they obtained 
for the estimators of the coefficients of such models hold here.An explicit expression for 
the bias of the estimator of u! in the case of YW is given for tht> AR(2) model, in terms 
of the roots of the associated equation (1.2) above. We derive an expression for this bias 
in terms of the coefficients(see formula (3.15)). 

Ansley and Newbold(1981) treat the case of bias iu estimators of forecast mean­
. square error; for one-step ahead forecasts one obtains the bias of the estimate of u! . It 
was found that when LS estimators were used to estimate model parameter.;, bias in the 
resulting estimates of the residual variance was typically more severe than when using ML 
estimators. 

Yamamoto and l-~unitomo(l984) derive asymptotic bias for LS estimators for mul­
tivariate AR models, with a r,onstant tenn , up to orcler T- 1 ,whr...- T is th.- sample 
size.Tuan(l992) obtains the exact and asymptotic bia.~s for LS a.nd forward-hackward LS 
estimators of the coefficients and the variance of the bias for the AR( l ) model. 

Tanaka(l984) suggests a technique for obtaining tht> Edgt>worth type asymptotic ex­
.: pansion associated with ML estimators in ARMA models. He obtains bias up to ordt>r r-1 for AR(l), AR(2),MA(l),MA(2) and ARMA(l,1) models with and without constant 

terms. Bias for the residual variance are also derived. 
Cordeiro and Klein( 1993) present a general proceclurf' to obtain thr bia,; of ML estima­

tors in ARMA models. It turns out that the formula is difficult to obtain for models other 
than the lower order ones,but the authors state that the formula <"-All be f'asily computed 
numerically. 

The estimation of the innovation variance through frequency domain considerations 
was considered by Pukkila and Nyquist(l985 ). This will not hf' considered here. 

Further references are Marriott and Pope(l954), Walker(l9G2),Bhansali(l961), 
Kunitomo and Yamamoto(l985), Lysne and Tj0stheim(1987),Stine and Shama.n(l990). 

Good references of techniques and results for asymptotic analysis in timt> series models 
are Anderson(1971) and Fuller(1976). 

3. Autoregressive Models 

The AR(p) modt>l can be written a.,; 
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, 
LP;(X,-;-µ)=a,, t= ... ,-1,0,1, ... 
;-o 

with Po = 1 . The autocovariance sequence is 

..,, = E(X, - µ)(X1+, - µ) I ~ = 0, ±1, ±2, ... 

and satisfies the (theoretical) Yule-Walker equations 

and 

, 
E fJn; = u! . 
ja::O 

,. 
LP;-r;--,=0, 3=1,2, .... 
jsO 

It also satisfies the "inversion formula" 

-y. : , 1-:• e0 '"f(>.)d>., 

where/()..) is the spectral density of the process, 

2 , 

/(>..) = 11
• 1"""' P,ei~jl-2 , 

?,r ~ 
- j=O 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6} 

The correlation sequence is P• = -y./-y0 , s = 0,±1, ... and for purposPS of inference 
we have a sample X1, ... ,Xr from (3.1). 

We shall denote by a)u k = 1, 2 ... the various estimators that we consider in the 
case of AR(p) 1nodels and by 11ju, the "corrected "estimators,to bf' defint-d below. 

3.1. Moment (Yule-Walker) Estimators 

A Yule-Walker(YW) or momrnt estimator, 111, , is proviclt>cl hy tllf' samplt> analog of 
(3.3), namely 

(3.7) 

where 

T-1 

"1: ½; L (X, - S)(X1+1 - .t). (3.8) 
1=1 
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and µ1 = X = ~ E;.1 X1 . ln(3. 7) the pj1
> come from the sample analog of the first 

p equations in (3.4), namely 

t ,pol = -c, ' (3.9) 

h r. le( . ·)}' ( (1) ( ))' and p"< 1> - ({J.111 ,aco)' Th-• are w ere , = 1 - J ;,; ... 1 ,c, = c , ... , c p - 1 ••• • , "'" • --= the sample YW equations. 
A corrected moment estimator is 

-2 T -2 
O'Rlc = T l O'Rt , -p- (3.10) 

where the correcting factor is motivated by the finite-sample, bias-correcting factor used 
in standard variance estimation. 

Let us now tum to the consideration of simple models. For an AR(l) model, with /31 = /j ,Shaman and Stine(1988) deduce that 

(3.11) 

Using (3.11) we can prove the following result, whose proof is given in the Appendix. 

Proposition 3.1.For the AR(l) model, we have 

(3.12) 

Shaman ancl Stiue(1988,p.84G) give the following formulas for tht' asymptotic bias of pp> and .B}I) for the AR(2) model: 

E(.ao> - n ) = T-1 {(2 - 4/J ) - 2Pl(l + /J.d } + O(T-2 ) (3.14) "', 1-12 , ( 1 + Pl )2 - p~ . 

Using these results we ohtaiu 

Proposition 3.2. For the AR(2) model we have 
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where the polymonial PM.v(2,0) u given io the Appendix. 

We consider the model (3.1) with unknown meanµ, estimated by .X .Assuming that 
µ i1 lmown(e.g. equal to O ) bas an effect over some of the results, for example over 
(3.11),(3.13) and (3.14). 

The autocovariances 1; are estimated by the c; defined iu (3.8).Several other estima­
ton are often encountered in the literature. The c; have the property that i',. in (3.9) is 
positive definite, and that the p<1> defined in (3.9) are such that (1.2) with P, (tl replaced 
for /J; bu all root■ less than one in absolute value, so that the fitted model is c&usal. 

In most cases, moment estimators are less efficient than LS or ML estimators. For an 
AR(p) model, the YW estimator pUl has the same asymptotic distribution as the ML 
estimator. Moreover, the Durbin-Levinson recursions can be used to compute iJ(l) ,avoiding 
the matrix inversions in (3.9). See Morettin(l984) for details. 

For the AR(2) model, Tj111stheim and Paulsen(l983) have expressions for the bias of 
pp> and P!1) in terms of the roots z1 and z2 of (1.2). As II ruuspqui-ncP thPy find 
the bias of the estimator of the residual variance in terms of tbest" roots. This is given in 
Paulsen and Tj111Stheim(l985), equation (3.10). 

If /J = 0 in (3.12) or /J1 = th = 0 in (3.15), we obtain -u!/T , which is the bias of 
the moment estimator of the variance of i.i.d observations. 

An interesting question is whether setting /J,z = 0 iu (3.15) we obtain {3.12). This is 
true in this particular case, but is not expected in general. For example, setting /32 = 0 in 
(3.13) we do not obtain (3.11 ). Further comments on this question appear at tht" beginning 
of the Appendix. 
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3.2. Leut Squares Estimaton 
The LS procedure consists in estimating µ., Pi , ... , P, by minimizing 

T T 
S= L a~2 = L {(Xe - µ•) + Pi(X,_, - µ•) + ... + P;cx,_,. - ,?)} 2 • (3.16) ,-,+1 t=,-+I 

among all relevant choices of µ.•,/Ji, ... , P;. An estimate of µ. call ht' taken to be 
v b (2) v • (2) -

• _ AJ + Pl A2 + • · • + P, x, 
µ2 - • (2) • (2) ' 1 + p, + ... + fJ, 

(3.17) 

where 

T-; 
- 1 """ X;+1 = T- L X, . 

p , .. ,.,-; 
(3.18) 

This will be a non-linear estimation procedure, that cau hf' proposed as a recursive 
• • (2) • (2) procedure,leading to the estimate p<2> = (P1 , ... , fJ, )' , for fJ and the t'Stimate 

T 
•2 l """ {(X . ) p· (2)(X • ) • Cl)( X • )}1 UR2 = T- 2 - 1 L I - 112 + I 1-1 - l'l + . .. + /J,, • ,-,. - ,,i • p l=p+l 

(3.19) 
for u~ . The divisor T-2p-l comes from T-p ec1uations with p+l panu11ett"1-s. 

Alternatively, tht> estimation procedure can be simplified by t'stimatiug ,, by X , tht> 
ti; by their ordinary LS estimators~; (

3
) based on mean-corrected oh~t>rvations X, - X , and u! by 

T 
·2 1 L - · (3) , -, • Cl) , • 2 um = T {(X, - X) + Pi (.X,-1 - .X) + ... + P,. (.\'.,_,. - X)} . - 2p- l 1=,+l 

(3.20) 
Let us tum now to some simple models.For an AR(l) m0<lt'l, Kenda1J(l954), Ya­mamoto and Kunitomo(l984) and Shaman and Stine(l988) givt' for /31 = d 

(3.21) 
For the AR(2) model,Tj"stheim and Paulsen{l983), Yamanmto and Kunitorno(l984) and Shaman ancl Stine(l988) give 

(3.22) 
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For the general AR(p) model, Yamamoto and Kunitomo(1984) and Shaman and 
Stine(l988) derive general procedures to obtain the asymptotic biase11 of the LS estimators 
of the parameters, but no expressions for the biases o{ estimators of the variance are given. 

Tuao(l992) considers the case of AR(l), withµ= 0 and obtains -2/J/T for the bias 
of the coefficient estimator and 

Proposition 3.3. For tbe AR(l) model, we have 

E( •2 - 2) = -u~ l - 3p2 + O(T-2) 
u,u "• T 1-/J2 • 

Proposition 3.4.For the AR(2) model, we have 

where PLs(2, 0) is given ui the Appendix. 

We notice that (3.24) reduces to (3.23) for /32 = 0 . 

(3.23) 

(3.24) 

The simulations in this paper are done using the ITSM pa('kage(Sf>e Brockwell and 
Davis,1991b), which minimizes the weighted sum of squares 

T 

S = L (X1 - X,)2 /r·,- 1 , (3.25) 
j=I 

where .X1 arethe one-step predictors and E(X1-X1) 2 = u~r;- 1.Stt section 8.7 of Brockwell 
and Davis(199la) for details.Minimization of (3.25) will be equivalent to the minimization 
of the log-likelihood and LS and UL estimators will have similar a.-;ymptotic properties. 

It follows then that it is reas:mable to asswne that the LS e-stimator for CT~ is given 
by 

·2 1 s uLs= -T, -p 
(3.26) 

where (3.26) differs from (3.20) by the denominator and the number of terms in the sum.For 
liIDAll p and reasonably large T this will have no essential effect. 

We also remark that the asymptotic biases of the LS and ML estimators of the coef­
ficients for the AR(l) and AR(2) models coincide. See formulas (3.21) and (3.22) above 
and next section.Therefore, it would be reasonable tu 11ss\u11e that 
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Hence, for an AR(p) model, we have 

E( • 2 2) E( T • 2 2) T E( • 2 2 ) 2 P tJLs -a. ~ -T tJML - 11. = -T "ML - "• + a. -T · -p -p -p 

(3.27) 

(3.28) 

In the simulations, we have taken a! = 1 , hence for an AR(l) modPJ, for example, 
we can write briefly 

T 1 1 BIAS(LS) = T- l BIAS(ML) + T- l =::: BIAS(ML) + r· (3.29) 

This result can be checked in Table 2, where we can s- that it holds with a great 
degree of accuracy. The same is trne for p=2. 



10 

3.3. Maximum Likelihood Estimaton 

In this section we consider maximum likelihood estimation when the underlying pro­
cess is assumed to be Gaussian. 

In one approach, the likelihood function is obtained from thf' joint density of X = 
(X1, ... ,XT)' conditioned on the "initial values "X-,+1, ...• Xo, and it is 

T 

(2w-o-!)-Tl2ezp{ ~~ L ((X1 - µ) + /J1(X1-1 - µ) + ... + fJ,(X1-, - 1t)]2}. 
• t•l 

(3.30) 

We call this the conditional likelihood function and the set at which it is maximized 
the conditional maximum likelihood estimates(MLE) of the parameters. The situation is 
analogous to that faced in the first part of Section 3.2: The estimation problem may ht' 
solved recuI11ively for estimates µ4 and p~4

> , and then estimate o-~ by 

T 
• 2 1 ~ {{X • ) /J. (4)(X • ) p" ( ◄l(X • )} 2 u,u = 7' LJ I - µ4 + I 1-1 - µ4 + • • • + I' ,-, - ll◄ • 

1•1 

We can consider a corrected estimator 

(3.31) 

(3.32) 

The estimation procedure can be simplified by estimating 11 l,y _t • thf' fj1 l,y thf' 

P, 151 
obtained by minimizing (3.30) with X substituti:,d for 11 • awl u~ by 

(3.33) 

Then a corrected estimator is obtained as in (3.32). 
In a second approach, the underlying stochastic process is takt-11 as Gaussian, station• 

ary and stable, so that the joint density of X is 

(3.34) 

whereµ= E(X) = (µ, ... ,11)' is the vector of expectt-cl values, and :E is the covarianct­
matrix of X. We may consider here the estimation of I' by X ancl of u~ by 

(3.35) 

where X = (.t, ... , .\')' and I: = u!Q . so that Q is tht' estinu,t.-cl mau·ix fornwcl witli 
estimates ti, 16

) of the {J1 parameters. A co1-ri:,cted estimator "'ktic may also l,t- formed. 
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In view of \he difference between this proposal and the first one in this section, we may call the approach unconditional maximum likelihood, which wilJ then apply to (3.35) and the corrected estimator. 
Asymptotic biases for ML estimator of parameters and residual variance have been considered by Tanaka.(1984) and Cordeiro and Klein(l993). For thf' AR(l) and AR(2) models they obtained the same expressions as those given i11 formulas (3.21) and (3.22), respectively, for the asymptotic biases of the coefficients. For the asymptoti<" biases of the variance the results are 

(3.36} 

for the AR( 1) model and 

(3.37) 

for the AR(2) model.Expressions for higher order models are also available.See Section 5.2 below for further cont-iderations on the ML method. 
The results (3.3£) and (3.37) seem intriguing. In Figure l(a) we have the plot of TE(&! - a-!), when a-!= 1, for MM,LS and ML estimators.It shows that BIAS(ML) < BIAS(LS) < BIAS(!,IM) asexpected. However,notethat IBIAS(ML)I > IBIAS(LS)I or IBIAS(ML)I > IBIAS(MM)I if, for example, I.Bl> 0.6, which seems strange. 
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4. Moving Average Models 

The MA(q) model can be written as 

' X 1 - µ = Eo,ac-•, t= ... ,-1,0,1, ... , (4.1) 
••o 

with a 0 = l. The covariance sequence is 

,-1•1 
7• = E(X1 - µ)(X1+, -µ) = u! L atat+l•l, a= 0,±1, ... , (4.2) 

tao 

ud it satisfies the "inversion formula "(3.5), where the spectral density of the process is 
DOW 

(4.3) 

The correlation sequence ii 

~•-1•1 
..,. L,tao 0 t 0 t+l•I ( ) P• = - = 1 2 , a = ±1, ±2... . 4.4 
'Yo 1 +o1 + . .. o, 

We shall denote by aL, , k = 1, 2,. . . the various estimators in the MA( q) case and 
by ul, tc the corrected estimators. 

4.1 Moment Estimators 

The spectral density ( 4.3) can be written as 

The correlations p, can be estimated by the sample correlations r, = c,/C-O ,., = 
1, . .. , q , where c, was defined in (3.8). The moment estimators ot1> of the ol- are those 
satisfying 

1 (~ •(I) ")(~ •(I) -i) _ ~ -• --. -Cl-)2----.-(-1 l-2 L.., al z L.., a j z - L.., r ,z . 
l + 01 + · · · + 0 , b=o j=D •=-• 

(4.6) 

A moment estimator for o-! is then 

(4.7) 
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obtained from (4.2), and a corrected moment estimator is 

•2 T -2 
"Mi,=T 1"M1· -p- (4.8) 

Biases of moment estimators of the residual variance for the MA case have not been considered in the literature, probably due to the complications involved. For the MA(l) model we have the following result, whose proof is again given in the Appendix. 

Proposition 4.1. In the MA(l) model X,-µ = a, +oa,_1 ,the moment estimator deiined izJ (4.7) has 

If a = 0 we get the result for i.i.d observations. 
We now turn to the MA(2) model, 

(4.10) 

Proposition 4.2. For the MA(2) model defined by (4.10), the moment estimator (4.7) is 
such that 

where PMM(0,2) is given in the Appendix. 

H o 2 = 0 in (4.11) we do not get the approximation (4.9).See comments in the 
Appendix. 
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4.2. Least Square■ and Maximum Likelihood E■timaton 

Simple'citerion functions like (3.16), involving the unknown parameters and the ob­
aervable X, •s, are not available for the MA( q) model. However, several approximations 
to the likelihood function under normality can be regarded as exactly or approximately 
least squares procedures, and as such are identified in the literature. Some of these will be 
considered below. 

We follow Priestley(l981,Section 5.4.2). As in our Section 3.3 we distinguish between a 
conditional and an unconditional maximum likelihood under normality. In the conditional 
approach we ■et G-t+l = ... = Go = 0 and maximize the resulting quadratic form in the 
exponent of the joint normal density. Let µ2 , ci1 <

2>, ••• , ci, <2> be the estimates obtained 
by using this approach. Then u! is estimated by 

T 
•2 _ 1 ",-(2)]2 
a,.,2 - T L.J a• , 

l•I 

where ii~2
) estimates the error a1 of the model. A corrected estimator is 

-2 T -2 
(1M2c = T- q -1 t1:,,u• 

(4.12) 

(4.13) 

The unconditional approach is similar to that described in Section 3.3, and hence 

• 2 1 ( - I. -I -
t11,13 = T X - X) P (X - X), (4.14) 

where now the covariance matrix of the process having components given by (4.2) is de­
noted as u!P , and P is obtained by replacing 01, by at3> so that P has components 
~•-l•I ·l3> ·<3> al di al O ±1 . 1 d ' 1 h L...l:=0 01: al+I•! ong agon s s= , , ... , ±q , respective y, an Os e sew ere. A 
corrected estimator is 

(4.15) 

Some results for simple models are given by Tanaka(l984) and by Cordeiro and 
Klein(l993) forµ= 0 andµ unknown. 

For the MA(l) case, in the case ofµ unknown, with o 1 = o, 

• 1 + 2o 
E(o- a)= - T- + O(T-2

), (4.16) 

(4.17) 

For the MA(2) case, 

(4.18) 
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(4.19} 

Note that the biases of the variance estimators do not depend on the coefficients of 
the models. 

We now turn to the considera.tiooofLS estimators for the MA(l) model. Using a "long 
autorcgression approximation "to a moving average process, as suggested by Durbin(l959), 
we can get 

E( -2 2) -v! 1-3a2 2 a E(• ) t1Ls-v. ~ T (1-a2) +4o-•t-a2 O£s-a. (4.20} 

Two comments are in order. The first factor in the RBS of (4.20) is the bias for the 
LS estimator of v! in the AR( 1) model and the bias of & LS is not available.If we use for 
this bias the expression (4.16) we obtain for (4.20) 

E(. 2 _ 2)= -u!l-4o-llo
2 

O(T-2 ) u LS u • T 1 - o2 + . (4.21) 

The proof of (4.21) is given in the Appendix. This value will be used in the table for 
the MA(l) model. In Figure l(b) we have plotted again TE(CJ! - u!), when u! = 1 , for 
MM,LS and ML estimators,for the first order moving-average.It shows a similar situation 
to Figure l{a). 

The argument in (3 .27)-(3.29) holds for all models, that is, we have approximately, 

BIAS(LS) ~ BIAS(ML) + (p + q)/T 

This can be checked in Tables 2-6. 

(4.22) 
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S. Autoregressive Moving Average Model11 

The ARMA(p,q) model was given in (1.1), with (1.2) and (1.3) holding. The covari­
ance sequence satisfies 

where 70 (j) = E((X,-; - µ)a1). This implies 

'Yi = -/J17j-J - ... - /J,,-r,-,,, j ~ p + 1 

and hence p; = -r,ho sati5fy the same equation. For j = 0 we get the variB.11<"e 

The spectral den5ity of the pro~ is 

Of considerable practical importance is the ARMA(l,1) mmlel, 

x, - /l + fJ(X,-1 - ,,) = 111 + OCl1-1 , 

for which we obtain 

·y, = -/J-r,-1, j ~ 2 

and since -Yu(-1) = (o - fJ)u!, ~e have 

1 + o 2 
- 2o/l 2 

-Yo = l - p2 u • ' 

(1 - o/J)(o - /3) 2 
11 = 1 - fJ2 u., 

·,; = -th,-1, i?: 2. 

(5.2) 

(5.4) 

(5.5) 

(5.6) 

(5.i) 
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From (5.7), the autocorrelations are 

(5.8) 

5.1. Moment Estimators 

Box and Jenkins(1976,p.201) give a general method for obtaining initial estimates of 
the parameters of an ARMA(p,q) model, which can be viewed as moment-type estimators. 
A related reference is Brockwell and Davis(1991a,p.250). 

In this section we concentrate in the case of the ARMA(l,l) model, given by (5.5). 
From ( 5. 7) we find that an estimate for <r~ is given by 

(5.9) 

where o<1> and iJ<•J are the moment estimators of o and /J , coming from (5.8), for 
j = 1, 2 and p1 and P2 estimated by the sample correlations r 1 and r 2 • As in previous 
CB8ell, call u},., k = 1,2, ... the various estimators that we consid"r in thP ARMA(p,q) 
modds and 11~uc the corrected estimators.Denote thP Pstimators of n aucl d simply by 
o and iJ , respectively. 

The following result can then be derived. 

Proposition 5.1. For tl1e ARMA(l,l) model, we Jiavt' 

E(_ 2 2 ) -u! PM1,1(1,1) ( (T_ 1 11 
.Al -

11
• == T (o2 - 1)(.82 - l)(o/1- l)(o - /1) + J ) ' 

(5.10) 

where the polynomial PMM(l,1) is given in tlie Appendix. 

If o = 0 in (5.10) we get (3.12), the AR(l) ca.st". But if /J == 0 Wt" do uot gPt (4.9) . 
the MA(l) case, the same fact that occurred for the MA(2) modd. 
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S.2.Least Squares and Maximum Likelihood Estimaton 

Consider the general ARMA(p,q) model given by (1.1). As in Sections 3.3 and 4.2, 
we may consider the couditional and unconditional approaches to maximwn likelihood 
estimation.See Box and Jenkins(l976) and Priestley(l981) for further details. 

A convenient way to treat the problem is by using the preclictio11 error dt"composition 
of the likelihood function.This avoids the direct calculation of tht" detenninant and of the 
inverse of the covariance function of the vector X in 

(5.11) 

The prediction error decomposition gives 

T 

L(fJ, o, u!) = (21ru!)-Tl2
(,·0 • r1 .. • r·r-dezp{-~u;2 L (X, - .Y, )2 /r·,-d, 

j:I 

(5.12) 

where r,. = v,./u! , Vn = E(X,.+1 - .X0 +1 )2 is the mean square error of prediction and 
the predictors X1 can be computed recursively through the Durbin-Levinson recursions 
or the Innovations Algorithm.See Brockwell and Davis(l99la) for details. 

The ML estimator of the residual variance is then 

-2 S(P,o) 
"A2 = - -T- . (5.13) 

where 

T 

S(P,o.)= I)x, -x,)2/,·,-1, (5.14) 
J=I 

and iJ , o are the values of fJ and o which minimizes the rt"durc-d likt"lihood 

S(/J,o) 1 ~ 
f({J,o) = l.u - T-- + T ~ fn(r1 _ 1 ). (5.15) 

1=1 

In our sin1ulations, the program PEST of the ITSM packagt" togetht"r with the inno­
vations algorithm give, from (5.15), the ML estimates of J1 and o . and then from (5.13) 
the ML estimate of the variance is obtained. 

The LS estimators of the parameters 11.re obtained minimizing tl1P sum in ( 5.14 ). with 
the estimated parameters replaced by lhf' parameters.with re:,,;pt><"l to rJ and a . Tht' LS 
estimator of the varianre is then 
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., 1 S(~ ") "A3 = T l',o. -p-q (5.16) 

In the case of invertible models the minimization of S and I are equivalent and theo ML estimators and LS estimators will have similar asymptotic properties. 
Tanaka.(1984) and Cordeiro and Klein(l993) derived fom1ulas for tbf" biases of ML estimators for the coefficients and residual variance for ARMA models. lu particular, for the ARMA(l,l) case we have that 

{5.17) 

Using the same kind of approach as for the MA( 1) model, an approximate bias for al5 could eventually be derived. We do not pursue this here. 
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8. Simulations 

Table 1 gives the models that were generated iD order to verify empirically the conclu­
sions of the theoretical results presented iD the paper. In all cases 11! = 1 . Four different 
sample sizes were considered:T = 50, 100,200,400. For each sample size, 100 replicates 
were taken, for each model. 

For the computations, we have used the ITSM package(Brockwell and Davis,1991b). 
We now deaaihe briefly how the estimators are computed. 

•J Moment E.,timatora.For the AR models, these are the Yule-Walker estimators, computed 
via the Durbin-Levinson algorithm.For MA and ARMA models, the iuoovations algorithm 
is used. 

b) Lu.t Sparea e,timatora.The program computes the least squares estimators for any 
ARMA model by minimizing {5.14). 

cJ Muimum Li1:elihootl E.,timator.,.Exact ML estimators are computed via the prediction 
error decomposition in conjunction with the iuoovations algorithm. See Brockwell and 
Davis(1991a,1991b) for details. 

Tables 2-6 give the main results of the simulations.A total of 24 models were generated: 
three for each of AR(l),AR(2),MA(l),MA(2) and ARMA(l,1) models. 

For each table and model, the following notation is used: 

T: sample size 
MM: method of moments 
LS: method of least squares 
ML: method of ma.ximwn likelihood 
EST. BIAS: estimated bias.obtained by the average of the 100 replicates 
ST.ERROR: estimated standard error of the estimated bias, computed from the 100 

replicates 
ASYM. BIAS: asymptotic bia.,, given by the theoretical formulas. 

Note that we have no evaluation of the asymptotic biases for LS estimates in MA(2) 
and ARMA(l,l) models. 

The estimated standard error is given by -'/10 , where 

100 JOO 
2 ~ • - 2 • •2 · ~ • ., =L.)6,-6)/100 ,b;=IT;-1 ,1=1, ... ,100 ,b=L.,b;/100, 

ic) is: I 

where a} is the variance estimate for each method. 

Figure 2 shows the estimated bias, for each model and each method. It provides a 
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convenient way of comparing the estimation methods within each model for the three sets 
of parameters, and among models. 

To facilitate the interpretation of the tables of results, we computed the intervals 
ii± 3s/10 , and marked with • those estimates for which the interval does not include the 
corresponding asymptotic bias. The results of this analysis can be summarized as follows: 

Table Model Mod. of roots Analysis of results 
2 AR(l) 0.30 • at ML for T=50 

0.60 no• 
0.90 • at MM all T, LS for T=50 

3 AR(2) 0.84;0.84 • at MM for T=50 
0.85;0.36 • at MM and LS for all T 
0.95;0.95 • at MM and LS for all T 

4 MA(l) 0.20 • at MM all T,LS for T=50 
0.40 • at MM for T=50,100,200 
0.80 • at MM and LS for all T 

5 MA(2) 0.87;0.23 • at MM all T, ML for T=lOO 
0.87;0.23 • at MM for T=50,100,400 
0.94;0.64 • at MM for all T 

6 ARMA(l,1) 0.70;0.40 •at MM all T, ML for T=50 
0.80;0.60 no• 
0.90;0.30 • at MM for all M 

Some conclusions are: 

l. Moment estimators tend to have larger bias than least squares estimators, and these 
larger biases than maximum likelihood estimators, in agreement with what is expected. 
2. Estimated biases tend to come closer to the asymptotic values, and heuce to become 
smaller, as T increases, also in agreement with what is expected. However, for moment 
estimators, even T=400 is inadequate to give a good fit of the simulation to the asymptotic 
theory in BOIDe cases. 

3. The estimated biases can differ considerably from the theoretical values, even for large 
sample sizes. 
4. For given sample sizes, the variability of the estimated biases,as measw-ed by the 
estimated standard errors, tend to have similar values. 
5. We detected only a few cases of lack of fit when using the method of maximum likeli­
hood,and except for one case,they all occurred when T=50,the smallest sample size that 
we studied. 
6. When we analyzed the method of least squares, for which no asymptotic biases are 
available in Tables 5 and 6, cases of lack of fit were observed for all sample sizes.for the 
MA(l) when its root is close to the boundary of the region of invertibility, and for the 
AR(2) model when at least ont- of its roots has this property. Another case. for T:::50, 
occw-ed for the AR(l) model l\•itl1 parameter 0.90. 
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7. The method of moments led to many more cases of lack of fit. In some tables these 
cases increase as we approach the boundary of the region of invertibility. In some tables 
the cases do not tend to desappear with the increase in sample size. 
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'T.Concluding Remarks 

In this paper we considered the estimation of the residual variance in ARMA models, that is, the variance of the white noise component of the models defined by (1.1).This variance is a nuisance parameter, and its estimation is important because estimates enter into prediction and confidence intervals, tests of hypothesis, spectral estimates, and other inferential procedures. 
In spite of the indicated usefuwess, not many results are available about properties of estimators of the residual variance in ARMA models of frequent use. In this paper we considered estimation by three standard methods, namely moments,least squares, and maximum likelihood under normality. We considered five models, namely ARMA(p,q) for (p,q)=(l,0),(2,0),(0,1),(0,2) and (1,1). This gives a total of fifteen needed estimators, of which only those for maximum likelihood procedures had been studied. For the remaining ten cases, we provided asymptotic results for all, except for least squares in the MA(2) and ARMA(l,1) models. 
In the analytical part of our study we concentrated in the study of the asymptotic biases of the estimators, by using certain approximation procedures.In general, our ap­proach is to rely on Taylor-type expansions, and use asymptotic results in the literature for means, variances, autocovariances or autocorrelations of linear processes, under differ­ent definitions of these sample quantities. 
We have no results either exact or approximated for the variances of the variance estimators, and hence we cannot analyze figures of merit such as mean square errors. It has been argued(see,for example, Simonoff,1993),that in th., <estimation of th., variance of a statistic, attention should concentrate in the bias: a negatively biased estimator will lead to misleadingly short prediction or confidence intervals, which is a dangerous situation in an inf'erencial context. 
We studied the asymptotic biases of the ten estimators metioned above. In the case of the one-parameter models AR(l) and MA(l), the asymptotic biases can be graphed easily, and the theoretical behavior studied and compared for varying parameter values; see graphs of Figures l(a) and l(b ).In general maximum likelihood estimators have smaller biases than least squares estimators which in tum have smaller biases than moment estimators. 
Figure l(a) depicts To-!(BIAS) = T(BIAS) because here o-! = 1, in the cases of the AR(l) models under MM, LS and ML. Hence, it corresponds to comparing (3.12),(3.23) and (3.36). We note lbat the curves for MM and LS are parameter dependent, while for ML the curve is a straight line at -2. Since the ML estimator was defined with denominator T , it pays to correct it, as we did for the LS estimator in (3.27}-(3.29).For paramete values close to the region of invertibility(I.BI close to 1) MM has sensibly larger values than LS. We conclude that for AR(l) models a ML estimator corrected for bias can be recom­mended for any values of the parameter. 
A similar argument is supported by Figure l(b), in the case of MA(l) model, only that now LS has larger biases than MM and the graphs for MM and LS are not symmetric, while the corresponding curves were symmetric in Figure l(a). 
These large-sample results were reasonably well supported by our simulations pre­sented in Section 6. For example, the connection between LS and ML established in equa­tions (3.27)-(3.29), or the parameter-independence of ML results reported in equations 
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(3.36),(3.37),( 4.17),( 4.19) and (5.17), were well fitted for all models, choices of parameters, 
and sample sizes. 

Even the largest sample size of T=400 was not good enough to exhibit a good fit of 
the MM estimation procedure. 
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Appendix: Proof's of the Theorem• 

Concerning the method of moments, we notice that the nature of the proofs is differ­
ent( and simpler) for the AR(l) and AR(2) cases. In effect, to derive asymptotic expressions 
for E(ci}u - u!) we only need those for E(eo -10 ) and E(~; - /J,): The Conner is well 
known, and the latter are given, for example, in Shaman and Stine(1988). It is interesting 
to note that in all cases AR(2)(/J1,0) = AR(l)(,81). . 

In the MA(l) and MA(2) cases, E(eo - 10) and E(r; - p;) are known, for example 
from Fuller(l976) or Andenon{l971). However expressions for E(ci; - 0 1 ) have not been 
written in the literature. In this case, we resort to simple Taylor expansions, starting from 
the kn.own expressions for the p; 's in terms of the o; 's.These results have the peculiarity 
that for exampl,!,MA{2)(01,0) #- MA(l)(o1 ). 

This can be explained in terms of a simple example. In the MA(2) case, 12 = 02 , 
so that ~ = 1 ;however, in MA(l) 12 = 0 and 12 is not a function of 02 , so that 
the corresponding derivative will not become zero and the two results will not agree.In 
consequence, MA(2) will not reproduce MA(l) by setting o 2 = 0 , and ARMA(l,1) will 
not reproduce MA(l) by setting /J = 0. 

In the proofs of the theorems,expressions like PM.u(0,2) and PMM(l, 1) presented 
below, were derived by using the Mathematica programs(Wolfram,1988) to avoid algebraic 
mistakes. 

Proposition 3.1.Thf' YW equations for the AR(l) model are 

11 +/ho= o, 
so that u! = 10( 1 - /J2) . The sample YW equations yield 

Hence, 

(A.l) 

Using a Taylor expansion we have 

and substituting in (A.l) we get 

(A.2) 



26 

Now (Fuller,1976,Th.6.2.2) 

E(co - 'Yo)~ -Var(X) = -211-f(0)/T + O(r-2
), 

where J(>.) is the spectral density of X 1 , and hence 

Also, the asymptotic bias of iJ is (Shaman and Stine, 1988), 

E({J - /J) = 1 ~ 4P + O(T-2), 

for an unknown 11 . By replacing these results in (A.2) W<' obtain (3.12). 
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Proposition 3.2. In the AR(2) model the YW equations att 

(A.3) 

"(I) • The sample YW t-quations are obtained replacing 'Y; by c; and {J1 by /J; = {11. 
Hence, 

• 
(72 

"Yo= • ' . 1 + fJ1P1 + PlP2 
and then 

(A.4) 

From Sha.man a.11d Stine(l988,p.846), we have 

E(a - · /3) == 1 - 2/31 -/31 _ 2/31/32(1 + .82) + O(T-1) 
l'I I T Tl(l +/3iF-f3r) . 

- 2-4Pl 2f32(1+#1)2 
_ 2 E(/31 - /31) == -T- - T[(l + /32)2 - Pf] + O(T ). (A.5) 

From (A.3) we lmvf' 

Now, 

For the second tenn in (A.6), expanding in a Taylor serif's up to order one. 

(A.7) 

Similarly, for the third tenn in (A.6), expanding up to ordt>r 011e. the expectation of 
the third term becomes approximatt>ly 
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Substituting the expressions appropriatelly and using (A.6) we get the desired result, 
with 

Proposition 3.3. The ordinary LS estimator of the residual variaure is(with Pl3
' = /J) 

T 
2 1 ~ - • - 2 ·2 • t1,u = T- 3 L., {(X, - X) + {:J(X,-1 - X)} z Co+ co/J + 2c1fJ-

''"'2 
Hence, 

u}u - u!:::: (eo -10) + 2(ci/i-11fl) + fh1 + eoiP 
and since 71 = -/J10 ,we have 

(.-4.9) 
Considering the Taylor expansions of the second a.ncl third tenus of (A.9) and taking expectation we obtain 

(.4..10) 

Now, the last tenn of (A.10) is zero since 1 1 + /3-,0 = 0 a111l 

E(co - 10) z -Vai-(.X) z - u~ 
1 

T (1 + /3)2' 

-11 u 2 1 E(c1 - '"Yi)= T - T (1 + fJ)2 + O(T- 2
), (Fuller,1976). 

Substituting into (A.10) we obtain (3.23). 

Proposition 3.4.Follows along the same lines as the proof of Prnpositiun 3.3, taking into account the expressions of E(c, -11 ),i = 0,1,2, given by Fuller(l97G). The polynomial in (3.24) is given by 
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Proposition 4.1.The autocovariance function of iu1 MA(q) model is 

,-1•1 
"1• = u~ L o;o, ♦ l•I ' 1111 ::; q, 

i=O 

while -,,. = 0 ,for lhl > q.Heoce 

"11 = au! . 
Hence,if &1, 1 is the moment estimator, 

•2 Co 
UM1=l+o2 

and 

CO - 'Yo= (o-L1 - u!) + (aL10 2 
- (J~O~). 

Expanding in a Taylor series up to order one tht' st'concl term of tht' RHS, 

and hence 

•2 2 1 2ou; . E(uM 1 - CJ ) ~ - - E(co - 10)---E(o - c1) . • 1 + o 2 1 + o 2 

Now, from (4.6) we obtain( calling,.= 1·1 = cif co ), 

1 - ✓1 - 4,-2 
0= --- --

2,· 
a similar relation holding between o and p. 

Using a Taylor expansion, 

dn (1 + nif 0 - 0::::: (,· - p)- = (,· - p) . 
dp l - n 2 

and hence 
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Using Theorem 6.2.3 and results of page 239 of Fuller(1976) w~ gr,t: 

2114 
Var(-ro) ~ y(l + o 4 + 4o2

), 

C (- _ ) 4u!(T - 1) 2 ov-y1,"Yo~ T2 o(l+o), 

and hence 

Also, 

172 
E(co - -Yo)= - T (I+ o)2 + O(T- 2

) . 

Substituting everything together we obtain (4.9). 
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Proposition 4.2. From the general formula of 11 given in Proposition 4.1, in the case 
of an MA(2) model we gr.t that 

and 

Pl= 1 + oj +of 
Also, an estimator for the residual variance is 

(A.11) 

(A.12) 

So, from (A.11) we have Pl = /i(o1,02) and pz = /z(o 1,02) , from which we can 
obtain 01 and 02 as functions of Pt and p2,Then get the respective mome.nt estimators 
of the alpha's, using r1 and rz. 

Now, 

(A.13) 

As in the MA(l) case, by expanding each tenu of (A.13) in a Taylor serites up tp order 
one, we obtain 

Now, as before, 

2 
E(co - ")'o) :::- -Var(.X) =-;•(I+ o 1 + 02)

2 + O(T- 2
) 

and 

i = 1,2. (A.15) 

The partial derivatives are obtained through 

!!.£J._)-l On, 
!!a 
iln2 

using(A.11 ). 

To obtain E(r, - p,).i = 1.2 proettd as in Proposition 4.1. using th!.' results of 
Fuller(1976) . We havt, 
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Var( 'Yo) ::::: f(21: + 41~ + 41?), 

Cov(i'i.i'o)::::: ½(41o'Y1 +47112), 

Cov(i-2,i'o)::::: ½(4'Yo"Y2 + 2-y?}. 

-p, ( - I Pl 2 2 /T 0(-r-2) E(ri - p1) = y-(1- pa)Var X) 'Yo+ T (2 + 4p1 + 4p2)-(4p1 + 4p1P2) + .,, 

and 

-2p, - P2 2 2 2 2 E(r2 - p,) = --;y- - (1- p,)Var(X)ho + T (2 +4p1 +4p2)-(4p, + 2pa)/T + O(T- ). 

The derivatives in (A.15) are given by: 

where 

801 ( 2 2)( 2 2)/d ~ = - 1 + 01 - 02 1 + 01 + o, . 
upi 

001 2 2) 2 2 / -{) = 01(1 + 01 + 02 (1 + 01 - 202 - 02) ,,. 
P2 

d = (02 --1)(1- OJ+ 02)(1 + 01 + 02). 

Now, use (A.11) to obtain E(r; - p;) in tenns of 01,02. With tlif' partial derivatives 
and the expectations above obtaiu (A.15).Finally,substituting in (A.14) obtain(4.ll),with 

PMM(0,2) = l - So~+ 2oi + o1 + 4ot + o~ + 2oi + 2o~ + 02 - 40102 
- 90?02 - 40:02 + 150102 + 4oto2 + 90~02 + 4oio2 - Do~ 
- 8o10~ - 38o~o~ - 12a~o~ - 250;0~ - 4o~o~ + So~o~ 
- llo~ - 1201,1~ - 220?0~ - So~o; - 150;0~ + 4oto; - 150; 
- 16o1o~ - 330?0~ -140:0~ - lio~ - 120,o~ - 29ofo~ - 4o:o; 
- 150; - 8o 1o~ - 80~0~ - 13o~ - 4010~ - 2o~ 
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Proof of (4.21): We use the "long AR "approximation to a MA proeess, suggested by 
Durbin(1959). We approximate 

X1 - I' = a, + oa,-1 

by 

l½-

:~:)-o)i(X, - µ)=a,. 
i•O 

where BT --t co as T --t co, but in such a way that BT (or a power of it) is dominated 
by T: BT /T --t O , for example. Then 

where in the second swn j > j'. After a change in variables, Wt' obtaiu 

BT BT Br 

uls::: Co L a21 + 2 L Ck L (-a)~J-L 
,=o lr=J ,,c/r 

(.4..16) 

as Br --t co. Since "Yo = u~(l + o 2
) , we have that 

BT BT 

1 ~o o:2 - u! ::: Co L o2, - ")'o L ( -o )2J 
,=o ,=o 

(A.17) 

and hence, expanding this sum, taking into 11.Ccow1t that -,, = O,j > and that 10 ::;;:; 
u!(l + o 2), we havf' that some constant tenns cancell out 11.nd we arf' left with 
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In taking expected values, we use from Fuller{l976): 

2 
E(co - -yo)~ - ~ (1 + o)2

, 

u2 
E(c;)~-,;c1+0)2,j ~2. 

Then we obtain from (A.18), 

E( . 2 2 ) u! 1 - 3o2 4ou! E(. ) uLs-u. ~ ---- +- - OLs-o, T 1- o 2 1- o 2 

(A.18) 

which is (4.20}. We obtain (4.21) by replacing the bias of the estimator of o by (4.16), 
taking into account that we write the model slightly differently from Tanaka(l984). 
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Proposition 5.1 .. The autocovariances of au ARMA(l,l) model art> given by (5.7),or 

if Ii= O; 

ifh=l,2, .... • 

and an estimator for u! is given by (5.9). 

then 

We note that 

2 1-fJ2 
u. = 10 (1 + 0 2 )(1 - 2o/J/(l + a 2 )) ~ 

[
1- /J2 2a{J ] 

")'o 1 + o2 (1 + I+ a2) . 

This agrees with AR(l) when a= 0 and with MA(l) when fJ = 0. Then 

•2 2 ( 1 - /J2 1 - p2) 
uAl -u.-::::. Col+o-2 --yol+o2 

( 
2&P(l - P2

) 2n/J(l - /12)) · 
+ co {l+ci2)2 --yo (1+02)" 

If we note that tbe spectrum computed at the origin is given by 

u! (1 +o)2 

f x{O) = 2,r (1 + fJ)2; 

,. -u; (l + o)2 

E(co - -Yo)~ -Var(X) ~ T (1 + /3)2 · 

(A.19) 

(A.20) 

Expanding the two terms in (A.20) up to first order aud taking i-xpectatious we get 

E( -2 - 2),._(l+o2)(l-/J2)+20/J(l-/J2)E( · - )+ 
CT Al O' • - ( 2 )'l CO 10 l+a 

2u2 l + o 2 
- 2o/J o(l - 3/J2

)- fJ(l + o-
2

) E(# _ /J) 
• I _ p2 (1 + 02)2 + (A.21) 

2 2(1 + 0'
2 

- 2a,8)( _ Q2 ),8(1 - 3a 2
)- o(l + o 1

) E(. _ ) + u • l - p2 1 " (I + o2 )l o o . 

From {5.8) we obtain p1 and P2 and as in tbe MA(2) case, we r.an obtain the partial 
derivatives of the alpha's relative to the rho's and procttel to cakuJat,-
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(A.22) 

As in Proposition 4.2, the expectationsE(r; - p;),i = 1,2 are computed from the 
formulas in Fuller(1976), taking into account that: 

and 

V (- ) 2 " 2 2u! 1 { 2 4 3p ar 'Yo ~ T ~ "'f; = T (l _ fJl)3 1 + 4a + a - Sa{J - Sa , 
+ {P + 10a2 /J2 + o 4 /J2 

- 2a2/r} 

C ( • • ) 2(T - 1) ~ 2 0V 'Yl,"YO ~ '['2 ~ 'Yj"Yj-1 
J•l 

= 4{T-1) u• {1- ofJ)(o - fJ){-fJ(l _ /J)( _ /3) 
T2 • (1 - fJ2)3 Q Or 

+ (1 - {J2 )(1 + a 2 
- 2afJ)} 

C ( •• ) 2(T-2) °'"' ov l2, lo ~ T2 ~ "f;l;-2 
j 

_2(T-2) 4 (1-afJ)(a-P) 2 - T2 u. (1 - fl2)3 {(1- fJ )(1 - o/l){o - /3) 

- 2/J(l + o 2 
- 2o/J)(l - /J2

) + 2/Ji(l - o/:l)(o - M)} 
Making the necessary substitutions WI' gPt (5.10),with 

PMM(l,l) =-a+ 7a3 + 2o 4 
- o 5 

- 806 
- 3o7 

- 208 
- 2o9 + M 

- 14a2P- 4o3 /J-16ar4 /J + 2405 /1 + 606 /j + 120; /l 
+ 70

8 /J + lOo,82 
- 2o2 /J2 + 2803 /12 

- 260 4 82 + 280 5 82 

- 14a6 /J2 + l2a7 .8 2 + 208 /32 + 2o9 /P - 781 
- 6o 2 /j1 

+ 20o3 /J3 -,l0a4 /l3 
- 8o5 /J3 

- 9006 /31 -1207 /J1 
- },o8 /J1 

+ 7o~ + 2o 2 /J4 
- 190 3 /14 + 1604 /14 + 117o5 fl4 + 220 6 84 

+ 55o7 /14 + :Go2 /J5 
- 1Go3 /j5 

- 2404 /35 
- 1Go5 fl~ - 720 6 85 

- 1603.86 + 804 /36 + 32o 5 {J6 
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Tab), 1. Generated modela, 11! = 1. 

Parameten Model I Model JI Model Ill 

AR(l) fJ -0.60 0.90 -0.30 

/J1 -1.20 -0.40" -0.95" 
AR(2) 

/Ji 0.30 0.70 0.90 

MA(l) 0 -0.40 0.20 0.80 

OJ -1.10 1.10 0.30 
MA{2) 

02 0.20 0.20 -0.60 

fJ 0.30 -0.60 -0.70 
ARMA(l,l) 

Q 0.90 -0.80 0.40 

• compl~1. root!-
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Table 2. Estimated bias (with standard error) and asymptotic biu for 
moment, least 1quara and maximum likelihood estimators. 

AR(l) model. 

fJ,. -0.6 l=0.9 ,,.,, -0.3 

MM LS ML MM LS ML MM LS 

EST.BIAS -0.009 0.022 0.001 o.1s2• 0.024' 0.006 -D.007 0.035 

(ST.ERROR) (O.D21) (D.022) (0.021) (D .026) (0.02D) (D.019) (0.018) (0.018) 

ASYM.BIAS 0.048 0.003 -0.040 0.4112 0.150 -0.040 -0.008 -0.0lli 

EST.BIAS 0.018 0.027 0.017 0.094' 0.035 D.026 -D.004 O.D18 

(ST.ERROR) (0.016) (0.016) (0.016) (0.017) (0.014) (0.014) (D.013) (D.013) 

ASYM .BIAS 0 .024 0.001 -0.020 0.246 0.075 -0.020 -0.004 -0.008 

EST.BIAS 0.011 0.014 0.009 0 .048" 0.016 0.011 -0.012 -0.001 

(ST.ERROR) (0011) (0.0111 (D.011) (0.0131 (0.011) (0 .011) (0.010) (0 .010) 

ASYM .BIAS 0.012 0001 -0.010 0.123 0.038 -O.D10 -0.002 -0.004 

EST.BIAS 0 .00i 0.009 0.006 0.023' 0.009 0006 -0 .013 -0.008 

(ST.ERROR) (0 007) (0 .007) (O.OOil (0.0081 (0008) (0.00~J (0 .007) (O.OOi) 

ASYM.BIAS 0.006 0.0003 -0 .00S 0.061 0.019 -0.005 -0.001 -0.002 

ML 

0.015" 

(0.018) 

-0.040 

0.006 

(O.D13) 

-0.020 

-0.006 

(0.010) 

-0.D10 

-0.010 

(0.007) 

-0.005 
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Table 3. E&timated bias (with standard error) and asymptotic bias for 
moment, least squares and maximum likelihood estimators. 

AR(2) model. 

61 "'-1.2 62 = 0.3 61 = -0.4 62 = 0.7 61 = -0.95 /f, = 0.90 

MM LS ML MM LS ML MM LS ML 

EST.BIAS 0.113• 0.017" -0.031 O.IM3° 0.011 -0.027 U29" 0.028° -0.011 

(ST.ERROR) (0.034) (0.022) (0.019) (0.023) (0.022) (0.021) (0.053) (0.020) (0.011) 

ASYM.BIAS 0.511 0.335 -0.060 0.125 0.028 -0.060 0.772 0.340 -0.060 

EST.BIAS 0.103° 0.012· -0.009 0.036 0.026 0.006 0.229" 0.016" -0.001 

(ST.ERROR) (0.021) (O.OH) (0.014) (0.018) (0.016) (0.016) (0.025) (0.013) (0.013) 

ASYM.BIAS 0.255 0.167 -0.030 0.062 O.OH -0.030 0.386 0.170 -0.030 

EST.BIAS 0.047" -0.003" -0.013 0.022 0.015 0.005 0.116° 0.006° -0.007 

(ST.ERROR) (0.012) (0.009) (0.009) (0.012) (0.011) (0.011) (0.015) (0.012) (0.010) 

ASYM.BIAS 0.127 0.0113 -0.015 0.031 0.00i -0.015 0.193 0.085 -0.015 

EST.BIAS 0.031° 0.001· -0.004 0.015 O.OJI 0.006 0.052" o.oos· -0.007 

(ST.ERROR) (0.008) (0.006) (0.006) (0.007) (0.007) (0.007) (0.008) (0.009) (0.007) 

ASYM.BIAS 0.063 0.041 -0.008 0.015 0.003 -0.008 0.096 0.042 -0 .008 
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Table ◄. Eatimated biu (with atandud error) and uymptotic biu for 
momeat, leut squares ud maximam likelihood estimators. 

MA(l) model. 

0 = -0.4 •= 0.2 0 = 0.11 

MM LS ML MM LS ML MM LS 

EST.BIAS -0.2411° -0 .002 -0.022 .o.m· 0.034 0.014• -0.174° 0.012• 

(ST.ERROR) (0.015) (0.019) (0.019) (0.015) (0.018) (0.018) (0.022) (0.022) 

ASYM.BIAS 0.004 -0.020 -0.040 -0.013 0.005 -0.040 UM 0.513 

EST.BIAS -0.132• 0.008 -0.002 -0.133° 0.018 0.007 -0.090· 0.023° 

(ST.ERROR) (0.012) (0.013) (0.013) (0.013) (0.014) (0.013) (0.015) (0.016) 

ASYM.BIAS 0.002 -0.010 -0.020 0.007 0.002 -0.020 0.127 0.256 

EST.BIAS -0.078° -0.007 -0.012 -0.071° -0.002 -0.007 . 0.041• 0.014° 

(ST.ERROR) (0.009) (0.009) (0.009) (0.010) (0.010) (0.010) (0.010) (0.011) 

ASYM.BIAS 0.001 -0.005 -0.010 0.003 0.001 -0.010 0.063 0.128 

EST.BIAS -0.032 .0.002 -0 .004 -0.046. -0.007 -0.009 -0.022· 0.009• 

(ST.ERROR) (0.012) (0.006) (0.006) (0.006) (0.006) (0.006) (0.007) (0.007) 

ASYM .BIAS 0.000 -0.002 -0 .005 0.002 0.0006 -0.005 0.031 0.064 

ML 

-0.004 

(O.D22) 

-0.otO 

o.ou 

(0.0111) 

-0.020 

0.007 

(0.011) 

-0.010 

0.007 

(0.007} 

-0.005 
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Table 5. Estimated bias (with standard error) and uymptotic bias for 
moment, last squares and maximum likelihood estimators. 

MA(2) model. 

01 - -1.J 01 • 0.2 01 "'1.1 OJ"" 0.2 01 mO.l OJ= -0.6 

MM LS ML MM LS ML MM LS ML 

EST.BIAS -O.H6" -0.013 -0.062 -0.136° 0.031 -0.032 -0.112• 0.016 -0.021 

(ST.ERROR) (D.D19) (0.0111) (0.017) (0.021) (D.022) (D.D21) (D.016) (O.D17) (0.016) 

ASYM.BIAS 0.173 -0.060 -0.362 -0.060 G.198 -0.060 

EST.BIAS -0.069" -0.023 -0.043" -D.OS3° 0.026 0.004 -0.093° 0.001 -0.018 

(ST.ERROR) (0.0lfi} (0.014) (O.OH) (0.016) (0.016} (0.016) (O.OH) (0.014) (0.013) 

ASYM.BIAS 0.0116 -0.030 -0.181 -0.030 0.099 -0.030 

EST.BIAS -0.IMc•· -0.009 -0.019 -0.020 0.023 0.012 -o.osr -0.007 -0.0H 

(ST.ERROR) (0.010) (0.010) (0.010) (0.010) (0.013) (0.013) (0.011) (0.011) (0.011) 

ASYM .BIAS 0.043 -0.0U-i -0.090 -0.015 0.0411 -0.01::i 

EST.BIAS -0.018° -o.oo::; -0.010 -0.007" 0.011 0.006 -0.02::;• -0.009 -0.013 

(ST.ERROR) (0.007) (0.00,J (0.007) (0.007) (0.007) (0.007) (0.007) (0.007) (0.007) 

ASYM.BIAS 0.022 -0.008 -0.04$ -0.008 0.02::; -0.008 
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Table 6. Estimated biu (with standard error) and asymptotic bias for 
moment, leut squares and maximum likelihood eatimaton. 

ARMA(l,l) model. 

oz: 0.11 l•O.l 0 .. -o., , --,., •• o., I .. -0.1 

MM LS ML MM LS ML MM LS ML 

EST.BIAS -0.013° 0.027 -0.030 0.014 0.018 -0.026 0.049' 0.0311 -0.001" 

(ST.ERROR) (0.019) (0.019) (0.018) (0.023) (0.022) (0.021} (0.018) (0.018) (0.011} 

ASYM.BJAS -0.2~ -0.060 -0.011 -0.0IO 0.211 -0.060 

EST.BIAS 0.001· 0.020 -0.011 0.021 0.028 0.006 II .OIi' 0.016 -0.004 

(ST.ERROR) (0.014) (O.OH) (0.013) (0.017) (0.017) (0.016) (0.013) (O.OU) (0.013) 

ASYM.BIAS .0.12; -0.038 -0.006 -0.030 0.109 -0.030 

EST.BIAS -0.009" 0.004 -0.009 0.005 0.0H 0.003 0.000· 0.006 -0.004 

(ST.ERROR) (0.011) (0.009) (0.009) (0.015) (0.011) (0.011) (0.011) (0.011) {0.011) 

ASYM.BIAS -0.063 -0.015 -0.003 -0.015 0.054 -0.015 

EST.BIAS 0.010· 0.002 -0.005 0.028 0.009 0.004 -0.006' -0.003 -0.008 

(ST.ERROR) (0.009) (0.006) (0.006) (0.019) (0 007) (0.007) (0.OOi) (0.00i) (0.007) 

ASYM.BJAS -0.031 -0.008 -0.001 -0.008 0.02; -0.008 
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Figure 1. (a) Graph of T.E (~ - er!), when er!= 1, for AR(l); 
MM(■--■), LS (0-0) and ML(•···•) 
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Figure 1. (b) Graph of T.E (~ - er!), • •hen er!::: 1, for MA(l); 
MM(■--■), LS ( □-0) and ML(•···•) 
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