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Sm,1111:tr;\·• 'l'l11i fo/Jmd11g 1-c>s11lts nrc pnn·c-11 for 1111c tli11w11.~i01wl ~ludi:isl;,,• CJ'o\\ th .'. J, • 

,id.,: 

l )Tlw iuliuit.c ·i;ystcm 1·om·rr~rs rxpourut.ially fast lo I lw 1•mply n,11fii:;11l'al iuu if' awl 

1111l.r if IJi,, r<lgr spf'CTI n· is st.rictly n<"gat.ivt> (wl:irli i!: l'fJlli\'a],·ut to,, = -X' ). 

2JTl1e n,rrcspoutliug syskm Sl't'll from t.l1r. eclgt> has ,1l )pa~f ,,m· im·aria111. proh;il,ili1y 

111,•as1111• if :nu) ouly if II 2:: II. 

· 3JF,,r t..hc s11pcrnitir.11) lm .. .;ic ConLar.t Procri;;s the 1111ii111c i1n-.iria11t. prohabilil~· for tlw 

:-rst<'lll i::1·r11 from LhC' <'llg<• <"fill br cu11pird to lhc upper ill\'l1ri.it1I. uwa,;1111• of tlw i,,lii,it,· 

i-y:-<1<'111 i11 s11d1 a way that. 1ht>y only ditfrr nt finitely mnuy silrs (to tlw ldt of tlw orip,i11). 

At tlw rritical point the m;ymptot.ic density of auy im-;irinuL pn1hal,ility measure- for ilw 

sy:-<h-111 st'<'ll from tlu, edge i11 zero. 

Jlcs11111c. 011 dc111011tre Jes rbmlt.nts s11iv1111ts, pour IN! pnK"l'l'SIIS i-trn·li:isti,p,es d,· cr11is­

i-:111c1• 1111i,limt>11sio11rls: 

• l'arf iall~· 1<11pport rd by C.:N f'tt 



l) Le sp;lt'lllt' iufini cou,·crgr <'XJ><mcut.iclk·111<'11I. vcrs le vie le si c(. seult·mcut. si la vit<-si;c 
du honl o est slriclcmeul n<'gntive (c<'ci est c1111ivalc11t ;\ o- == -oo). 

~) Le 1,yst.c-111c corrcRJlOllllnnt ,•u <l11 bonl n RII 111•Ji11s m1e prol,abilil<! inmrinutc si ct 
sc11l1•111c11l Ni o ~ 0. 

' ·3) Pour le proccssus <le contnct S\llTl"iliqnc, l'u11i<1uc lllCS\U"C i11variaulc du J>H>CC.SS\IS 

,·n <lu Lord pent ctrc couplcc nvcc II\ mcsm-c invnrianlc s111wrir.urc clu proccssus iufiui, de 
t<-11<~ fa~on qn'cllN; different en till uomhrn fiui clc poinli; {;1 ~a11rhc• 1le l'originr). An poiul 
.-rit.i•JIII' In 1l1•m,il.,• 11sy111ploli11m• cl<• loul.ci prnhal,ilil.1) i11vari1111l.r p11111· le sysl.cmc YII <ln J.x,rJ 
c·st 11111lr. 

l, Jnt.ro<luctiou nncl s1.a(.e111c11t of rcsull.s 

A 011c dimcnsional_Slochnslic Growth Model is n Milrkov process whose stale nt lime 
f, ~, is in { 0, 1 )Z. If ~,( J') = 1 !.his mr;m~ thnl we h,wc n pnrt.idc nu :r E Z, if ( 1( .r) = 0 this 
1111'.IIIS 11ml the site :r is empty. The process e, c,·olws ucconliug 1.11 t.lic following l'lllrs: 

partidrs die at rnlc 1, i.<', if {1(.r) = 1 lhcn 

(1) 

1111d p:utirlrs lll'l' l,orn nt rnlc ~b,({), i.c>, if e,(:r) = 0 t.hrn 

(2) 

wh,•n• .\ > 0 is n- n·al pnrnmclcr . . 
Tliro11p;lm11L this p:ipcr we will nsstmJC lhal Llwrc is 11<1 bpo11t111u~11s gP11ci.,Go1i of 

JH1rlid1-N, 11ml the }>r(1<·css is alLrnclivc n11d iim1riaut umll'r lnmslalicms nn<l sym;ndrics, 
1111'1 tlrnl the iut.c·rnction bctwccu 1111rLidcs lms n finite rm,gc. This 111c:w1s tlrnt the hirlh 
rnks will satisfy the conditions (3) • (i), staled below. 

(3) 

wlic·rt> 'lu is the roufigumliou with 110 p;ulidcs, 

(·I) 
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( (j) 

wlwrr \\"I' I'll)" that,,~ e j( ,,(r) ~ ((:r) li,r 1111 :r, 

(i) for somr positive iukgrr R,l,0 (11) = l1o(O if 11(:r) = ((.r) VJ. E 1-R,U]. 

,vlwu R = 1 w::- sny thni. wr hnv<' :i Nr11rrst.-Nrip;hhor mrnl,•I. Th,• llm;ic Cout.:,d. procrss 
is a i-Jl•"·ial N,·an'!lt-Ncighhor mo<l.-1 wlwrr: 

br(O = {(.r - l) ·I ((.r -1- 1) 

'flwi-e pn.>r1•ssr>s ran be co11st.r11rl.1'<l hy Harris' p;n,pl1i,·al 11wthml m; was i11,li,•;it.,·,I for 
i11st.:111,·,• in Durrell p!>Sr>). For this purpose, for rm:h .r E l Id (S;,),.2:1 11wl (1',~ ),,2:1 
hC' ll1c nrrh«l time's of two i11dcpcmlcnt. Poisson Jll'O<'<.'S~s hm·i11g rat.es 1 nml b = M,:,(Z) 
l'l'l"!>Pdivrly (Z is the confignrntion wit.Ii our. p.irtidc 011 cwry :-il,c of Z), ,,wl lc•l (Fi ),,~ 1 

IK· :i s1·•111C'11r<" c,f iudcpcmlcnt r11mlo111 rnriah)C'S rnch 011c wit.Ii au u11ifo1111 distrilJ11ti11u ou 
[O;l). At- t-illlc'-' s:,, n 2: 1 we kill a pm-t.id•· ut .r if mw is prc~·111 tl11:n·. At t.iu1es 1:~. 11 2 1 . 
llwr1• will h<' n hil'lh nt z if iL is uol nh-ratly occ11pi('() auul if 111<' nmfigurntion l'lll bfirs 
/1,.(f,;:--) ~ ½F,~, where fr:- is the limit of {1 il_."- t im:rrasc-s t.o T,:. 

l isi11r; prop,·1-t.i;.,. of llll' Poisson pnH·rss 11111' ran slm\\' t.11:il t.lt,· n111sl.r11f'I i, ,u :,J,.,,-,. f, ,r 
;iuy i11ilial co11fi;;11rntio11 givci; l'iS<• t.o n 1\-larkm• pnHTSS whirh ,·nlh·,-s a,·,·onliug t.o llw rnll"i­
f;i n-11 l,don•. 

,v,, will dt•11olc I.hr Sl«H·liastic Growth 1111Hld 1,y £~,., wil Ii iuili.il ro11ligmat iu11 ,, lllJCI 

hirll1 ml,,:,;: ..\I,, ( £). 

,v,, also <ldiuc • , the <'011fiJ!;1m1limi wit.h ouly 1•1w part.id,• whid1 ii- 011 :-it,• 0 mttl 

T•(..\) = iuf{t > 0: L {;,.\(r) = II} 
r€Z 

\Vlwu 110 1·011fusiu11 is pc~ililc we will omit ..\ in all our 11ol:1lio11. \Ve ,)di,1c uow two ,wll 
kuowp uit.in1l parnmdcrs, fir:;L the crilirc1l p:ll'muctrr for fiuit.r syslr111s: 

..\1 =inf(..\> 0: P(T•(~) = oo) > OJ 
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H follows {mm the attractiveness ns1n1111plio11 UrnL {r:,. cu1_ivcrg<.-s iu law, "s t -+ oo, to a 

prohahility ,,,.. LcL l,0 be the Dime prohnhility whirh m11N'11lrnks 011 thr. empty rn11fig11-

rntin11. 'l'l_1<' cril.kal J>an1111ck1· for i11fi11ilc 11yt1l1·u1s ix: 

We can now i.tatc om results. Let 1 he the roufigurntion w~th a particle 011 every r.ik 

011 t.lw ldt. of thr. origin and no pnrlicl<' 011 I.he right of the ol'i,:;in. Let d be the posit.ion of 

tlw 1·ight c<lgc of the process with tl1c iuitinl configurntion l. From m1 nppmpriatc vcrsiou 

of t.lu~ Suhn1hlitiv<' Erg,xlic Theorem (Liggett (19S5) Clrnp. VI Th. 2.G au<l Th. 2.HJ) it is 

1•,1:;y to i;rc Umt thcrc r.xisli; n rc1il r1111st.1mt n(.\) iu [-oo; +oo[ 1mc-l1 that: 

lim1_,0<J...!.. = li111 E ...!.. = n(.\) = i11f E ...!.. ,-1 (,-') . . ("I) 
f 1-00 I l>ll t 

From the last expression above m11l monotonicit.y, o(.) is n right-continuous functio11. 

T11•;01n:M l. a) If.a(~) < 0, tl1e11 tlicrn exist stJ"irt.J,,· J><,.c;itfrii i·cnl 1mmlJC1-s C 1111cl 7 s11d1 

tllilt 

I,) J{ o(,\) > -oo, tlicu 

lim fl'((f\(11) == J) = +ex,. 
1-00 ' 

Both pnrts of thii; tl:cur<'m wcrc nlrcady knowu for t.l1c contact pruccss (Sec Th,. 3.4 

nm) Th 3.10 in Chap. VI of Liggclt (l!>S5)), but their proofs relied ?II propcrlici; a~ self 

1hmlil.y nm\ ndtlil.ivily which nrc not snl.isfic1\ by nil thl' procci;sci; ,,·c coui;iJcr here. As au ,­

i11111wcli11!.1• \"011>1r11111•m·c of l11i11 tl11·on•111 wc• oht.:1i11: 

CollOI.I.AIIY 1. I£ o(A) < 0, tl1c11 nP) = -oo. 

nml 

Df'('alll',(' of Thcor1~111 1, it !it't•ms naturnl tu 1ldiw~ Liu• fnllowi11g nilical v11l11m. of A: 

A,.= inf{A > O:o(A) ~ 0}, 

~i,c = tmp{A > 0: thci:c exist c,.., E}O,+ool such thnt P((r:,.co) = r) :5 cc-.,'} 
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·Our ll<'Xl corollary concerns these crilicnl vnlucs. 

CollOLl,AIIY 2. n) >.0 = ..X;,r ~ ..Xf,r, 

l,) lii11,_00 tP({tAi,t(O) = 1) = oo. 

Note llwl the equality in pnrt n) follows immedintc\l~• from Thf'Orcm 1, nml that pnrt. 
h) is nu cnsy ronse11uc11cc of pnrt a), the right coutinuit.y of a DJIII part l,) of Thwrcm 1. 

Tlil~ inequality in part n) will be pro\'cd at the encl of Sertinn 2. Fi1mlly, obscr\'I~ that part. 

I,) i111pli1'8 that. if rcer:.\i,c(O) = 1) Ix-haw~ ,is i-" wlwn t-+ oo, tlwu \\'C 11111st han•.f; < ). 

We consider 110\V thl' process e,.A SC('II from lhc edge wit.Ii an iuit.ial l'Ol:figurnt.iou wit Ji 
110 pmticles on t.11<' right<1£ the orir;iu. This mr1111s t.hal wlw11 t.l1e riv;l1h11ost part.id,· ,lies or 

wll<'u n.ynrticll' is born on the right of t.hc rip;hlt110:-,f. pnrlid,• thcu we make n trnw-latiou 

L(I lian• i\L nil times lhl' right.most Jmrlidc nt. t.)w orip;i11. LC'I 118 rnll the pron•ss s,·,·11 from 

l.lw 1·1lr.p: {,,.,. \V1• lam•,·: 

T1tl·:01rnM 2. Tlic pmcess {r,A lms nu i1w.irfouf. j,m/mhility mcasrn·,i ,;(>.) if mu[ 1111/y if 

11(>.) > -oo. 

For the contnct process in cliscr\'le tim<>, this mmlt is not uew; Durrett (1!)S-1) !-how1·1l 

l!iat the innirin11t mcasml' .-xisls if o(>.) > -oo n111l Schoummm ( l!JS'i) prn\·r<l llic- c1•11Y•.·r:-<'. 

Thr. pruof we giYc simplifir.s Dnn-ct.t's fort.he "if" part., nwl 11- t.11" i,l<·ns in Scbonm:11111 

( HJ~7), hut i>< not -n r<l-rnii:;htfurwnnl gruc-rnli.mtiou of hii; proof, fo1· tlw "only ir part. 

\Ve me uow going to i;ttllc 1<0111c rc,;ult.s which we p1·oyc,l ouly fol' tlic Coulad l'ron·~:-. 

\Ve will say tlrnt 111 $ 1'2 where 111 1111d l''l ar<> Lwu prnhal,ilily measures, if fo1r auy 

1·011l.i1111011s iun<'nsiug function f we l11wc: 

Let us rccnll lbat /'A is the UJ>J><'r i1m1ria11L prulmliility for llw sys!.c·m not t'\'l'll frmu thl· 

l'dgl', au<l let ,;,. l,e au iuvarinut mci,sm·c for the )>1'111.'C'SS s1'<'11 form the l'tlp;e. In the 

f11llowi11g two lhc~on•ms '''" will 1·0111paw /i>,. will1 llu• n~lri,·t iuu uf I' l. lu llic 11011 -JH•sil h·c• 

integers. 1:-"'or this purpose, t.o any configuration ,, we nsi¾>einl<! ,;, ddinc<l by: 1i(r) = 0 if 

z- > 0 mid ,j(x) = 11(r) if r. :5 0. We ddiuc ;;,. hy 

for c•\·1·ry cyliiukr SC'L A. lkcall tlmt_ for th<' mul,;c:t prcJC'<'S:; ,\0 = ·.\; = ..X1 11ucl cl,:1101..- liy 

~r tlll'ir common ,•nlue. 



'f1n:011t:M 4. Let,\~ -'c, tlicu tlicrc exist rou.,;tlUJl.s C,'Y," E)ll,ool 1md1 tlmt 1111,1• iuvnri:mt 

Jll(':ISllll! ,; ,. /,/1 /.js/ics: ., 

Galwii 111111 PrcimLti (l!)Si) provt•d Uml if ,\ > ,\, Llwn Lhnc is a 1111i1111c i11rnria11L 

• '· m~:1surn for the t'.outnd process s<.~u from the e<lg~. Siurc in Lhis c;1sc we have lht• following 

- ,t!l!tiu{ntc duf' to Durrelt nml Griffen.th (1,cc Liggett (HlS::i), Chup. VI, Th. 3.23): . 

w,• uhtaiu 

COJlOI.LAHY 3. Let ,\ > .\c, tlicu tlicre exist cous/./m/.s C, 'Y EJll, oo{ :-:11d1 tlmt tlic i,mu·font 

11w;is111-e 1i;,,. for tl1e'pwcc:;s sc1:11 from tl1c cclgc snti.~fics: 

From Tlicon.•m 3, Corollary 3 mul I.hr Don•l-C:11111.t•lli J..,·11111m wt• .,·011t·h11ln Uml for -

,\> ,\r, Uwn• c~isLs u proh:1hiliLy m1•as111·c ,, 1111 (II, l J z_ X (0, 1 V- 1md1 that.: 

n) 1'hc first 111:irgiual of ,, is ft;,,., 

b) The i;l'coml 111cU"gim1l of vis Ji>., 

e) 11((17,{): 17 ~ 0 = 1, 

,I) 1•((111 {): ~ 111(.r)-<(r)I < oo) = 1. 

From Throrl'm 4 we·c1111 nl1;o conchule thnl 

(S) . 

where the Inst cqu~Jity has bccn rcc1•11lly pnl\'<'d by Dczuit!,•uhoul. ,me.I Grimmetl ( 19S!) ). 

This last n~nlt 11lso impli<.>s tlml t.hcrc is 110 lll<'IISlll'C 11 1mt.isfyi11g a) - d) above nt the 

.-rit.ical point. 

Since for .\ > Ac /l>, is ergodic auc.l satisfil.'!. n Ccntr:J Limit Theorem, {1«.,c Liggett 

(HlS5) (C.11f1Jl, III, Prop. 2.16) and Griffenth (1081)), the co111111c11L foilowiug Corollary 3 

0 
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impli<'s Umt 1i,. satisfies a strong lnw of Jnrgc nmnl.K.'rr. nucl n Ccul ml Limit. Th<.-orcm, i.e. 

llml (or .\ > .\t 

tt-1 

lim ji.,.(11: ~ '(11(-r) - ,,,.) :5 a)= l-'(11) 
n-oo VII L.,, 

r:,U 

whC're f'>. ii; ns nho\'e nncl Fis the clislrih11t.iou ftt11dio11 of 11 110mm) r:uulom varinhlc· willi 

mcau O !)ml po:silive vru·iu.uce (which depend,; on A). 

2. Proofs of Theorem 1 nm) Corollary 2 

W1• will pro,·e part. n) of Tlu-orcm 111si11g a n~t.art lll'/,~111111·111. from Durn·ll. (l!JS-1)., 

Srd. 12. Let us <lcfiur au nuxilinry process~, with one pnrt.irll! on C'Yrry site at thr i11it.ial 

tim<' 0 11111) which evolves like the Slodmsl.ic Growlla Model W(' ore <·ousidcl"iug 1111til lime:: 

T1 = iuf{I > 0: y1 :5 -2R nml ti, 2'. 2R} 

Al lime Tr we pnl n pnrtidc nu <.'Very site 011 t.h~ 1 .. n of -'!.R mul 011 the right of "2fl. Wr 

let nil lhr i-il.c."8 bchn.-c.·n -2R 1111<l 2R cmpt.y. nt•rnll t.lmt R is I.he rnui;c of the iult·rncliou. 

After r 1 wc lrt ngain the proce:ss {[ evolve likn t.hc St.,K·lmst.ic G1owlh ?v!o<ld u_util lime 

0'1 = iuf{t > T1 : Y1 ~ -ll or cl, :5 U} 

Nol.1• 11ml r1 is fiuil<' wHh Jll'Oh,-ihilily] lmL t11 ii; iufiuitc wit.Ii sf.it-Uy posilivc• pml.al,i!ily. 

At time CT1 {if it is fiuitc) WC p11t a pnrticlc Oil ('\"('Jj' i;iLc of Z null so tr l)(•gius ;1i;ai11 from 

llw initial C'onfigumtion. We ddiue by imlnrliou t.wu scc1ur·11r1-s of ra111lo11i vru·inb),.-~ r,. m1<l 

u1., for k ~ 2 

TA:= iu({f > a.1:-1 : g, :5 -2R nncl ,/, 2! 2R} 
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"" = iuf{t > Tl; : g1 ~ -R or ,11 $ R} 

AL Lime Tf< we put a particle on cvel'y site on the left of -2fl. nnd on the right of 2R, nnd . . 
we Id thr. sites between -2R nm\ 2R empt.y. At time CT1, we put n p:u-ticlc ou c,•t·1y silc 

of Z l\llcl 80 the tiyslcm "rcstnrts". UctW<-'(•lJ these nmdour t.iancs the syi;tcm tr cvolvci; like 

th~ Stuchastic Grnwth Model. Let us define· t.he ·rnu;lom vnriable: • 

I{= ,mp{k ~ 1: o,. < oo) 

W<' fix ,\ 1mrh thnl a(.\) < 0 mul will omil it in thc l'f~I. of ll1c prnuf. Ld {f be the 

St.odrnstic Growth Model wiLh initinl confignrnl.ion Z, hy t.lm nttrnclivc11css assumption 

(G), we have: 

(2.1) 

11i11n.• nftr.r time r1-,+1 WC will uot hnve m1y pnrl.icl,• hdWl'<'II . l.11c silcll -R mul n. Ld us 

ddine X1; = u1; - T1; for 1 $ k $ l\"1 li = T1 nnd Y1; = T1; - "t-1 fol' 2 $ k $ I{+ 1. We 
. . 

,.. 1,+1 

(2.2) T"·+1 =Ex;+ L Yi 
i=I i•I 

Fiou~ (2.1) nml (2.2) we have that: 

,, 1,+1 
(2.3) P((f (0) = 1) $ P(}:.Y; ~ t/2) + P( L 1-; ~ 1./2) 

i=l 

Dut eo111lilion,:<l on {K = k} we h:wc tlrnl (X;)1~i:Sl- nrc i.i.d. random \'nriablcK with the 
i;nmc <listribut.ion ns XJ ' con<litionc<l on {X1 < cx,}. Lcl (Z;);~ 1 he 1111 infinite sequence of 

i.i.<l rnndom ,-ru·inbles with this snme distributiou. For every f. > 0 we have: 

,. .,., " 
(2.4) P(LXi ~ t/2) = LP(LX; ~ f/2IK = l·)P(/\" = k) 

i=I t=J i=I 

,.,, 
~ P(]\ ~ (di)+ P(E Z; ~ t/2) 

i=I 
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wl1crc I") is t.hc Jnrgl'SL integer less tlmn or CfJlml to fl. Onr 11rxl 1.nsk is lo show thaL Z1 

lms 1111 cxpon<'uLially <lCC'nyiug lnil, i.c, 

(2.5) 

llrrc mill in the sequel C and 7 lll"C strictly positive constm1ts whose values 1;iar chaugc 

Crom liue lo line. Since the range of the iutcractiou is R, hr.tw,~•n linms r 1 mul t1j, tlir · 

sysll'm f.o thl• ldt of the origin dO<'S uoL iulcrnd wit.la Uw sysf.c_•111 lo ils right. So I,~· 

i;y111111cLry, 

(2.G) P(~ < X1 < co) :5 2P(r! > 0 for some 11 > .~) 

Ami i;i11n• <• < 0, wc l11wc (sec Lhc proof of Th.I Srci..4.h of D11rrc·l.t (1988)) 

(2.i) 

Now (2.f,J follows from (2.G), (2.7) mad thr fad t.laat. I'(.Y1 < oo) > 0. 

Let m h<' lhe 111<'1111 \'11l11r of Z1• Dn<' to (2.5), 111 is fi11ili• mu! .f.hc Crn11wr-Clwr111,ff 

'l'll('on:111 implic11 tliat. if t is d1oi;cn so llml 1 /2t > m t.hrn 

l••l 
(2.S) P(L Z; ~ t/2) :5 Cc_.,, 

i=I 

. ' 

Sim·,• K !ms Ii gcomct.ric distrilmf.iou, for cvcry f. > 0 

(2.9) 

Fmm (2..J), (2.8) mul (2.9) we have Ila.it 

I, 

P(LX; ~ t/2) $ Cr_..,, 
i=I 

Compariug ([ with n system whcrc every site on lite left of - R ;,ml every ~it.c 011 01" 

right of R lmi; n pnl'ticlc which crumol <lie• (w we h.n·c n finite Markov Procc_-ss), it is r.ilsy 

lo sec thnl: 



This sho~vs that we can treat the sccoud t.f!1•m 011 the r.h.11 of (2.3) exactly as the firi;t Lenn 
nucl this co11cl11dc11 the proof of pnrt n). 

, Let ns 11mv prove pnrt l, ). For cvrry E > 0, , . 
,;: ~ 
~- ' ; 

(2.10) P(r: E [t(n(.\) - t);t(o(.\) + t})) ~· P(3r J. (l(n(,\)- c);t(o(,\) + t)): e:(r) = 1) 

Ui<iug nttmct.ivl'ncss mid lrnuslntion invnrinuce of the modd, we. have that the r.11.s of 
(2.10) is less than: 

(2tt + l)P({f(O) c 1) 

And so ,,:•; 

Sinn~ < can be taken ;ul,ilrnl'ly 1mwll thi:; ccmc:h11_\; ii· U1<i proof uf Tlit•orc111 1. 
\Ve will now prove the i11c11nality in purl n) ,;j ~orollary 2. Let .\ < .\;,c nud with tl1is 

fixc•cl ~ we> hnve for cn•ry r > 0, 

(2.11) 

s~ 
' ... 

Ily altrncLivencss and trnn:;Jatimi'i1mu-ia11c·e the> first term in (CU) is smnllcr than: 

For the sccon<l tcrm we use tlir fad that ('1ld1 eclgc of e; iun-cru;~ ;,t most (when there _/ 
nrc no d~aths) like a Poisson process mulliplicd by R, wit.h parameter >.B. So (2.11) is 
imrnllcr limn: 

_ 2ctP((f(O) = 1) + ~I'(RP(>.Dt) ~ ct) 

whrrr 'P(m) is n_ random varial,lc with a Polss .. m dist.ribnt.ion of parnmctcr m. Since th<!Sc 
lwu knm• go l.o O c-xpoucul.ially fast ns t g1K'S lo iufiuit.y, prm·iclc<l 1! is cho~~u larg1~ cuougli, 
tll<'rn nm two strictly positive cou:-;lnul.i. C nm\ -y surh t.lmt.: 

nud so ,\ ~ A;,e. This comple\cs the J>fl10f of Comllnry 2. 
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· 1 . 

3. Proof of Theorem 2 

Fir11t. 11up1XJSC Uint. n(~) > -001 t.hcn li<'t. 

X = {11: ,,<O) = l,11(:r) = 0 for nn r > O} 

.Y = { ,, E X : L 11( r) = oo} 
r$0 

For 'I E X the proccs11 seen from lhe edge i: is well dcfiue<I l,y 

Ck-arl~• i:' E .\" .for ev,•1y t ~ 0. kl ,,S, lie I.he 1list.rih11t iou of i/'- Hrcall tliat. l il' tlw 

coufigurnt.iou with a pnrlidc 011 rvcry i:-ilc 011 lhl.' ldl. of lhc orii;i11 a111l 110 l'arlidr 011 tl,t· 

ri~hL of Uac ori~iu, 61 is Lhc prolmhility lllt!illi\UC Umt co11n·11trnt.,·s 011 this roufibnr;itiu11. 

A~1d i:-c-t v; ,: 61 S,. 

Siuce X is II compact space, there is n i;cc111e11ce t., of rral munl><•ri; going to iufiuily 

1mch tl111L the S<.'<lllCurc of probability mcai;mC'!i: 

. 'convcrg1-s wcnkly to some pi-obnl,ility ;, Oil _\" wlwu II ,i;ot'!< , ... i11fi11ity. \\",• will :-!um· IHIW 

that Ji <"t>ll<'.Clllraf<'ll nu .Y. Lrl us ,lc-li111·: 

0 

A;,; ~ {,, : L ,,(:r) < j} 
,=-i 

D = Rliu(Z) 

A simple compnrison shows that: 

(3.1) 

wli('l't' P(m) hlL'i IL Poii.'14.lll 1fo;Lrih11Lio11 "'ilh p:u-:111wlf•r m. Tlw iml'ort.aut i1w«11t.dity i!! 

the following one: 

· . . : 11 



(3.2) 

This c:omcs from tl_1c fad that if the process fo nt time l on A;,; nml if nil the particles . . . . . 
whid1 nn• h<•twITn O aucl -i nt time t die bdorl' time t + 1 11ml if Llwn· 1u·1! 110 hirt.hs 011 the 

right of -i duriug the interval lt,t + 1) then the rightmost 1;111-ticlc !!;•ics lmckwanb hy nt 

kw.;t. i. The event we just dei,c:ribcd lm,'I a prolmhility which is lmuudcd below Ly a strictly • 

positive constant which dcpcm.ls only ou j. ll is thif, coushmt thnt we have denoted by 

p(j). From (3.1) nnd (3.2) we obtain 

(:.1.3) 

The knn on the left of (3.3) i11 also er1u11l to; 

11· I Jim - E•·!,I.• ::::: O 
1-00 t 0 

\YI.' s11h:4ilnte 111 fort nnd Id 11 go to iufinity iu (3.3), ,m that: 

i(ll- ·)<RD,\- nP,) 
I ,,1 - iJ~j) 

We !cl i go tu infinity to mudmlr. tlmt: 

µ (n A;,;) = 0 Vj, therefore 
•=I 

j1( coufig11111Lions with finite pnrticlc.•s ) = 0 

12 



! : '. · ~ow we know lhllt ji.~ au<l /i cuuccutralc Oil ,,i: the s11h1-cL uf X of iufiuite co11fig11rntious. 

~ut X is a dense Lorclinn of X a.ml so nuy uniformly ront.inuoui; fnnctiou oil .Y m:iy be 

: cxteu<lc<l to a uniformly continuous fuuct.ion on nil X nncl i;ince 1i11 converges to 1i on X, 

for any / uniformly continuous on .Y. Tlti~ impliCN t.lmt. 1i,. com'('rJ!;,,; to ft 011 .i,.·. ( S(-.' 

, Theorem 3.3.1 in EU1icr 1u1ll h'.urtz (H>SG)). For nuy fn11dio11 / 011 .\' which <lq1rwli; only 

011 finitely mauy silci; and nuy f > 0 il ii; uut tlillicult to i-t•c that. lhc fnudion: 11 -, E(f(f;1 )) 

·· , is continuous on .Y. So the procciss seen from t.hc .-dp;ti Jiai; I Ii,: Fdlrt· pro1)('rly 011 .\". To 

' · show ·uow that ii. is invarinut it is enough l.o ni:.c n i-lnmlnrd 11rp;11111c11t, sinn· from the 

. n·marks :.Lon: 

• S 1· . S 1· 1 lr+r. . 1 . 
JI I = 1111 /t11 1 = 1111 - ''•' ., :: /I 

n-oo u-00 t., . 1 

The key of t.hc proof of t.hc converse i~ the fullowiug lemma wl1id1 v;in·s a relation l,dwct'11 

the process seen from the c<lge nu<l the process not s.-cu f10111 Ilic edge. Thi~ lcmurn 

will also be ,·cry ni-cfu) for the proof of Thmrrm 4. n,•l·111l I liat .\" is the srt of i11fii.ih' 

C!>ntigumlioni; of X. 

Lc1nnm 1: Gfreu ,\ > 0, tlw1-c ,:xi:-, cuw,Lmits C,-y ilml ;1 i11 )11, oo( :mrl1 •Jmt.: 

sup P({:1{1-lll)) = 1) $ P({f (0) = 1) + ce-·•1 
• 

.,e.\" 

where ( ) dcuotcs itil<'grr part of. 

Proof of 1111' Lt•mma: 

We drfiuc a process ( 1 which is roughly going l.11 play t.hc rnJ.• of lh<' dual of ( 1• To 

do so we t:l.art constn1diug for cnch t > 0 aml each r _E Z a procc,;s ,(:, for \\"hich the 

ti;nc parnmctcr a run . ._ in thr int.-n-al [O, t], iu I.lie fo!lowiug wny: for rach realization of 

((.)u!,■ :$1 we have a coucspomliug rcalii.ation of Poii<i:-011 marki< (tkaths nnd hirt.h1<) m, we 

iu<licnkd iu t.hc ccmstmcliou of the pnK"ci;s. Th'" l.imc for ,(. ii- t.la(!11ght of 11-.'i n11111i11)!; 

backwnnk s = t - u. Now WC define ,<: flli followli: ,Co = .r mul for :all -~ :5 !, ,(: is ,lll 

,interval which increases with tt iu the following wny: if at t.im'" .~ th.--rc is a hirt.h mitrk nt 

· n si tc y of ,(:- then 

,<: = ,<:- u (u - R;u + RI 

13 : 



Por the J>lltpose of this com;trur.tion it is uudcri;f.00<I I.hat J.licrc is n birth mark nt n site y 

nt t.imc $ iC mid only if T,~ = t - 1 for some u ~ 1. Now wci cldi1w (f as ,(f. It is t'lLo;y to 

SL'(' that . {i, has the following p1·opcrt.y: 

(3.4) 

lu 11,articnlnr from (3) we have 

{3.5) {(;'(y) = 1} C {3x E (f s11rl1 tlmt 17(:r) = 1} 

lkcall that: 

niul kl It,(:) nud r(,(:) he.· Lhc righL llll<l ldl <•clg,• rrsJK!rl.iv.-ly of,(:. Siucc /(,(:) ouly 

dcnciisC!I if there is n birth mark at a <listaucc nL mo5t equal Lo R Lo the right of I(,(:) we 

lnwc for 'every c > 0: 

(3.G) 

wlwn- I'(m) is n ,·arial,~c lia\"i11g ll Poissu11 dii;lrilmt.io11 willi parnml'Lcr m. Dy i;ymmctry 

:1 similar iil('111mlit.y is nlso lrnl' for UJC• riJ!;lit. rtl~I', We· lim·,· for 1111~• iuitial rnuligmalio11 11 

i11 .\" mul n11y real munl>c.'r fl: 

(3.i) P({;1(-<1t) = 1) = L P(r~ = x;{7(x -111} = 1) 
,ez 

{lu U1i:. proof wl1rn n real umulJl'r 11ppc.·n1·s 11S n sile, we nrc n•frrri11g lo its iul.cgcr pnrl) 

Ld a mul I, he positive co11st.;111ls 1md1 llml rt > 21, mul ,ldiill' 1.111: t.wo t!\'t!lll.:.: 

aml <lC'fiuc D(x·, t) = D1(:r, t) n D2(x, t). Each tcnu of the sum in (3.7) is less thnu: 

Dy .ittrnctivcucss the first term iu (3.S) i~ l<.'6s tln111: . 

(3.0) 

14 
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F~:om (3.4) and the inequality a > 21,, the Poii.sou m:uks <lcfiniug the <'''eut {r;' = 
z; D1(x,t)} arc inn space time region which lms uo iulerS(.'('liou wit.la lhc rrgiou in which 

· th~ Poisson mark& defining the event {{f(z - at)= l;D2(r,t))} lie, so these two events . ' . 
tire indcpendcuL nnd using translnt.ion invmfancc, (J.!)) is ll-ss tlum ., 

(3.10) P({f (0) = l)P(r7 = x) 

\Ye now consider the sccoud term of (3.S). We C'Slimnl.r fil'l,l P(lr(;r, t)), 

P(Dc(x, t)) :5 L P(l((!} < r -1,f) + l'(r((f-•') > J" - ,if+ bl) 
,.!:, 

Dut -l((r) iucrca.c;cs less thnn R times a Poisson prucc:'lis of panunctcr >.D, therefore 
' 

P(l((f} ~ x - bt) ~ P(RP(>.Dt) ~ y- r. + l,t) -, 

Thc1'cfore for c sucl1 thnt lu f ~ 2 we obtain: 

(3.11) 

and since we cnn give' an upper bound for P(r((f-•') ~ x - "'-+lit) cxn.ctly iu lhc same 
way, we have: 

,(3,12) 

- ' 
·. · · wlicrc C hcrc dt'}lCUds only on R. Lcl : 1 = 0 uncl :;+1 = 1mp(r < .:; : 11(r) = 1). We 

define A.,{t) n..": • 

A,(t) = {z;,1 ~ i ~ [te')}, wbc:-1-c (tc') = iuf{L· e Z: k ~ tr.1
}. 

15 
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; 9Lsern.• that. if { r~ < :1,c')} oecurs, then this mcn1111 tlant nil llui (tc1) rir)1t111ost p:,rlicfos 

·. ·_ ,Jicd bc£orc time t nml ,;incc u;c dc•nth rnlc is 1, we luwc Lhnt.: 
l • 

. ! 

P(r7 < :1,c')) S (1- e-1)11•'1 Sc-• .. 
· Ld c be a constant aud 

C.,(t) = {.: E Z : jz - :r.l < ct for 110111r. :r. E A,1(t)} 

-,. ; Vfc now consider 

'. -! (~.14) L P(r7 = x; Dc(x, t)) = L P(r7 = Xj Dc(:r., t)) + }: P(r'? = x; Dc(z, t)) 

"EZ . rc<:.11) rft:,111 

The first tcn:1 un the r.h.s. of (3.14} is l<'sll tlmn: 

nnd using (3.1:?) ti,i~ is less ~lmn: 

,· 
(3.15) 

The i;ccon<l tcnu OJI the r.h.R. of (3.14) is less thnn: 

(3.lG) 

H•r the second term in (3.lG) we will use (3.13), the first term in (3_. lG) is lrss tlmu: 

L P({~(x) = I) 
rfC,(l);.-~•l••'I 

hut using (3.5) this is less than: 

'"' L, 1'(3yE(f,11(y)=l) 

. but (f must contain a:;, 1 Si S (tc']. So the Jll"CC('('(_liug ~cnu is lri;s tl1iu1 

(3.17) L L P(=; E (:) S L 21:P(T(..\Dt.) ~ct; y> 
1s;s1,~•1 •«c.c1) 1:Si:Sl•c'J ,~o 

'. 
•. I 



,:-_: The Jni;t inequality conies from Lhc fnct tlaat -l((f) nncl r((:) iun-cm;c less thru1 R tim<'s 
a Poissoi1 pruccss of pru-nmctcr 'AD. For c ~ 'ADRc2 , Wl' Ilse' (3.11) aml tlac r.h.s: of (3.17) 

· ··' is less tbnn: 

••• I I 

, -'. ;From (3.10), (3.15), (3.13) nud (3.18) we lanvc Uml: 

P({(-at) = 1) :5 P({f(O) = 1) + (2d + l)(tc']Cc-¥, + c-' + (te'JG'C~ 

··, : _To complete !.h',' .pwor of Lcmmn 1 just pick ,, = C ~ mnx(c2 ~DR, 2H) nu<l fl > 21, . 
. ·, ,·.·: 

. , .Now _to complete the proof of Theorem 2, suppose that a(,\)= -oo 1u1<l that 1i is au 
• , I . 

i_uyarirutl. probability for the process sccu from the cdgc. Fi·om kmma 1 we have: 
· 1 ·· .. ~ ! I I . 

. . Now, by Dorcl-C:1111.clli Lemma, 1i co11cculrntcs uu fiuil.c l'o11li~11rntio11.~, which is ,1L:;11nl. 

4. Proofs of Theorem 3 and Theorem 4 

\Ve start proving Tboorcm 3. Siucc lhc crilit·nl ,·out . .u:t. pn><·1-ss is crg0<lic (s.-c Ile­
: zuidculaout _nml G1·i111111cLl (10S0)}, we ouly ucctl lo mu,;idcr Uu• ,·11~ in whid1 ,\ > .A,.. 
To trcal. this case we will explore the relation between tha cuulad process and ur!rnlnl 
pcrcointion, Min Durrett nu<l Schonmrum (1088). Given f > 0 we d(•fiuc the lattice 

C, = {(j,kr/2): j,k E Z} 

And we make bonds open in<lcpcmlcutly wiU1 the Collowi11g pmlmhilitics {l1ere m and r, 

n.rn in Z): 

•· . ; 

(m, m:) _. (m - 1, (u + 1/2)t), with proh:1l1ilil.y ~, 

(m,nt)-+ (m,(n + 1/2),), with prolmbilitr l - 1/2 

17 
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I ! ,, 

' , · ! 

'• . ; 

(m,(n + l/2)f)--+ (111 + l,(n + l)r.), willi probahilil.y•~f 

(m,(n + 1/2),)--+ (111,(u + l)t), with p1:olmhiliLy 1-c/2 

/Lu active path from (j, kt /2) to (j', k' £/2) in C, is a fiuit.e scqnencc of adjacent opm bonds 

' · lending from (j, 1.:£/2) to (j', k'f/2) ( by n,djnc~nt we mean tlmt the endpoint of flld~ boml 

is the starting point of the 11ext one in the se<1uencc). This pcl'colatiou structure defines 

~he following process ({;1,1),~o: 

e:,,(x) = 1 if there ii. 1111 nctive pnth in C, from (y,O) t.o (:r, l2t/i)t/2) for some fl such 

that 11(11) = 1, (hel'e I J denotes integer part of) 

e:,,(x) = O otherwise. 

\Ve Jcfiuc tho pruccs11 Kc-cu from Uni c•clgc• 1111111,l.11rt.iug fro111 I/ E .\": 

If 11 E ·.Y then (:,, E .Y' for every ( ? 0 11!111ost snrdy. Let 1'i,,1 1,c thr. law of!:,, nud ,,,,1 he 

the law of {f,1• 

We mark ti1c c~oscd bonds (m, l-f/2) --+ (m, (k + 1 )t:/2) with li'll am) look at the open 

honds {m,A·t/2)--+ (m + l,(k + 1)1'/2) nml (m,kt./2) ..... (m - 1,(1,;+ l)i/2) as ill"l"OWll. 

Then w. f. goes to O the pel'culatiou i;Lrncturc defined nbo\'c gi\'cs rise fol' CV<'l'Y x E Z t.o 

tlirc·c i11<l<'pemlc11t Poii,.-.;on proccs!lc~. Ouc of IU'l'OWS to Llic rigl,t nt ·rate ..\, uuc of u.rruws 

tu t.l1c lcft nt rate ,\ and one of 6's nt rate 1. So the percolation sl.rncture com·ergcs to the 

wdl known graphical coustfuclion of the coutnct pl'occss (sec for iustnucc Secti01~ 4a iu 

·7 :, J?urr<'lt (198S)). lu pnrt.icnlnr iL followii that in the wcmk sc:-11S1! 

(4.1) Jim j,, I = j,I 
r-0 t 

(4.2) lim 11, 1 = I'• ,-u t 

wlwrc v, is the lnw of e: nud /It is the law of {t. For fixrd I' > II, !rt r(t) be the ri1?;htmost 

ndivt• vnth iu C, from { ... , -2, -1,0) x {O} lo Z x {121 f ,},/2). Gi\"1•11 uow a 11011<lccrcasi1;g 

fuucliou /: {O, l)Z -'* ll which depends only on finitely 1111my i;itc'8 of{·•, ,-2, -1,U} we 

have: 

_(4.3) E(l(l:.,» = l:EU<l!,,)lf(t) = 7)P(f(t) = 7) ,. 
t I 

~ -: 1 ! 18 
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. ·I -
i 

Dul for ~cry fixed 'Y• comlitio1111i11g on f(t) = 1, dcic,s not nff,,.·t. t.lw Jicrcollllion sl111d11rC' 

to the Jcfl of 7 inside Z x (0, (2t/ E]t/2J. Since the iutrrnrtion ji; n111nng nearest ll<'i~hhors 

·: .: · a ~Lnu<l~d coupling argument implies, for nondccrca.,ing J 

: : ' (4.4) 
,I •• 

From (4.3) and (4.4) it followR thnt 

;-"·· :;.(4._6) 
1 •• ·: • : 

:; ~ ': where P<.t is defined by: 
· • I •-

· Theorem 3 follows from (4.1), (4.2), (4.6), the proof of the cxislr1ic·1• uf ,,,. 111ul its 1111i11u1•• 
'·! ·1 ' ' 

j :_ , UC:511. 

: l ._ Theorem 4 is nn a)mrn;L immcdint.c co11scqm•11cc of Theorem 3 nn<l Leuuua 1. From 
I ,• • 

(4.G) 

The result follows iunncdiatly form thi11 e<1m1lily ru11l (-tG). 

Acknowledgement. R.D.S tlumks Rick Dnnelt fur ill11111i11at.i11g 1lirussiuns. Part t.,f this 

work was done while this author "'i\S visiting Comdl Uui\'ersil y 1mpJx1rtcd by C.N .P.<1 and 

the M.S.I nt Corudl. 
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