





1) Le systeme infini converge exponenticllement vers le vide si et seulement si la vilesse
du bord « est strictement negative (ceci est equivalent & a = ~00).

2) Le systeme correspondant vu du bord a au moins une probabilité invariante si ct
sculenmient si o 2> 0. . |

3) Pour le processus de contact surcritique, "unique mesure invariante du processus
vu du bord peut étre couplée avee ln mesure invariante supericure du processus infini, de
telle fagon qu'clles different en un nombre fini de points (& gauche de Porigine). Au point
critique In densilé asymplotique de toute probabilité invariante pour le systéme vu du bord

est ille,

1. Introduction and statement of resylis

A oue dimensional Stochastic Growth Model is a Markov process whose state at time
t,&isin {0,1}4. If €i(7) = 1 this means that we have n particleon = € Z,if €,(.r) = 0 this

weans that the site r is cuply. The process € evolves according to the following rules:
particles die at rate 1, i.e, if §(r) =1 then

(1) lin, o~ Plérpa(r) = 0]€) = 1

and particles are born at rate Ab,(€), i.e, if &(x) = 0 then

' . 1
(2) limemsn =P o) = 160) = Aby(€)

where A > 0 is & real parameter. |

Thronghout this paper we will assume that there is no spontaucous generafion of
particles, that the process is altractive nand invariant under translations and syminctries,
and that the interaction between particles has a finite range. This means that the birth

vates will satisly the conditions (3) - (7), stated below.
) be(m) = 0,
wlicre 5y is the configuration with no particles,

(1) be(n) = ba(7,7),
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where (1,9)(y) = y(y + )

| (5) - - ha(€7) = bu($),

where §(x) = §(~x) for all z,

(6) bo(n) < bo(€) if y < €,

where we say that np < €if y(r) < €(r) for oll «,

(7)  for some positive integer R, bo(y) = bo(€) if y(e) = &(c) Ve € [=R,B]. -

When R =1 wo say that we have a Nearest-Neighbor model. The Basie Contact, process

is a spevial Nearest-Neighbor model wheres

be(Q) = &(r = 14 L+ 1)

These processes can be constructed by Harnis® graphical method as was indieated for
instanee in Durrett (1985).  For this purpose, for cach + € Z lol (53 )nz1 and (1) )

be the arrival times of two independent Poisson processes having rates 1 and b = Aby(2)

respeetively (Z is the configuration with one particle on every site of Z), amd et (U7 )

be a sequence of independent random variables each one with an uniform distribution on

[U;1]. At times S5, n = 1 we kill a particle at « if one is present there. Al times T7 ., u > 1.
there will be a birth at z if it is not already occupied and if the configuration satisfies

b (&z-) 2 %[',{, where &= — is the limit of & as { increases to T,

Using pl'n]wrli(“s of the Poisson process one ean show that the construetion above for
amy initial configuration gives rise to a Markov process which evolves according to the rules
given before,

We will denote the Stochastic Growth model by & o with initial coufignuration y and
birth vates: Ab,(€).

We also define * , the confignration with only one particle which is on site 0 myl

() =inf{t > 0: ) &,(r) = 0}

reZ

Wlien no confusion is possible we will omit A in all our notation. We defisie now two well

. known critical paramcters, first the critical parameter for fivite systems:
Ap=inf{A > 0: P(r*()) = 00) > 0}
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It follows from the attractivencss asswmption that {,7:,\ converges in law, as § — oo, to a
probability s, Let & be the Dirac probability which concentrates on the emply configu-

ration. The eritical parnmeter for infinite systems is:
Xi=inf{x > 0: p(A) # &

We can now state our results. Let 1 be the configuration with a particle on every site
on the left of the origin and no particle on the right of the origin. Let 1 be the position of
the right edge of the process with the initial configuration 1. From an appropriate version
of the Subadditive Ergodic Theorem (Liggett (1985) Chap. VI Th. 2.6 and Th. 2.19) it is

cawy Lo see that there exists o real constant a(A) in [—00; +oof such that:

y) L

B 5 1
: L ST S Ty )
linyg— oo o cl_l.'{,'ob ( 7 ) = n(A) :1>|£E( - ) .3,
From the last expression above and monotonicity, a{.) is a right-continuous function.

TueoreM 1. a) Ifia(X) < 0, then there exist strictly positive real munbers C and « such
that ’
P(EA0) = 1) S CeT".
b) If a()\) > —o0, theu

‘li.:’.ou’((,‘;’x(u) =1)= -l

Both parts of this thcoremn were already known for the contact process (See Th, 3.4
and Th 3.10 in Chap. VI of Liggett (19S5)), but their proofs relied on properties as self
duality and additivity which arc not satisfied by all the processes we consider here. As an

immediate cousequence of this theorem we obiain:
ConoLLARY 1. If a()) <0, then a()) = —oo.
Because of Theorem 1, it scems natural to define the following eritical values of A:
o = inf{A > 0:a(X) 2 0},
Ase = sup{A > 0: there exist C,v €]0, +oof such that P(r*(A) > 1) < Ce™ '}
‘and ' e .
Aie = sup{A > 0: there exist C, v E](),+c.o[ such that P({f,\(()) =1)<Cc™}
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‘Our next corollary concerns these critical values,

" COROLLARY 2. 2) Ag = Xir € Afe,

b) limy oo tP(EF; (0) = 1) = c0.

Nole that the cquality in part a) follows immediatély from Theoremn 1, and that part
b) is an easy consequence of part a), the right continuity of & and part b) of Theorem 1.
The inequality in part a) will be proved at the end of Section 2. Finally, observe that part

b) implies that if P(Ef‘“',(ﬂ) = 1) behaves as £7% when  — oo, then we must have s < 1,

We consider now the process &,» scen from the edge with an initial configuration with
no particles on the right of the origin. This means that when the rightmost particle dies or
when a particle is born on the right of the rightmost particle then we make a translation
to lawve b all times the rightmost particle at the origin, Let us eall the process scen from

the edge: {-,.,\. We have;

TnroreM 2. The process f,',\ bas an invariant probability mcasure () if and ouly if
o) > —co.

For the contact process in discrete time, this result is not new; Durrctt (1984) showed
that the invariant measure exists if a(A) > —oo and Schonmaun (1987) proved the couverse,
The proof we give simplifics Durrctt’s for the “i{™ part, and nses the ideas in Schomuamm
(1987), but is not-a straightforward gencralization of lis proof, for the “only if ™ part.

We are now going to state some resulls which we proved only for the Contact Process.
We will say that m < g2 where gy and pg are two probability measures, if for any

continuous increasing function f we have:

[ s < / FOnpan)

Let us recall that jiy is the upper invariant probability for (he system not seen frem the
cdge, and let jia be an invariant measure for the process scen form the edge. In the
following two theorems we will compare foy, with the restriction of gy to the non-positive
integers. For this purpose, to any configuration g we associate i, defined by: sj(x) = 0 if

> 0 and ij(x) = n(r) if 2 £ 0. We defiue jiy by
ia(A) = A7) € A)

for every cylinder set A. Reeall that for the contact process A, = \; = Ay and denote by

Ae their common value.
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Turonem 3. Let A 2 A, then: ;'z;\ 2 jia.

Tuntonkm 4. Let A 2 A, then there exist coustants C, v, a €0, oo such that any invariant

meastre iy satisfies:
. .

0 < jia(:y(=a) = 1) = (s y(—2) = 1)< Ce™ " 4+ P(zfa< 1" <o0) V>0

Galves and Presutti (1987) proved that if A > Ac then there is a unique invariant
measure for the contact process seen from the edge. Since in this ease we have the following
estitnate due to Durrctt and Griffeath (sce Liggett (1985), Chap. V1, Th. 3.23):

Pt<t* <o)< Ce™™
we obiain

COROLLARY 3. Let A > X, then there exist coustants C, v €]0, 00] such that the invariant

measure ‘ﬂ a for the process scen from the edge satisfies:
0 < janyl—z) = 1) = ja(pry(—a) =1) < Ce™™ Vz > 0.

From Theorem 3, Corollary 3 and the Borel-Cantelli Lemnna we conclude that for-
A > A, there exists a probability measure » an {0,1}%- x {0,1}4- sucin that:
i) The first m'.'u‘ginnl of v is fiy,
b) The second marginal of v is fiy,
o) r(mérn28)=1,
d) i, §): S lu(e) = §(+)] < o0) = 1.

From Theorem 4 we can also conclude that
(8). Jin jiain(=2) = 1) = jn (ra(0) = 1) = 0,

where the last equality has been recently proved by Bezuidenhout and Grimmett (1989).
This last result also implics that there is no measwre v satislying a) - d) above at the
critical point. ' i J

Since for X > A, py is ergodic aud satisfies & Central Limit Theorein, (scc Liggett
(1985) (Clhap. 111, Prop. 2.16) and Griifleath (1981)), the comment following Corollary 3
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implics that ji satisfics a strong law of large numbers and a Central Limit Theorem, i.c.
that for A > A,

.1 -
"121':0;'- ZU(-—:?) =pr fta s
r=0 »
where py = pa(n:9(0) = 1), and
i n-1
Jiw ot == r);"(u(—r) — ) < @) = Fla)

where py is as above and F is the distribution function of a pormal random variable with

mecan 0 and positive variance (which depends on A).
2. Proofs of Theorem 1 and Corollary 2

We will prove part a) of Theorem 1 using a yestart argument from Durrett (1984 ),
Scct. 12. Let us define an auxiliary process £ with one particle on every site at the initial

time 0 and which evolves like the Stochastic Growtl Madel we are considering until time:

n=inf{t >0:¢, < —2R and d; > 2R}
\\'lll'l"(‘
g =sup{r <0:(r)=1)
dy=if{r20:§(r)=1)
At time 1, we put a particle on every site on the left of =218 and on the right of 2R. We

lct all the sites between =21 and 21 cmpty. Reeall that R is the range of the interaction.

After 7y welet :\gniu the process €] cvolve like the Stochastic Growth Model until time
gi=inf{t>n:9 2 ~-NRord <R}

Note that 7y is finite with probability 1 bhut g, is infinite with stictly positive probability.
At time oy (i it is finite) we put a particle on every site of Z aud so & begins again from
the initial configuration. We define by induction two sequences of rinudoni variables 74 and
oy, for k> 2

mp = if{l > or-y : g+ < —2R and dy 2 217}



op =if{l >r:9. > —Rord <R}

At time 7 we put a particle on every sitc on the lefl of —21 and on the right of 2R, and
\vc‘lot the sites between —2R and 2R cinpty. At time ox we put a particle on C\'(‘l:)' site
of Z and so the system "restarts”. Between these randont times the system €7 (.V()lV(‘b hl\e
the Stochastic Growth Model. Let us define the random variable:

K=sup{k>1:0, < o)

1

We fix A such that a(A) < 0 and will omit it in the rest of the proof. Let €2 be the
Stochastic Growth Model with initial confignration Z, by the atiractiveness assumption

{6), we have:
@y P(E7(0) = 1) < P(&(0) = 1) € P4y > 1)
since after time 741 we will not have any particle between the sites —R and R. Let us

define Xy =op —mpfor 1Shk< K, Yi=nandYi=r~opy for2< k< K +1. We

can write:

KN+1
(22) ° Th4l = Z,\ +Y Y
i=) i=)
From (2.1) and (2.2) we Lave that:
W41
(2.3) PEF(0)=1) < PQ,.\ 24/N+PYYi21/2)
i=1 i=)

But conditioned on {K = &} we have that (X)) cicr are i.i.d. random variables with the
same distribution as X conditioned on {X; < co}. Let {Zi)i>1 be an infinite sequence of

i.i.d random varinbles with this same distribution, For every € > 0 we have:

(24) P(zx 2/2) = ZP(ZX > 12K = k)P(K = k)

k=1 i=1

[ed}
SP(K 2 [et))+ P Zi 2 1/2)



where [a] is the largest integer less than or equal to a. Our next task is to show that Z

hias an exponentially decaying tail, i.e,

(2.5) P(Zy > 5) € Ce™™

Here and in the scquel C and v are strictly positive constants whose values may change
from line to line. Since the range of the interaction is R, between times 7 and gy, the
system to the left of the origin does not interact with the system o ils right. So by

symictry,

‘(2.6) P(s < X; < 00) £2P(r} > 0 for some v > )

And since a < 0, we have (sce the proof of Th.1 Sect.d.b of Durrett (1988))
(2.9) P(r) > 0 for some u > s) < Ce™"

Now (2.5) follows from (2.6), (2.7) and the fact that P(Y, < 00) > 0.
Let 1 be the mean value of Z;. Due to (2.5), mn is finile and the Cramer-Cleruoll

Theorem implics that if € is chosen so that 1/2e > m then

{1
(2.8) P() 2 21/2) < Ce™

i=1

Sinee I\ has & gc;)mcl-ric (liél.rilml.iou, for every e > )
(2.9) P(K > [ef]) < Ce™™!

From (2.4), (2.8) and (2.9) we have that

K
PO Xiz2t/)<Ce™™
i=1
' Comparing £ with a system where cvery sile on the lefl of — R wnd every site on the

right of R has a particle which cannot die (so we have a finite Markov Process), it is easy

to sce that:

P(Y; > 1) < Ce™™
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This shows that we can treat the sccond term on the r.Jis of (2.3) exactly as the first berm

and this concludes the proof of part a).

‘

Let us now prove part b), For every e > 0,
g

(2.10) P(r] € [t{a{)) = €); t{a()) + )] < P(Bx‘% [t{a(N) - c)é ta(N) + ¢)): £,'(;) =1)

Using attractivencss and translation invarinnce of the madel, we have that the r.h.s of

(2.10) is less thamn; .
' (2t + DPEFO0) = 1)

And so

lnnmftP({, (0) =1)2 — lmnufP(r, € [i(n(A) —e)it(a(A)+e)]) =

:o|._.

Since € can be taken arbitrarly small this concludes the proof of Theorem 1.

We will now prove the incquality in part a) of Corolliary 2. Let A < X; ¢ and with this

fixed X we have for every ¢ > 0, '

(2.11) P(r* > t) S P(3e: [} < et and £ (r) = 1) + P(Ir: |#] > et amd € (x) = 1)
By attractivencss and translation invariance the first term in (G.1) is smaller than:
204 PE((0) = 1) '

For the sccond term we use the fact that each cdge of £ increases at most (when there
are no deaths) like a Poisson process multiplicd by R, with paramcter AB. So (2. 1) is
smaller than: '

2ctP(E7(0) = 1) + 2P(RP(ADB1) > ¢t)

where P(im) is a random variable with a Polsson distribution of parameter m. Since these
two tenns go Lo 0 exponentially fast as ¢ goes to infinily, provided ¢ is chiosen large enough,

there are two strictly positive constants € and 5 such that:
P(r* >t) < Ce™™"

and s0 A < A; .. This completes the proof of Corallary 2.
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. 3. Proof of Theorem 2
. Fim!..sup]x)sc that a(A) > —o09, then set
X = {y:90) =1, y(x) =0 for all & > 0}
X={yeX: Zu(r) = oo}
r<0

For 11 € X the process scen from the cdge £ is well defined by
€(z) =€z +suplye Z: {(y) =1))

Clearly E:’ € X for every t 2 0. Lel 18 be the distyibution of £ Recall that 1 s the
coufigumtiou with a particle on every site on the left of the origin and no particle on the
- right of the origin, 6; is the probability measure that concentrates on this configuration.
And set &, = 6,8,

Since X is a compact space, there is a sequence &, of real nunbers going to infinity

such that the sequence of probability measures:

'.
ftw = -1- / 17ptls
'" [}]

" converges weakly to some probability i on X when n goes to infinity. We will show now

that j& concentrates on X, Let us define:

o
Aij=1{n: ) w=) <j)
Set
B = Riy(Z)
A simple comparison shows that:
(3.1) E(riy, —ri)¥ < E(RP(AB)) = ARDB

where P(m) has a Poisson distribntion with parmmeter m. The important inequality js

the following onc:
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(3.2) E(r,‘_,_, -rly > ip(7)i( Ai j) where p(j) > 0.

This comes from the fact that if the process is at time ¥ on A;; and if all the particles
which are between 0 and —i at time ¢ die bci:m'(' time ¢4 1 and if there are no birl.h.; on &.hc
right of —i during the interval 1,2 + 1] then the rightmost particle goes backwards by at
Jeast 1. The cvent we just described has a probability which is bounded below by a strictly
positive constant which depends ouly on j. It is this constant thit we have denoted by
(7). From (3.1) and (3.2) we obtain

! f
GRS « el / E(rl,y = r})ds € RBM - ip(j) / P i )l
(V) J0

The terin on the left of (3.3) is also equal to:

1+1 )
Er:ds—/ Erlds
' 0

DBut

1 t+1
lim = Erlds = a(d) > —o0

t—o0 f

L of!
ling —/ Ervlds =0
[}]

t—oo |

We substitute #,, for ¢ and let n go to infinity iu (3.3), so thal:

RD\ - "('\.l

i) S ==

We let i go to infinity to conclude that:

it (n A.-,,-) =0 Vj, therefore

it( configmntions with finite particles ) =0
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Now we know that ji,, and ji concentrate on X the subsct of X of infinite configurations.
But X is a dense borelian of X and so any uniformly continuons function on X may be

extended to a uniformly continuous function on all X' and since ji, converges to ji on X,

Jim / fdji, = / fdi .

for any f uniformly continmous on X. This implies that i, converges to jt on X. (See
‘Theorem 3.3.1 in Ethicr and Kurtz (1956)). For any function f on .\ which depends only
on finitely many sites and any { > 0t is not diflicult to see that the function: y — E(f(£)))
is continuous on X. So the process scen from the edge has (he Feller property on X, To

show now that j is invariant it is enough to use a standard argwuent, sinee from the

_remarks above

41,

iS¢ = lim j1,5, = lim — s = i
Hh—o00 L[ Rds o w Ji

The key of the proof of the converse is the {ollowing lemma which gives a relation hetween
the process scen from the edge and the process not seen fiomn the edge. This lema
will also be very useful for the proof of Theorem 4. Reenll that X is the sct of jufinite

configurations of X.

Lemma 1: Given A > 0, there exist constants Cyy and & in 0, 00| such rhat:

sup P(EN([=at]) = 1) < P(E7(0) = 1) + Ce™".
neN

where [ ] denotes integer part of.

Proof of the Lemmae

We define a process ¢ which is roughly going to play the role of the dual of §. To
do so we start constructing for each > 0 and cach r € Z a process (7, for which the
time paramcter s runs in the interval [0,4], in the following way: for cach realization of
(& )U_<_.5, we hiave a corresponding realization of Poisson marks (deaths and births) as we
indicated in the construction of the process. The time for ({, is llu:ughl. of as running
backwards: s = & — u. Now we define (7 as follows: ((J =+ and for all s £ ¢, (] is an
interval which increases with s in the following way: if at time s there is a birth wark at
asite y of (] then

6 = ;- Uy - Ry + 1]
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Yor the purpose of this construction it is understood that there is a birth mark at a silc y
at time & if and only if T¥ = £ — s for some n > 1. Now we define ¢ as (7. It is casy to

sce that €7, has the following property:

(34) I () = na(y) for ol y € ¢ then €(r) = £°(x)
In particular from (3) we have
(3.5) {€My) = 1} C {3r € ¢} such that y(z) = 1}

Recall that;
DB = Riy(Z)

and lot 1(4¢7) and r(:€F) be the right and left edge respectively of (7. Sinee () ouly
decreases if there is a birth mark at a distance at most equal to R to the right of I(,(]) we

have for cvery ¢ > 0:

(3.6) " PU((T) < — ¢) € P(RP(AD1L) > ¢)

where P(n) is a variable having w Poisson distribution with parmneter i By symmctry
a similar inequality is also true for the right edge. We have for amy inidial confignration 3

in X amd any real nnmber a:

(3.7) L P@a)=1)= Y Pl =58l - at) = 1)

r€X

(In this proof when a real munber appears as a sile, we nre referring to its integer part)

Lot o and b be positive constants such that @ > 26 and define the two events:
By, t) = {I(¢?) > z = I, for all y > 2} and By, t) = {r(¢[ ") <z — al + bt}

and defiue B(x,t) = By(z,1) N Dy(r,1). Each term of the sum in (3.7) is less than:

(3.5) Pre =2, By(r, 1), 6] (¢ —al) = l;Bz.(.r,l)) + P(r| = a; B"(«r,1))

.By attractivencss the first t(;rm in (3.8) is less than: .

(3.9) P = 23 By(, 0); €7 (x — at) = 13 Ba(, 1))
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From (3.4) and the inequality @ > 2b, the Poisson marks defining the event {r}! =
z; By(z,t)} are in a space time region which has no intersection with the region in which
 the Poisson marks defining the event {¢Z(z — at) = 1;By(x,t))} lic, so thesc two events

arc independent and using translation invariance, (3.9)_’is less than

(3.10) PEf(0) = 1)P(r} = 2)
We now cousider the second term of (3.8). We estimate first P(B (s, 1)),

: P(B%(z,1)) £ )" P(I(CY) < = bt) + PUr(CT™) > o = at + bi)
¢ y2r

But ~I(({) incrcascs less than R times a Puisson process of parameter AB, thercfore

PG < 7= bt) < P(RP(ABt) > y — & + M)

!

For ¢ > A we have:

n—c 0o e
PPN 2 )= Xe T X< Ny -
(ﬁ)ccc—a = e~{cin §-etd)
c
Thercfore for ¢ such that lu £ 2 2 we obtain:
@ - P(PA) 2 ) S ¢
Hence, for b > ADRe? .

: PN Sx-b) gt

and since we can give an upper bound for P(r(¢F™*') > = — af + bt) cxactly in the samc

way, we have:
(3.12) P(B%(z,t)) < Cc™ #

wlicre C' here depends only on R. Let 2; = 0 and 2345 = sup{r < z; : y() = 1). We
define Ay (1) as:

Ag(t) = {zi,1 i < [te]), where [te'] = inf{k € Z: & > te').

‘.:: ,i.: X 15
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Obscrve that if {r] < zser)} occurs, then this means that all the [¢'] rightmost particles
~ dicd before time ¢ and since the death rate is 1, we have that:

. ! '
(3.13) ' P(ri <zpep) S(1- e"')l"'l <c
j . ’
Let ¢ be a constant and
J C,(t) = {2 € Z: |z — x| < et for some z € A4,(1)}

We now consider

(3 14) Y PG == B(a,t)) = Y Pl =g B‘(:r,t))-}- 3" P(r} =2 Bz,1))

1€Z £CCy(N . £ (1)

“The first term on the r.us, of (3.14) is less than:

Iy P(B(=,1))
- nand usi-ng (3.12) this is Jess thau:
(3.15) (2ct + 1)|te'|Ce '

The second term on the r.hus. of (3.14) is less than:
(310‘ ] P(T:’ ¢ Crp“); 1';' 2 zltc'])+ P(':, < zlle'])

For the sccond term in (3.16) we will use (3.13), the first term in (3.16) is less thau: ’

PR L (HOESY)

:EC.,(();:'?_:l,,vl

but using (3.5) this is less than:

Yo PEvel =1
IEC.(');IZSI"II

. but ¢f must contain a z;, 1-< i < [te']. So the preceeding term is less than

(3.17) S Y PEes Y

1<igftet] 2€C, (1) 1<€i<[tet] 920

ct+y)
- R

e 1o
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4 o e

. (318)' te)ce® 1 ‘

" The last incquality comes from the fact that =I(¢7) and r({]) increase less than R times
a Poisson process of parameter AB. For ¢ 2 ABRc?, we use (3.11) and the r.lis. of (3.17)
* i85 Jess than:

FYom (3 10), (3. lo) (3.13) and (3 18) we have that:

P(§(—at) = 1) < P(EF(0) = 1) + (2ct + 1)[tc'[Ce % + ¢~ + [te')Cc

" To complete the proof of Lemma 1 just pick b= ¢ > max( cABR,21) and a > 20,

Now to complete the proof of Theorem 2, suppose that a(\) = —oo and that ji is au

, mvammt probability for the process scen from the cdge. From Lemma 1 we have:

H

= : iln :y(—at) = 1) < P(EZ(0) = 1)+ Ce™™

' bu_t from Theorem 1. we have

PEZ0)=1)< Cc™
Now, by Borel-Cantelli Lemma, fi concentrates on finite coufigurations, whicl is absurd.

. 4. Proofs of Theorem 3 and Theorem 4

We start proving Theorem 3. Since the critical contact process is ergodic {sce Be-

- zuidenhout and Grimctt (1989)), we only need to consider the eaxe in which A > A,.

To trcat this case we will explore the relation between the contact process and oricuted

percolation, as in Durrett and Schomnann (1988). Given ¢ > 0 we define the lattice

Le={(,ke/2): j,k € Z}

" And we make bonds open independeutly with the following probabilities (here m and n

arein Z):
(m,ne) = (m = 1,(1n 4 1/2)e), with probability Xe

(m,ne) = (m,(n + 1/2)e), with probability 1 - /2

Q
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(m, (n +1/2)¢) = (n -+ 1,(n + 1)e), with probability-Ae
(m, (1 + 1/2)€) = (m, (1 + 1)e), with probabilily 1 - ¢/2

'Au active path from (j, ke/2) to (', '¢/2) in L, is a finite sequence of adjacent open bonds
leading from (4, ke/2) to (5',k'¢/2) ( by adjacent we mean that the endpoint of gach bond
is the starting point of the next one in the sequence). This pcrcolal.iou structure defines
i llxe followmg process (£ )i>o: .
v &l (x) = 1 there is an active path in £, from (y,0) to (:r,|7l/c]e/2) for somc y such
that u(y) =1, (here | ] denotes integer part of)
£24(z) = 0 otherwise.

We define the process scen from the edge and starting from y € A

& Elm) =€) (x +suply € Z: €], (y) = 1})

If y €-X then E-:", € X for every t 2 0 almost surely. Let 7,4 be the law of f,", and yr. ¢ be
the law of ¢Z,.

We mark the closed bonds (m, ke/2) — (m, (k + 1)e/2) with 48's and look at the open
bouds (m,ke/2) — (m + 1,(k + 1)¢/2) and (m, ke/2) — (1 — 1,(k.+ 1)e/2) as arrows.
Then as € goes to 0 the percolation structure defined above gives rise for every £ € Z to
three independent Poisson processes. One of arrows to the right al rale A, one of arrows
to the left at rate A and onc of 6's at rate 1. So the percolation structure converges to the
well known graphical construction of the contact process (sce for instance Section 4a in

.- Durrctt (1988)). In particular it follows that in the weak sense

(:4-1) '12_13 g = in
(4.2) : lim ooy = 14
E e—0

where i is the law of £} and ju, is the law of 7. For fixed € > 0, let I'(1) be the rightmost
active pathin £, from {...,=2,-1,0} x {0} to Z x {[21/c]e/2}. Given now a n(mdccrcnsil‘lg
function f:{0,1}% — R which depends only on finitely many sites of {--+, -2, —-1,0} we
have:

(4.3) E(f(€)) = D_ E(f(E)IT(t) = NP(T(t) = 7)
1 3
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i
| 2 _',. Bk o4
i DBut for every fixed v, conditionning on T'(1) = 4, does not affeet the percolation stineture
to the Jeft of v inside Z x [0,(2t/e]e/2]. Since the interaction is among nearest neighbors

" a standard coupling argunient implics, for nondecreasing f

@) E(f(E)IT() =7) > E(f(€7,)

From (4.3) and (4.4) it follows that

48 Vet 2 fiey
e il '
. . ' where fi¢ is defined by:

R : fted(A) = pea(n:ij € A)

" Theorem 3 follows from (4.1), (4.2), (4.5), the proof of the existence of fiy aud its unique-
' . ness. ,
Theorem 4 is an almost immediate conscquence of Theorem 3 and Lemma 1. From

these results we have:
(4.6) 0< jia(m:n(—r)=1) = palmz (=) =1)

< Ce™ + P(EZ,.(0) = 1) — palizn(=r) = 1)

From the fact that the Contact Process is sclf-dual we have:
PEZ(0) = 1) - ja(nn(=2) = 1) = P(z/a < 7* < o0).

The result follows immediatly formn this equality and (4.6).
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