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Abstract. 

In this paper, we consider the problem of estimating the size N of a finite and closed 

population, using data obtained from capture-recapture experiments. By defining an ap­

propriate model, we investigate the maximum of the likelihood, of the profile likelihood 

and of an orthogonal adjusted profile likelihood (Cox and Reid, 1987) function. We show 

that they all may present. infinity as the maximum likelihood estimator of N. This seema 

to be a caracteristic of the likelihood approach in this problem. Further, we present a 

Bayesian approacli with minimum prior information as a way of countering this difficulty. 

Exact analytical expressions for the posterior modes are also obtained. 

1. Introduction 

Consider a fiuite and closed animal population of size N, which is unknown. By using 

data obtained from a capture-recapture sequential experiment, we investigate likelihood 

and Bayesian approaches for estimating the unknown population size N. Inferences about 

N based on data obtained by special cases of this sampling process were considered by 

many authors. See for example the reference list by Seber (1982). More recently, Leite ct 

al. (1988) derived an exact analytical expression for the maximum likelihood estimator, 

conditional on the observed sample sizes. The animal population is co11Sidered to be 

closed, that is, during the time of the study, we assume that it does not change in number 

nor in form. From this population, random samples are sequentially selected according 

to the the capture-recapture sampling scheme. Before each of the samples are returned 

to the population, the animals not seen before (unmarked) are marked, returned to the 

population and their number is recorded. As in Castledine ('981), we assume that the 

capture probabilities are the same for all animals but, it may change during the realization 

of the study. · · 

In Section 2 we intro~uce the model and derive the likelihood function corresponding 

to the observed data. We show that the maximum likelihood estimator (MLE) of N 

depend strongly on tbe capture probabilities and it may even be infinite. In Section 3 

we consider the profile likelihood of N witch follows from the likelihood function derived 

in Section 2. By studying its behaviour, we provide some situations where its maximum 

is infinite. Section 4 introduces an orthogonal (local) transformation in such a way that 

the pa. a.meter of interest N is locally orthogonal to the other (nuisance) parameters in 

the model. With this transformation, estimation of N is less afected by the presence 

of the nuisance paramet.ers. Following the lines of Cox and Reid (1987), we propose an 

adjusted orthogonal profile likelihood function £or the pai-ameter N and show that the 
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MLE ol N that follows from this likelihood may also be infinite. Thu11, both, the profile likelihood and the orthogonal adjuJ!;t.ed profile likelihood fuction11 present the inconvenience or having maximum likelihood estimators with no finite moments. In Section 5 we consider a Bayesian approach with mininrum prior information on the unknown parameters. We show that the mode of the posterior distribution is always finite and derive exact explicit analytical expressions for it. In Section 6, the mode of a profile posterior distribution obtained by using the Laplace method for integrals (see Tierney and Kadane, 1986} i11 "1so investigated. 

2. TLe Model and the Likelihood Function 
As mentioned above, we write N (or the unknown population sir.e, a (~2) for the number ol samples taken, Xi for the number of unmarked animals in the i-th sample, Yj for the number of marked animals in the i•th ■ample (Y1 = 0) and Mi for the nwnber 0£ marked animals just be:f'ore the i-th sample, i = 1, ... , a. We note that. M1 =0 and that Mi+J =Mi+ Xj =. E;.J X;, i = 1, ••. ,,. Let ni =xi+~ be the number of animals captured in the i•th sample, i = 1, ... , a. Furthermore, we assume that the animals are captured independently, with probability Pi in the i-th sample, i = 1, ... , a. As emphasized before, it is assumed that the population remains closed throughout the realization of the experiment. 
Under the above assumptions, it follows that. 

XilPi ~ B(N -M;,p;;%;) 

and 

Yjjpi ~ B(M;,Pii1/i), 
i = 1, ... ,a, where B(n,P',%) denotes the probability of z successes inn trials of a binomial experiment with eucceas probability p. To complete the notation, let p == (p1 , ••• ,p.)' and V = {(zi,1/;);i = 1, ... ,a,s,1 = 0}, the observed data. From the independence of Xi and Y;, it follows that the likelihood function corresponding to the data "D is given by 

(1) 

with the restriction that 

• 
maz{ni; 1 :5 i Sa} :5 M.♦1 S En;. 

i•J 

It is not difficult to ■ee that the maximum of the likelihood function (1) occun at the eolution of the following equations: 

(2) 

2 
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and 

(3) 
N M,+1 

= 1- n: •• c1 -;;)' . 
r 

i = 1, •.. ,a. Note from equati0118 (2) and (3) that the maximum likelihood estimator of 

N depends strongly on the maximum likelihood estimator. of Pi, i = 1, ..• , • and that the 

maximum likelihood estimator of N is the solution to the equation 

11(1- ~) = 1- M~t1
• 

i•I 
(4) 

In .he next lemma, we present a solution to the equation (4) in a special situation. 

Lemma 2.1.J/ M,+1 = Et.1 ni, then N = oo. 

Proof. For•~ 2 and O < Zi < 1, i = 1, ... ,,, we have 

• • 
IT<t - zi) > 1- Ezi. 

Since O < ni/N < 1, i = 1, ..• ,a, and M,+1 = E:.1 ni, it follows that 

Thus, N = oo is the only possible solution to ( 4 ). 

Note that Lemma 2.1 providea situation where the maximum likelihood estimator 

(solution to equation (4)) is infinite. 

3. The Profile Likelihood Function 

It follows from (1) and (2) that the profilf' JikrJiboo,l of N, corresponding to the 

obserwd data 1) is 

We denote by h(N) the kernel of the likelihood (5), that is, let 

(6) h(N) =· . N! • Il(l -~)N-••; N > M•+i· 

(N - M,+1)!NL•-· •• i•I N -

The next two kmrnu illustrate the behaviour of L,(Nl1J) in two 1pecial cases. In the 

sequel, N denotes the maximum of L,.(Nl1J) giftll in (5). 
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't"'• A Lemma 3.1. I/ M,+1 < ~i•l ni then N < oo. 

Proor. From (6), we may write 

(7) 
• 

- 1.0. II e-•, = o, 
'81 

as N - oo. Thus, (7) implies that N < oo. 

Lemma 3.2. // M,+1 = E:.1 ni a,al 

• • • (8) cEni)2 
- I:n;-2En! ~ o, 

i=l i=l i=l 

Chen N = oo. 

Proo(. Since M,+1 = E:.1 n;, it follows f'rom (6) that 

(9) 

Thus, if 

then 

(10) 

h(N) = N(N -1) ... (N -(M,+1 -1)) rr' (l - ni)N-•, 
NM•+• . N •=1. 

= (1- !>· .. (1- (M,+;-1)) n(l - ~)N-t11 
••1 

= e-«r:;.1 •d1-r:;.1 •1-2 r:;.1 •f)/2N-r:;.1 ,., . . 
• • • 

(}: n;)2 
- L n; - 2 L n? ~ 0, 

i•l i•l i•l 
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On the other hand, it follows from (9) that 

(11) 

, 
h(N)-+ 1. II e-•; = e- E; •• "; 1 

i=l 

as N .... oo. The result follows then from (10) and (11). 

Hence, Lemma 3.2 provides conditions under which the maximum of the profile like­

lihood (5), JV, is infinite. In the next examples, we consider some situations where the 

conditions in Lemma 3.2 are satisfied. 

Example 3.1.· Suppose that J ;::_ 3, n1 = ... = n, = 1 and M,+i = E:,.1 n; = a. Since 

a2 
- • - 2., = a2 

- 3a = a(a - 3) ~ 0, 

condition (8) is satisfied and, from Lemma 3.2, it follows that N = oo. 

Example 3.2. Suppose that J = 3, n1 = 40, n2 = 60, n3 = 30 and that M• = r::=l n; = 

130. Then, condition (8) is satisfied, since 

3 3 3 

· (L n;)2 
- L n; - 2 L n! = 4570. 

i=-1 j.,.J iml 

Hence, from Lemma 3.2, it follows that JV = oo. 

4. An Adjusted Orthogonal Pro~le Lik':libood 

As seen in the previous sections, both, the likelihood and the profile likelihood may 

have N = oo as their maximum. In this section, we introduce a local orthogonal transfor­

mation of (N,p) and, based on this transformation, we consider an adjusted orthogonal 

likelihood function. For this adjusted likelihood, we show that its maximum may also he 

N = oo. Inspired on Cox and Reid (1987), the next definition considers conditions under 

which Nanda parameter vectorµ= (µ 1 , ••• ,µ 11 ) are locally orthogonal. 

Definition 4,1. 7'h.e pan&meter, N andµ ere (loull1) orth.ogond if 

(12) 
&2lnL(N,µ) 

IJNIJµ; l(N•N;,.•jo) = 0, 

where (JV,µ) i., the mwmum likelihood e,timafor o/(N,µ). 

Note that the condition required by Cox and Reid (1987) is related to the Fisher 

information matrix of N and µ. On the other hand, (12) is related to the observed 

information of N and µ, that is, the second derivatives with respect to N and µ; evaluated 

at '}1" maximum likelihood es&imatorB. Now, let 

(13) 



i=l, ... ,,. 

Lemma 4.1. N i, loc.111 orthogon.l fo p • . 
Proof. It follows from (1) and (13) that the likelihood function of N and pis given by 

(14) 

N ~ M,+t. It is easy to check that 

i = 1, •.. ,a. Thus, 

8 2
lnL(N,µIV)I - ni - ni - 0 

8N8µi (,.•~.N•N) - (N - ni)2 - ' 

i = 1, ... ,.,, from where the result follows. 

Now, following the lines of Cox and Reid (1987), we propose the following adjusted orthogonal likelihood for N 

(15) 

Notice that the likelihood (15) may also be justified in terms of the Laplace approximation to the marginal posterior distribution of N, as considered for example in Sweeting {1987). After some algebraic manipulations, it can be shown that 

Thus, we may write 

(16) 

N ~ M,+1• 

Lem~a 4.2. Let ii !e the vcdue of N thct.mmmize, L.(NIV) given in (16). 
(1) If M,+1 < I:;,,;,1 ni, then N < oo; _ 
(ii) If M,+1 = E;.1 ni and (E:.1 ni)2 

- 2 -E:=l nf ~ 0, then ii = oo. 
Proof. Notice that we may write 
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- 1.0.e - E: •• "1 = o, 
as :1 -+ oo, which proves (i). 

On the oth~ hand, if M.+1 = E: •• n, and cE:.1 Ri)
2 

- 2 E:cl nf ~ 0 then 

Since 

(ii) follows. 

N' • 
-----•---,~,--II(l - n,)N-111+1/2 

(N - M,+1)!NL1., ., •=I N 

= (1- !) ... (1-(M•+~ -1)) fl(l- ~)N-n,+i/2 

ial 

. < e- <•+-.. +<;,+,-•» Il(e-71- )N-111+1/2 

i-=l 

• I _ ..,,t,<..,,t,-•> II _ +~-.!.i. 
= e IN e ., T llf 

i•l 

-,E;,. •ill+2 E;,, -: -~· • 
= e t» e l.Ji.1 • 

$ e-E;., n4. 

N! n· (1 "i >N-.. ,+J/2 - ~'. .. , 
- - -+ e £.,,, •• 

(N - M,+1 )!N }:;., "' ;,..1 N ' 

s. Bayesian Estimation of N 

As shown in the previous sections, the maximum likelihood estimator of N which 

follows from the likelihood, profile likelihood and adjusted orthogonal likelihood may be 

infinite. In this section, we present a Bayes estimator of N with minimal (noninformative) 

prior information which is always finite. Further, we exibt an explicit analytical expression 

for this estimator. 
As in Section 4, we transform the parameter (N,p) to the parameter (N,µ), where 

JJi = Npi, as suggested by Lemma 4.1. Thus, in thia new parametrization, it follows that 

the likelihood function of N and µ is given by 

(17) L(N 1v> - NI rr· cJJi>"'(l - &>N-•, 
,p ex (N -M.+1)!. 

1 
N N · 

·-
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Moreover, since 0 < µ; < N, for all i, we consider the prior 

• • 1 1 
1r(N,µ) = ,r(µIN)r(N) = II r(µ;IN),r(N) = II N (N + J)2 

i•I i•l 

(18) 1 

where we consider the proper noninfonnative prior 

1 
,r(N) = (N + 1)2 

It follows then from (17) and (18) that the joint posterior of N and p is given by 

(19) 

Integrating out µ from the joint distribution (19), it follows that the marginal posterior 
distribution of N ia given by 

. " N 
(Nl'D) N! 11 / (ei)"'(l µ; )N-"'d "' ex (N - M.+1 )!N•(N + 1)2 i•I } 0 N - N µ; 

(20) - N! · N>M - <N - M >'<N + t)2 n· cN+•>' - •+•· •+1 · 1:sl n1+l 

Lets denote by N the mode of the posterior density (20). 

Lemma 5.1. // M.+i = maz{ni, ... , n.} then, N = J,,f.+1 u the uniguii mode of ,r(Nj'D). 
Proof. Notice that we may write 

( N+t ) 

(Nl-n) Af.+ 1+1 N > M 
71' V (X(N+I)lllf (N+I); - •+1• 

1•1 n,+1 

Without loss of generality we may assume that M.+1 = "•· Thus, 

1 
,r(Nl'D) 0C l N ,· N 2: "•· (N + 1)3 n~- ( +1) ••I 111+1 

from where the result follows. 
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We consider now the e1111e where M,+1 > mcu{n1,••·•"•l• Let 

and define the function 

It is clear that the posterior mode N o( (20) maximizes /((N). Moreover, after some 

algebraic manipulations, it may be noticed that 

1 K(N + 1) 
g( N + 1) = K(N) i N '?. M,+i · 

The next result discuss the behavior of the {unction· gin the interval (0, _L_M ) : 
•+• 

Lemma 5.2. If M.+i > maz{n1, ... ,n,}, then tht: equation g(z) = 1 luu only one 

nonnull root z 0 in th.e interval (0, l/M,+1). Furth.er, if z E (0,z0 ) then g(z) < 1. On the 

other hcnt1, if z e (z., 1/M,+1) then g(z) > 1. 

Proof. Consider the functions 

• 
91(2:)"" fl(l - n;.z) and 92(2:) = (1 - M.+12:)(1 + .zt+2, 

i•l 

£or all real z. It can be verified that the first and second derivatives of g1(.) are such that 

. , 
g~(:r) = 1:(-n;) Il(l - n;:r) < O 

i•l j,,,_i 

and • • • 
g~'(z) = L Ln;n; .IT (1 - n4-z) > 0, 

i=l j,,ti A:,,ti.j 

for all z in the interval (0, 1/M,+1). Hence, g1 is a continuous, convex and decreasing 

functlon in the interval (0, l/M,+1), Furthermore, the function 92 is continuous and its 

first and second derivatives are given by 

and 



respectively, {or all real z. Hence, i{ M•+J ~ 11 + 2, then 9Hz) < 0 and 9~(z) < J 
for all z E (0, l/M.+1 ), that iw, 92 is a concave and decreasing function in the interval 
(0, l/M.+1), At the origin 91(0) = 92(0) = 1 and at the point l/M.+1, 91(1/M.+1) > 0 
and 92(1/M.+1) = 0. Further, 

• 
g~(O) - g~ (0) = , + 2 - M.+s + L ni > 0. 

i .. J 

Thus, there exists a positive real number 6 such that 9Hz) - '1(z) > 0, £or all z E 
(0, 6). From the Mean Value Theorem, it follows that 92(z) > 91(z), for all z e (0,6). 
Consequently, there is a unique point z. E (0, 1/M.+i) such that 

91(.:ro) = 92(.:ro), 
91(.:r) < g2(z), for all x E (O,z0 ) and 
91(z) > g2(z), for all x e (z., l/M.+1)· 

The result then follows from the fact that g is the restriction of 9if 92 in the interval 
(0, l/M.+1), 

We consider now the case where M.+1 <a+ 2. In this situation, 
, ( ) 0 I all (0 •+2-M.+1) g2 z > ,or z E , M • .,(•+3) 

and 

9;(z) < 0 and g';(z) < 0, for all :r E ( xt::r:~1), u!+• ), 
which impli s that 92 is increasing in the interval (0, ~::f:.fMJ and decreasing and concave 
. th . t -- ' r •+l-Mo♦ i _l_] Th th . . ' t ( •+l-M,t~ 1 ) 10 em erv,u M•+•<•+J), lT.♦1 • us, ere exists a umque pom z., E M•+•<•+l , M.+i , 
m ch that 

91(z.,) = 92(z.,), 
g1(z) < 92(.r), 

91 (z) > 92(.r), 

for all z E (O, z., ), and 
. 1 

for all z e (z.,, -M ). 
•+l 

iince g = 1.1., in the interval (0, __t_ ), the proof is complete. I ~ 

Figure 1 below illustrate the behaviour of the functions 91 and g2 in the interval 
0, _.1_] in a general situation. M.+t 
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1 

Se I ., ... 

1 

•+ I-.N,+1 
..,,.,,. + 3) 

Figure 1. Functions 91 and g2 in a genernl situation 

We note that the root. of the equation g(z) = 1, z E [0, u1-), is not of the form 
,...•+• 

Zo = ~' for all n EN• = {1,2, ... , }. Indeed, the equation g( :) = 1, for some n E JI•, 

n > M.+1 is equivalent to 

(21) '"' • + 2 i 2 II< ) M '"' • + 2 i-1 M.+1 •+2 ( ) • •+2 ( ) 
L-, . n - n n - n; - •+i L-, . n = --. 
i•O I i=J i=I I n 

The left hand side of equation (21) is an integer. On the other hand, since the right band 

side is not an integer, it follows that :r. 'f- !, for all n > M•+•· Let m = ma:r{n1 , ..• ,n.} 

and 

The main result of this S('Ction is stated next. 

Theorem 5.1. For •ll a 2:: 2 there i., a unique mode of ,r(Nl'D), fl, namely 

Proof. From Lemma 5.1, N = M.+1 if M.+1 = m. If m < M.+1, it follcnra from Lemma 

5.2 that exists n 0 E .N•, "• > 1, such that for n E .N•, · 

g( 1 ) { < l; n E JI•, n 2:: no, 

M•+i + n >, 1; n E .N•, n $ "• - 1. 

11 



that ia, n. = ne+i aod from 

( 1 )- K(M,+1+n) 
g - ' M.+1 +n K(M.+1 +n-1) 

n e >I*, 

it follow. that 

and 
K(M.+i + n.+1 -1) > J((M.+1 + "•+1) > l((M.+1 + n.+1 + 1) > .... 

Thus, ii= M.+1 + n•+• -1 is the unique mode of ,r(NIZ>). 
As a direct consequence of Theorem 5.1, we have 

Corollary 5.1. If M.+1 > m, then ii = M.+1 if and onlv if 

6, An Approximate Posterior Distribution · 

An alternative way of eliminating the nuisance parameter p is by maximization, by using the Laplace method for integrals (Tierney and I<adane, 1986). In the sequel we illustrate th"' implications of this approach to the estimation of N. Numerical studi~ which are reported below show that the approximation is very accurate for approximating posterior densities of the population size N. The prior density we consider for ( N, p) is given by 

(22) 1 -w(N,p) = ,r(pjN),r(N) = (N + l)2 • 

Notice that we are using a uniform prior (or p; that is, 

ir(p) = 1, 0 < Pi < 1, 

i = 1, .•. , •· Let p(N) be the maximum of the joint posterior density ,r(N, plZ>) for fixed N. It can be shown that p(N) = (n1/N, ... ,n./N)'. Furthermore, according to (4.1) 
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in Tierney an Kadanc (1986), it £ollows that the Laplace approximation £or the posterior 

density 0£ N i1 given by 

(23) 

where 

and 

(24) 11',(NIZ>)' = 11'(N, p(N)jZ>) OC {N - M.:.;!(N + 1)2 pl{~ )"'(l - ~ }N-·n,' 

'"" 
N ~ M.+i, which is obtained from the joint posterior distribution 11(N,plZ>) by replacing 

p for its maximum likelihood estimator ( with fixed N), p = ( j;J-, ••• , j;;- )'. After 901DC 

algebraic manipulations, it can be verified that 

(25) . 

From (23)-(25), it follows then that the Laplace approximation £or the marginal posterior 

distribution or N, is given by 

(26).,. (NID) ex N! rr• (~)n1+;/2(l- n;)N-n,+1/2 N > M 
£ (N - M•+t)!(N + 1)2 N i . 

1 
N N ' - •+l· ... 

Lemma 6.1. ·The poaterior mode N of WL(NIZ>) i., alway, finite. 

Proof. Notice that we may write the posterior density (26) as 

{27) 
· 1 (M'.41 -1) l 

"'L(NID)oc(l-N) ... (1- N ) t• .. ·-
(N + I)2N ,., ,.,- .... +•+• 

• • Il<t _ ~)N-t11+l/2, 

isl . 

From (27), it follows that i£ M.+1 < E:.1 n;, then as N - oo, 

'll'L(NID) _. 1.0.e-E;., "' = 0. 

On the other hand, if M,+1 = E:.1 n;, it follows from (27) that as N _. oo 

11'L(NID) _. 1.0.e- E; •. "' = 0. 

13 



Thua, in both cases, N < oo, which concludes the proor. 

In order to get an explicit expression for the posterior mode or the density {26), we 
derive first an apprOlcimate expression for it by using the Stirling apprOlcimation. 

Lemma 6.2. For mCHien&te &RJ large N, 

(28) (Nil>)" N! 
11' cx(N - M )1(N + 1)2N• fl~ (N)' •+I • 1•1 t11 

wlcre cic mean., approzimatel1 proportional to. 

Proof . . From (26) it_ follows that 

by using the Stirling approximation, which concludes the proof. 

Theorem 6.1. If M.+1 = ma.x{n1, ... ,n.}, then N = M.+1 i., the unique mode of the 
poaterior llenait11 {!8). 

Proof. Without lou of generality, we may assume that M•+I = "•· Since, fro~ (28), 

which implies that N = n. = M.+1, as was to be proved. 

We discuss now the case where Al.+1 > ma.x{n1, ... , n.}. Let 

and define the function 

• 
g(z) = (1- M.+iz)-1(1 + .x)-2(1 - z)• fi(l - n;z), 

i•l 

14 



z E [O, ___J_ ). It is clear that ihe posterior mode ii of (28) maximizes K(N). Further, it 
Jf---;.:i 

may be checked that 

(
_ l _ ) _ J;(N + 1) 

g N+l - K(N) ' 

The proof of the next lemma parallels that of the Lemma 5.2 and is there£ore ommited. 

Lemma 6.3, If M.+t > maz{n1, ... ,n.}, then the eq,aationg(z) = 1 "4, only one nonn.Zl 

root :r. in the interval (0, ___.l_), For z E (O,:r.), g(:r) < 1 ani../or :r E (z., 1/M.+1), 
M;+a 

g(:r) > 1. . 

• 
"•+t = min{n E N•;(Ma+1+n-1)• Il(M.+t+n-ni) < n(M.+1 +n+1)2(Ma+1+n),._1

). 

i=I 

Theorem 6.2. For all a :? 2 i/ M.+1 = m, then the uniiue mode of {!8) i., N = m. 

Othenoi.te, i/ Me-+J > m, v,e la1111e t1110 7ouibilitiea: 

{i) i/ 

• 
(Ma+1+n.+1-2t IJ(M.+i+n.+1-l-ni) > (n.+1-l)(M.+1+n.+1)2(M.+i+n.+1-1)2

•-
3

, 

isl 

then, the unique mode of {18) i., ii= M.+1 + "•+t - l; 

(ii) i/ 

• 
(M.+1+n.+1 -2t Il(.M.-+1+n.+1-l-n;) = (n.+1-l)(M.+1+n.+1)2 (M.+1+na+1-1)2

•-
1

, 

i=l 

then, (18) lau tv,o modea, N = M.+1 + n.+1 - 1 and 1V = M.+1 + "•+i - 2. 

Proof. H M.+1 = m, it follows from Theore,:i 6.1 that 1V = m. H M.+1 > m, it follows 

&om Lemma 6.3 that there exists "• e N•, such that 

1 { < 1, n e N•, n:? n. 
g( M ) :? 1, n = n. - 1 (n. - 1 EN•) 

•+1 + n > 1, n EN·, n < n. - 1. 

Thus, 

"• = min{n E N•;g( M 
1 

) < 1} = min{n e JI•; 
•+I +n , 

• 
(M.+1 + n -1)• Il(Ma+t +n -ni) < n(.M.+1 + n + 1)2(.U.+t + n)2

•-
1
), 

i•J 
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that is, n. = n.+1 and assuming that condition (i) is satisfied we have that 

Moreover, since 

it fo11owa that 

1111d 
K(M•+I + n•+I -1) > K(M.+ 1 + n.+1) > K(M•+i + n•+l + 1) > ... , 

which implies that the unique mode of (28) is · 

On the other hand, assuming that condition (ii) is satisfied, we have 

Furthermore, from the fact that 

it follows that 

and 
K(M.+1 + n•+l -1) > K(M.+1 + n.+1) > K(M•+i + n.♦1 + 1) > ... 1 

which implies that the two modes of (28) are given by 

10 that the proof is now complete. 

Computing programs (very short) can easily be written to compute the Bayes estima­tors that follows from Theorems 5.1 and 6.2. As the numerical results that follow show, the Laplace approximation given in Theorem 6.2 is very accurate. 
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Numerical Illustration 1. In this application, we con.sider t.he sunfish data that appears 

in Castledine (1981). For this population, a ='14 capture-recaptures were pedormed. The 

number of animals captured in each of the 8!l.lllples ( n,) were: 10,27,17, 7,1,5,6,15,9,18,16,5, 

7,19. For this exeeriment, M.+1=122. Using Theorem 5.1, it follows that the Bayea 

estimator of N is N =206. The Laplace appl'Oltimation given in Theorem 6.2 yields exactl7 

the same estimator. 

Numerical Illustration 2. In this illustration, we consider several dift'erent situations. 

The results are recorded in Table 1 below. 

Table 1. Examples of Poster:or modes from Theorems 5.1 and 8.2 

(n11 ••• ,n.) 
(40,60,30) 
(40,60) 
(1,5,8) 
(40,60,80) 
(3,3,4,4,5) 
(15,20,25,30,50) 

M•+t 
130;128 
100;90 
14;12 
180;179 
19;17 
140;130 

N from Theorem 5.1 
1196;722 
698;196 
23;15 
2241;1863 
35;26 
1181;468 
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