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University of Sao Paulo, Brasil.• 

l. INTRODUCTION 

Let {X(n), n•o.~1.~z •••• } be a strictly stationary sequence with 

zero mean and covariance function R(k)•E{X(n)X(n+k):. 

For N•Zt. t>O integer~ let 

(1) 

be the finite Walsh - Fourier .transform of the values -X(Q)-, •••• 

X(N-1). where {W(n,A). n•0,1,2, • .-·., 0<A<l} .- 1s the orthor.ot::-:._a.1 systen . ' . . -. ... , . 

0£ Walsh· functions. For the difini dons, notations and FOfe-'!"t::.es .con-
,. 

cerned with this system we refer., to the papers by Fine rl9~S. 1950, 

1957), Morettin (1974b, 1980) and Kohn (1980a, .1980b). 

Our purpose is to prove a central limit theorem for c\(~). Some 

previous results were derived by Morettin (1973, 19-4a) an:. 

(1980a). 

Let 

be the logical covariance (Robinson (l..972), Kohn · (1980a)) • 

It follows that E{dN(A)}•O and 

. N-1 N-1 
~ov{¾(>.), ¾(ll)} •~ t t W(j ,l)W(k,µ) Cov{X(j) ,X(k): 
. . j•0 k•0 

Kohn 

( 2 j 
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N-1 
• N-l t W(j,A) W(k,µ) R(j-k) 

j,k•O 

It follows that the variance pf ¾(A) is 

N-1 
Var{~(A)}=N-1 _ r W(j®k,l) R(j-k) 

J ,k•O . . 

N-1 
• N-l t R(j@k-k) W(j , A) 

j ,k•O 

and using (2) we hav◄e that 

If we .further assume that 

then Var{dN(A)} converges to 

which we call the ~a l sh - Fourier snectrun of 

We now state 

(3) 

( 4) 

( 5) 

(6) . 

{X(n),n=.O . ~l .... ;. 

Assumption 1 [Kohn (1980a)] : lim r. n(l-ill)IR ( j)I<"'. 
n-+-"' ' j 1 < 2 2n 

It is easy to see that if Assumption 1 holds, then ( S ) f JL::,·;; 

and the spectrum f().) is well defined. 

Let Mn be the a-algebra generated by {X(j); j~n·:· anc. put 

Assuming that M_~ is trivial and that ! ~-<~, Kohn (1980a) pr~ 
j a:Q J 

ves a central limit theorem for ~ 0.). The proof consists in acap-

ting the proof of a central limit theorem for time series regression 
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due to Hannan (1973), which is complex. 

· As mentioned by HaJman (1973). it is possible to relax the con­

ditions t I a(j) I<•, if we require C<(n)} to have higher :rooments. Fol­

lowing this line, we impose a further assumption and derive the sa­

me result of Kohn (.1980a), the proof being considerably simpler. 

2. THE CENTRAL LIMIT THEOREM 

Le't the cumulant of order r of X(n) be denoted by 

( 7) 

for j 1 ,. •. , . jr' j•0,_!1, ..• , and in asymmetric notation, 

C (j 1' .... . • j 1) •C (j 1 • ••• • j l' 0) • ( 8) r r- r r-

Assumption 2 • I . . . · : IC (. .. . ) I . "'o .· -o r J1•·••; J 1 <ao, J1 -'r-1 r-
(9) 

Under this assunpti.on, values of th·e sequence Kell separatec :.;1 

time are weakly dependent; it is a form of "mixing" condition. 

Lemma P4.S of Brillinger (1975, p.403), plus t~e fact that c:l 

cumulants of order greater than t\\o are zero for a normal dis:r:.­

bution, will be used to prove the central limit theorem that fc :­

lows. 

Theorem 1. Suppose Assumptions 1 and 2 hold. Then d~(\) converges 

in distribution to a Yariable with distribution /((0,£()..)), 

f(A) is given bi (6). 

Proof. We begin by noting that E{~(A)}=O and Var{¾(A) }~f(A) ,\d: :.: :i 

N-+m, hence the first and second-order cumulants behave in the 

...... 
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manner required by the theorem. 

Now, 

N-1 N-1 
• N-r/2 E ••• E W(j

1
,l

1
) ••• W(j ,). )cum{X(j

1
). ••• ,X(j ): 

j •O j •O r r r 
1 r 

• N-r/2 N;l. N-lC (. . )W(. ) •··(. ) 
,. • • • t J 1' ••• 'J 1 J 1 '). 1 ' •• ,\ J 'X • 

j •O j .. 0 r r- r r 
1 r 

Hence, 

-r/Z+l N-1 N-1 
lcun{,L().1),.,.,cl(A )} i~N r .•. r le (j

1 
•••.• j _

1
) 1 

'""N ~r J·-o. ,..0 r r 
. 1 Jr-1 

and by Assumption 2 ·the cumulant in question is of order O(X-r/:+l) 

and therefore tends ta zero, as X+a.1, if r>2. By the abo,·e oentic-.e.:: 

lemma, the theorem is proved. 

Remarks. a) For A•O we have a central limit theorer:: for the tl-.-= ·.-:.= .. -

N-1 
riable YN=N-l/Z I: X(n): YN .... J((Q,f(O)}, as X-+oc:, Kith f(O)=: -:(:. 

n•O jsO 

b) In contrast to the trigonometric case, the finite ~alsh-Four~er 

transforms are not necessarily asymptotic indepen.dent. For detai :"'. 

see Kohn (1980a). 

c) The theorem holds for "frequencies" ) j (!\) which depend on N, ::: r 

example, of the form >-/N) =j /N, in 5uch a way that >-/X)~._ ... o. 
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