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Abstract. For a locally compact Hausdorff space K and a real Banach-lattice X
let Co(K, X) denote the Banach lattice of all X-valued continuous functions vanishing at
infinity, endowed with the supremum norm.

We refine some Banach space results due to Cambern to the setting of Banach lattices
to prove that if there is a Banach-lattice isomorphism 7' from Cy (K, X) onto Co(S, X)
satisfying

I ) < AT (X),

then K and S are homeomorphic, where
AT(X) = inf{max{||lz — y|. ||z + yl} : 2] = [lyll = 1 and 2,y > 0}.

This result is optimal for the classical I, spaces, 1 < p < oco.

1. Introduction. In this paper we use the standard terminology and
notation of Banach lattice and Banach space theory, as may be found, e.g.,
in [I, 2, [7, 15]. When K is a compact Hausdorff space, the Banach lattice
Co(K,X) will be denoted by C(K, X). If X = R these spaces will also be
denoted by Cy(K) and C(K) respectively. Throughout this paper all Banach
lattices are assumed to be real.

In 1947 Kaplansky [14] proved that as a lattice alone, C(K) deter-
mines the topology of K. More precisely, if there is a lattice isomorphism
T:C(K)— C(5), that is, T(f Vg) =TfVTg for all f,g € C(K), then K
and S are homeomorphic.

It is well-known that there exists no natural extension of Kaplansky’s
theorem to C'(K, X) spaces without additional hypotheses on the operator
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T even in the case where T is a Banach-lattice isomorphism and X is 13,
the two-dimensional abstract Li-space. Indeed, l% is isometric to 12, the
real space R? endowed with the supremum norm. On the other hand, there
are non-homeomorphic compact Hausdorff spaces K7 and K5 such that the
topological sums K7 @ K; and Ky @ Ko are homeomorphic [10]. Then we
have the following chain of isometric Banach-lattice isomorphisms:

C(K1,13) =2 C(Ky,1%) =2 C(K, 0 K,) 2 C(Ky ® Ko)
= C(Ka, 13,) = C(Kay, ).
So, the motivation of this paper is the following natural question.

PROBLEM 1.1. When does a Banach-lattice isomorphism T of Cy(K, X)
spaces determine the locally compact spaces K ?

We begin by noticing that very recently [5] a vector-valued generalization
of the classical Banach—Stone theorem was proved which gives a partial
answer to the above question. To state it, recall the following parameter
introduced by Schéffer [9] 19] for Banach spaces X:

(1.1) AX) = inf{max{||z =yl [l + yl[} : lz]| = lyll = 1}.

THEOREM 1.2. Let K and S be locally compact Hausdorff spaces and
X a real Banach space. If there is a Banach-space isomorphism T from
Co(K, X)) onto Cy(S, X) satisfying

ITIHIT = < A,
then K and S are homeomorphic.

In view of Theorem and Problem we are led to the following
question. If 7" is actually a Banach-lattice isomorphism from Cy(K, X) onto
Co(S, X), how much the distortion |T|| |7} in Theorem can be in-
creased without affecting the validity of this result?

In order to answer this question it is convenient to introduce another
parameter defined for every Banach lattice X:

AH(X) = inf{max{||z — y|, [l + ylI} : [l2]| = |yl = 1 and 2,y > 0}.
First, notice that A\(X) < AT (X) for every Banach lattice X. Moreover,
while

Alp) = min{2'/7 2'71/P} 1 <p< oo
(see [9, Theorem 3.1]), it is easy to check that A\*(l,) = 21/7 for 1 < p < oo.
Hence, for any 1 < p < 2,
Alp) < AT(1).
Thus, the main result of the present work is the following improvement of
Theorem in the case where T is a Banach lattice isomorphism.
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THEOREM 1.3. Let K and S be locally compact Hausdorff spaces and X
a Banach lattice. If there is a Banach-lattice isomorphism T from Cy(K, X)
onto Co(S, X) satisfying

ITITH < A (X),
then K and S are homeomorphic.

We stress that in the case where X = ¢, for 1 < p < oo, AT(X) is the
best possible bound in Theorem Indeed, let K = {1,2} and S = {1} be
two discrete compact Hausdorff spaces. Define T': C(K, X) — C(S,X) by

(1.2) T((#n)nen, (Yn)nen) = (21,91, 22,2, - - -)-
It is easy to see that T is a Banach-lattice isomorphism from Cp(K, X)
onto Cy(S, X) satisfying ||| |7~ = 2/P. But of course K and S are not
homeomorphic.

Theorem has the following consequence when the target space X is
an abstract L,-space for some 1 < p < oo, that is, ||z + p||P = ||z||” + [Jy[|?
for all z,y € X such that z Ay = 0.

COROLLARY 1.4. Let K and S be locally compact Hausdorff spaces and
X be an abstract L,-space. If there is a Banach-lattice isomorphism T from
Co(K, X) onto Cy(S, X) satisfying
TN~ < 27,
then K and S are homeomorphic.

Proof. It is easy to seen that A*(X) = 2!/P. Therefore, by Theorem
we are done. m

In order to prove Theorem we need to refine Banach-space techniques
employed in [4] to the Banach-lattice setting. In that paper Cambern ob-
tained the first vector-valued extension of the Banach—Stone theorem for
Co(K, X) spaces, where X is a finite-dimensional Hilbert space and the
isomorphisms 7' between these spaces satisfy ||| |77 < v/2.

The main task of this work is to show how to improve the techniques de-
veloped by Cambern in the case where the Cy(K, X) spaces are Banach lat-
tices and T is a Banach-lattice isomorphism satisfying ||T|| |T7!]| < AT(X).
It is worth mentioning that Banach lattices X with A*(X) > 1 enjoy ge-
ometrical properties which are often used throughout all the refinement of
the results of [4] obtained here.

2. On representing measures of positive operators on Cy(K, X)
spaces. In this section we collect some auxiliary results that we use in the
proof of our theorems. Let X be a Banach lattice. The positive cone of X is
the norm-closed set Cx = {x € X : & > 0}. We use the notations By and
S for the sets {z € Cx : ||lz|| < 1} and {z € Cx : ||z|| = 1}, respectively.
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An operator L between Banach lattices X and Y is said to be positive if
L(Cx) C Cy.

If X is a Banach space then we denote by rcabv (K, X) the Banach space
of all regular countably additive X-valued vector measures defined on Y,
the Borel o-algebra of K, endowed with the total variation norm. Moreover,
for all Banach space Y, we denote by B(X,Y) the Banach space of all
continuous linear operators from X to Y. When X =Y, we write B(X)
instead of B(X, X).

A well-known theorem of Dinculeanu [6] states that if L: Co(K, X) = Y
is a continuous operator, there exists a unique measure m: X — B(X, Y ™)
satisfying

(1) L(f) = fdm for all f € Cy(K, X);

(2) L*(y*) = my~ € rcabv(K, X™*) for each y* € Y* where my: Y — X*
is defined as my«(A)(x) = (m(A)(z),y*);

(3) ||L|| = m(K), where m(-) denotes total semivariation.

The integral above is in the sense of [6]. The measure m is called the repre-
senting measure of L.

Recall that a measure m: A — B(X,Y) is said to be positive whenever
m(A): X — Y is a positive operator for all A € A. Riesz’s representation
theorem [I8, Theorem 6.19] establishes a correspondence between positive
functionals on Cy(K') and the set of positive Radon measures defined on Y.
Singer’s representation theorem [20] gives an analogous correspondence be-
tween functionals on Cy (K, X) and the Banach space rcabv (K, X*). See also
[11] for a simple proof of Theorem [2.1) when K is a compact space.

THEOREM 2.1. There is an isometric isomorphism between Cy(K, X)*
and the Banach space rcabv(K, X*), where the functional U € Cy(K, X)*
and the corresponding measure | € rcabv(K, X*) are related by the formula

Uf =\ fdu, VfeCo(K, X),
K
with the integral being the immediate integral of Dinculeanu [6].
By using Riesz’s representation theorem and following the proof of The-

orem given in [I6] we obtain the proof of the lemma below, which will
be useful later on.

LEMMA 2.2. Let K be a locally compact Hausdorff spaces, and let X and
Y be Banach lattices. Suppose that L: Co(K,X) — Y is a positive operator.
Then the representing measure of L is positive.

3. A set-valued map induced by Cy(K, X) Banach-lattice isomor-
phisms. Henceforward K and S will be two locally compact spaces and X
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a Banach lattice such that there exists a Banach-lattice isomorphism 7" from
Co(K, X) onto Cy(S, X) satisfying the hypothesis of Theorem [1.3

In this section we introduce a set-valued map which will play an impor-
tant role in obtaining the homeomorphism between K and S.

First of all notice that the hypothesis |T|| [T} < AT(X) implies that
AT(X) > 1. On the other hand, it is easy to check that A*(cy) = 1. Thus,
X contains no copy of cg.

Let Ts: Co(K,X) — X for s € S fixed be defined by

According to Lemma T is a positive measure, and since X contains no
copy of ¢g, by [3l Theorem 4.4] and [I7, Theorem 13|, Ty assumes its values
in B(X). Then, for fixed k € K, e € S§ and 0 < r < 1 we set

Oe(k,e,T,8) = {s € S |ITs({k})(e)l| = /I T~}
Analogously, pick k € K and define T}, *: Co(S, X) — X by

T (g) = T g(k).
ForallsES,eES? and 0 < r < 1 we also set
Q(s,e, T 1K) = {k € K : T ({s) ()| = /IT]l}.

In the two next sections we will provide some properties of the sets
2, (k,e,T,S).

4. 2.(k,e,T,S) is non-empty for all k € K, e € S}’E and r. The
purpose of this section is to show that the set-valued map introduced in the
previous section is well-defined, that is, it always assumes non-empty values.
We begin by fixing some notation.

Pick k € K. It is easy to see that there are a fundamental system {U; }ier,
of neighborhoods of k and a net (f;)icr, in Co(K) satisfying

(1) Iy is a partially ordered set;
) 0< fi <1, fz(k}) =1and fz(K\Uz) =0 for all 7 € Ij;

) UiQ C Ui1 and fi2 < fil when i1 < is;

) if 41,...,i, € Iy then there is an ¢ € I such that ¢, < i for each
t=1,...,n.

We will write {U;, fi}ier, <> {k} to indicate that the above conditions are
satisfied.

Next denote by d; the Dirac measure at k and observe that any vector
measure m: X — B(X,Y) can be written as m = L - §; + n, where L €
B(X,Y) and n({k}) = 0. Recall that a vector measure m: Xx — B(X,Y)
is said to be wvariationally regular if given € > 0 and A € Yk there is a
compact set C' C A and an open set U D A such that m(U \ C) < e.

(2
(3
(4
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Furthermore, recall that an X-valued function is called totally mensu-
rable if it is the uniform limit of a sequence of X-valued simple functions.
The proof of the following lemma is straightforward.

LEMMA 4.1. Suppose that m: X — B(X,Y) is a variationally regular
measure that has bounded semivariation. Let k € K and {U;}ier be a fun-
damental system of open neighborhoods of k. Let f; be an X -valued, totally
mensurable function satisfying fi(K \ U;) =0, ||fil| = 1, and fi(k) = e for
all i € I, where ||e|]| = 1. Then

m({k})(e) = lim | f; dm.
'K
Now for all f € Cy(K,X) and € > 0 we set

K(f,e) :=={ke K:|f(k)| = ¢}
PROPOSITION 4.2. Ifk € K, e € S¥ and 0 < r < 1 then 2,(k,e,T,S)
# 0 and
(4.1) ek, e, T,8) = [\ K(T(fi - e), r/IT 7).
i€l

Proof. Firstly we will show

(4.2) () K(T(fi-e),r/ I TH]) # 0.

i€l
We will prove that the collection {IC(T'(fi - e),7/|T ) : i € I} has the
finite intersection property. Let i1,...,%, € I} and define h = mini<;<y, fi,.

So, fi,re>h-eforallt=1,...,n and

n

(VKT (fi, - e)s v/ ITH) D K(T(h-e), r/|T7H]) # 0,

t=1

because ||h-e| = ||h]| =1 > r and |T(h-e)|| >1/|T~Y| > »/||T~!]. Hence
by compactness we deduce
Now we will prove ([4.1]). Indeed let s € MN;ep, K(T(fi-e),7/|IT7|). Then

IT(fi - e)(s)ll = /I T~

for every ¢ € Ij. By [3, Theorem 5.1 and p. 156] the measure T is variation-
ally regular. So, Lemma [£.1] implies that

(4.3) T({k}(e) = lim T(f; - €)(s)

in the norm topology. Thus

ITs({EN @) = /1T,
that is, s € 2,(k,e, T, S).
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Conversely, if s € £2,(k,e, T, S) then
ITs({kD )] = /1T
Since T is a positive measure, by [2, p. 182] there is ¢ € S¥. such that
(Ts({k})(€) = r/IT7H.
Therefore by Lemma, and (4.3) we have

W(IL:({k})(e) = Lim O(T(fi - €)(s)) = Lim T"(p - 05)(fi - €)

= (e, T"(¢ - 65)({k}))-
Write T%(¢ - 65) = ¢ - 0 + v, where ¢ € X* and v € rcabv(K, X*) satisfies
v({k}) = 0. By Lemma T*(1 - §5) is a positive measure. Consequently,
¢ =T*(-05)({k}) € X* is positive and v is a positive measure. Hence for
any ¢ € I,
T (¢ - 6)(fi-€) = (¢ 0p)(fi- €) +v(fi-e) = (e,0) + v(fi-€)
> (e, ¢) = (e, T* (- 6;)({k})) = r/IIT].

Consequently,

IT(fi - e)(s)l = (T (fi - e)(s)) = T (v 85)(fi - e) = /[T~

for all i € Iy. Thus, s € N,y K(T(fi - e€), r/||T]]), and the proposition is
proved. =

i€},

5. 2.(k,e,T,S) is finite for all k € K, e € S;Q and r close to 1. In
this section we show that (2.(k,e,T,S) is finite for all k € K and e € S}
provided that r satisfies

(5.1) ITIT=HI/AF(X) <r <1

We start by recalling a property of the parameter A(X) obtained in [5],
Proposition 5.1] for all Banach spaces X. We restate it for the parameter
AT (X) for all Banach lattices X.

LEMMA 5.1. Let X be a Banach lattice. Let m € N and d > 0. Suppose
that x1,...,xom € Cx satisfy ||z¢]| > d for all 1 <t < 2™. Then there are
a,...,agm € R with |a;| <1 for 1 <t < 2™ such that

IS ] = ant ()
t=1

Proof. The result is easily established for m = 1. So, assume that it
holds for any 1 < ¢t < m and let x1,...,2om+1 be vectors in C'x such that
|2p|| > d for 1 < p < 2mFL We can find scalars 31, ..., Bm, ..., Bymt1 with
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1Bp] <1 for 1 <p< 2™t satisfying

om 2m+l
My = HZ\BP\J;,,H > dA\H(X)™ and My = H > |Bp\po > dAT(X)™
p=1 p=2m41
Let
1 — N
v =3 2 Bl and y=ge 30 (Bl
1 p=1 2 p=2m+1

Notice that z,y € S;g. By the case m = 1 there exist b1,by € R with
|b1], |b2] < 1 such that

(5.2) b1z + boy|| > dAT(X).
By setting My = min{ M, My} we have My > dA\T(X)™, and (5.2) implies
om 2m+1
b1 My ba My
Z M |Bplzp + W’ﬁp’% 2 d)‘+(X)m+1-
p=1 ! p=2m+1 2
The conclusion follows by taking
b1 M
Solgl if1<p<om,
1
ap =
bo M|
?\4 018, if2m4+1<p<2mtl a
2

PROPOSITION 5.2. Ifke K, e€ S;} and r satisfies (5.1)) then £2,(k,e, T, 5)
18 finite.

Proof. Assume that {U;, f;}icr, ¢ {k} and let s € £2,.(k,e,T,S). Take
a non-negative gs € Cp(.S) such that

9s(s) = llgs < /1T
Consider G := g5 - e € Cy(S, X). Notice that G5 > 0 and
IGs()l = /T > r/IT7H.

Therefore Lemma and (4.1)) imply that for each i € I} there are a;,b; € R
with |a;],|b;| < 1 such that

laiT(fi - €)(s) + b:Gs(s)]| = rAH(X)/IITH].
So,
laiT(f; - €) + biGoll = T (fi - €)(s) + biGia(s) | = rA* (X)/ T
Hence for each i € I,
lai(fi - e) + 0T~ HGs)|| > rAH (X)/ATIHIT ) > 1.

Let W; = {k' € K : fi(K') # 0} for i € I;. Observe that {W;},cy, is a
fundamental system of open neighborhoods of k£ because W; is open and
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W; C U;. Moreover, since ||T~1(Gs)|| < 1, if i € I, then for some k; € W},
IT~H(Ge)(k:)l| = 6, where 6 :=rA*(X)/(ITIIT~]) =1 > 0.

From the continuity of T~!(Gs), we obtain

(5.3) IT~H(Gs) (k)| > 6.

Now assume that §2,(k,e, T, S) is infinite. Let s1,...,s9m € 2,(k,e, T, S)
and let Vi,...,Vom be disjoint open subsets of S such that s, € V, for
p=1,...,2" For each p =1,...,2™ let g5, € Co(S5) be non-negative with

iy (57) = g, | = 1/ITT and ., (S\V;) =0,
If G, = gs, - € then by (5.3) and Lemma there are aq,...,asm € R with
lap| <1 for 1 < p < 2™ satisfying

(5.4) HfjapT%Gp)(k)H > AT (X)™
p=1

On the other hand,

oo < S oric] < (En)] 2
p=1 p=1 p=1
This is impossible by (5.4). So, 2,(k,e, T, S) must be finite. m

6. Two auxiliary maps p and 7. In order to define two maps p and
7 which will be used to establish a homeomorphism between K and S, we
need to introduce some new sets. From now on we assume that r satisfies

inequality . We set
2, = U 2.(k,e,T,S) and Ag= U Q.(s,e,T71 K),
e€S% e€S%
for k € K and s € S. We also set
0= U 2, and A= UAS.
kEK s€S

From Proposition we know that 2, # 0 for all k € K, and As # 0 for
all s € S.

Let p: 2 — K be defined by p(s) = k if and only if s € 2. Analogously,
let 7: A — S be defined by 7(k) = s if and only if k¥ € As. The next
proposition shows that p and 7 are well-defined.

PROPOSITION 6.1. Let ki,ky € K. If ky 75 ko, then le N Qk2 = 0.
Moreover, if s1,89 € S are distinct, then As, N Ag, = 0.

Proof. Suppose that there is s € 2, N £2,. Then for some e1,es € S¥
we have s € (2,(k1,e1,T,S)N 2. (ka,e2,T,S). By the definition of these sets
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we see that
ITs (ki) (e)ll = r/IT7H and (| To({k2})(e2) | = /T
By Lemma there exist a1, as € R with |ai], |ag| < 1 such that
lar Ts({k1}) (ex) + a2 Ts({k2}) (e2) || = AT (X) /T 7.

On the other hand, from definition of semivariation we have

|71 2 1Tl = a1 Ts({k1}) (e2) + aaTs({ka})(e2) | = rA*(X) /T,
which contradicts (5.1). The “moreover” part follows in the same way. =

7. The maps p: 2 - K and 7: A — S are injective. In this sec-

tion we will prove that the maps p and 7 defined above are injective maps
(Proposition |7.5)). We begin with the following observation.

REMARK 7.1. Let k€ K and e € S}. If s € S satisfies
ITs({E}) ()l = ||Em T (f; - e)(s)

for {U;, fi}ier, <> {k} then s belongs to the finite set (2,(k, e, T,.S). So,
Lm T(f; - e)(s')

)

>/ 77|

sup
s'eS

exists and it is attained at some point in £2,(k,e, T, S).

In order to justify injectivity of p and 7 we prove the following proposi-
tion.

PROPOSITION 7.2. Let s € S and {U;, fi}icr, <> {k} be such that

i T(f; - €)(')]| = |[im T(f; - €)(5)

)

sup
s'es

’

and set

w= BT o))/
If {Vj,gj}jcs, <> {s} then for each k' € K\ {k} we have

hmT (fi-e H

lim 7 (g; - w)(K)| < I77"11/2.

Proof. Assume that there is some k' # k satisfying
lim T~ (g; - w)(K)|| > IT7H/2.
J

Let ¢ = lim; T~ !(g; - u)(k") and pick some 1 € Sx~ such that (c,%) = |c|.
By Theorem [2.1] we can write

(TH*( ) = ¢+ 05+,
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where ¢ € X* and 7 € rcabv(S, X*) satisfies n({s}) = 0. Thus,
lell = (e ) = tim (T (g; - w)(K), ) = Lim (T7)" (- 1) (g5 - )

=lim | g; - wd(T™")* (¢ - p) = (u, ).
s

This implies that ||¢|| > ||c|| > ||T||/2 since |Ju|| = 1. So,
[0l = 1T @ - )l = llgll < I1T7H = llell < |1 77H/2.
Let v = lim; T'(f; - e)(s). Then u = v/||v|| and we have
m (T'(fi - €)(5), ¢) = (|[vllu, @) = [v]} |-
Since | T~ — ||| < |le||, we can choose € > 0 such that
(7.1) (vl + )T = llell) < (ol = &)llel]-
Let 2,(k,e,T,S) ={s,s1,...,54} and write

q
=Y ¢ 0 +m

t=1
where ¢, € X*, 1 <t < ¢, and m € rcabv(S, X*) satisfies m({s}) = m({s:})
= 0 for 1 <t < q. By the choice of s, there is i1 € I such that if i > ¢; then
(7.2) (T(fi-e)(s), o) > ([[oll = e)llell,
(7.3) (T(fi-e)(se), on)| < (vl +e)ll¢e]| for 1<t <gq.

Note that |m|(£2.(k,e,T,S)) = 0, so by the regularity of m there exists a
compact subset H of S\ £2.(k,e,T,S) such that

(7.4) |m|(S\ H) < (ol +& = /|7~ D ml/IT]-

Since H is compact and HN 2,(k,e, T, S) = (), inequality (4.1)) implies that
there are i},...,1i, € I} satisfying

HOK(T(fy,-e), r/ITH) N0 K(T(fiy, - e), r/ITH]) = 0.
Let iy € I}, be such that iy > i;) for 1 < p < n. Then f;, < f% for any
1 < p < n, and by positivity of T we have
K(T(fiy-e), r/IIT7H) € K(T(fi-e), /IO -0 (fir,-e), v/ ITH]).
Therefore
HOK(T(fi-e), r/|IT7H) =0
for every i > ip. That is,

(7.5) |T(fi-e)(s)|| <r/|T7'| for each s’ € H.

Next, we can choose iy € I such that ig > i1, ig > i and k' ¢ U; for all
1 > 9. Thus if 7 > iy then
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S
S
=T ) (&85 + 3| T(fiv ) d(n-35)
s S
+

S\H H
(T(fi - e)(s),0) + D _(T(fi - €)(s0), b)
t=1
+ S (fi )dm"_s (fi-e)

S\H H

Now, for i > iy inequality ([7.2]) shows that the modulus of the first term
on the right is greater than (||v]| — ¢)||¢||. On the other hand, combining
(7.3)—(7.5) we see that the modulus of the remaining terms is less than

q
T T
(ol + &) |¢t||+<||v||+e—_ )|m|+_ |m]
2 ] ]

t=1
= (ol + &)l nl < (lloll + &) (1T~ = llel),
which contradicts (7.1]). =

REMARK 7.3. Let k € K, s € S, u € S and {V},g;}jes. be as in the
statement of Proposition Then

[im T ;- w0 | = /1171

Indeed, by Proposition we have 2,(s,u, T~ K) # (). So, we have ko €
2.(s,u, T~ K) for some ko € K, that is,

175, {sH @l = [im T (g, - w) (ko) | = /1T
On the other hand, if ky # k then Proposition would imply that
i T (g - w) (ko) | < I7/2,

which is impossible since
IT=HI/2 < 1T HI/AHX) < /T
PROPOSITION 7.4. If ke K and s € S then s € (2 if and only if k € As.

Proof. Suppose that s € 2, but k € As. Then there exists e € S}; such
that s € 2,(k,e,T,S). Let ko € £2,(s,e,T~1, K) be such that

SuthmT (gj-€) H
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is attained at kg. Let b € S;Q be defined as
b=Tim T (g; - ) (ko) /||lim T~ (g, - €) (ko)
J J

By Proposition and Remark (applied to T~! instead of T) it follows
that if {Uz/, fz'/}iéfko < {ko} then

imT(s o)) < ITl/2  for 8 € 5\ {s}
and
(7.6) IT (ko) = [tim T - 0)s) | = /1T
Observe that kg # k. Now since s € £2,(k, e, T, S) we have
(7.7) IT (kD) = [lmT (i e)s)| = /0T

In view of ([7.6)) and ([7.7) and Lemma |5.1| there are a1, a2 € R with |a1], |ag|
< 1 such that

llar T ({ko }) (b) + asTs({E}) (e)l| = rA* () /| T7H]-
By using the definition of semivariation we have
Il > |1 Tll > llarTs({ko}) (0) + a2 Ts({k})(e)l| = rX " (X) /T,
which is absurd by . So, s € (2 implies that k € A,. Similarly, k € A
implies s € (2. =
Now we are in a position to prove the main result of this section.

PROPOSITION 7.5. The maps p: 2 — K and 7: A — S are injective.
Moreover, 2 =85 and A = K.

Proof. Let k € K be such that p(s1) = p(s2) = k for some s1, s2 € £2. By
definition of p we have s1,s9 € (2. Suppose that s; # so. By Proposition
[7.4] we infer that k € A, N A,,, but this contradicts Proposition The
same argument shows that 7 is injective.

Now, let s € S. Then there is k € K such that 7(k) = s. The definition
of 7 implies that k € A,. By Proposition[7.4] we have s € (2. So, s € 2 and
we conclude that 2 = S. Analogously we see that A = K. u

8. The proof of the main theorem. Finally, we are ready to prove
Theorem By Propositions and we infer that p: S — K and
7: K — S are bijective. Notice also that if s € S and p(s) = k then s € (X,
and Proposition implies k € A, that is, 7(k) = s. So, p = 77! and
therefore the next proposition completes the proof of Theorem

PROPOSITION 8.1. p: S — K is a homeomorphism.
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Proof. We will prove that p is continuous. Let s € S. Take a net (s,)yer
converging to s and assume that p(sy) = k, does not converge to k = p(s).
Then there is a compact neighborhood V of k such that for all v € I', there
exists v > o with ky € V. Let h > 0 be given. Since p(s) = k, for some
be S} we have

I (DO = |Jim T(f - €)5)|| = 7/IT ] > (0 = m/IT,
where {U;, fitier, <> {k}. Thus there is ig € I}, such that for ¢ > i,
IT(fi - b)) > (r = B)/IITHI.
Let 7; > 99 be such that k € U;; C V and
IT(fir - 0)(s)I| > (r = B)/IIT7H.

From the convergence of (sy),er to s, we can find 75, € I' such that if
v > 7, then

IT(fir - )(s)ll > (r = W)/ T
Fix v > ~;, satisfying
(8.1) IT(fir - b)(s)ll > (r = W)/IT7H|

and k, ¢ V. Let V3 be an open subset of K with k, € Vo and VaNV = 0.
Now, we know that p(s,) = k., thus there is b, € S5 such that

I, ({0 = [l TS b) ()| = 70T > (= /|7,
where {U], fi'}iejkW <+ {ky}. Hence for some iy € Iy, if i > iy then

IT(f] - by) ()] > (r = B) /T
Take i3 > iy with &k, € U], C V2 and
(8.2) IT(f7, - bs)(s)ll > (r = W)/IIT .

In view of (8.1) and (8.2), by Lemma there exist 81,82 € R with
181],182] <1 such that

(r = WATX)/NT™H < BT (fiy - 0)(s9) + B2T(f, - by)(s4)].
Since || fi, || = Ifi,I| = 1 and fi, - f{, = 0, we have
1B1(fir - &) + B2(fi, - byl < 1.
Thus
(r = WATCO/NTH < BT (fir - b)(54) + BT (f7, - b) (54|
< | T(Bi(fiy - b) + Ba(fiy - b)) < (|7
When h — 0, we obtain
|71 = rA*(O/IT7HI,
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which contradicts (5.1]). This proves the continuity of p, and the continuity
of 7 follows similarly. =
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