





In spite of this multitude of applications of the GEE method, certain types of data are not
easily analysed by these methods. We propose an extension based on the class of dispersion
models (Jprgensen, 1997a,b) that caters for many different types of non-normal distributions
outside the class of natural exponential families, such as for example models for angles and
proportions. The main idea is to replace the score function (Y — p)/V (1) appearing in the
generalized estimating equation by the score function u(Y'; u) from a dispersion model. The
method is thus based on working second-moment assumptions for u(Y;u) rather than for
Y. The standard errors of the estimators may be consistently estimated by an empirical
sandwich estimator.

Just as the original GEE method, the method is useful for estimation of regression pa-
rameters in situations where the marginal distributions of the data are known, but not the
joint distribution. Few multivariate probability models with the required marginals exist,
and even when they do, estimation may be hard, making GEE methods come in handy in
many situations.

The set-up is introduced in Section 2, and in Section 3 we review some important results
for estimating functions. Section 4 deals with position modelling, and Section 5 with position
and dispersion modelling. A simulation study is presented in Section 6, and in Section 7 we
consider an application to bird orientation data.

2 Dispersion models and longitudinal data

Let Y; = (Yi1,...,Yin,)" denote the response vector for the ith of n independent subjects,
where ¢ = 1,...,n; indicates time. Let x;; denote a p x 1 vector of covariates for Y;;. Assume
a dispersion model DM for the marginal distributions of the observations,

Yie ~ DM(ie; 0% /war), pae = h (x38) ,

for all 7 and t, where w;; are known positive weights, 3 is a px 1 vector of regression parameters
and the inverse link function h is one-to-one and twice differentiable.

A univariate dispersion model DM(u, 02) (Jsrgensen, 1997b) is defined by the probability
density function

fr(y) = a(y; 0% exp{—rizd(y; ﬂ)}, BeEQ, o*>0, (1)

where {2 is an interval and d is a unit deviance, that is, d(y; u) is nonnegative, and zero if
and only if y = p. The parameter u is called the position parameter and o2 the dispersion
parameter. We assume that the model is regular with respect to inference on the parameters
@ and o2,

In the following we often use the index or concentration parameter A = 1/0? instead of
%, when convenient. In this case the function a(y; 0?) is written as exp {c(y; A)}.

An important special case is the class of ezponential dispersion models where the unit
deviance takes the form

d(y;n) = yg1 (1) + 92 (1) + 93 (%),
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for suitable functions g, g2 and g3. When o2 is known, this gives a natural exponential family,
including for example the binomial and Poisson families. The gamma, normal and inverse
Gaussian families are examples of exponential dispersion models. These three families are
members of the class of Tweedie exponential dispersion models, mainly suitable for positive
data, corresponding to variance functions of the form u? for some p € (—o00,0] U [1, 00), see
Jorgensen (1997, Ch. 4).

The class of proper dispersion models is defined by a (y; o2) factorizing as a (o) b(y), say.
This includes models for data such as angles and proportions, that are not well accommodated
by the class of exponential dispersion models. Examples of such models are the von Mises
distribution (see e.g. Mardia, 1972; Fisher, 1993) and the simplex distribution (Barndorff-
Nielsen and Jgrgensen, 1991). The von Mises distribution is a proper dispersion model with
density

a3

€ 1
2nly(0~2) &P _5;52 {t —cos(y — p)}|, y € (—m,m),

where I is the modified Bessel function of first type and order zero (Abramowitz and Ste-
gun, 1972), u € (—m, ) is the circular mean and o? is the dispersion parameter. The
(standard) simplex distribution on the unit interval (0,1) with parameters u € (0,1) and
0% > 0 is a proper dispersion model with probability density function

1 (y-w)p }
202y(1 —y)pd(1 - p)? "

This distribution is a useful alternative to the beta distribution for analysis of continuous
proportions. Jgrgensen (1997a,b) gives further details of dispersion models, and consider

many useful examples of proper dispersion models.

[2mo® {y(1 - 1.1)}3]_1/2 exp {

We now define some important notation. Let X; = (xa,..., Xin)', Hi =
diag {il(x;'iﬂ), e fa.(x,-",’uﬂ)}, where h indicates the derivative of h, W; = diag{wi1, . .., Win,}
w; = (wy,. .-, w,-,.“)T and p; = (i, ..., u.-m)T. Also, let u; and 0; be n;-dimensional vectors
with components

ad ) . d
Uip = —m(yit,#u) and iy = —m(l’iz,w),

respectively.

3 Estimating functions
Let us consider estimation of 8 based on estimating functions of the form ¥,(B8) =

Trav(Yi,8) = T, ¥;(B) where ¢, i = 1,...,n are unbiased estimating functions.
The Godambe information matrix for ¥, is defined by J;(8) = S:(8)A;1(8)S] (8), where

A«B) = Eg {489 (8)}, 5:48) = Eg {Vgvi(8)},



and Vg is the gradient operator. Here we assume that ), is regular, such that, in particular,
A;(B) and S;(B) are finite and nonsingular and the operations of integration and differenti-
ation with respect to B can be interchanged. For details see Jgrgensen and Labouriau (1994)

and McLeish and Small (1988).
By standard asymptotic theory for estimating functions, one may show that under certain

regularity conditions, the sequence of roots, {ﬁ,,}:_l, associated with the estimating function
¥ ,(0) is consistent for B and asymptotically normal. Specifically,

VaB,-B) B N{0,T(B)}, asn— oo, )

where

n n -1 n T
10 = i (S s} { paw)] {2 T} ©
=1 =1 i=1

provided in particular that each of the averages involved converge.
In order to obtain the root of ¥,(83), one may use the following Newton scoring algorithm

B =p- {gsi(ﬂ)}_l (),

where 3~ denotes the updated value of 3 (Jergensen et al., 1996).
We now consider the class of linear estimating functions defined to be of the form

gqi(ﬁ)bi(ﬂ),

where Q;(3) is a p x m matrix of constant weights and the b;(3) = b;(Y;; B) are inde-
pendent m-dimensional zero mean vectors. Crowder (1987) proved that, in the class of all
linear estimating functions with given b; (8)s and under regularity conditions, the optimum
estimating function is obtained for the following choice of weight matrix,

Q:(B) = Eg {V ghi(8)} Covy! {bi(B)}.

This result will be used repeatedly in the following.

4 Position modelling

4.1 The GEE method

Consider first Liang and Zeger’s GEE method in the case where the Yj; follow an exponential
dispersion model. Here 8 is estimated by solving
n

Y DlcM(Yi-p) =0, @

=1



where D] = X[ H; and C; is the working covariance matrix
C; = WV R(a)VI*W )2, (5)

where V; = diag {V(pi), ..., V{pin,)}, V is the variance function and R(a) is the working
correlation matriz, which depends on the vector parameter c.

Choosing C; = Cov (Y};), the function (4) is the optimum linear estimating equation in
the exponential dispersion model case (Crowder, 1992).

4.2 Notation for dispersion models

The following notation facilitates the extension of Liang and Zeger’s results. We define the
pseudo response vector by

Y = p + Vi,
where V;,,, is a diagonal matrix with elements

ol

Viaw (pa) = waVar ()

Note that the first Bartlett identity for the marginal distribution of Yj; gives
1

Virws, (/-"!'l)‘

For exponential dispersion models the function V), does not depend on Aw;; and is equal to
the usual variance function V which in turn makes ¥; = Y. For general dispersion models,
Y depends on both u; and #2, but the component Yi has mean p; and variance

E (i) = - (6)

Var (%) = - Voru (). @

4.3 Known covariance structure

We now extend Liang and Zeger’s (1986) results by making second-moment assumptions
“about Y. Let us first consider the simple, but unrealistic case where the covariance matrix of
Y, is known. Let C;, i = 1,...,n, be given quadratic full-rank weight matrices and assume
that o is known. Define an estlmatmg function for B by wS(8) = Y1, & (8), where

¥l =DJc (Yi-w). (®)
The components of the associated Godambe information matrix for 8 are given by
A(B) = D] C1Cov(Y,)C'D;, Si(B) = ~D; C;'Ds. 9)

The asymptotic distribution of ﬁn is given by (2).
The optimum linear estimating equation is obtained by the choice C; = Cov(Y;). This

follows by using (6) and (7).



4.4 Unknown covariance structure

We now consider the more realistic case where the covariance structure of the data is not
known. We assume a parametric structure C; = C;(«) for the weight matrices, and consider
two methods for estimation of & and 8. Normally we assume a structure similar to (5),

mazely 2 1/24,1/2 1/2 1/2
C.-—aW,- ViAwR( )V:a\w ’

which is consistent with the marginal variance structure of Y.—. However such an assumption
is not necessary for the following results.

4.4.1 Substitution method
Consider an estimating function (not necessarily unbiased) given by
n
@,(8) = ¥a(8,8;) = Y D] C; (@) (Vi - ), (10)
=1
where &, = &,(0) = &,{0,5:(8)}. Here we assume the following conditions.
(a) Given B and 02, &,(8, ¢?) is a /n- consistent estimator of a.
(b) Given 8, 6%(8) is a y/n-consistent estimator of 2.

(c) The estimator &,(B, 0?) satisfies

‘aan(ﬂ,o )‘ < H(Y;8) = 0,(1),

where Y is the data vector.

Under these and certain further regularity conditions, it can be proved that EJ,,, the root of
the function (10), is consistent and satisfies (2), where S; and A; are defined by (9) with
C; = Ci(a). The proof of this result, presented in detail in Appendix A, is analogous to a
result of Liang and Zeger (1986).

The asymptotic covariance matrix for fin may be consistently estimated by the empirical
sandwich estimator given by

=T

Py n -1 n =
T n{Zsd oreren (%-u) (F-w) cr@ndys)
i=1 =1

i=1

where — T denotes the inverse transpose matrix and all matrices are evaluated at 8 = ;6,,
The substitution method requires a consistent estimator for a although ﬂ,, is consistent
even if C;(c) does not correspond to the true covariance matrix of Y;. However, the latter



choice for C;(ax) may lead to a more efficient estimator, as discussed in the case of expo-
nential dispersion models by Liang et al. (1992), Fitzmaurice et al. (1993) and Albert and
McShane (1995).

The dispersion parameter 2 may be estimated by the solution to

~ 2
n n; Y JUSRTIN
ol = %ZZW - ”“) :
Timni—p =1 1 Viawie (pit)

Note that o2 enters on the right-hand side of this equation via Yi; and V; sy, ().

4.4.2 Estimating functions for covariance structure

We now consider an approach where the 3 estimating function is coupled with an estimation
function for a.

In this section we let C; = Cov(Y ) and &; is an n; (n; + 1) /2 x 1 vector with components
oix(a) = Cov(Yi, Yie). Let @ = (87, a™)7. Define a vector v¢ with components

(ffa - #u) (f’u: - mk) ,

fori=1,...,n,t =1,...,n; and k = 1,...,¢t, ordered in the same way as for o;. The
optimum linear estimating function for @ is given by
“[Df o0 Cov(Yy) Cov(Yivi)]™
cov L 1A ) |
vrr(e) = Z [sﬁﬁ' —‘r] [Cov(v.,Y) Cov(v;) ] [V- ] ’ (1)

These functions require knowledge of Cov{v;) and Cov(?,,v,), which in the exponential
dispersion model case amounts to knowledge of the third and forth moments of Y;.

In practice, Cov(v;) and Cov(Yi,v,) must, in turn, be modelled as a function of further
parameters, similar to what was done with C;(«) in Section 4.4.1. One may prove a result
analogous to the result of that section, as in Prentice (1988) and Prentice and Zhao (1991).

To avoid making assumptions about Cov(v;) and Cov(Y,,v,), one may use one of the
following simplified versions of (11),

w,.(a):&[m _AHCOV—I(Y.) Covg(v,—)] ?_—5:] (12)
2.6 - [DT m‘][oov—;(Y’) ° Hf::] (13)

Note that in both the above cases, the original estimating function (8) appears as the first
component of each equation, which i not the case for (11).

The consistency of the above three 9-estimators requires E{v;) =0, ¢ =1,...,n, which
in turn depends on the correct modelling of the covariance structure oy ().



5 Dispersion and position modelling

We now extend the results of the previous section to the case of joint modelling of position
and dispersion. The modelling of dispersion may be of interest in several practical situations,
for instance, in the study of the direction of bird orientation, where the variability of the
angle tends to decrease with time.

We consider a regression model for wy; given by

Wit = .f (ZI"Y) 3

where f is a twice differentiable, one-to-one inverse link function, <y is a g x 1 parameter
vector, Z; = (21, - - -, Zin,) |5 % = 1,...,n are matrices of covariates.

5.1 Naive method

Consider C; as in Section 4 and define a set of estimating equation for 8 = (87,47, A)7 by

n . [XTH:CT (‘fi r #i)
70)=3 70 =3 | Z]F:(péi-3d) | (14)

=1 =1 .
wlé; — %w;r d;

where ¢; is an n; x 1 vector with components -é%c (yit, 2) |z=ruwy» di I8 & n; x 1 vector with
o 5 i
components d (y;; pie) and F; = diag { f (z‘-";'y) doaan (z;';'y)d} .
If the C;s are known, then under general regularity conditions, the sequence of roots of
(14) is consistent and asymptotically normal as in (2) and (3), with

Siu O 0 Ani A Ay
Si(@)=| O Sz Sgxu | and Ai(8)=] A Ag Assi |, (15)
0 Sz Say Az Az Az

whose components may be found in Appendix B.

These expressions become considerably easier when the model DM (u;0?) is a proper
dispersion model, where c; is constant.

One may model C; as a function of an unknown parameter vector c, proceeding analo-
gously to Section 4.4.

Let 8, be the root of (14). Under regularity conditions and assuming that & = &(8) is
a n'/2_consistent estimator of a for given 8, we obtain

2@, - 6) B N {o, Jim n {fi‘_;s.-(s)}_1 {Z‘; A.-(G)} {‘2:31 si(a)}_? :

when n — 00, S; and A; as in (15). The proof of this theorem is similar to the analogous
result of Section 4.4 and of Prentice and Zhao (1991).

8



5.2 Optimum linear estimating function

The estimating function #C is not optimum in the class of linear estimating functions. Let
us now consider the optimum linear estimating function followed by an intermediate case.
The optimum linear estimating function is given by

== XITH,' 0 0
F.(0)=) | 0 ZJFK;,  AWLE(&) | Cov™'(sy)ss,
=0 AB(E) W 1(&-id)

where s {(Y p.,) , ((':.' - %d.—)T, (i:,- - %d.-)T 1} and €; is a n; X 1 vector with com-

ponents Ey % (it; ) Je=rws,. If Cov(s;) is unknown, this function requires the estimation of
(2n; 4+ 1) (2n; + 3) /2 nuisance parameters corresponding the components of this matrix.
A simpler set of equations is obtained as follows

o [XTH; (] 0
&, (0) = Z Y Z/FK; AW,E (&) | Gis;. (16)
=1 0 AE (c.T) W; (c,' - %di)
where Cov™(s;) is replaced by the block diagonal matrix
ov~1 (?.) 0 0
G = 0 Cov! (c, - %d,-) 0
“1f:  140\T
0 0 Var™! (&~ 1) 1

6 Simulations

The following simulation study concerns the behaviour of position modelling for directional
data. We consider a circular random variable Y;; with circular mean

p;¢=ﬂ0+2arctan(ﬂz.-¢), i=1,...,n,3=1,...,n4

where By = 1, 8 = 0.2 and the z,;; were generated from a standard normal distribution.

Let Z; be a n; x 1 normal random vector with components Z;, mean vector u; and
covariance matrix w?R, where R is a correlation matrix. Let Y; be a circular random
vector, with components Y;; = Z; mod 2, so that the Y}, follow correlated wrapped normal
distributions with circular means u; and dispersion parameters w? (cf. Fisher, 1993, p. 55).
Many authors, including Mardia (1972, pp. 66-67), Fisher (1993, p. 55), Breckling (1989,
Pp. 138-140), Collet and Lewis (1981), Watson (1982) and Stephen (1963), have found that
the wrapped normal distribution with dispersion parameter w? may be closely approximated
by & von Mises distribution with concentration parameter A given by the relation

Ay(\) = ?8; exp(-%u”), a7



Table 1: Mean square error for independence function relative to substitution method.

n;

5 12

p p
n M 0 05 09| 0 05 09
20 7071 112 545|031 052 2.62
21072 105 465|031 050 231
1/0.70 0.8¢ 097|033 041 1.38
50 7/089 150 7.25|0.71 1.22 6.38
21091 138 599|072 112 5.60
1,090 1.13 4.07|0.73 096 0.96
100 7 |0.94 148 769|088 1.43 8.00
2096 1.39 6.75|0.87 1.32 6.15
1096 1.18 4.45|0.88 1.10 4.07

where I.(-) is the modified Bessel function of order r (see Abramowitz and Stegun, 1972).
Note that the pseudo-response variables are given by

bi + .Al(A) sin (Y,g - #it) .

It is worth noting that the marginal distributions do not have to be von Mises for
the asymptotic results developed above to be valid for directional data. It is enough that
E {sin (Y — pi)} = 0, which is satisfied by any circular distribution.

In the first set of simulations we compare the substitution method with estimation based
on the von Mises score function, assuming the independence correlation structure, the latter
called the independence function from now on. We simulated a thousand samples for each
combination of n = 20,50,100, n; = 5,12, A = 7,2,1 and p = 0,0.5,0.9, estimating the
parameters by the Newton scoring algorithm. No special structure was considered for the
correlation matrix R, and its elements were estimated by the Pearson correlation.

Table 1 shows the ratio of the mean square error for estimation with the independence
function relative to that for the substitution method. We note that the performance of the
substitution method increases as a function of p and n, and decreases as a function of n;. The
behaviour of the substitution method is particularly bad when n = 20 and n; = 12, where
the number of nuisance parameters is large relative to n. It seems reasonable to recommend
the substitution method when n is large relative to n; and p is large.

The second set of simulations compares estimation based on the independence function
with maximum likelihood estimation. Due to computational limitations, the covariance ma-
trix of Z; was considered known and only 200 simulations were conducted for each combina-
tion of n = 20,50, n; = 5,12, A = 7,2 and p = 0,0.5,0.9.

Table 2 shows the observed mean absolute estimation error for the maximum likelihood
method (MLE), the independence function, and the substitution method.
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Table 2: Mean absolute estimation error times 100 for MLE, independence function and
substitution method.

n
5 12
p p

n A  Method 0 05 098] 0 05 09

20 7 MLE 1.78 1.71 0.65)|1.28 0.89 0.38
Independence | 1.80 1.77 180 | 1.16 1.16 1.16
Substitution | 2.13 1.71 0.76 | 2.02 1.60 0.70

2 MLE 3.80 3.11 139|248 193 091
Independence | 4.03 3.97 4.11 | 2.62 2.65 2.63
Substitution | 4.72 3.91 1.85|4.51 3.68 1.70

50 7 MLE 1.18 099 0.35(0.86 0.58 0.25
Independence | 1.09 1.09 1.09 [0.72 0.73 0.72
Substitution | 1.16 0.91 0.40 | 0.86 0.66 0.28

2 MLE 2.28 1.81 0.80|1.60 127 0.53
Independence | 2.41 2.43 246 | 1.59 1.64 1.63
Substitution | 2.53 2.08 0.96 | 1.87 1.55 0.70

The mean absolute errors are almost constant as a function of p for the independence
function, but tend to decreases with p for the other methods. For small to moderate p the
performance of the independence function is similar to maximum likelihood, whereas for
p = 0.9 the substitution method performs somewhat similar to maximum likelihood.

We conclude that good performance of the substitution method for the circular regression
model requires either a high correlation or a large sample size.

Regarding the convergence of the Newton scoring algorithm for the substitution method,
there were no problems for large n and A, but for A =1, n = 20 or 50, p = 0.5 or 0.9 and
n; = 5, up to 5% of the cases failed to converge. For n; = 12n =20, A = 1 and p = 0.9
the percentage of failed cases increased to about 20%. These problems may be due to the
high number of nuisance parameters compared with n;, similar to the findings of Lipsitz et
al. (1994) for the original GEE method.

7 Bird orientation data

We consider data from a study of the orientation mechanism of pigeons conducted in 1982 in
the state of Ceard, Brazil (Ranvaud et al. 1983). The pigeons were moved in a lightproof cage
from Fortaleza to the release point 300km away near the city of Camocim. The responses
were the angular differences between the pigeons’ vanishing position and their positions at
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Table 3: Circular means and concentration parameters for the response vectors.

t x 30
Release Time it A
point  of day 30s 60s 90s 30s 60s 90s =n
morning 105 125 10.1 2.06 227 3.89 37
I noon 199 212 127 123 145 184 30

afternoon  16.9 13.6 3.4 1.75 2.68 4.29 28

morning -35 -72 -5.0 136 2.09 3.38 28
I noon -241 -95 =23 1.15 1.67 283 28
aftermoon 111 9.1 7.3 221 3.37 6.81 25

30, 60 and 90 seconds after release. We investigate the effects of release point (I and II) and
time of day of release (morning, noon, afternoon).
Let Y;; be the angle of pigeon i at ¢ x 30 seconds after release (t = 1,2, 3), with circular

mean py; and concentration parameter ;. Suppose that the pigeons are independent, that
the dependence structure is the same for each combination of release point and time of day

and that p;; and A, depend only on release point, time of day and ¢t. Table 3 shows the
corresponding observed circular means and concentration parameters.
The full model used for these data was

pit = 2 arctan {noie + ma(t — 2)}
i = exp {n2: + nae(t — 2)},

Nmit = Bm + BmoT1it + PmaZ2it + BruT3it + Bmol®1:6T3it + PrmalT2itT3it,

for m =0, 1,2, 3, where zy;;, T and z3; are indicator functions with value one when pigeon
i is released at noon, afternoon and release point two, respectively.

We assume an unstructured correlation matrix for the s;. The first three components of
8; are given by A; (M) sin (Yie — pae) and the last three by A; (A:) cos (Vi — gir). Due to the
relatively small sample sizes compared with the number of nuisance parameters we chose the
estimating function (16).

After fitting the full model, we tested if all parameters related to u;, except Sy (constant),
are zero. We obtained a Wald test of 15.75 on 11 degrees of freedom, which gave p-value
of 0.151 based on the asymptotic a chi-squares distribution, so these parameters were hence
removed from the model.

Turning now to the concentration parameters, we tested if all coefficients related to )y,
except for B3 (constant), Sz, (noon indicator) and g5 (trend) were different from zero. The
Wald test was 10.24 on 9 degrees of freedom, giving a p-value of 0.331. Removing these
parameters gave the final model, whose estimates are shown in Tables 4 and 5.
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Table 4: Parameter estimates for final model.
Estimate  s.e. t p-value
Bo 0.03 0.02 206  0.002
Ba 128 019 6.88 < 0.001
B —028 027 -1.06  0.013
Ba 052 007 7.71 < 0.001

Table 5: Estimated concentration parameters for final model.

t x 30
Time of day 30s 60s 90s
morning/afternoon 2.02 2.87 4.09
noon 123 1.75 249

According to the final model the circular mean is constant, with estimated value 5.1°.
The concentration parameter increases with ¢ and is smaller when the pigeons are released
at noon.
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A Proof of results for substitution method

To show the results of Section 4.4, we first prove some lemmas. Let H denote the conditions
{a)—{c) of Section 4.4.

Lemma 1 Under H and assuming that @}, is differentiable with respect to o2, we have
V(@ - a) = 0,(1).
Proof: We have
V(&) — @) = yn{8n(8,57(8)) — 8a(8,0%) + &n(B,0”) — a},
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and by condition (a), v {@&n(8,02) — @)} = 0y(n~Y/?). On the other hand, by a Taylor-
expansion of &y,(8, 02) around &2, and using condition (b), it follows that

&n( ,02)=&n( ,&,2.)4-%;:;'( ,&ﬁ)(a —a)+0 ( —1/2)'

As n tending to infinity, applying conditions (b) and (c), it follows that

r (8,53(8)) — &n (8,0%) = - 2on (8,52) (o - 52) + 0y (%) = 0y (7).
Hence
Vn(ah —a) =0,(1). O

Lemma 2 Under H, assuming that 8¥,(B, a)/dcx satisfies Markov's condition and that
MaX)<i<n MBX1<t<n, £ | Vi |2+5< oo for some 0 < § < 1, where Uy, is the t-th component of
the vector ¥;, we have

%w.. (B,&3) B N;(0,A) asn - oo,

where A = L1im, o T3 Ai(B), as in (9).

Proof: Considering -=%,(3, &) as a function of a* and making a Taylor-expansion in the
neighbourhood of «, it follows that

=25, 5; "T #o(8,0) + ZE(B.0IA(E, — @)+ =0, (7). (18)

Note that = —-ﬂ(ﬁ o) = 2"lzl(ﬁ,cnz) Since -ﬁ*(ﬂ, o) depends on the response vari-
able via a hnea.r combmatlon of independent zero mean vectors, Markov’s weak law of large
numbers assures that 1&(@ a) = O,(1). Applying this result and Lemma 1 to (18), it
follows that T!P"(ﬂ, ) is asymptotically equivalent to 71;!P"(ﬂ, a) in distribution. Since
mMax;<i<n MaX1<i<n; B | Tt {*+9< 00, Lyapunov’s theorem assures that

2 ¥a(8,2) 2 N, {0A(B))} a5 n — oo. (19)

The result now follows. O

Lemma 3 Let {T,},, be a sequence of estimators such that T, 2 6asn— oo, {9n(9)} 151

a sequence of measurable twice differentiable functions such that g,(6) & g(0) as n — oo,
and §,(8) = 9gn(0)/80 = 0,(1), then gn (Tp) > g(8).
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Proof: A Taylor-expansion of g, (T,) near & gives

9n (Tn) = ga(8) + §n(0) (T — 8) + O (|| T — 6}) = gn(6) + 0p(1).
Since g,(0) XA 9(8), the result follows. O
Lemma 4 Let ¥,(8,&%) = %%ﬂ(ﬁ,&n), then under M and the assumptions of Lemma 8
applied to the components of !i?,.(ﬂ, ér) = gn(&}), it follows that

%ﬁ,.(ﬂ, &) B S asn — oo,

where 8 = limy,_.oo 2 S, Si(B) is as in (9).
Proof: Straightforward.

Proof of results for substitution method: Using the notation and definitions of Lemmas
1, 2 and 4, one can Taylor-expand ¥ ,(8, &, (8)) as follows:

T (3, 65) = Wn(Bo, &3) + ¥n(Bo, &3)(8 = Bo) + Ol 8- Bo [])- (20)
Evaluating the function at the point ﬁn, and using the regularity conditions, it follows that
¥n(B, &) + ¥a(B, &;)(B,, — B) + Op(1) = 0.
Hence, for n tending to infinity we have that

_ -1
Vi~ )= {2enen) { a0} +o,0. o)

The result now follows by applying Lemmas 2 and 4. O

B The components of (15)
S1: = D] C E {diag(i1:)} Dy,
Sou = Siy = Z] F; [—U2E(P2;) ~ WE {diag™ (W)W, } + %E‘(di)] :
P = Wi [{diag(W.)diag(Ws) ~ diag’(W,) } diag (W),
Som = o2Z]FW! {azE(Pg,-) +2E(Py)} FiZi,

1 dgaq — 63 i
Csw= 3 [ (B - 2t

it

15



A = D,Tc,.-ICov(u.-)c.-ID,-,
A =AJL, = -DIC'E {u.(cr P+ 50 .)T} F.Z:,
Aji= Az =D; C-IE (ussi),

1
Ay = Z;rF,'E {(02P1.' + Fdi)(ﬂzpli + ﬁdg)T} FZ,,
1
= Al =-2Z]FE {(a"P-2 + o3 .)a.-}

Agy = E(a?)
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