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Locally finite coalgebras and the locally nilpotent radical II
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ABSTRACT
In this article, we describe a criterion for an element of the dual space of
an algebra to belong to the finite dual. This result is used to study when a
certain subspace of the dual space is a subcoalgebra of the finite dual. We
further apply it to find a right alternative coalgebra that is not locally finite.
This work is motivated by a conjecture from I. Shestakov, which states that
all coalgebras of a given variety are locally finite if, and only if, this variety
admits locally nilpotent radical.
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1. Introduction

Since the notion of Lie coalgebra was developed in [3], coalgebras in varieties of non-associative
algebras have been studied. In particular, it is interesting to draw comparisons between results of
the classic case of (co)associative coalgebras. One particular result that does not hold for non-
associative coalgebras in general is the Fundamental Theorem of Coalgebras.

The Fundamental Theorem of Coalgebras states that every finitely generated associative coalge-
bra is finite dimensional. It was proved in [3] that an analogue of this result is not true for Lie
coalgebras. W. Michaelis constructed a number of examples [4, 5] of infinite dimensional finitely
generated Lie coalgebras.

It is still an open problem to find a necessary and sufficient condition in order to every finitely
generated coalgebra of a given variety to be finite dimensional. The reader can refer to [7] for
more information on varieties whose finitely generated coalgebras are known to be finite dimen-
sional. On the other hand, examples of finitely generated coalgebras with infinite dimension are
scarce and the Lie coalgebras constructed by W. Michaelis are still the only known ones to
the authors.

Our first objective in this work is to study the finite dual of an algebra under certain circum-
stances in order to guarantee a well-behaved structure of coalgebra. Then, we use our results to
construct an example of right alternative coalgebra that is finitely generated but infinite
dimensional.

Proposition 1 and Theorem 2 gives us many examples of coalgebras in varieties, while
Example 1 is an application of the latter to construct our desired example of right alternative
coalgebra. As the variety of right alternative algebras does not admit locally nilpotent radical, the
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existence of this example agrees with the following conjecture due to I. Shestakov: the finitely
generated coalgebras of a given variety are finite dimensional if, and only if, this variety admits
locally nilpotent radical (in the sense of Amitsur-Kurosh).

2. Bimodules and coalgebras

Let F be a field. In this article, algebras are assumed to be algebras over this field F and are not
necessarily associative. If V is a vector space, then we denote by End ðVÞ the space of all linear
endomorphisms of V. The dual space of V, which is denoted by V�, is the space of all linear
functionals of the space V. If a 2 V� and v 2 V , then we will denote the image of v through a
by ha, vi:

If A is an algebra, then an A-bimodule is a triple ðM, k,qÞ, in which M is a vector space and
k : A ! End ðMÞ, q : A ! End ðMÞ are linear maps called the left action and the right action,
respectively. When there is no risk of mistake about the definition of the actions, we simply refer
to the A-bimodule M. If a 2 A, then we denote the image of a through the linear maps k and q,
respectively, by ka and qa.

Let A be an algebra and a 2 A: The linear maps La,Ra 2 EndA given by LaðxÞ ¼ ax and
RaðxÞ ¼ xa, for any x 2 A, are called respectively the left and right multiplication operators by a.
The triple (A, L, R) is an A-bimodule called the regular A-bimodule.

If N � M is a subspace of the A-bimodule M, then we say that N is an A-subbimodule of M if
the spaces

AN ¼ fkaðxÞ j x 2 N, a 2 Ag and NA ¼ fqaðxÞ j x 2 N, a 2 Ag
are subspaces of N.

If ðM, k,qÞ is an A-bimodule and S � M then we can define the subspaces

Bð0ÞhSi ¼ span hSi
BðkÞhSi ¼ span hsð1Þa1 :::s

ðkÞ
ak
ðmÞ j sð1Þ, :::, sðkÞ 2 fk,qg, a1, :::, an 2 A, m 2 Si

for each positive integer k. The A-subbimodule of M generated by S � M, here denoted by
BimodA hSi, is given the intersection of all A-subbimodules of M that contain the subset S. It is
easy to check that

BimodA hSi ¼
X1
k¼0

BðkÞhSi:

If ðM, k,qÞ is an A-bimodule, then we can define a multiplication over the vector space A _þM
given by

ðaþmÞðbþ nÞ ¼ abþ ðkaðmÞ þ qbðnÞÞ,
for any a, b 2 A and any m, n 2 M: With this product, A _þM is an algebra called the split-null
extension of the A-bimodule M. If V is a variety of algebras, then we say that the A-bimodule M
is a bimodule of V, if the split-null extension of M is an algebra of V:

A coalgebra is a pair ðC,DÞ where C is a vector space and D : C ! C � C is a linear map
called comultiplication. When there is no risk of mistake about the definition of D, we simply
refer to the coalgebra C. We shall use the Sweedler notation for the comultiplication of elements
of the coalgebra C, that is, if x 2 C, then we will denote

DðxÞ ¼
X
ðxÞ

xð1Þ � xð2Þ:
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A subspace D � C is a subcoalgebra of C if DðDÞ � D� D: If S � C, then the subcoalgebra
generated by S, denoted by Coalg hSi, is the smallest subcoalgebra of C (in the sense of inclusion)
that contains the subset S. We say that a coalgebra C is locally finite if every subcoalgebra gener-
ated by a finite subset of C is also finite dimensional.

Let C be a coalgebra with comultiplication D : C ! C � C: then a multiplication m :

C� � C� ! C� can be constructed on the dual space C� in the following way

hmða� bÞ, xi ¼
X
ðxÞ

ha, xð1Þi hb, xð2Þi

for each a, b 2 C� and x 2 C: With this multiplication, C� is called the dual algebra of C. For any
subspace V, we can consider the linear transformation i : V� � V� ! ðV � VÞ�, given by hiða�
bÞ, v� wi ¼ ha, vi hb,wi, for any a, b 2 V� and any v,w 2 V: In the case where V¼C, then the
multiplication of the dual algebra of C can be written as m ¼ i � D, where D is the comultiplica-
tion of C.

The transformation i is injective and it is a natural transformation in the sense that it does
not depend on the choice of any basis on C� � C� or ðC � CÞ�: For this reason we will use it to
identify C� � C� as a subset of ðC � CÞ�:

Let V be a variety of algebras. If C is a coalgebra such that its dual algebra belongs to V, then
we say that C is a coalgebra of V: A classic result in the theory of associative coalgebras is the
Fundamental Theorem of Coalgebras, which states that every associative coalgebra is locally finite.
Analogues of the Fundamental Theorem of Coalgebra have been proved for a number of varieties
(refer to [7]). It is still an open problem to find necessary and sufficient conditions in order to all
coalgebras of a given variety to be locally finite.

If C is a coalgebra, then it has a structure of C�-bimodule with left and right actions given,
respectively, by

a * x ¼
X
ðxÞ

ha, xð2Þixð1Þ x ( a ¼
X
ðxÞ

ha, xð1Þixð2Þ, (1)

where x 2 C and a 2 C�:

3. Finite dual

As seen in the previous section, the dual space of a coalgebra has a natural structure of algebra.
However, the same does not happen in the case of the dual space of an algebra (not even in the
associative case). The finite dual of an algebra is, roughly speaking, the biggest subspace of the
dual space in which the transpose of the multiplication defines a comultiplication. When looking
for examples of coalgebras, it can be useful to study the finite dual of algebras.

Let A be an algebra. If S is a subspace of the dual space A�, then S is called a good subspace of
A� if m�ðSÞ � S� S (by using the previously mentioned linear transformation i to identify the
sets S� S and iðS� S)), in which m : A� A ! A is the multiplication of A and m� : A� !
ðA� AÞ� is the transpose of m: The finite dual of A, denoted by A�, is defined as the sum of the
good subspaces of A�: For more details on the construction the finite dual, the reader can check
[1, p. 4699, 4670]. It is easy to show that A� is a coalgebra with comultiplication given by m�:

It is worth mentioning two special cases of the finite dual.
First, let A be a finite dimensional algebra. The dual space of A is also finite dimensional and

the finite dimensional spaces A� � A� and ðA� AÞ� are isomorphic through the linear transform-
ation i : A� � A� ! ðA� AÞ�: In this case, we can define the comultiplication D : A� ! A� � A�

given by the composition D ¼ m� � i�1, where m is the multiplication of A and m� is the trans-
pose transformation of m: Therefore, we have A� ¼ A�:

COMMUNICATIONS IN ALGEBRAVR 3



Now let A be an associative algebra (of arbitrary dimension). It is well known [8] that the
finite dual of A can be defined as

A� ¼ ff 2 A� j ker f contains a finite codimensional ideal of Ag:
It was proved in [1] that this characterization is also true for any algebra A as long as A� is a

locally finite coalgebra.
Let A be an algebra. The dual space A� has a structure of A-bimodule with left and right

actions given, respectively, by

kaðf Þ ¼ f � Ra qaðf Þ ¼ f � La, (2)

for any a 2 A, f 2 A�, where La and Ra are respectively the left and right multiplication opera-
tors by a.

Note that if A is an algebra, then we can construct its finite dual A�, which is a coalgebra, and
therefore we can also construct ðA�Þ�, the dual algebra of A�: The elements of the coalgebra A�

are subject to the actions of two bimodule structures: one is the structure of ðA�Þ�-bimodule,
given by the fact that A� is a coalgebra and, therefore, a bimodule over its dual algebra with
actions given by (1); the second is due to the fact that A� is a subset of A� and A� is an A-bimod-
ule with actions given by (2). The relation between these actions will be clarified in the
next section.

For the rest of this work, we will often refer to the following result proved by [1, p. 4704] that
offers a criterion for good subspaces of the dual space of an algebra.

Corollary 2.5 [1]. Let A be an algebra and let S be a vector subspace of A�. Then the following
are equivalent:

i. The subspace S is an A-sub-bimodule of A� such that, for any f 2 S, the subspaces

Af ¼ fkaðf Þ j a 2 Ag fA ¼ fqaðf Þ j a 2 Ag

are finite dimensional.
ii. S is good.
Through the application of Corollary 2.5 from [1] to the split-null extension of an A-bimodule
M, we can prove the following proposition, that may be useful to find examples of coalgebras in
a specific variety.

Proposition 1. Let A be a finite dimensional algebra and M be a bimodule over A. Then the finite
dual of the split-null extension A _þM is the dual space ðA _þMÞ�. Furthermore, if V is a variety of
algebras and M is a bimodule of V, then ðA _þMÞ� is a coalgebra of V:

Proof. We shall show that, for any f 2 ðA _þMÞ�, the space

Bð1Þhf i ¼ span hkxðf Þ,qxðf Þ j x 2 A _þMi
is finite dimensional which, in consequence, shows that the condition (i) of Corollary 2.5 from
[1] is true, as Af and fA are subspaces of Bð1Þhf i: By consequence of the same corollary, ðA _þMÞ�
is a good subspace, that is, a coalgebra.

Let fa1, :::, ang be a basis of A. The space A� is finite dimensional and can be considered a
subspace of ðA _þMÞ�: Therefore, we can define the following finite dimensional subspace of
ðA _þMÞ�

V ¼ A� þ span hka1ðf Þ, :::, kanðf Þ,qa1ðf Þ, :::, qanðf Þi:
We shall prove that for any x 2 A _þM, the elements kxðf Þ and qxðf Þ belong to V. By linearity,

it is sufficient to consider the cases in which x 2 A and x 2 M:
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If x 2 A, then by linearity again, we can assume that x 2 fa1, :::, ang and, trivially, we have
kxðf Þ, qxðf Þ 2 V: If x 2 M, then for any m 2 M,

hkxðf Þ,mi ¼ hf ,mxi ¼ hf , 0i ¼ 0
hqxðf Þ,mi ¼ hf , xmi ¼ hf , 0i ¼ 0

and we can conclude that kxðf Þ,qxðf Þ 2 A� � V: As desired, we proved that Bð1Þhf i is a finite
dimensional space and, by the discussion in the beginning of this proof, ðA _þMÞ� is a coalgebra.

Furthermore, if M is a bimodule of the variety V, that is, if the split-null extension A _þM is
an algebra of V, then by the Corollary 4.3 from [1], the finite dual ðA _þMÞ� is a coalgebra of
V: w

Although Proposition 1 gives us many examples of coalgebras (provided that we know exam-
ples of bimodules over finite dimensional algebras), we may still be difficult to determine the
comultiplication of its elements. Later we shall prove Theorem 2, that gives us, under certain cir-
cumstances, examples of coalgebras with more well-behaved comultiplications.

4. Subcoalgebras of the finite dual

Let A be an algebra, A� be its finite dual and f 2 A�: Our objective is to determine the subcoalge-
bra of A� generated by f. As A� is a coalgebra, it has the structure of bimodule over its dual
algebra. As a consequence of Corollary 1.5 from [1], the desired subcoalgebra is the ðA�Þ�-sub-
bimodule of A� generated by f. In other words,

Coalg hf i ¼ BimodðA�Þ� hf i: (3)

Equation (3) is not immediately useful from a practical point of view as we must determine all
the elements of A� in order to understand the action of the algebra ðA�Þ�: To simplify the task of
determining Coalg hf i, we shall use the structure of A-bimodule on A� given by (2).

We must recall that a subspace of A� is a good subspace if, and only if, it is a subcoalgebra of
A�: Therefore, in view of (3), BimodðA�Þ� hf i is a good subspace of A�: As a consequence of
Corollary 2.5 from [1], BimodðA�Þ� hf i is an A-subbimodule of A� and as f 2 BimodðA�Þ� hf i, we
also have

BimodA hf i � BimodðA�Þ� hf i (4)

Now, BimodA hf i is trivially an A-subbimodule of A�: By the fact that BimodðA�Þ� hf i is a good
subspace of A�, by inclusion (4) and by Corollary 2.5 from [1], we can conclude that, for each
g 2 BimodA hf i, the spaces gA and Ag are finite dimensional. Again, by Corollary 2.5 from [1]
implies that BimodA hf i is a good subspace of A� and a subcoalgebra of A�: In particular,

Coalg hf i � BimodA hf i (5)

From (3, 4) and (5) we can conclude the following proposition.

Proposition 2. Let A be an algebra and f 2 A�. If f 2 A�, then

Coalg hf i ¼ BimodðA�Þ� hf i ¼ BimodA hf i:
As an application of Proposition 2, we have Theorem 1, which can be considered a “local” ver-

sion of the Corollary 2.5 from [1]. First we need to prove the following lemma.

Lemma 1. Let A be an algebra and f 2 A�. Then the space

Bð1Þhf i ¼ span hkaðf Þ, qaðf Þ j a 2 Ai
is finite dimensional.
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Proof. Let D : A� ! A� � A� be the comultiplication of A� and g1, :::, gn, h1, :::, hn 2 A� such that

Dðf Þ ¼
Xn
k¼1

gk � hk:

Then, for any a 2 A,

kaðf Þ ¼
Xn
k¼1

hhk, aigk and qaðf Þ ¼
Xn
k¼1

hgk, aihk

and therefore kaðf Þ, qaðf Þ 2 span hg1, :::, gn, h1, :::, hni, for any a 2 A: w

Theorem 1. Let A be an algebra and f 2 A�. The following statements are equivalent:

(i) f 2 A�;
(ii) For every a 2 BimodA hf i, one of the following spaces (and equivalently, both)

aA ¼ fqaðaÞ j a 2 Ag and Aa ¼ fkaðaÞ j a 2 Ag
is finite dimensional;

(iii) For every positive integer k, the space

BðkÞhf i ¼ span hsð1Þa1 :::s
ðkÞ
ak
ðf Þ j a1, :::, ak 2 A, sð1Þ, :::, sðkÞ 2 fk, qgi

is finite dimensional.

Proof. ðiÞ () ðiiÞ : Simply apply Corollary 2.5 from [1] for S ¼ BimodA hf i and note that f 2 A�

if, and only if, BimodA hf i � A�:
ðiÞ ) ðiiiÞ : If f 2 A�, then by Lemma 1, Bð1Þhf i ¼ span hg1, :::, gni is finite dimensional. The

desired conclusion follows by induction after noting that, for any positive integer k, if BðkÞhf i ¼
span hg1, :::, gni, for some g1, :::, gn 2 A�, then

Bðkþ1Þhf i ¼ Bð1Þhg1i þ :::þ Bð1Þhgni:

ðiiiÞ ) ðiiÞ : Let f 2 A�: Note that

BimodA hf i ¼
X1
k¼0

BðkÞhf i,

let a 2 BimodA hf i and suppose, without loss of generality, that a 2 BðtÞhf i for some positive inte-
ger t. Because of linearity, we can also consider that a ¼ sð1Þa1 :::s

ðtÞ
at ðf Þ, for some a1, :::, at 2 A and

sð1Þ, :::, sðtÞ 2 fk, qg: Then,
aA ¼ span hkaðaÞ j a 2 Ai

¼ span hkasð1Þa1 :::s
ðtÞ
at ðf Þ j a 2 Ai

� Bðtþ1Þhf i
and we can conclude that aA (similarly, Aa) is a finite dimensional subspace. w
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5. Applications

Now we shall apply Theorem 1 to study when a certain subspace of A� is a subcoalgebra of the
finite dual. This will give us another source of examples of coalgebras and we will use it to obtain
a nonlocally finite right alternative coalgebra.

Let A be an algebra, let B be a basis of A and let B� ¼ ffb 2 A� j b 2 Bg be the dual set of B,
in which for every b 2 B, the linear map fb : A ! F is given by

hfb, xi ¼ 1, if x ¼ b
0, if x 6¼ b

�

for x 2 B: If A is a finite dimensional algebra, then for every basis B, it is easy to check (using
Theorem 1, for instance) that fb 2 A�, for each b 2 B: In this case, B� is a basis of A� called the
dual basis (with respect to B) and we have A� ¼ A�:

On the other hand, if A is an infinite dimensional algebra with basis B, then the subspace

VB ¼ span hfb j b 2 Bi
is a proper subspace of A�: Also, the inclusion VB � A� is no longer necessarily true. As an appli-
cation of Theorem 1 we shall present a sufficient condition over a basis B of an infinite dimen-
sional algebra A in order to guarantee this inclusion.

Definition 1. Let A be an algebra, B a basis of A and x 2 A: If x ¼ Pn
i¼1 aibi, where ai 2 F is

nonzero and bi 2 B for each i ¼ 1, :::, n, then the support of x (with respect to the basis B) is the
set suppx ¼ fb1, :::, bng:
Lemma 2. Let A be an algebra and B be a basis of A. Suppose that x 2 B is an element such that
the set

PðxÞ ¼ fðb1, b2Þ 2 B � B j x 2 suppðb1b2Þg
is finite. Let ðk, qÞ be the action of the A-bimodule A�. Then

kbðfxÞ ¼
X

ða, bÞ2PðxÞ
hfx, abifa

qbðfxÞ ¼
X

ðb, aÞ2PðxÞ
hfx, baifa

and the space

Bð1Þhfxi ¼ span hkaðfxÞ, qaðfxÞ j a 2 Ai ¼ Afx þ fxA

is finite dimensional.

Proof. If x 2 B is such that P(x) is a finite set, then

V ¼ span hfa j ða, bÞ 2 PðxÞ, for some b 2 Bi
is a finite dimensional space. We will show that Bð1Þhfxi is a subspace of V.

If a, b 2 B, then

hkbðfxÞ, ai ¼ hfx,RbðaÞi ¼ hfx, abi ¼ a 6¼ 0 se x 2 suppðabÞ
0 otherwise:

�

Let b 2 B: If there exists no element a 2 B such that x 2 suppðabÞ, then kbðfxÞ ¼ 0 belongs to V.
Otherwise, as P(x) is finite, there exists a finite number of elements a1, :::, an 2 B such that x 2
suppða1bÞ, :::, suppðanbÞ: Then, the functional kbðfxÞ coincides with

hfx, a1bifa1 þ :::þ hfx, anbifan
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when evaluated on elements of the basis B: Therefore,
kbðfxÞ ¼

X
ða, bÞ2PðxÞ

hfx, abifa: (6)

In particular, kbðfxÞ belongs to V.
In conclusion,

Afx ¼ span hkbðfxÞ j b 2 Bi � V:

Similarly, we prove that

qbðfxÞ ¼
X

ðb, aÞ2PðxÞ
hfx, baifa, (7)

and that fxA is a finite dimensional space. Therefore, Bð1Þhfxi ¼ Afx þ fxA is a finite dimensional
space. w

Theorem 2. Let A be an algebra and B be a basis of A. Suppose that for every x 2 B the set

PðxÞ ¼ fðb1, b2Þ 2 B � B j x 2 suppðb1b2Þg
is finite. Then the space VB ¼ span hfb j b 2 Bi is a subcoalgebra of the finite dual A�:

Proof. Let b 2 B and g ¼ fb: We shall prove by induction over k that for every positive integer
there exists a finite subset fb1, :::, bng � B such that

BðkÞhgi ¼ span hsð1Þa1 :::s
ðkÞ
ak
ðgÞ j a1, :::, ak 2 A, sð1Þ, :::, sðkÞ 2 fk,qgi

is a subspace of span hfb1 , :::, fbni: The base of induction follows from Lemma 2.
Let t be a positive integer such that Bthgi is a subspace of span hfb1 , :::, fbni, for some

b1, :::, bn 2 B: As Bðtþ1Þhf i ¼ A BðtÞhgi þ BðtÞhgi A, it follows that

Bðtþ1Þhgi � Afb1 þ :::þ Afbm þ fb1Aþ :::þ fbmA

¼ ðAfb1 þ fb1AÞ þ :::þ ðAfbm þ fbmAÞ
¼ Bð1Þhfb1i þ :::þ Bð1Þhfbmi

By Lemma 2, the spaces Bð1Þhfb1i, :::,Bð1Þhfbmi are finite dimensional subspaces of VB and,
therefore, so is Bðtþ1Þhf i:

By induction, BðkÞhfxi � VB is a finite dimensional subspace of VB for each nonnegative integer
k. By Theorem 1, fx belongs to the coalgebra A� for each x 2 B and the space VB is a subspace of
A�: By (6) and (7), VB is an A-subbimodule of A� and, by Proposition 2, VB is a subcoalgebra of
A�, concluding our proof. w

As an application of Theorem 2, we will construct an example of a right alternative coalgebra
that is not locally finite.

Example 1. Let A ¼ M2ðFÞ ¼ span he11, e12, e21, e22i be the algebra of 2� 2 matrices with entries

in F. For every h 2 Z, let MðhÞ ¼ span hmðhÞ
1 ,mðhÞ

2 ,mðhÞ
3 ,mðhÞ

4 i, where fmðhÞ
1 ,mðhÞ

2 ,mðhÞ
3 ,mðhÞ

4 g are
linearly independent elements, and consider M ¼ �h2Z MðhÞ: The space M is a A-bimodule with
action given by
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for any h 2 Z: With the previously described action, we have the following results:

� M is a right alternative A-bimodule;
� the set

B ¼ fe11, e12, e21, e22g [ fmðhÞ
1 ,mðhÞ

2 ,mðhÞ
3 ,mðhÞ

4 j h 2 Zg
is a basis of the split-null extension A _þM that satisfies the hypothesis of Theorem 2;

� the coalgebra VB ¼ span hfb j b 2 Bi contains a right alternative coalgebra that is not
locally finite.

Proof. One can easily conclude that the A-bimodule described is right alternative by observing
the definition of a similar M2ðFÞ-bimodule in [6, p. 911]. In other words, the split-null extension
A _þM is a right alternative algebra and, by Corollary 4.3 from [1], ðA _þMÞ� is a right alterna-
tive coalgebra.

Observing the action of A over the elements of M, we can conclude that any element of the
basis B occurs a finitely many times in the table of multiplication of A _þM (when written in
terms of the basis B). In particular, for any x 2 B, the set PðxÞ ¼ fðb1, b2Þ j b1, b2 2 B, x 2
suppðb1b2Þg is finite. By Theorem 2, the space VB ¼ span hfb j b 2 Bi is a subcoalgebra
of ðA _þMÞ�:

Let k be a integer. By observing the action of the algebra A over M described above, we can
note that

PðmðkÞ
1 Þ ¼ fðmðkÞ

1 , e11Þ, ðmðkÞ
4 , e12Þ, ðe11,mðkÞ

1 Þ, ðe11,mðk�1Þ
3 Þ, ðe11,mðk�1Þ

4 Þ,
ðe12,mðkÞ

4 Þ, ðe21,mðk�1Þ
4 Þ, ðe22,mðk�1Þ

3 Þ, ðe22,mðk�1Þ
4 Þg

from which we can conclude using formula (6) that

qe11 fmðkÞ
1
¼ f

mðkÞ
1
� f

mðk�1Þ
3

� f
mðk�1Þ

4

mðhÞ
1 e11 ¼ mðhÞ

1
mðhÞ

2 e11 ¼ 0

mðhÞ
1 e12 ¼ 0 mðhÞ

2 e12 ¼ mðhÞ
3

mðhÞ
1 e21 ¼ mðhÞ

4
mðhÞ

2 e21 ¼ 0

mðhÞ
1 e22 ¼ 0 mðhÞ

2 e22 ¼ mðhÞ
2

mðhÞ
3 e11 ¼ mðhÞ

3
mðhÞ

4 e11 ¼ 0

mðhÞ
3 e12 ¼ 0 mðhÞ

4 e12 ¼ mðhÞ
1

mðhÞ
3 e21 ¼ mðhÞ

2
mðhÞ

4 e21 ¼ 0

mðhÞ
3 e22 ¼ 0 mðhÞ

4 e22 ¼ mðhÞ
4

e11m
ðhÞ
1 ¼ mðhÞ

1
e11m

ðhÞ
2 ¼ 0

e12m
ðhÞ
1 ¼ 0 e12m

ðhÞ
2 ¼ �mðhÞ

4

e21m
ðhÞ
1 ¼ �mðhÞ

3
e21m

ðhÞ
2 ¼ 0

e22m
ðhÞ
1 ¼ 0 e22m

ðhÞ
2 ¼ mðhÞ

2

e11m
ðhÞ
3 ¼ �mðhþ1Þ

1
e11m

ðhÞ
4 ¼ mðhÞ

4 �mðhþ1Þ
1

e12m
ðhÞ
3 ¼ 0 e12m

ðhÞ
4 ¼ mðhÞ

1

e21m
ðhÞ
3 ¼ �mðhÞ

2 þmðhþ1Þ
3 �mðhþ1Þ

4
e21m

ðhÞ
4 ¼ �2mðhÞ

2 þmðhþ1Þ
3 �mðhþ1Þ

4

e22m
ðhÞ
3 ¼ mðhÞ

3 þmðhþ1Þ
1

e22m
ðhÞ
4 ¼ mðhþ1Þ

1
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Similarly,

qe21 fmðkÞ
1
¼ 0

qe21 fmðk�1Þ
3

¼ �f
mðk�1Þ

1
þ f

mðk�2Þ
3

þ f
mðk�2Þ

4

qe21 fmðk�1Þ
4

¼ �f
mðk�2Þ

3
� f

mðk�2Þ
4

and thus

qe21qe11 fmðkÞ
1

¼ f
mðk�1Þ

1
:

In particular, if D is subcoalgebra of ðA _þMÞ� and f
mðkÞ

1
2 D, then f

mðk�1Þ
1

2 D: Thus, the linearly
independent set ff

mðkÞ
1
j k 2 Z, k 	 1g is a linearly independent subset of the A-bimodule generated

(i.e. the coalgebra generated) by f
mð1Þ

1
:

In conclusion, the coalgebra of ðA _þMÞ� generated by f
mðkÞ

1
is an infinite dimensional right

alternative coalgebra. The infinite dimensional coalgebra Coalg hf
mðkÞ

1
i is evidently finitely gener-

ated and, thus, it is not a locally finite coalgebra. w

As far as the authors know, Example 1 is the only example of a non-locally finite coalgebra
that is not a Lie coalgebra. In view of Shestakov’s conjecture, we can highlight the following cor-
ollary of Example 1.

Corollary. Not every right alternative coalgebra is locally finite. In other words, an analogue of the
Fundamental Theorem of Coalgebras is not true for right alternative coalgebras.

The corollary gives us another example of variety for which its finitely generated coalgebras
are not necessarily finite dimensional. As the variety of right alternative algebras does not admit
locally nilpotent radical, Shestakov’s conjecture remains open.

Considering other varieties that do not admit locally nilpotent radical and determining if its
coalgebras are locally finite may help us understand whether Shestakov’s conjecture is true
or not.
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