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Summary. \Ve consider the one dimensional nearest neighbors as),nm••t.rir si•npl(' rx­

clusion process with rates q Md p for left and right jumps r~pecti\•ely; q < p. Frrrnri, 

Kipnis and Saada (1991) have shown that if the initial measure is v,..~, a prodwt m,•n­

sure '\\;th densities p and ,\ to the left Md right of the origin rcspr.cfo·ely, p < .\, tlirn 

there exists a (microscopic) shock for the system. A shock is a rnmlom i-ition X, s11rh 

that the system as flccn from this position at t.ime f hes asymptotic prudnrt ,fo,tril111tio11:1 

with densiti('S p and ,\ to thf' left and right of the origin rt>spc.-th·dr, uniformly in f. \\'1' 

comput.e the diffusion CO(>fficient of the shork D = lim,_00 C
1(E(X,)2 -(E.Y,)1 ) nn,I find 

D = {p - q)( ..X - p)-1 (p(l - p) + ..X(l - ..\)) as conjecturf'd by Spohn (1!)!)1 ). \YC' show 1.hnt 

in the scale ../t the position of X 1 is determined by the initial distrihution of partirlf'8 in 

a r<'giou of lcnght proportionlll tot. We prove that the distribution of tht> prucrs" nt tlw 

avernge positir,n of the shock converges to a fair mixture of tht> product mrn.~nrl'.'s with 

densities p and ~- This is the so called dynamical phase transition. Under sho<"k initial 

conditions we show how the density fluctuation firlds depend on the initial config11rntion. 

Krywon/.J 4nd ph.rtUea. Asymmetric simple exclusion. Shock fluctuations. Central limit 

theorem. Dynamical phase transition. Density fluctuation fields. 

AMS 1991 Cla.,~ifica.tion. 60K35, 82C22, 82C24, 82C41. 

Short title: Shock in the simple exclusion process. 

1. Introduction. 

Let q, e {O, l}z be the asymmetric nearest neighbors one dimensionlll simple exd11-

sion process (Spitzer (1970), Liggett (1985)). Its generator is given by 

LJ(q) = L L p(z,y)17(z)(l -rr(y))IJ(r,"·')- J(q)], 

where/ is a. continuOUB function on {0, l}z, the configuration r,''·'(z) is defined by 

and 

{ 

71( z) if z 1' z, y 
q"•'(z)= 71(z) ifz=y 

11(11) if z = z 

{

p- ify = z + 1 
p(z,y)= q ify=z-1, 

0 otherwise 
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p + 9 = 1. We consider without loss of generality, p > 9 ~ 0. Let S(t) denote the 

C'.orresponding semigroup. In words, the process describes the evolution of particles in 7Z 

under the constriction that at most one particle is allowed at t>ach site. Particles jump 

to left and right nearest neighbor empty sites at rate q and p respectively. No jumps are 

allo11,•ed to occupied sites. We consider as initial measure v,,>., the product measure with 

densities p and ,\ to the left and right of the origin respecti\·ely. We fix p < ,\, We say that 

a random position X, is a microscopic shock if the distribution of rx, 11, has asymptotic 

cli1Mibutiona 11, and II>. to the left and right of the origin respectively, uniformly int. The 

OJM'rator T., is translation by z; v, and II>. stand for product measures with density p and 

,\ re5pec:tively. Ferrari, Kipnis Md Sa.ada (1990) showed that there exists a shock for this 

system. Ferrari (1992) showed that Z,, the position at time t of a second class particle 

with respect to 'le is a shock. The motion of the second class particle can be clescribed as 

follows. It jumps to empty left and right sites at rate p and q respectively and interchanges 

poeitions with left aod right particles at rate q and p respectively. The process Tz, 'le is 

Markovian and ·under initial distribution v,,,. converges weakly to an ill\'al'iant measure 

with asymptotic product distributions with densities p and ..\. Our main result is the 

following 

Theorem 1.1. Assume that the process 'le hu initial distribution 11,,,.. Let Ze be the 

position of the abode given by• second class particle initially put at the origin. Thea 

EZ, = (p- q)(l - ~ - p)t. (1.1) 

Di/fWJion coefficient 

D := lim E(Zc)
2 

- (EZ1)
2 = (p- q)p(l - p) + ~(1 - ~) 

1-00 f ~ - p 
(1.2) 

l)q>endeoce on the initial coaliguration. 

Let Ne('1) = E~ ... --;,•><'--,>•c1 - q(z)) - E:=-(p-9)(>.-,)e q(x). Then 

lira !E(Z, -(..\ - p)-J N,(110 ))2 = 0. 
e-oo t 

(1.3) 

In chapter S of Spohn (1991) (1.1) was proven a.nd (1.2) conjectured. Boldrighini et 

al. (1989) pcrfonned computer simulations confirming (1.2). Gartner and Presutt-i (1989) 

showed (1.3) for p = 0 and p = 1. Ferrari (1992) showed that (1.2) and (1.3) are equivalent 

and that the right hand side of (1.2) is a lowerbound for D and (1.3) for p = 0 and all 

p > q. We show (1.1} and (1.2) using recent results relating the expected value and the 

variance of a tagged particle with the variance of the current of particles through a fixed 

or travelling poeition (Ferrari and Fontes (1993)). The following Theorem is a corollary to 

(1.3). 
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Theorem 1.2. Convergence to the finite dimensional distributions of Bro""niM motion. 

Let tr(t) be Brownian motion with diffusion coefficient D. Tben undcr the conditirms of 

Theorem 1.1 

weakly, in the sense of the finite dimensional distributions. 

It is well known that this process is related to the unviscous Durgns equation. Thiii 

is the non linear equation for u(r,t) E [0,1], 

{1.4) 

The hydrodynamic limit plus local equilibrium give the following: Let u0(r) be a pif'("P• 

wise continuous function, and let v:
0 

be a family of product measures with marginal .. 

v:0(77(C1 r)) = uo{r). Then 

(1.5) 

in thP continuity points of u(r, t), the solution of (1.4) with initial condition u(r, 0) = u0 (r). 

For genPral initial conditions this theorem is a consequence of the law of larp;r n11mltt•r'I 

of Rezakhanlou (1990) and the proof of locR.!. equilibrium of Landim (1992). Dcforr thrm. 

Liggett (1975, 1977) has shown this result for the ciu;e r = 0. Roi;t (1982) ,md n,,,m .. si 

and Fouque (1987) showed (1.5) for decreasing initial profi)t>S. AndjP.1 and V11r~ (1987) 

proved the hydrodynamical limit for the shock case. Thm Benassi, Fouqu<>, Srui,Ja nnd 

Vares (1991) computed the limit for monotone initial profiles. In the shock cnsr (1.5) 

means that under initial distribution v,.,A, a traveller moving l\t deterministic vrlnrity 

r observes as),nptotically that the particles are distributed as v,. for r > v 11ncl ''A for 

r < v, where t• = (p - q)(l - .,\ - p). Indeed u{r,t) = pl{r < ,,t} + .,\l{r > t•t} ii. thr 

solution of the Burgers equation when uo(r) = .,\ for r > 0 and p for r $ 0. It wa.'I 

c~njectured that when r = v the system converges to a fair mixture of v, and "A· Thiii 

was proven by Wick (1985) and De Masi et al. (1988) for p = 0 and by Andjd, Drnmsnn 

and Liggett (1988) for .\ + p = 1. Our next result shows the conjecture for :"III ens~. 

The proof is based on the central limit theorem for Z 1 established in Theorem 1.2. Let 

w(r,t) = P(W(t) ~ r) = (l/✓21rDt)/~00 exp(-a2 /2Dt)d.s, the normal distribution with· 

variance Dt. 

Theorem 1.3. Dynamical pbase transition. -Lec v = (p - q)(l - .\ - p). Tben 

(1.6) 
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Let T1 be the fluctuations fields defined by 

T:(cJ) = e1l 2 L cJ(ez)[q.-,,(z) - Eq.-1,(z)], (1.7) 
cEZ 

for smooth integrable test (unctions cJ. Fort= 0, i( rJo is distributed according to 11,,,., 

where T(cJ) is Gaussian white noise with mean zero and covariance 

E(T('ll)T(+)) = j u0(r)(l - uo(r))'ll(r)+(r)dr. 

(1.8) 

(1.9) 

where u0(r) = ..U{r ~ O} + pl{r < O}. Our nextresult proves a conjecture o(Spohn (1901) 
when the initial condition is a shock. 

Theorem 1.4. Convergence of the Buctuation 6.elds. Assume that tbe initial distribution 
of the process is v,,,.. Let v = (p- q)(l - p - .I.). Let u(r,t) = .\l{r > vt} + pl{r < 
vt} + ½(..\ + p)l{r = vt}. Ase --t 0, tl,e fluctuation fields T: defined in (1.7) converge in a 
weak sense to the conservative solution T, of the nonhomogeneous unear equation 

a a 
otl',(r)= 

8
,{l-2u{r,t))T,(r), (1.10) 

with initial condition T, the Gaussian field with.zero mean and covariance given by {1.9). 

For p = 1 and p = 0 the ronvergencc away from the sho<"k have been obtained by 
Benassi and Fouque (1992). Theorem 1.4 is a consequence of the Lz convergence of the 
fluctuation fields established iu the ne.xt theorem. The weak &0lutions of {1.10) present a 
singularity at the point ( ut, t) due to the discontiuuity of u(r, t) at r = vt. For this reason 
tLl.tt is 110 unique solution. However there is only one conservati\'e solution. To better 
describe it let us introduce some notation. Assume that t is the indicator 0£ the interval 
(ai,02). For i = 1,2 let 

b (t) _ { a; - (p - q}{l - 2p)t i( a; < vt 
' - a. - (p - q )( 1 - 2A )t if o; > vt 

Then Tc, the solution of (1.10) is given by the following. 

f Tc(r)~(r)dr = 1.•• T,(r)dr = /'•(I) T 0(r)dr ., l,,<,> 
We can interpret this by saying that if vt E (a1,a2 ) then, the fluctuations present in the 
interval (-(p-q)(~ - p)t, (p-q)(~ - p)t) at time zero concentrate in the point vt at time 
t. Formula (1.12) below says that these fluctuations are pr~t in the sc:al.e ,/i. Indeed 
they reflect the mock fluctuations that occur iu tbia scale. 
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Theo~m 1.5. Let E be the expected value with respect &o the prores." with inirfal 

measure lfi,,l• Let Ae = 2t n (t:-1 Clt ,t:-1a2), B~(t) = 2t n (t-161 (t),C1 b-i(t)). TJJCll 

{1.11) 

Let C > 0, Cc(t) = 2t n (t-111t - t-1/ 2c,t-111t + c 1l2c) and K.(t) = 7Z n (-t-1 t(p -

q)(~ -p),c1t(p- q)(~ - p)). Then 

!~t:E( L (11.-1,(z)-Eq.-1,{z))-T.-111e L (11u(z)-E'lo(z)))

2 

=O, (1.12) 
aec.(1) •EK.(c) 

where Te is truncation by c: 

{ 

F(.) 
T.,F(.) = C 

-c 

jf IF(.)I :5 C 

if F(.) > C 

if F(.) < -c. 

Note that c.(t) is an interval. or length proportional to c 1/ 2 around the mocro~mpiC' 

point ut. \Vhen e -o oo, (1.12) says that the fluctuations at time f in a region or IC11,;th 

proportional to ,Ii around 11t &-e given by the fluctuations at time O in a region of lmf;th 

proportional tot. 

2. Graphical construction and coupling. 

The ~ain tool to deal with this process is coupling, the- joint reoalization of two w·rsiuns 

of the process with different initial configurations. One way to ddin.- a C'oupling ;., ,·in I lw 

joint generator (Liggett (1976), (1985)). Another way is by gr11phic-al rom,trurtin~ 1hr 

process. This is something like to use the same rannom numhrrs £or nifli'rf'nt iuil i,J 

configurations. To describe the graphical constntction attach two Pois.'-On prnc-«-sSNl to 

each pair of 11ites (z,:r + 1). One ofrate p and the other ofrate q. A ·Poisson pror,.c;s i:-1 A 

sequence o£ random times. To each time 0£ the Poisson pto<"e!!s of rate p an Rrrnw ~oing 

from :r to :r + 1 is drawn and for the times 0£ the process of rate q an arrow is- «ln,wn 

from :r + 1 to :r. The product of these Poisson proees~ induces a probnhility ~pnc-r ({l, 

:F, P). We discard the null event "two arrows occur at the same time". Gi,·<'n nn initinl 

configuration 'I, the configuration at time t for the set of arrows w, starting from '1 i11 

denoted 17~":' and is constructed in the following way. When an arrow appears from sitr z 

to 11, if' there is a particle at :r and no particle at II then, after the arrow the partide will 
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be ~ II' and z will be empty. We denote ,,: the random process defined on (0, F, P) with 
initial configuration r,. 

. I Consider now two initial configurations ,,0 and q1 and write r,l = 'I~ , Cor the config-
urations at time t. Use the same strudure of arrows for '11 and 'II• In this case (11:, r,I) ia 
the •basic coupling"(~ggett (1985)). If ,,0(r) S r,1(:r) for all :r E :& (in this case we say 
r,1 S r,1) then for all times ,,: S '11. This property_ is called attractivity. Let 11, be the 
product ~neaau.re with density p. Take p < ~ and realize jointly the measures v, and VA 

in lhe following way. Let U(:r) E [O, 1) be i.i.d. uniformly distributed random variables. 
Then define r,1(:r) = l{U(z) S p}, q1(z) = l{U(:r) $ l}. Hence, q0 is distributed ac­
conling to 11,, q1 ia diatributed according to VA and r,0 S q1• Define a(z) = 11°(:r) and 
((z) = q1(z) - q0(z). We say that the distribution of (a,0 baa the good marginals if the 
o marginal ia v, and the a+ ( margiDal ia "A• Calling •2 the distribution of (a,(), we have 
that 

•2 ill a product measure with the good marginals. (2.1) 

Define t11(l") .= 11:(z) and {1(:r) = ,,1{:r)-q~(z). The motion of (a.,(1' obeys the following 
rule. The tr particl- ha-n, priority over the { pvtidc:11; when an arrow from a D' particle 
to a ( particle appean, then after the arrow the particles interchange positions. Othef'ise 
the particles interact by exclusion. We say that the { particles behave as "second class 
pariiclea". H the distribution of ( ao, {0 ) has the good marginals, the same is true for the 
distribution of (a,,{,). We call Sa(t) the corresponding semigroup. 

Let "2 be a translation in~ant measure with the good marginals and ,1 = v,( .l{(O) = 
1). Let X, be the poaition olthe ( particle initially at the origin. Let Si(t) be the aemigroup 
ol the process as seen from the aecond class particle ( +x, a,. rx, (,). The key tool in Ferrari, 
Kipnia_ and Suda (1991) to ahow that X, is a microscopic shock is the following. If a,, is . l 
translation invariant and has the good marginals, then 

(2.2) 

In wanls, the law of the process as seen from the tagged second class particle loob as the 
law ol the proc:ae aeeo from the origin conditioned to have a aecond class particle at the 
origin. Ferrari (1992) lihowed the following law of large numbers. Let l"2 have the good 
marginala, then under initial measure v~, 

lim 
x. 
-=v , __ ' alm011t surely. 

Ld X1 denote the paai&a ol the mat ( particle to the righi of the origiD. 
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Lemma 2.1. There exist positive constants t!,t!' such that 

sup11;cx1 > n) $ c' exp(-c"n) .., 
where the sup ia taken over {vi: &'a ia translation invariant and has the good marginals}, 

Proof. Write 

11;cx1 > n)(~ -p) $ 1/3 (:te(z) = o) 
s=I 

S 112 (te(z) = O, ltu(z) -npl Sen, lt(u(z) +((z))- n~I Sen) (2.4) 
s'"'l s=l s-=l 

+ 112 (It u(z) -npl >en) + &'a (lt(u(z) + ((z)) -n~1 >en) 
Fore<(~ - p)/2, the first term in the right hand side of (2.4) vanishes. The sc:con<l nnd 

third term depend only on the marginals 11, and II,\ respec~vely. Tht> result follows fro1u 

large deviations of Bernoulli measures. • 

Using the same arrows there is a natural coupling between (u,.e,) with initial ffiC'l\SurC 

· ir2 and '11 with initial measure 11,.,.\. To describe it one let (u, O to be a configuratiou tukcu 

from the distribution ir2. Now mark independently the i-th ( particle 88 i with probability 

(p/q)i/(1 +(p/q)i), otherwise 88 (. Then consider the process (u,.-y,.(1) with prioriti<."11 u 

over 7 over (. In this way u, has distribution v,. for· all t, 'It = u1 + 71 has distributiou 

(absolutely contiuuous with respect to) 11,,l.S(t) and 0'1 + 'Y1 + (1 has distribution 11).. St-e 
Ferrari, Kipnis and Saa.da. (1991) and Ferrari (1992) for details. 

3. Tagged second class particles and currents. 

Consider the joint process ( t7,. (1) described in the previous section. Define the current 

of { particles as J2•1 := number of ( particles to the left of the origin at time O and to thP. 

right of the origin at time t minus number of { particles to the right of the oi-igin at. time O 

and to the left ~f the origin at time t. Analogously define Jo,, for the current of " particlrs 
and and JJ,I for the total current of <T + e particles. 

Consider a configuration (<T,() taken from 11'~, the measure 11'2 conditioned to have a e 
p~icle at the origin. This configuration has ((0) = 1 and u(O) = 0, i.e., it has 11. e pnrtide 

at the origin. Let u•(:r) = l{z 'F O}a(z) + 1{:r = 0}(1 - u(:r)) and analogously C. Now, 

using the same arrows, couple(",.{,) with (a0 {j). At time t the two processes will ,liff,·r 

at only one site whose position is called R,. Similarly, coupling (u,,{,) with (uj ,{j) _we get 
only one discrepancy located at a position denoted fl,. In words, R, is lik~ a third class 

particle, while Re is a aec:ond claaa particle with respect to u1 but has priority over ( 1• 
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Th~orem 3.1. Let (a,.e,) be the join& process of first and second class particlea with 
initial produce measure 1'2 defined in (2.1). Let X, be the position of the tagged second 
class particle put initially at the origin. Then it holds that 

(3.1) 

where the expected values are taken witb respect to the process with initial dutribution 

11'2: .F\uih4!rmore, denoting the variance by V, 

V IJ,, = (,\ - p)2V Xe - (,\ - p)(l - p - p))E(Xc) 

+ 2{,\ --· p)(l - ,\)(E(Rc)+ - E(R1 - ·x,t) 
+ 2(,\ - p)p(E(Rc)+ - E(Rc - X,)+). 

(3.2) 

Proof. The proof or (3.1) is the same u the proof of (3.2) in Ferrari and Fontes (1993). 

The proof 0£ (3.2) is very similar to the proof of equation (3.10) in the same paper, where 

the variance of the current of (first class) particles in simple exclusion is written as a 

function of moments of a (first class) tagged particle and a discrepancy. We just aket~ 

it, pointing out the ma.in different point, referring the reader to the mentioned paper for 
details. Write 12,c = (12,,)+ - (12,,)-, where 

c12,c(O',ot = Ee<.1:)1{x:c0',o > o}, c12,,CO',en- = I)<.1:)1fx:c0',e> :5 01. 
· r~ r~ 

Here X:(17,e) is the poeition ~t time t of a tagged e particle starting at .r, when the 

·initial condition is (O';e). The variance of Ji,, is then expressed in terms of variances 

and expectatiom of {J2,1)+ and (12,,)-. The main calculation which follows is· that of 

E((J2,,)+)2 RDd E((J2,,)-)2• The first one is expressed in various terms one of which is 

2(,\ - P) E (P(Xf > o,e(u) = 11e(:i:) = 1)- P(Xf > o.ecu> = 1)), (3.3) 

The mm in (3.3) can be rewritten as 

c1- ,\) E (P(Xl > o,e(u) = 11e(:i:) = 1)- P(Xl > o,e<u> = 11ec:i:) = O'(.r) = o)J 
r<r~O 

+p L (P(Xf > O,{(y) = 11{(:i:) = 1) - P(Xf > O,{(y) = 110'(:a:) = l)]. 
r<.r~O 

(3.4) 
These terms are reexpressed after & coupling argument as 

(1 - ,\)(1 - ,\) L P(Xf > 0, R: ::5 0) + p(l - ,\) L P(Xf > 0, R: ::5 O) (3.5) 
.r~O .r~I 

The expresion (3.5), when combined with expressions obtained similarly in the calculation 

of E((J2,cr)2 , lead to the desired result in a straightforward m&DDer.6 
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Tbeoretn 3.2. Under the conditions of Theorem 3.1, it bolds that 

(3.G) 

where N2,,(a,{) is a random variable t1uu does not depend on"'· It depends only on the 
mitial conliguration., a and e and it is given below by (3.13). 

Proof. By mass conservation: 

(3.7) 

The current Jo,, dependa only on the a marginal of the process, while Ji,, depends on the 
a+e marginal. Hence, writing E for the expectation of the process with initial distribution 
.-2 and noting that the distribution of ( u,, e,) has the good marginals, 

On the other hand, (1.5} of Ferrari and Fontes (1993) implies that 

lim E(Jo,t - No.,(uo,eo)- (p- q)p2t)2 = O, 
,_.,.. t ' 

where 

lim E(J1,, - N1,,(uo,eo)-(p - q)..\2t)2 = 
0 •-ao t · ' 

! 
0 

L a{z), when 1- 2p > O, 
Ni (a e) = ••-(r-1)(1-2,)t 

O,t '._ (r-t)(2p-l)t 

- L · a(z), when 1 - 2p $ 0, 
••0 

! 
t (u(z) + {(z)), when 1 - 2..\ > 0, 

N ( e) = ••-(p-1)(1-U)C 
1,C 0-,,_ (p-f)(2>.-1)1 

" - L (u(z)+((z)), whenl-2..\$0. 
•=0 

N2,,(u,() = N1,,(u,() - No,,(c,,(). 

The result follows from (3.7) (3.9) and (3.12).lt 

. (3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

Proof of Theorem 1.1. We first show (1.1) and (1.2) for X, instead of Z,. It follows 
from {3.1) and (3.8), 

EX,= (p-q}(l -..\-p)t 

9 
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From (3.10), (3.11) and (3.12), we have that N2,,(o-,() equals 

-(p-f)(t -2l)t 0 

L o-<x> + E e(z), when .\ S 1/2, 
s•-(p-t){l-Zp)f s=-(p-9)(1-2l)t 

o (p-f)(2l-t)r 

L o-(z) + L (((z) + o-(z)), when · p S 1/2 < l, 
••-<,-,>< 1-2,>r 

c,-,><2,-111 

. L .e<x>+ 
(J,-9)(2l-l)I 

L (((z) + o-(z)), when p > 1/2 . 

Hence lim1_...,(V J:z,,/t) = lim1-00(V N2,r/t) equals 

2(p- q)p{l - p)(,\ - p) + (p- q)p - p)(l - l + p)(l - 2.\), when l S 1/2, 

(p- q)(l -- 2p)p(l - p) + (p - q)(l - 2.\).\(1- .\), when p ~ 1/2 < l, 

(p- q)(l -·2p)(.\ - p)(l - ,\ + p) + 2(p - q)(.\ - p)l(l - .\), when p > 1/2. 

On the other hand, it is proven by Ferrari and Fontes (1993) that 

and 

. "lim E(R1)+ = { (p - q)(l - 2.\) . if,\ < ~/2 
r-00 t O otherwise, 

lim E(R.1)+ = { (p - q)(l - 2p) if p < y2 
,-00 t O otbennae, 

I
. E(R1 - X,)+ O 
Im ---'-----'-- = 

1-00 t 

- + 
lim E(R, - X1) = (p- q)(.\ _ p). 
1-00 f 

SubBtituting (3.13), (3.14), (3.15), (3.16), (3.17) and (3.18) in (3.2) we get 

I. E(X1)
2 

- (EX1)
2 

( )p(l - p) + .\(1 - .\) 
1m = p-q 

1-00 f ,\-p 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

N~ we show the theorem for Z1• We consider the process ('Ir, Z1), where z, is a 
second class particle with respect to 'II• Ferrari (1992) baa shown that it is possible to 

realize the processes ('le. Z1) and (a-,.(c, Xe) with initial distribution ,r~, in such a way that 
if one calls X; the i-th ( particle (Xf = X1), and let F2,1 be the sigma algebra generated 

by {(o-.,t.): a::!:= t}, then for all times 

P(Z, == x:1F2,1) = m(i), where 

. m(i) = M ( ( 1 + {p/q);~·½) ( 1 + (q/p);+i) )-t {3.20) 



and Mis a normalizing cooatant making EiEZ' m(i) = 1. The symmetrr of m(i), (3.13) • 
and (3.20) show {1.1). Since m{i) is a probability with exponential decay, to 11how (1.2} it 
suffices to prove that 

i 2 
lim E(X, - X,) = 0, for all i E 7.t 
c-oo t (3.21) 

But (3.21) follows Crom Lemma 2.1 and the fact that, by translation invariance, the law of 
x;-• -Xj is independent of i. Ferrari (1992) showed that (1.2) and (1.3) are eq11ivaJ,..nt ... 

Remark 3.1. Note that (3.14) implies that limc-oo v~2
•
1 = 0 if l + p = t. In thi11 l"ll!I(! 

v = 0. We do not use this. 

We 6.nish thls section with 11. lemma to be used in Section S. Let 1:•• be the numhcr 
of '1 particles to the left of I, at time zero and to the right a£ a at time t minus numbtt 
of '1 particles to the right of I, at time zero and to the left of a at time t. Ld J:.,• be thr. 
analogous current for particles tr, tr + { and { for i = 0, 1, 2 respectively. 

Lemma 3.1. COD6ider the process 'le 'With initial distribution 11,,l and the proces5 (a,,{,) 
under initial distribution 1f2 coupled as described at the end of Section 2. U b > 0 ,uul 
a>" then 

(3.22) 

Ub < 0 and a< v then 

(3.23) 

Proof. First consider p = 1. For b > 0 and a> v, J:'•••-1:.t• = ci:::')+ $ (X,-ot)+ ~ 
(Xe - vt)+. By (2.3) lim, ..... 00 P(((Xc -at)+)2 /t > -') = 0 for all~~ 0. By Thron-m 1.2, 
limc--~((Xc - ut)2/t > -') = 2(1-w(y'i, 1)). Write 

E((X, - at)+)2 = /"° P((X, - at)+ /./i. > ,/i)d., 
t lo 

Now P((X, -at)+ /,/i >,Ii)$ P{(X, -vt)/,/i > ,Ii) and lim,-00 Jn"° P((X1 -,·tt,./i) > 
,/i)tb = Jo"° 2(1 - ,o( ./i, 1 ))th = D $ oo by Theorem 1. Dy dominated C"onvcrgrncr w,• -
get (3.22). Analogou11ly we get (3.23). H 1 > p > q one repeates the argument n!'ing D,. 
the position of the rightmost ( particle and the fact that lim,_ E(D, -vt)2 /t < oo. For 
(3.23) one uses Ge, the position of the leftmost 7 particle .• 

Remark 3.2. Since for the process (tr,, (1) the tr marginal is 11, and the a + ! mlU'ginnJ i11 
VA, it follows from Ferrari and Fontes (1993) that 

lim
. i,1 - i,c _ (p- q)p(l - p)ll - 2p- (a - 6)1 ifi = 0 (3.·24) 
E(J"••' J"•••)2 { 

c-oo t - (p- q)~(l - l)ll - 2~ - (a - b)I ir-i = 1. 
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4. Dynamical pbue transition. 

In order to prove Theorem 1.3 we need the following result. 

Lemma 4.1. · Weak amita aa I .... ex> of v,.,AS(l)T••+•v'i ue traosfa.ti00 .invariant. 

(4.1) 

foi any cylinder /. SinC4e the measures 11,.,1 and T1v,.,1 are product, we can CODStruct a 

product measure ii OD {O, 1}.z x {O, 1}.z with marginals v,,1 and T111,,1 in auch a way that 

if ('1,'1•) ia distributed according to ii, then 'l(z) = 'l•(z) Vz;, 0 and 

ii[,,(o) = ,,•co)J = 1 - (..\ - p), ii(,,co> = 1, ,,•{o) = oJ = ..\ - ,. (4.2) 

Tbeo we OOl18trud lbe coupled pi-ocesa ('lh 'I;) with initial dietributiou ;,, umJ16 the S&Dle 

UTOWS. H '1(0) ,= 'l•(O), then the processes '1• and 'Ii difFer at m011t in one site. The 

pmitiou of this discrepancy behaves aa a second class particle with respect to '1· We call 

it Z,. At time O, Zo = 0. HJ depends on sites {-1, ... , 1 }, the expreaioo inside the limit 

ia (4.1) is bounded above by 

(A - p)lf/lfooP(IZ, - vt + a./il $ k). (4.3) 

TlJC probability in (4.3) converges to zero as t ..... ex>, by the convergence of (Z, - ut)/t<112> 

to a oormal random variable with nonzero diffusion coefficient D, proven io Theorem 1.2.4' 

Proof of Theorem t.3. We first show the result for p = 1. In thia case z, = X,. To 

avoid heavy notation we prove the theorem for a = O. The extension is atraightfonvard. 

A.woe/ depends on thesitea {-1, ... ,k}. Then by Lemma4.1 we have (along convergent. 

mbaequences) 

for all n ~ 0. We c:booae to tranalate br (21. + 1 )z becaWle in that way the support of · 

T(2t+1)./ ii disjoint of the aupport of T(u+1),/ if z ,,j: JI• To compute the second limit in 
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(4.4) writes'= (2k + l)z and 

1 
11 

l [ n l 
2n + 111,,,.S(t)r., -~• rc2H1)./ = 2,. + 1 E r-, .~ .. Ts•l('I,} 

= 2,. ~ 1 E [r.c .t. Ts•/('lc)l{X1 - vt > ~1
1

4
)] 

+ 2,. ~ 1 E [r., .t,. Ta•f('1r)l{X, -vf < -t114 J] 

+ 2n ~ 1 E [r., ,t,. r.,f('l,)l{IX, - vtl < t114
)] 

= l1(t) + /2(t) + /3(t). 
(4.5) 

By Theorem 1.2 limr-oo /3(f) = 0. Couple 111 with initial dii,tribution v;,,. and (a,. {1) with 

initial distribution r2 as described at the end of Section 2. For t114 > n(2k + 1), irinc-e 

p= 1, 

Now, 

jr1(t) - E(v,/ l{Xr - vt > t114}ij2 

$ IE [ (r .. ,2n ~ l .t. Tr•/(a,) - 11,/) l{Xc - 11t > t1
f

4 J] r (4.6) 

SE [r•'2n ~ l .t .. (Tr•/(a,)-11,f)r 

But {rc2t+t)r/(a,)}. are i.i.d. with distribution induced by v,, hence the r.h.s. oC (4.6) 

does not depend on translations by vf and equal11 r,11(/ -11111)2 /(2n + 1). By TbC'Of'Mn 1.2 

(central limit theorem for X,) lim1_.00 E[l{X, - vt >' t1f4 }] = 1/2. Hence 

Analogously, 

,.~~ I2(t) - i_"l/1 $ O( .Jn>· 
We get {1.6) for p = 1 and a= 0 by taking n to infinity. To obtain the result for a I 0 

it auffices to make a partition inside the expectation in (4.5) according to {X, - vt > 

13 



al1/2 + t1l4 }, {Xe - vt < at1l2 - t1l4 } and {IX, - vt - at1l21 $ t•l-t} and observe that by 

Theorem 1.2, P(~• - vt < at1l 2 ~ t11-t) -+ w(a, 1), the normal distribution with variance 

D defined before Theorem 1.3. The proof goes then along the same steps than in the case 

a = O. In the case p E (1/2, 1) one uses the three particle representation of the system 

given at the end of Section 2. By (3.21), G., the position of the leftm0&t 7 particle and 

D., the position of the rightmost ( particle at time t satisfy (1.2), (1.3) 1111d Theorem 1.2. 

FrOQl this it ia not difficult to cona~ct an argument similar to the case p = l to ahow 

(I.CS) foe all c:aaea. • 

I. Fluctuation Belda. 

In this sectioci we ahow the convergence of the density fluctuation fields in the case 

of a shock. We only need to show Theorem 1.5 u the passage from (1.11) to (1.10) is 

■tandard. The proof of ( 1.11) i■ baaed on the fact that the vari1111ce of the current through 

certain lines parall~ to (t{l - 2p),t) 1111d (t(l - 2l),t) vanishes. The proof of (1.12) i■ 

baaed in Theorema 1.1, 1_.2, 1.3. 

Proof of Theorem 1.1. We first show (1.11). Since the number of particlea wi change 

oaly on the boundaries, 

(5.1) 

where Jr '••<•>.a-'•• ha■ been defined before Lemma 3.1. By (3.24) aud Lemma 3.1, 

EatE(J:-'••<1>••-'•• -EJ:-'••<•>••-'•1
) 2 = 0, i = 1,2. (5.2) 

Theo (1.11) ii a consequence-of (5.1) and f5.2). Now we show (1.12). We prove below that 

P!:. E (e.112 L '1c-1a(1:) - (l(c -TcW.(t)) + p(TcW.(t) + c))) 

2 

= 0, (5.3) 
•EC.(t) 

where W.(t) = t 112(Z.-,,-i-1vt) and Tc ia truncation by c defined in Theorem 1.5. Since 

E .. eK.U> E,,.,(1:) == C 1vt, (1.3) implie■ 

~ E (i112T-.-,1•c L (110(~) - Eqo(~)) - (l - p)TcWa(t)) 

3 

~ 0. (5.4) 
•EK.(t) · 

B7 Theorem 1.3, 

~ t 112 L Eq.-,,(1:) = le (p(l - w(r, t)) + lw(r, t))dr, (5.5) 
aEC.(a) -
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where w(r,t) is defined in Theorem 1.3. Finally, by symmetry of (r,w(r,t)) with rcspcd 
to (0, 1/2), 

Lee (p(l-w(r, t))+.\w(r, t))dr-(,\(c-Te w.(t))+p(Tc: w.(t)+c)) = (..\-p)Tc: w.(t). (5.G) 

Then (1.12) lollowa Crom (5.3), {5.4), (5.5) and (5.6). • 

Proof of (5.3). We fint show it for p = 1. Let C;(t) = [-£-112(TcW•(t) + c),O) n 7Z, 
Ct(t) = (o,i:-1l2(c - TcW.(t))) n 7Z. Use the coupling described at the end of Section 2. 
Let,,:= T'X,'lh a: = T'x,a1, e: = Tx,e,. Then, 

L '1.-,,(z) = L '1~-,,(z) + L 'l~-,,(z) 
•EC.(c) sec;(c) zect(c) 

= E a~-,.<z> + E ca:-,,<:r> + e:-,,<z» 
•EC;'(t) sECt'(t) 

The first marginal of (ar,(c) is v, for all t and IC;(t)I :5 2a-1 • Hence, by (2.2), 

~t:112 L a~_,,(z)-p(TcW.(t)+c))=O a.s. 
sec;(r) 

Then (5.8) and_dominated convergence imply 

Analogously 

!i~ E (t:112 L (u:-,,(:r) + e.-,,(z)) - ,\(c -TcW.(t))) 

2 

= 0 
•EC:(c) 

We leave to the reader the prooffor p e (1/2, 1) .• 

(5.7) 

(5.8) 

Acknowledgements. We thank Henrique von Dreifua £or useful discussions. This re- . 
aearch is part of FAPESP "Projeto Tematico• Grant number 90/3918-5. Partially sup­
ported by CNPq. 

15 



Rererences 

~hi) E. D: Andjel, M. Brnmson, T. M. Liggett (1988). Shocks in the asymmetric simple 

('xdusion process. Probab. Theor. Rel. Fields 78 231-247. 

[avJ E. D. Andjel, M. E. Vares (1987). Hydrodynamic equations (or attractive particle 

system., on 7.l. J. Stat. Phys. 47 265-288. 

n) A. Benassi, J-P. Fouque {1987). Hydrodynamical limit for the asymmetric simple 

exclusion process. Ann. Probab. US 546-560. 

btl) A. BenMsi, J-P. Fouque (1992) Fluctuation &eld for the asymmetric simple exclusion 

process. Proceedi~gs of Oberwolfach Conference in SPDE, Nov 89 Birkhnuser. 

fsv) A. Bcnl\Ssi, J-P. Fouque, E. Saada, M. E. Vares (1991) Asymmetric attracti\--e particle _ 

11ystcms on Z: hydrodynamical limit for monotone initial profiles. J. Stat. Phys. 

dg) C. Boldrighini, c; Cosimi, _A. Frigio, M. Grasso-Nunes (1989). Computer simulatiOD8 

of shock waves in completely asymmetric simple exclusion process. J. Stat. Phys. 55, 

611-623. 

(elf) · A. De MMi, P. A. Ferrari (1985) Self diffusion in one dimeasioual lattice ~ases in the 

presence of an external field. J. Stat. Phys. 38, 603-613. . 

rlfv) A. De Masi. P. A. Ferrari, M. E. Va.res (1989) A microscopic model of interface related 

to the Burgers NtUation. J. Stat. Phys. 55, 3/4 601-609. 

"Pff] A. De Masi, C. Kipnis, E. Presutti, E. Saada (1988). Miaoscopic structure at the 

shock in the asymmetric simple exclusion. Stochastics 27, 151-165. 

(fl] p; A. Ferrari (1986). The simple exclusion process as seen from a tagged particle. 

Ann. Probab. 14 1277-1200. 

[f'2) P. A. Ferrari (1992) Shock fluctuations in asymmetric simple excl~ion. Probab. 

Tl1cor. Related Fields. 91, 81-101. 

(ff] P. A. Ferrari, L. R. G. Fontes (1993) Current fluctuations For the BBymJlletric f:imple 

exclm,ion proC<'!'R. Ann. Probab. 

fl<!!) P. A, Ferrari, C. l{ipnis, E. Saada (1991) Microscopic structure or travelling waves for 

asymmetric simple exclusion process. Ann. Probab. 19 22~244. 

(~) J. Gartner, E. Presutti (1989). Shock 8uctuations in a particle l)'Blem. Ann. Inst. 

H. Poincare, Sect B 53, 1-14. 

(k] C. Kipnis (1986). Central limit theorems for infinite seriea or queuea and applicatiOD8 

to simple exclusion. Ann. Probab. 14 397-408. 

~al] C. Landim (1992). Conservation or local equilibrium for attractive particle aystema 
on Z'. To appear Ann. Probab. 

16 



(L) T. ?II. Liggett (1975) Ergodic theorems for the asymmetric simple cxd11sinn proc<'s~. 

Trans. Amer.MatJ1. Soc. 213, 237-261. 

[LI T. M. Liggett (19i7) Ergodic theorems for the asymmetric simple exclusion proc<.':..!I, 

II. Ann. Probab., 4, 339-356. 

~) T. M. Liggett (19i6). Coupling the simple exclusion process. Am1. Probab. 4 339-356. 

[L) T. M. Liggett (1985). Interacting Particle Systems. Springer, Berlin. 

[r) H. Rezakhanlou (1990) Hy<lrodynamic limit for attractive particle systems on Z'. 

Comm. AfatJ1. Phys. 140 417-448. 

(r] H. Rost (1982) Ncmcquilibrium behavior of a many particle process: density profile 

and local equilibrium. Z. Wa.hrsch. verw. Gebfote, 58 41-53. 

(spi) F. Spitzer (1970). Interaction of Markov processes. Adv. Matl1., 5 246-200. 

· [SJ H. Spohn (1991). Large Scale Dynamics of Interacting Particles. Springer. 

(w] D.Wick (1985). A dynamical phase transition in an infinite particle system. J. Stat. 

Phys. 38 1015-1025. 

lnstituto de Matematica e Estatistica - UoivCl'llidade de Sao Paulo 

Cx. Postal 20570 - 01498--970 Sio Paulo SP - Brasil 

pablo@ime.UBp.br, lrenat.o@ime.usp.br 

17 



ULTIHOS RELATORIOS TECHICDS PUBLICADOS 

.1lle 

9281 - BOLFARINE, H., NASCIHEHTO, J.A. & RODRIGUES, J. 
Comparing Several Resression Hodel• with Heasure■ent Errors. 
A Ba~esian Approach, 16p. 

9_202 - BOLFARIHE, H. & SANDOVAL, H.C. E■Pirical Ba~Hian 
Prediction in th• Location Error in Variables 
Superpopulation Hodel, 26p. 

9203 - BUSSAB, W.O . & BARROSO, L.P. Painel Hultivariado -
Analise Atraves do Hodelo de Co•ponent•• de Variincia, t7p. 

920~ - LEITE, J.O. & PEREIRA, C.A.8. Urn Scheme to Obtain 
Properties of Stirling Nu■bers of Second Kind, t9p. 

9295 - BELITSKY, V. A Stochastic Hodel of Deposition 
Processes with Nucleation, 21P. 

9206 - BOLFARINE, H. I NASCIHENTO, J.A. Bartlett Correction 
Factors for th• Structural Regression Hodel with Known 
Reliabllit~ Ratio, lip. 

9207 - FERRARI, P.A. Growth Processes on a Strip, 23p. 

9c:!08 FERRARI, P.A., GALVES, ·J.A. & LANDIH, C. 
Exponential Waiting Ti■• •or a Dig pap in• Ons Di■cna1onal 
Zero Range Process, BP. 

9219 - LOSCHI, R.H. Coerincia e Probabilidade, 17P. 

9211 - CRIBARI-NETO, F. & FERRARI, S.L.P. An l ■Proved 
Li\grange Hultiplier Statistic for the Teat of 
Heteroskedasticit~, 22p. 

9211 - LEITE, J.O . & BOLFARINE, H. Ba~esian Esti■ation of 
the Nu■ber of Equall~ Lik•l~ Cla•••• in a Population. ilp. 

9212 - BOLFARINE, H. & SANDOVAL, H.C. On Predicting the 
Finite Population Distribution Function, 9P. 

9213 - FERRARI, P.A. & FONTES, L.R.O. Fluctuations in the• 
A•~•••tric Si■pl• Exclusion Process, ,p. 



9214 - FERRARI, P.A. & FONTES, l.R.O. Current fluctuation• 
for th• As~m11etric Si ■Ple Exclusion Proc•••• 14p. 

921:5 - IRONY, T.Z. & PEREIRA, C.A.B. Hotivation for th£' 
Correct Use of Discrete Distributions in Qualit~ Assurance, 
12p. 

9216 - IRONY, T.Z. & PEREIRA, C.A.8. Ba~esian H~potesh 
Test: Using Surfac• Integral• to Distribute Prior 
Information Among the H~potheses, 2Sp. 

9211 - FERRARI, P.A. 
Invariance Principle 
Stochastic Hodel, 10P. 

& HAURO, 
for the 

E.S.R. Ergodicit~ and 
One Dimensional S.O.S. 

9218 - PEREIRA, C.A.8. & TIWARI, R. C. A Nonparametric . 
Ba~e•ian Anal~sis of Competing Risks Hodels, 20p. 

9219 - PEIXOTO, C. Terapos Exponenciais e Ar,roxima1,1o do 
Equilibrio para UM Passeio Aleatorio no Hipercub, 24p. 

9220 FERRARI, S.L.P. & CRIBARI-NETO, F. On the 
Corrections to the Wald Test of Nonlinear Restrictions, Op. 

?eel - DANTAS, C.A.8. Vcrl•ic•~So c Valida~lo de Hodclos de 

Simula~So, 11P. 

9222 - DRUMOND, F.B. & SINGER, J.H. 
invariant M-estimator• in simple 
simulation stud~, 9p. 

Comparison of scale­
regression model•: a 

9223 - FERRARI, P.A., KESTEN, H., HARTINEZ, S. & PICCO, r. 
Existence of quasi stationar~ distributions. A renewal 
d~namical approach, 18p, 

il.2a 

9391 BUENO, V.C. & ARIZONO, H. Co11parhons for 
Maintenance Pol icie• Involving Complete and Minimal Repair 
Through Compensator Transform, 12P. 

9302 BUENO, V.C. Maintenance Comparisons Through 
Compensator Transform: Block Policies, 13p. 

The complete list of Relatorios do Departamento dit 
Estatistica, IHE-USP, will be sent upon request. 

- Der,artamento de Estatistica 
lHE-USP 
Caixa Postal 20.~7• 
e1498-971 - SSo Paulo, Brasil 




