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Abstract

In parallel to the characterization of global hypoellipticity for G-invariant operators on
homogeneous vector bundles obtained by Cardona and the author [J. Pseudo-Differ.
Oper. Appl. 16,23 (2025)], in this paper we obtain necessary and sufficient conditions
for an arbitrary system of left-invariant operators on a compact Lie group to be globally
hypoelliptic, via a proof which avoids the homogeneous vector bundle structure of that
paper. We then prove alternative sufficient conditions for globally hypoellipticity for
a large class of systems making use of lower bounds for the smallest singular value of
complex matrices.
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1 Introduction

Global properties of (pseudo)differential operators on smooth compact manifolds have
been intensively studied in the last few decades. One of these properties is known as
global hypoellipticity, which is characterized by the fact that an operator P which
acts on distributions is globally hypoelliptic if it only maps distributions given by
smooth functions into smooth functions, that is, if Pu is smooth, then u is smooth.
This property has been extensively studied in many different settings, such as in the
torus (see for instance [4, 8, 14—16]), other compact Lie groups (see for instance [1,
22,23, 29]) and also in general compact manifolds (see for instance [2, 18, 19, 21]).
It is worth mentioning the existence of variants of this property which replace the
smoothness in the definition by other types of regularity, such analytic or Gevrey.
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The study of global hypoellipticity can also be extended to system of operators. In
this case the definition is analogous: a system of operators is globally hypoelliptic if
whenever a vector of smooth functions admits a vector of solutions for such a system,
then this vector of solutions must be smooth. The problem of finding necessary and
sufficient conditions for global hypoellipticity of systems has attracted much attention
in the last few decades, in part due to its connection with global hypoellipticity in
the context of differential forms, where the operators are usually given by an involu-
tive system of vector fields, and general compact manifolds (as in [3, 9, 11]). More
recently, by making use of the Fourier analysis developed in [28], there has been some
development in obtaining precise results for some particular systems on compact Lie
groups also (see [7]).

In this paper we obtain necessary and sufficient conditions for the globally hypoel-
lipticity of an arbitrary system of Fourier multipliers (left-invariant continuous linear
operators) acting on smooth functions of a compact Lie group. This is achieved by
considering the system of operators as a single operator acting between smooth vector-
valued functions and using the Fourier analysis for vector-valued functions on compact
Lie groups developed in [6].

This paper is structured as follows. In Section 2 we recall the main theory and
introduce the basic notation used throughout the paper. In Section 3 we present our
main results and their proofs, along with some illustrative examples.

2 Preliminaries
2.1 Fourier analysis on compact Lie groups

For a more detailed exposition of the Fourier analysis on compact Lie groups, see [6]
and [28]. Let G be a compact Lie group and denote by G its unitary dual. This set
consists of equivalence classes of all continuous irreducible unitary representations
of G, where two representations &, n are equivalent if there exists a linear bijection A
such that n(g)A = A&(g).

Since G is compact, the representations in each class [£] € G are finite dimensional,
and we denote their common dimension by dg. From now on we always fix one a
representative matrix-valued representative of each [£] € G . It follows from the
Peter-Weyl Theorem that the collection of all coefficient functions of elements of G
is an orthogonal Schauder basis for L2(G), where integration is taken with respect
to the Haar measure in G. The matrix-valued Fourier coefficients of f € L%(G) as
defined in [28] are given by

GE / FX)EX) dx € Chxde,
G

for every [£] € G. This gives the Fourier inversion formula as

f@) =Y d:Tr (50 f&).

[£1eC
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for almost every x in G. There is also an analogue of Plancherel’s Theorem, namely

1

1fllr2) = (fG|f<x)|2dx>2 = > dlf®lks ] .

[£1eG

for any f € L?(G), where ||A| s denotes the Hilbert-Schmidt norm of a matrix A,
given by /Tr(A*A) = /37, |A;j1%.

The Fourier transform extends to the set D’ (G) of distributions on G, via the formula
U(E) = (u, &) € Chx%,

for every u € D'(G) and [§] € 6, where the evaluation should be understood
coefficient-wise. Given a continuous linear operator D : C*®°(G) — C*°(G), define
its matrix-valued global symbol op by

op(x,§) = &(x)" D& (x),

for all (x, [£]) € G x G.In [28] the authors proved the quantisation formula

Df() =Y de Tr[E@)op(x. £) )] @1

[£1eG

forall x € G, f € C°°(G). One can prove that the symbol op in the formula above
does not depend on x € G if and only if D is a left-invariant operator, that is, it
commutes with left translations under the group action on itself. In this case we write
op(x, &) = op(&) and consequently Z)?(é‘;) =o0p (g)f(g), for every [£] € G and we
call it a Fourier multiplier.

A pseudo-differential calculus associated to the quantisation (2.1) can be developed
in such a way that its symbol classes, are consistent with the Hérmander classes of
pseudo-differential operators \IJK’)'” 5(G), defined via local charts. This construction was
carried out and refined in several papers, for some references we cite: [12, 13, 28, 29].
The precise definitions of the symbol classes are quite technical and not necessary for
the results in this work, so it suffices to consider the following definition for the case
of Fourier multipliers.

We say that a mapping op : G — Ulgiea C4% >4 such that op(£) € C%*4%  for
every [£] € @, is in 5””(@) if there exists C > 0 such that

lop@E)llop < C(£)™,

for every [£] € G. In this case, one can prove that this mapping defines a continuous
linear operator D : C*°(G) — C*°(G) via (2.1), such that its symbol coincides with
op, and we also say that D is of order m. Moreover: using the characterization of the
Sobolev spaces on compact Lie groups presented later on, one can show that if D is a
Fourier multiplier on G, then op € ./ (6), for some m € R.
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Next, let n € N and consider the canonical basis {ey, ...e,} in C", viewed as
a C-vector space. Given a mapping f : G — C", we denote its components by
fi : G — C,where f;(x) = (f(x),e;)cn € C,foreachx € G,1 <i < n. Following
[6], for f € L%(G, C") we define the Fourier coefficients of f by

fi®)
f€ = ]
Jn ()
for every [&] € 5, that is, f(é ) is an x 1 block column matrix with d¢ x dg blocks.
This definition also extends to the set of distributions D'(G, C") by

()
ﬁ(%_) - c (Cdgxdg)nxl’
i (§)
where

6 (E)ap = (U, Epa ® €;)

and £go ® €; € C®(G, C") is given by &gy ® €;(x) = Ego(X)e;, for 1 < a, B < dg
and 1 <i <n.

Denote by (§) = (1 + v5)% the common eigenvalue of the operator (Id + LG)%
corresponding to the coefficient functions of [£] € G, and where L is the positive
Laplace-Beltrami operator on G.

We can characterize smooth functions and distributions by the decay of their Fourier
coefficients, as in the scalar-valued case, as follows.

Proposition 2.1 Given a sequence of block column matrices V(§) € (C% xdgynx1
€] € G, they correspond to the Fourier coefficients of a function in C*(G, C") if
and only if for every N > 0, there exists Cy > 0 such that

[5&)|lus < Cn (€)Y,
forevery [€] € G.

Proof Indeed, this follows directly from the following facts:

(1) A function f : G — C" is smooth if and only if f; : G — C is smooth, for every
1<i<n.

(2) A sequence of matrices V(§) € Coxds [£] € 6, corresponds to the Fourier
coefficients of a function in C°°(G) if and only if for every N > 0, there exists
Cy > 0 such that

19 llss < Cn (&),
for every [£] € G (see [28]).
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(3) For f e L! (G, C"yand N > O ||f(.§)||Hs < Cy{&)™N for some Cy > 0 and
every [£] € G if and only if ||f,($)||Hs <C] N(é) N for every [£] € G for some

C;’N >0andevery l <i <n,[£] € G.

O

Proposition 2.2 Given a sequence of block column matrices D(E) e (Clexdeynxl
[€]1 € G, they correspond to the Fourier coefficients of a distribution in D' (G, C") if
and only if there exist C, N > 0 such that

IPE)llns < C &N
Jforevery [£] € Gandl <i<n.

Proof Notice that every linear functional u over smooth vector valued functions can
be written as

<M, f) = (”71» fl)++<ﬂnv fn)»

where each linear functional i; : C*°(G) — C is given by (i;, f;) = (u, fi ® ¢;),
1 < i < n. Moreover, u is continuous if and only if each i; is continuous and when
these are all continuous, our definition of i; (£) is consistent with the Fourier transform
of u;, for every [£] € G. Hence, the proof is analogous to the proof of Proposition
2.1, in the sense that it is a consequence of the scalar-valued case proved in [28]. O

Next, for every s € R, the Sobolev space H*(G, C") is defined to be the set of all
u € D'(G, C") such that Sobolev norm

PR AGED W IHGIR 2.2)

[£1€G i=I

llull gs G, cm)

2

= > dee)* 1a®) s

[€1eG
is finite.

Taking into account the growth of the eigenvalues (§) (see [28]), we obtain as a
consequence of propositions 2.1 and 2.2 that

ﬂ H*(G,C") = C®°(G,C") and U H*(G,C") = D'(G,C"). (2.3)
seR seR

Let m € N and consider a continuous linear operator D : C*(G,C") —
C*®(G, C'™). Define its matrix-valued symbol by

op(i, j,x,§) =&(x)"e}[D(E ®e) ()], 2.4

@ Springer



27 Page6of21 A. P.Kowacs

forl <i<nl1<j<mxeGand[§] € 6, whereejf[v] = (v, ej)cm, forv e C".
Note that here we use the same notation for the canonical basis vectors of C™, that
is, {e1, ..., em}, as no confusion should arise. In [6] the authors proved that for every
f € C®(G, C"), we have that

Df(x)=)_ ZdgTr[Zaa(i,j,x,é)ﬁ@s(x)] ej, (25
j=1 \[¢]eG i=1

for every x € G. This formula can also be written as

Df(x)= Y de Trlop(x, &) FE)EM)],

[£1eG
where op(x, &) € (C%*d)ymxn is the block matrix with blocks given by:

op(x,8)ij =0op(j,i,x,§)

forl < j<mn, 1 <i<mand (x,[§]) € G x 6, and the trace for the m x 1
block matrices in the formula above should be understood component-wise. A similar
formula also holds for f € D'(G, C"), with convergence in the sense of distributions.

Once again, the symbol op above does not depend on x if and only if D is left-
invariant, and similarly to the scalar case we writeop (x, §) = op (&), op(i, j, x, &) =
op(i, LQ . As a consequence of the quantization formula (2.5), we obtain that in this
case (Df); (&) = iy op(i. j. §) fi(£), or equivalently, Df (§) = op(&) f (£), for
every [£] € G, and we also say that D is a Fourier multiplier.

3 Main Results and Applications

In this section we apply the theory developed in Section 2 to obtain a characterization
of the global hypoellipticity of systems of left-invariant pseudo-differential operators
on compact Lie groups. We note that this result can also be seen as a consequence
of [5, Theorem 3.2], however we choose to present a proof that does not rely on
the homogeneous vector bundle structure. We then explore a few particular cases of
systems that yield other sufficient conditions for global hypoellipticity.
First, we recall the definition of global hypoellipticity on compact Lie groups.

Let G be a compact Lie group, and D : C*®°(G) — C*°(G) a continuous linear
operator. The operator D is said to be globally hypoelliptic if

ueD(G)and Du= f € C®(G) = u € C™(G).

This definition extends naturally to vector-valued functions, as follows:
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Letn,m € N, G be a compact Lie group and D : C*®(G,C") — C*(G,C") a
continuous linear operator. The operator D is said to be globally hypoelliptic if

ueD(G,C"and Du = f € C*(G,C") = u e C®(G,C").

Theorem3.1 Let n,m € N, G a compact Lie group and D : C*(G,C") —
C>°(G, C™) a left-invariant continuous linear operator. Then D is globally hypoel-
liptic if and only if there exist k € R and C > 0 such that

Aminlop(8)] = C (&), (3.1)

for all but finitely many (€] € 6 where )»,,Pin[op (&)] denotes the smallest singular
value of the block matrix op (&), for [£] € G.

Proof First assume that inequality (3.1) holds for all [£] € G\V, where V C G is
finite. Then for u € D'(G, C") such that Du € C*°(G, C™), and for any s € R, we
have that

+00 > |Dullysg.om = Y de(€) D 1(Du)j(®)lls
j=1

[£1eG
m n 2
=Y de©* > | opl. j.O)EE)
[£1eG j=11lli=1 HS
= > de (&) lopEaE) s - 32)
[€1eG

But notice that,

lop(€)u€)llus = Aminlop E)NUE) Ins,

for every [£] € G , by Lemma 3.2 (proven below). Hence (3.1) and (3.2) imply that

+00 > [Dullsgom = Y det€)* Aminlop @ I7(E)IIs
[£]eG\V

>C? Y de () aE) s

[£1eG\V

Since V is finite, this implies that |[u|| gs+k (G cny < +00. Because this holds for any
s € R, we conclude by (2.3) that u € C*°(G, C") and thus D is globally hypoelliptic.
Suppose now that inequality (3.1) does not hold. Note that by the characterization of
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the smallest singular value, we can write

Aminlop ()] = min { o @V©)ll2 : v(§) € €)™, Ju @2 = 1]

2

D=

m

= min E

j=1

L0(i,€) € CHL Y G Bl =1

2 i=1

Y onl, j, E)vii, §)

i=1

So, for each £ € N, there exist distinct [&/] € G and v(i, &) € C%xl 1 <i<n
satisfying Y7, [lv(i, £)13 = 1 such that

2

< (&))"

2

n

Y onli, j, £, §)

i=1

m
j=1

Let u € D'(G, C") be defined by the Fourier coefficients

| 0.
i (E) = (i, 60 0 - ifé =&, ¢eN, and 1 <i <n,
uits) = 0/,
& xdg
O xde otherwise.

Then u € D'(G,CH\C*®(G, C"), as ||TZ(/§¢)||%S =y, ||v(i,§)||§ = 1, for all
¢ € N, and u(¢) = 0 for every other [§] € G, but on the other hand

m 2

IDuolhs = >

j=1
m
j=1

< (&),

Y onl, j, £ o)

i=1

HS
2
2

Y onli, j, E0vi, &)
i=1

for all £ € N, while D\u(é) = 0 for all other [£] € 5, therefore Du € C*®°(G, C")
and so D is not globally hypoelliptic. O

Lemma3.2 LetA € C"**and B € C*P wherer, s, p € N, be two complex matrices.
Then
IABllgs = Amin[Alll Bl gs.

Proof Since A*A is a normal square matrix, it follows from the spectral theorem that
we can write A*A = Q*AQ, where A € C**° is a diagonal matrix whose entries

are given by the eigenvalues of A*A, which correspond to the singular values of A
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squared, and Q € C*** is unitary. Then

IAB||%g = Tr(B*A*AB)
=Tr(B*Q*AQB)
=Tr((QB)*AQB)
> Jmin[A]* Tr((QB)* 0 B)
= AminlA]* Tr(B*B) = Amin[AT* B35

which implies the claim. O

Notice that when n = m = 1 the conditions for global hypoellipticity in Theorem
3.1 coincide precisely with the conditions for global hypoellipticity of left-invariant
continuous linear operators acting on scalar-valued functions, obtained in [27, Theo-
rem 20].

Now consider the system of left-invariant continuous linear operators (Pj;) :
C®(G,C") - C*(G,C™),for 1 <i <n,1 < j < m, and the associated system
of equations:

Priup + ...+ Piup = fi

: : 3.3)
Ppiuy + ... + Ppptty = fin,

where fi,..., fiu € C®(G). The system of operators (P};) is said to be glob-
ally hypoelliptic if whenever system (3.3) admits solution uy, ..., u, € D'(G) for
f1s -y fm € C*(G), this implies that uy, ..., u, € C*°(G).

Note that system (3.3) is equivalent to the vector-valued equation

Pu=f,

whereu(x) = (u;(x), ..., u,(x)), f(x) = (f1ix), ..., fmx)),and P : C*°(G,C") —
C>(G,C™) is given by

(Pu); = Pjquy +---+ Pjyu,, 1=<j<m. 3.4
We identify P with the matrix of operators
Py ... P,
Pt ... Pun
Notice that with these identifications, the concepts of global hypoellipticity for systems
and for vector-valued functions coincide.
Furthermore, identity (3.4) implies that the symbol of P as defined in (2.4) is given
by

UP(ia ja E) = GRfi (é)a
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27  Page 10 of 21 A. P.Kowacs

forevery 1 <i <n,1 <j <mand[£] € 6, so the matrix-valued matrix op (&) is
given by

op, (S) ... 0py, (%-)

op(§) = ' :

k]

0Py (§) ... 0p,, (&)

that is, R
op (&) ... op, )\ [u1(§) Sf1(§)

b, €) ... 0p,,E)) \itn(®) Fn &)
for every [£] € G.In particular, the smallest singular value of op(§), can then be

written as

n

Jmin[op (€)] = min (Z

j=1

> op, €, §)

i=1

i=1

1
2\ 2 m
) v, ) e CELY G HIF=1
2
(3.5)
Therefore, from Theorem 3.1 and the previous considerations, we obtain the following
corollaries.

Corollary3.3 Let n,m € N and (Pj;) : C*°(G,C") — C*®(G,C") be am x n
system of left-invariant continuous linear operators. Then the system (Pj;) is globally
hypoelliptic if and only if there exist k € R and C > 0 such that

Amin[op (£)] > C (&),

for all but finitely many [&] € 6 where Aminlop(§)] denotes the smallest singular
value of the block matrix

op,(§) ... op,(§)
op(&) = c ((Cdgxdg)mxn’
0Py (§) - 0p,, (§)

for every [€] € G.

Corollary 3.4 Letr,n,m € Nand (Pj;) : C°(T",C") — C®(T",C") beam x n
system of Fourier multipliers. Then the system (Pj;) is globally hypoelliptic if and
only if there exist k € R and C > 0 such that

Py ... Pip(§)
B > C(1 + [IE15)%?,

Amin

Pt () - Pan(€)

for all but finitely many & € Z", where & — P;;(§) € C denotes the symbol of the
operator Pj;.
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Since we can relate the smallest singular value of a block matrix and the singular
values of its blocks, we can relate the singular values of the symbols op;; and the
global hypoellipticity of the system (P;;). Next we present a few particular cases
which illustrate this connection.

3.1 Square systems

In this subsection we will consider square systems of left-invariant continuous linear
operators. These type of systems arise naturally in the study of operators acting on
differential forms, as these operators can often be seen as a system of operators acting
on vector-valued functions.

In [17] (in a correction of [26]) the author proved that for an £ x £ complex matrix
A, its smallest singular value is bounded from below by

£—1Y\ 2
Amin[A] = |det A T .
1 AllGs

Consequently, for a system (P;;) such as Corollary 3.3 where m = n > 2, we have
that

rmnlop ()] = |detop(@)) (2 =LY
mntErS A= IS Nop ®) 12
m-dsfl
medg 1 m o
= detop@lm-ds — 1) [ > llop, ® s

i j=I

m-dg —1
m - 2
> e detop @) [ Y llopy, ©)llfs :
i,j=1
for every [§] € G. Hence, if for some k € R the inequality
m-dg —1
m - 2
[detop @] [ Y llor, ©)llfs > C&)k,

i,j=l1

holds for all but finitely many [£] € G, by Corollary 3.3 we conclude that the system
(Pj;) is globally hypoelliptic. Notice that for any N x N square matrix A we have
Al %1 s < N|A] gp, and since each P;; acts continuously on smooth functions, without
loss of generality we may assume that there exists Tp € R such that every symbol
op; (&) is in the class .7 (6) (see Section 2). Hence, there exist Cp = max{Cpﬁ} >
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0, 7p = max{zp;} € R such that
lop, ©)llop < Cp(€)7,

for every [£] € G. Therefore we have that

m-d%-—] m~d§—1

m 2 m
> llow, ©)lis ds 3 llow, @12,

i,j=1 i,j=1

v

> (Col®)m’che)™)

(3.6)

where we have used the fact that dg < Cg (S)%, for some Cg > 0, d = dim(G) and
every [£] € G, which follows from the Weyl formula for the counting function of the

eigenvalues of the first-order elliptic operator (Id +Lg)'/?.

Next we consider two cases: Tp < —% ords < K forsome K € Nandall [£] € G.
If we assume that 7p < —‘Zl, then for large enough (&) (and so for all but finitely

many [£] € @) we have that Cg (S)%mchp (£)2"7 < 1. Hence in this case

m-dg —1
- 2

> lor, ) liis > 1.

i,J

Alternatively, if dz < K, for some K € N and all [§] € 5 then

m»dsfl m-dé_—fl
m T2 m T2
lop,, (€)llis > [d: > lor, )13,
i,j=1 i,j=1
7m~d%-—l
> (Km2C%:(E)ZTP> b
for every [£] € G. Note that if Km>C% (£)>" > 1 then
_medg 1 mK—1

2 2

(KmZC%(g)ZTp) > (KmZC%(g)er)‘

mK—1

= (km?c3) * @eEoy,

and if 0 < Km?C%(£)?™ < 1, then

m-dg —1

(Km2C%<é>2’P) s
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hence

m-dg —1
m 2 _ mK—1
. 2 — —
> llor, )l me{l,(szc,%) (&)~ omk “}

i,j=1

_mK—1
(Km*C3)™ 2 (&) K0 if op >0,
Z \min{l, (Km>C3)” 7 } if ip =0,

1 iftp <O,

for sufficiently large (£), and so for all but finitely many [§] G.
Therefore by Corollary 3.3 and our previous considerations, in both cases we con-
clude that if there exist C > 0 and k € R such that

|det(op(£)| > C (&)

for all but finitely many [£] € G, the system (P;;) is globally hypoelliptic.
In conclusion, we have proved the following.

Theorem 3.5 Letm € Nand P = (Pj;) : C*(G,C") — C*®°(G,C™) be a square
system of left-invariant continuous linear operators. Then the system (Pj;) is globally
hypoelliptic if there exist C > 0 and k € R such that

|detop(&)| > C(&)F,

for all but finitely many [§] € G and either every Pj; is of order less thaﬂ_%’
for1 <i,j < morthere exists K € N such that d: < K, for every [§] € G.

We note that the condition d¢ < K in the previous theorem is in fact quite restrictive:
it implies that G is a virtually abelian group, and since G is compact it must be a finite
extension of a torus (i.e.: the semidirect product of a torus with a finite group).

Corollary 3.6 Let P : C*°(G) — C°°(G) be a left-invariant continuous linear oper-
ator. Then the system P is globally hypoelliptic if there exist C > 0 and k € R such
that

|detop(§)] = C(§),
for all but finitely many [£] € G and either P is of order less than —dinl‘ﬁ, or there
exists K € N such that de < K, for every [§] € G.

Corollary 3.7 Let m,r € Nand P = (Pj;) : C(T",C") — C>(T",C™") be a
system of Fourier multipliers. Then the system (P;;) is globally hypoelliptic if there
exist C > 0 and k € R such that

Pii(€) ... P1p(§)
det| - > C(1 + [IE15)%?,

Pt () «.. Pan(€)
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for all but finitely many & € 7", where & +— Pj;(§) denotes the symbol of Pj;.

Next, note that if the system (P;;) is diagonal, then its global hypoellipticity is
determined trivially by the global hypoellipticity of each P;;, 1 < j < m. More
precisely, (P;;) is globally hypoelliptic if and only if P;; is globally hypoelliptic, for
every 1 < j < m. With this in mind, next consider the following type of systems.

Let m > 2 and consider (P;;) a m x m system of continuous linear operators
such as in Corollary 3.3, and such that op (§) is block diagonally dominant by rows
and columns, for all but finitely many [£] € G.A square block matrix A = (A}j;) is
said to be block diagonally dominant by rows and columns if its diagonal blocks are
non-singular and it satisfies

1AZ mmx > D M Acillmax and A Imae > D MAjellmax.  3.7)
il j#L

for all £. Notice that using the inequality [|Bllmax < [ Bllop, which holds for any
complex matrix B, we have that a sufficient condition for (3.7) to hold is that

1A oy > Yl Acillop and [1A7 1oy > D 1A ellop- (3.8)
i£l j#e

In [30] the author proved that for am x m square block matrix A thatis block diagonally
dominant by rows and columns, we have that

Amin[A] > V/ap,

where

I<t<m ‘ 1<t<m A
i#L J#L

. —1-1 . —1-1
a= min 1A ||max2||Az,~|max= and = min {IIAM lmas = D 14 jelmax

Again using inequality || Bllmax < IIBllop, and the fact that | B~|5) = AminlB],
which holds for any non-singular matrix B, we obtain that

a>a*= 1213 Amin[Aee] — E | Agillop ¢ -
m
== i

Bz "= min YAminlAeel =Y llAjellop f -
o Jj#L

where n € N is the common dimension of the blocks of A. Hence

Amin[A] > V a*p*,
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as well. Then using the estimates above we have that

Amin[op(§)] = ,/agﬂgs

for all but finitely many [£] € G, where

af = min {aminlop, )= llop, E)llop | -

1<l<m ‘
i#L

Bt = min L iminlop, )= llor, E)lop

1<t<m ;
Jj#L

As before, without loss of generality we may assume thatevery P, Py;, i # € belongs
to the same symbol class " (G), for 1 < £ < m. Then note that

)‘-min[O'Pu (S)] - Z ||0P[i (é)”op = )\-min[O'PN (S)] - Z maX{CPgi}<‘§>Q
Iy, izt 7t
> <)\min[UPze (s)] - (m - 1) T;;{szl}($>rl) s
3.9)

for1 < £ < m. Let Cé = max;x¢{Cp,} > 0. If there exist C; > 0 and k; € R such
that

Amin[op,, (6)] > Ce(€)*,

for 1 < ¢ < m and all but finitely many [§] € G (so that in particular every Py is
globally hypoelliptic, by [5, Theorem 3.1]), then

Aminlo,, (§)] = (m = DCLE) = Ce@)' (1- €' Cpm = Dg)™ ),

for all but finitely many [§] € G. So, if kg > 14, for large enough (£) (and so for all
but finitely many [£] € G), we have that

1—C;'Cpm — g™ >

’

N =

and so applying this inequality to (3.9) yields

v

of = min {%cz@)"f}

5 min {Coj(g)mm=een i
l<t<m <t<m

&),

I\
I

2
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where C = minj<¢<,,{C¢} and k = min<¢<,,{k¢}, for all but finitely many [£] € G.
Evidently, analogous arguments result in the same estimate for for ,Bg‘, therefore under
these conditions we have that

C
Aminlop(£)] > 5<s>’<,

for all but finitely many [£] € G.In summary, we have proved the following.

Theorem3.8 Letm € Nand P = (Pj;) : C*(G,C") — C*®(G,C™) be a system
of left-invariant continuous linear operators such that op (§) is block diagonally dom-
inant by rows and columns for all but finitely many [£] € G. Also let 7 € R be large
enough so that Pjy, Py; have order at most ty forevery1 <i, j, £ <m,i, j # {. Then
the system (Pj;) is globally hypoelliptic if there exist C¢ > 0 and k¢ € R, k¢ > 14
such that

hmin[op, (€)] = Ce(€)*,

for 1 < £ < m and for all but finitely many [£] € G.

Corollary3.9 Let m,r € Nand P = (Pj;) : C®(T",C") — C®(T",C") be a
system of Fourier multipliers such that op(§) is diagonally dominant by rows and
columns for all but finitely many & € 7", in the sense that

|Pe@®)] > Y [P and [Py > Y |Pje(®)l, (3.10)
i£l J#L

for all but finitely many & € Z". Also let ty € R be large enough so that every Py;, Pjy,
i, j # £ has order at most Ty, for 1 < i, j, € < m. Then the system (Pj;) is globally
hypoelliptic if there exist Cy > 0 and k¢ € R, kg > 7 such that

|Poe(£)] = Co(1 + ||E]13)ke/2, (3.11)

for1 < € < m and all but finitely many § € Z", where & +— P;;(§) € C denotes the
symbol of Pj;, 1 <1i,j < m.

Remark 1 Recall that in the case of a m x m diagonal system of continuous linear
operators (P;;), a sufficient (and necessary) condition for global hypoellipticity is that
Py is globally hypoelliptic, for 1 < £ < m. By Theorem 3.1 in [5] this implies that
there must exist C > 0 and k € R such that

Amin[0p,, (€)] > C (€)X,

for 1 < ¢ < m and all but finitely many [£] € G. The results above can then be seen
as a generalization of the diagonal case, where a more restrictive condition appears
requiring some ‘“‘stronger" regularity of the operators on the diagonal depending on
the order of the operators outside the diagonal.
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Example 1 Consider am x m system of left-invariant continuous linear operators (P;;)
on a compact Lie group G such that Py is elliptic of order ky € R and Py;, P;¢ have
order less than kg for every i, j # £, 1 < £ < m. Then the system (P};) is globally
hypoelliptic. Indeed, since Py is elliptic of order k, € R, by definition we have that

lopy, €)M lop < ClE) 7R,

for all but finitely many [£] € G. Consequently for all such [£] this implies that

ek
llop&)llop = E(E) ‘

so by the sufficient condition (3.8) the matrices o p (§) are block diagonally dominant,
and

. _ —1,—1 l kg
Aminlop(§)] = llop, () llgp = C<€> ;

for all but finitely many [§] € G. Hence the system satisfies the conditions of Theorem
3.8, and therefore is globally hypoelliptic as claimed.

Example2 Letm,r € Nand P = (Pj;) : C°(T",C") — C*(T", C") be a system
of Fourier multipliers such that op(§) is diagonally dominant by rows and columns
for all but finitely many & € Z". Also let 7, € R be large enough so thatevery Py;, Pjy,
i, j # £ hasorder at most 7y, for 1 <i, j, £ < m.Following the definitions in [25], let
7, denote the essential order of Py (note that 7, > 7 by (3.10)). If 7, > 7, and Py,
is globally hypoelliptic with 7, < 7, — 7, loss of derivatives (as defined in [25]), for
every 1 < £ < m, then by Corollary (3.11) the system (P;;) is globally hypoelliptic.

3.2 Column systems

Another class of system of operators which has been intensively studied in the last
few years (see for instance [3, 10, 11, 20, 24]) corresponds to the case where n = 1.
More precisely, consider a system of left-invariant continuous linear operators Pjj :
C*®(G) — C*(G), for 1 < j < m, and the associated system of equations:

Priuy = fi
: (3.12)
Ppiuy = fmv
where f1,..., fin € C*°(G). The system (P;1) is said to be globally hypoelliptic if
whenever the system (3.12) admits solution u; € D'(G) for fi, ..., fm € C®(G),
this implies that u; € C*°(G).

To simplify the notation, in this case we denote P; = Pj1,1 < j <mandu = uj.
Then system (3.12) is equivalent to the vector-valued equation

Pu=Ff,
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where P : C®°(G,C') - C*®(G, C™) is given by
(Pu)j = Pju, 1<j<m, (3.13)
and we identify P with the m x 1 matrix of operators

P,

Then Apin[op (€)] can be written as

1

2

hminlop @1 =min [ S [op©v@)|3 ] [vE) € C%. o)l =1

j=1

= min { | lor, @1, | : 0@ e CE, @I =1,

for every [€] € 6, where in the last line the first || - || denotes the Euclidean norm in
((Cdg yn = Cmds

Note that in the case of a block column matrix A = (Ag)znzl, we have that
Amin[A¢] < Aminl[A], for 1 < £ < m. Hence

Aminlop(§)] > 1I<nja<xm )\min[O—Pj éENI,

for every [£] € G.
Therefore we conclude that if there exist k € R and C > 0 such that

max daninlop, (§)] = C&),

for all but finitely many [£] € G, then the system (P;) is globally hypoelliptic.
Finally, note that in the case where G = T", then

Aminlop(E)] = VIPIE) 2+ -+ [ Pu(®)[2,

SO
[max | Py(§)] = Aminlop(§)] = \/ﬁlgﬁxm [Pe(5)I,

hence the system (P;) is globally hypoelliptic if and only if there exist k € R and
C > 0 such that

max Aninlor; ()] = cEt,

for all but finitely many [£] € G.
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This last result can also be seen as a consequence of the results in [7], where the
authors obtained necessary and sufficient conditions for global hypoellipticity for such
systems on general compact Lie groups, by requiring some extra assumptions on the
symbol of every P;.

4 A comment on global solvability

For the sake of completeness, in this section we will briefly address the relation of the
results in this paper with global solvability or, equivalently, almost-global hypoellip-
ticity. In [1] the author presents a necessary and sufficient condition for a system of
left-invariant continuous linear operators to be globally solvable. A simple adaptation
of his results and theory to the one used in this paper, using the fact that the smallest
singular value of a linear operator restricted to the orthogonal complement of its kernel
corresponds to its smallest non-zero singular value, we present below the equivalent
condition for global solvability (or almost-global hypoellipticity).

Proposition4.1 ( [1]) Let n,m € N and (Pj;) : C*°(G,C") — C*®(G,C") be a
m X n system of left-invariant continuous linear operators. Then the system (Pj;) is
globally solvable if and only if there exist k € R and C > 0 such that

220 [op(E)] = ClE),

forall[§] € G such that op(&) # 0, where )L;l?n [op ()] denotes the smallest non-zero
singular value of the block matrix

GPll(é) ... 0py, (E)
O.P(g) — : c ((Cdgxdg)mxn,

op,, (&) ...0p,, (&)
forevery (€] € G.

Author Contributions The paper was written entirely by its single author.

Funding The Article Processing Charge (APC) for the publication of this research was funded by the Coor-
denacdo de Aperfeicoamento de Pessoal de Nivel Superior - Brasil (CAPES) (ROR identifier: 00xOma614).

Data Availability No datasets were generated or analysed during the current study.

Declarations

Conflicts of Interest The author has no competing interests to declare that are relevant to the content of this
article.

Competing interests The authors declare no competing interests.

@ Springer



27  Page 20 of 21 A. P.Kowacs

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Aradjo, G.: Global regularity and solvability of left-invariant differential systems on compact Lie
groups. Ann. Glob. Anal. Geom. 56, 631-665 (2019)

2. Bergamasco, A.P., Caetano, P.A.S., Kondo, C.I.: Global Hypoellipticity and Global Solvability for a
Class of Operators on Compact Manifolds. J. Differ. Equ. 141(2), 236-253 (1997)

3. Bergamasco, A.P., Cordaro, P.D., Malagutti, P.A.: Globally hypoelliptic systems of vector fields. J.
Funct. Anal. 114(2), 267-285 (1993)

4. Bergamasco, A.P., Dattori da Silva, P.L., Gonzalez, R.B., Kirilov, A.: Global solvability and global
hypoellipticity for a class of complex vector fields on the 3-torus. J. Pseudo-Differ. Oper. Appl. 6(3),
341-360 (2015)

5. Cardona, D., Kowacs, A.P.: Global hypoellipticity of G-invariant operators on homogeneous vector
bundles. J. Pseudo-Differ. Oper. Appl. 16, 23 (2025)

6. Cardona, D., Kumar, V., Ruzhansky, M.: Pseudo-differential operators on Homogeneous vector bundles
over compact homogeneous manifolds. preprint available at arXiv:2403.08990

7. Dattori da Silva, P.L., Kirilov, A., Paleari da Silva, R.: Diagonal systems of differential operators on
compact Lie groups. Result. Math., 80(6):25. Id/No 191 (2025)

8. de Avila Silva, F.,, Gonzalez, R.B., Kirilov, A., de Medeira, C.: Global hypoellipticity for a class of
pseudo-differential operators on the torus. J. Fourier Anal. Appl. 25, 1717-1758 (2018)

9. de Avila Silva, F.: Globally hypoelliptic triangularizable systems of periodic pseudo-differential oper-
ators. Math. Nachr. 296(6), 2293-2320 (2023)

10. de Avila Silva, F., Cappiello, M., Kirilov, A.: Systems of differential operators in time-periodic Gelfand-
Shilov spaces. Ann. Mat. Pura Appl. 204, 643-665 (2025)

11. de Avila Silva, E., de Medeira, C.: Global hypoellipticity for a class of overdetermined systems of
pseudo-differential operators on the torus. Ann. Mat. Pura Appl. 200, 2535-2560 (2021)

12. Fischer, V.: Intrinsic pseudo-differential calculi on any compact Lie group. J. Funct. Anal. 268(11),
3404-3477 (2015)

13. Fischer, V.: Local and global symbols on compact Lie groups. J. Pseudo-Differ. Oper. Appl. 11(1),
229-265 (2020)

14. Greenfield, S.J., Wallach, N.R.: Global hypoellipticity and Liouville numbers. Proc. Amer. Math. Soc.
31, 112-114 (1972)

15. Greenfield, S.J., Wallach, N.R.: Globally hypoelliptic vector fields. Topology 12, 247-254 (1973a)

16. Greenfield, S.J., Wallach, N.R.: Remarks on global hypoellipticity. Trans. Am. Math. Soc. 183, 153—
164 (1973b)

17. Giingdr, A.D.: Erratum to “An upper bound for the condition number of a matrix in spectral norm” [J.
Comput. Appl. Math. 143 (2002) 141-144]. J. Comput. Appl. Math., 234(1):316 (2010)

18. Hounie, J.: On global hypoellipticity of vector fields. Journ. Equ. dériv. partielles, pages 1-8, (1982)

19. Hounie, J., Zugliani, G.: Global solvability and global hypoellipticity of complex vector fields on
surfaces. J. Differ. Equ. 340, 616-641 (2022)

20. Junior, A.A., Kirilov, A., de Medeira, C.: Global Gevrey hypoellipticity on the torus for a class of
systems of complex vector fields. J. Math. Anal. Appl. 474(1), 712-732 (2019)

21. Kirilov, A., de Moraes, W.A.A.: Global hypoellipticity for strongly invariant operators. J. Math. Anal.
Appl. 486, 123878 (2020)

22. Kirilov, A., Paleari, R., de Moraes, W.: Global analytic hypoellipticity for a class of evolution operators
on T! x $3. J. Differ. Equ. 296, 699-723 (2021)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2403.08990

Global hypoellipticity of systems... Page 21 of 21 27

23.

24.

25.

26.

27.

28.

29.

30.

Kirilov, A., Ruzhansky, M., de Moraes, W.A.A.: Global hypoellipticity and global solvability for vector
fields on compact Lie groups. J. Funct. Anal. 280(2), 108806 (2021)

Kirilov, A., Almeida de Moraes, W., Tokoro, P.: Global solutions for systems of strongly invariant
operators on closed manifolds. Proc. Amer. Math. Soc., 154, 01 (2026)

Pedroso Kowacs, A., Kirilov, A.: Global hypoellipticity and solvability with loss of derivatives on the
torus. J. Funct. Anal., 290(2):39. Id/No 111231 (2026)

Piazza, G., Politi, T.: An upper bound for the condition number of a matrix in spectral norm. J. Comput.
Appl. Math. 143(1), 141-144 (2002)

Rodrigues, N.B.: Classes de Gevrey em grupos de Lie compactos e aplicacdes. Master’s thesis, Uni-
versidade de Sdo Paulo, Sdo Paulo, Brazil, (2016)

Ruzhansky, M., Turunen, V.: Pseudo-differential Operators and Symmetries: Background Analysis and
Advanced Topics. Birkhduser-Verlag, Basel (2010)

Ruzhansky, M., Turunen, V., Wirth, J.: Hormander Class of Pseudo-Differential Operators on Compact
Lie Groups and Global Hypoellipticity. J. Fourier Anal. Appl. 20, 476-499 (2014)

Varah, J.M.: A lower bound for the smallest singular value of a matrix. Linear Algebra Appl. 11(1),
3-5(1975)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Global hypoellipticity of systems of Fourier multipliers on compact Lie groups
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Fourier analysis on compact Lie groups

	3 Main Results and Applications
	3.1 Square systems
	3.2 Column systems

	4 A comment on global solvability
	References


