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Abstract
In parallel to the characterization of global hypoellipticity forG-invariant operators on
homogeneous vector bundles obtained by Cardona and the author [J. Pseudo-Differ.
Oper. Appl. 16, 23 (2025)], in this paper we obtain necessary and sufficient conditions
for an arbitrary system of left-invariant operators on a compact Lie group to be globally
hypoelliptic, via a proof which avoids the homogeneous vector bundle structure of that
paper. We then prove alternative sufficient conditions for globally hypoellipticity for
a large class of systems making use of lower bounds for the smallest singular value of
complex matrices.

Keywords Global hypoellipticity · Compact Lie group · Systems · Fourier series ·
Fourier multiplier
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1 Introduction

Global properties of (pseudo)differential operators on smooth compactmanifolds have
been intensively studied in the last few decades. One of these properties is known as
global hypoellipticity, which is characterized by the fact that an operator P which
acts on distributions is globally hypoelliptic if it only maps distributions given by
smooth functions into smooth functions, that is, if Pu is smooth, then u is smooth.
This property has been extensively studied in many different settings, such as in the
torus (see for instance [4, 8, 14–16]), other compact Lie groups (see for instance [1,
22, 23, 29]) and also in general compact manifolds (see for instance [2, 18, 19, 21]).
It is worth mentioning the existence of variants of this property which replace the
smoothness in the definition by other types of regularity, such analytic or Gevrey.
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The study of global hypoellipticity can also be extended to system of operators. In
this case the definition is analogous: a system of operators is globally hypoelliptic if
whenever a vector of smooth functions admits a vector of solutions for such a system,
then this vector of solutions must be smooth. The problem of finding necessary and
sufficient conditions for global hypoellipticity of systems has attracted much attention
in the last few decades, in part due to its connection with global hypoellipticity in
the context of differential forms, where the operators are usually given by an involu-
tive system of vector fields, and general compact manifolds (as in [3, 9, 11]). More
recently, by making use of the Fourier analysis developed in [28], there has been some
development in obtaining precise results for some particular systems on compact Lie
groups also (see [7]).

In this paper we obtain necessary and sufficient conditions for the globally hypoel-
lipticity of an arbitrary system of Fourier multipliers (left-invariant continuous linear
operators) acting on smooth functions of a compact Lie group. This is achieved by
considering the system of operators as a single operator acting between smooth vector-
valued functions and using the Fourier analysis for vector-valued functions on compact
Lie groups developed in [6].

This paper is structured as follows. In Section 2 we recall the main theory and
introduce the basic notation used throughout the paper. In Section 3 we present our
main results and their proofs, along with some illustrative examples.

2 Preliminaries

2.1 Fourier analysis on compact Lie groups

For a more detailed exposition of the Fourier analysis on compact Lie groups, see [6]
and [28]. Let G be a compact Lie group and denote by ̂G its unitary dual. This set
consists of equivalence classes of all continuous irreducible unitary representations
of G, where two representations ξ, η are equivalent if there exists a linear bijection A
such that η(g)A = Aξ(g).

SinceG is compact, the representations in each class [ξ ] ∈ ̂G are finite dimensional,
and we denote their common dimension by dξ . From now on we always fix one a
representative matrix-valued representative of each [ξ ] ∈ ̂G . It follows from the
Peter-Weyl Theorem that the collection of all coefficient functions of elements of ̂G
is an orthogonal Schauder basis for L2(G), where integration is taken with respect
to the Haar measure in G. The matrix-valued Fourier coefficients of f ∈ L2(G) as
defined in [28] are given by

̂f (ξ)
.=
∫

G
f (x)ξ(x)∗dx ∈ C

dξ ×dξ ,

for every [ξ ] ∈ ̂G. This gives the Fourier inversion formula as

f (x) =
∑

[ξ ]∈̂G
dξ Tr

(

ξ(x)̂f (ξ)
)

,
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for almost every x in G. There is also an analogue of Plancherel’s Theorem, namely

‖ f ‖L2(G) =
(∫

G
| f (x)|2dx

) 1
2 =

⎛

⎝

∑

[ξ ]∈̂G
dξ‖̂f (ξ)‖2HS

⎞

⎠

1
2

,

for any f ∈ L2(G), where ‖A‖HS denotes the Hilbert-Schmidt norm of a matrix A,

given by
√
Tr(A∗A) =

√

∑

i, j |Ai j |2.
TheFourier transformextends to the setD′(G) of distributions onG, via the formula

û(ξ)
.= 〈u, ξ∗〉 ∈ C

dξ ×dξ ,

for every u ∈ D′(G) and [ξ ] ∈ ̂G, where the evaluation should be understood
coefficient-wise. Given a continuous linear operator D : C∞(G) → C∞(G), define
its matrix-valued global symbol σD by

σD(x, ξ)
.= ξ(x)∗Dξ(x),

for all (x, [ξ ]) ∈ G × ̂G. In [28] the authors proved the quantisation formula

Df (x) =
∑

[ξ ]∈̂G
dξ Tr

[

ξ(x)σD(x, ξ)̂f (ξ)
]

(2.1)

for all x ∈ G, f ∈ C∞(G). One can prove that the symbol σD in the formula above
does not depend on x ∈ G if and only if D is a left-invariant operator, that is, it
commutes with left translations under the group action on itself. In this case we write
σD(x, ξ) = σD(ξ) and consequentlŷDf (ξ) = σD(ξ)̂f (ξ), for every [ξ ] ∈ ̂G and we
call it a Fourier multiplier.

A pseudo-differential calculus associated to the quantisation (2.1) can be developed
in such a way that its symbol classes, are consistent with the Hörmander classes of
pseudo-differential operators�m

ρ,δ(G), defined via local charts. This construction was
carried out and refined in several papers, for some references we cite: [12, 13, 28, 29].
The precise definitions of the symbol classes are quite technical and not necessary for
the results in this work, so it suffices to consider the following definition for the case
of Fourier multipliers.

We say that a mapping σD : ̂G → ⋃

[ξ ]∈̂G C
dξ ×dξ such that σD(ξ) ∈ C

dξ ×dξ , for

every [ξ ] ∈ ̂G, is inS m(̂G) if there exists C > 0 such that

‖σD(ξ)‖op ≤ C〈ξ 〉m,

for every [ξ ] ∈ ̂G. In this case, one can prove that this mapping defines a continuous
linear operator D : C∞(G) → C∞(G) via (2.1), such that its symbol coincides with
σD , and we also say that D is of order m. Moreover: using the characterization of the
Sobolev spaces on compact Lie groups presented later on, one can show that if D is a
Fourier multiplier on G, then σD ∈ S m(̂G), for some m ∈ R.
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Next, let n ∈ N and consider the canonical basis {e1, . . . en} in C
n , viewed as

a C-vector space. Given a mapping f : G → C
n , we denote its components by

fi : G → C, where fi (x) = 〈 f (x), ei 〉Cn ∈ C, for each x ∈ G, 1 ≤ i ≤ n. Following
[6], for f ∈ L2(G, C

n) we define the Fourier coefficients of f by

̂f (ξ)
.=
⎛

⎜

⎝

̂f1(ξ)
...

̂fn(ξ)

⎞

⎟

⎠ ,

for every [ξ ] ∈ ̂G, that is, ̂f (ξ) is a n × 1 block column matrix with dξ × dξ blocks.
This definition also extends to the set of distributions D′(G, C

n) by

û(ξ)
.=
⎛

⎜

⎝

û1(ξ)
...

ûn(ξ)

⎞

⎟

⎠ ∈ (Cdξ ×dξ )n×1,

where

ûi (ξ)αβ
.= 〈u, ξβα ⊗ ei 〉

and ξβα ⊗ ei ∈ C∞(G, C
n) is given by ξβα ⊗ ei (x) = ξβα(x)ei , for 1 ≤ α, β ≤ dξ

and 1 ≤ i ≤ n.
Denote by 〈ξ 〉 = (1 + νξ )

1
2 the common eigenvalue of the operator (Id + LG)

1
2

corresponding to the coefficient functions of [ξ ] ∈ ̂G, and where LG is the positive
Laplace-Beltrami operator on G.

We can characterize smooth functions and distributions by the decay of their Fourier
coefficients, as in the scalar-valued case, as follows.

Proposition 2.1 Given a sequence of block column matrices v̂(ξ) ∈ (Cdξ ×dξ )n×1,
[ξ ] ∈ ̂G, they correspond to the Fourier coefficients of a function in C∞(G, C

n) if
and only if for every N > 0, there exists CN > 0 such that

‖̂v(ξ)‖HS ≤ CN 〈ξ 〉−N ,

for every [ξ ] ∈ ̂G.

Proof Indeed, this follows directly from the following facts:

(1) A function f : G → C
n is smooth if and only if fi : G → C is smooth, for every

1 ≤ i ≤ n.
(2) A sequence of matrices v̂(ξ) ∈ C

dξ ×dξ , [ξ ] ∈ ̂G, corresponds to the Fourier
coefficients of a function in C∞(G) if and only if for every N > 0, there exists
CN > 0 such that

‖̂v(ξ)‖HS ≤ CN 〈ξ 〉−N .

for every [ξ ] ∈ ̂G (see [28]).
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(3) For f ∈ L1(G, C
n) and N > 0, ‖̂f (ξ)‖HS ≤ CN 〈ξ 〉−N for some CN > 0 and

every [ξ ] ∈ ̂G if and only if ‖̂fi (ξ)‖HS ≤ C ′
i,N 〈ξ 〉−N for every [ξ ] ∈ ̂G for some

C ′
i,N > 0 and every 1 ≤ i ≤ n, [ξ ] ∈ ̂G.


�
Proposition 2.2 Given a sequence of block column matrices v̂(ξ) ∈ (Cdξ ×dξ )n×1,
[ξ ] ∈ ̂G, they correspond to the Fourier coefficients of a distribution in D′(G, C

n) if
and only if there exist C, N > 0 such that

‖̂v(ξ)‖HS ≤ C〈ξ 〉N ,

for every [ξ ] ∈ ̂G and 1 ≤ i ≤ n.

Proof Notice that every linear functional u over smooth vector valued functions can
be written as

〈u, f 〉 = 〈ũ1, f1〉 + · · · + 〈ũn, fn〉,
where each linear functional ũi : C∞(G) → C is given by 〈ũi , fi 〉 = 〈u, fi ⊗ ei 〉,
1 ≤ i ≤ n. Moreover, u is continuous if and only if each ũi is continuous and when
these are all continuous, our definition of ûi (ξ) is consistent with the Fourier transform
of ũi , for every [ξ ] ∈ ̂G. Hence, the proof is analogous to the proof of Proposition
2.1, in the sense that it is a consequence of the scalar-valued case proved in [28]. 
�

Next, for every s ∈ R, the Sobolev space Hs(G, C
n) is defined to be the set of all

u ∈ D′(G, C
n) such that Sobolev norm

‖u‖Hs (G,Cn)
.=
⎛

⎝

∑

[ξ ]∈̂G
dξ 〈ξ 〉2s

n
∑

i=1

‖ûi (ξ)‖2HS
⎞

⎠

1
2

(2.2)

=
⎛

⎝

∑

[ξ ]∈̂G
dξ 〈ξ 〉2s‖û(ξ)‖2HS

⎞

⎠

1
2

is finite.
Taking into account the growth of the eigenvalues 〈ξ 〉 (see [28]), we obtain as a

consequence of propositions 2.1 and 2.2 that

⋂

s∈R
Hs(G, C

n) = C∞(G, C
n) and

⋃

s∈R
Hs(G, C

n) = D′(G, C
n). (2.3)

Let m ∈ N and consider a continuous linear operator D : C∞(G, C
n) →

C∞(G, C
m). Define its matrix-valued symbol by

σD(i, j, x, ξ) = ξ(x)∗e∗
j [D(ξ ⊗ ei )(x)], (2.4)
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for 1 ≤ i ≤ n, 1 ≤ j ≤ m, x ∈ G and [ξ ] ∈ ̂G, where e∗
j [v] .= 〈v, e j 〉Cm , for v ∈ C

m .
Note that here we use the same notation for the canonical basis vectors of C

m , that
is, {e1, . . . , em}, as no confusion should arise. In [6] the authors proved that for every
f ∈ C∞(G, C

n), we have that

Df (x) =
m
∑

j=1

⎛

⎝

∑

[ξ ]∈̂G
dξ Tr

[

n
∑

i=1

σD(i, j, x, ξ)̂fi (ξ)ξ(x)

]

⎞

⎠ e j , (2.5)

for every x ∈ G. This formula can also be written as

Df (x) =
∑

[ξ ]∈̂G
dξ Tr[σD(x, ξ)̂f (ξ)ξ(x)],

where σD(x, ξ) ∈ (Cdξ ×dξ )m×n is the block matrix with blocks given by:

σD(x, ξ)i j = σD( j, i, x, ξ)

for 1 ≤ j ≤ n, 1 ≤ i ≤ m and (x, [ξ ]) ∈ G × ̂G, and the trace for the m × 1
block matrices in the formula above should be understood component-wise. A similar
formula also holds for f ∈ D′(G, C

n), with convergence in the sense of distributions.
Once again, the symbol σD above does not depend on x if and only if D is left-

invariant, and similarly to the scalar casewewriteσD(x, ξ) = σD(ξ), σD(i, j, x, ξ) =
σD(i, j, ξ). As a consequence of the quantization formula (2.5), we obtain that in this
case (̂Df ) j (ξ) = ∑n

i=1 σD(i, j, ξ)̂fi (ξ), or equivalently,̂Df (ξ) = σD(ξ)̂f (ξ), for
every [ξ ] ∈ ̂G, and we also say that D is a Fourier multiplier.

3 Main Results and Applications

In this section we apply the theory developed in Section 2 to obtain a characterization
of the global hypoellipticity of systems of left-invariant pseudo-differential operators
on compact Lie groups. We note that this result can also be seen as a consequence
of [5, Theorem 3.2], however we choose to present a proof that does not rely on
the homogeneous vector bundle structure. We then explore a few particular cases of
systems that yield other sufficient conditions for global hypoellipticity.
First, we recall the definition of global hypoellipticity on compact Lie groups.

Let G be a compact Lie group, and D : C∞(G) → C∞(G) a continuous linear
operator. The operator D is said to be globally hypoelliptic if

u ∈ D′(G) and Du = f ∈ C∞(G) �⇒ u ∈ C∞(G).

This definition extends naturally to vector-valued functions, as follows:
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Let n,m ∈ N, G be a compact Lie group and D : C∞(G, C
n) → C∞(G, C

m) a
continuous linear operator. The operator D is said to be globally hypoelliptic if

u ∈ D′(G, C
n) and Du = f ∈ C∞(G, C

m) �⇒ u ∈ C∞(G, C
n).

Theorem 3.1 Let n,m ∈ N, G a compact Lie group and D : C∞(G, C
n) →

C∞(G, C
m) a left-invariant continuous linear operator. Then D is globally hypoel-

liptic if and only if there exist k ∈ R and C > 0 such that

λmin[σD(ξ)] ≥ C〈ξ 〉k, (3.1)

for all but finitely many [ξ ] ∈ ̂G, where λmin[σD(ξ)] denotes the smallest singular
value of the block matrix σD(ξ), for [ξ ] ∈ ̂G.

Proof First assume that inequality (3.1) holds for all [ξ ] ∈ ̂G\V , where V ⊂ ̂G is
finite. Then for u ∈ D′(G, C

n) such that Du ∈ C∞(G, C
m), and for any s ∈ R, we

have that

+∞ > ‖Du‖2Hs (G,Cm ) =
∑

[ξ ]∈̂G
dξ 〈ξ 〉2s

m
∑

j=1

‖(̂Du) j (ξ)‖2HS

=
∑

[ξ ]∈̂G
dξ 〈ξ 〉2s

m
∑

j=1

∥

∥

∥

∥

∥

n
∑

i=1

σD(i, j, ξ)ûi (ξ)

∥

∥

∥

∥

∥

2

HS

=
∑

[ξ ]∈̂G
dξ 〈ξ 〉2s ‖σD(ξ )̂u(ξ)‖2HS . (3.2)

But notice that,

‖σD(ξ )̂u(ξ)‖HS ≥ λmin[σD(ξ)]‖û(ξ)‖HS,

for every [ξ ] ∈ ̂G, by Lemma 3.2 (proven below). Hence (3.1) and (3.2) imply that

+∞ > ‖Du‖2Hs (G,Cm ) ≥
∑

[ξ ]∈̂G\V
dξ 〈ξ 〉2sλmin[σD(ξ)]2‖û(ξ)‖2HS

≥ C2
∑

[ξ ]∈̂G\V
dξ 〈ξ 〉2(s+k)‖û(ξ)‖2HS.

Since V is finite, this implies that ‖u‖Hs+k (G,Cn) < +∞. Because this holds for any
s ∈ R, we conclude by (2.3) that u ∈ C∞(G, C

n) and thus D is globally hypoelliptic.
Suppose now that inequality (3.1) does not hold. Note that by the characterization of
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the smallest singular value, we can write

λmin[σD(ξ)] = min
{

‖σD(ξ)v(ξ)‖2 : v(ξ) ∈ (Cdξ ×1)n×1, ‖v(ξ)‖2 = 1
}

= min

⎧

⎪

⎨

⎪

⎩

⎛

⎝

m
∑

j=1

∥

∥

∥

∥

∥

n
∑

i=1

σD(i, j, ξ)v(i, ξ)

∥

∥

∥

∥

∥

2

2

⎞

⎠

1
2

: v(i, ξ) ∈ C
dξ ×1,

n
∑

i=1

‖v(i, ξ)‖22 = 1

⎫

⎪

⎬

⎪

⎭

.

So, for each � ∈ N, there exist distinct [ξ�] ∈ ̂G and v(i, ξ�) ∈ C
dξ ×1, 1 ≤ i ≤ n

satisfying
∑n

i=1 ‖v(i, ξ)‖22 = 1 such that

m
∑

j=1

∥

∥

∥

∥

∥

n
∑

i=1

σD(i, j, ξ)v(i, ξ)

∥

∥

∥

∥

∥

2

2

< 〈ξ�〉−�.

Let u ∈ D′(G, C
n) be defined by the Fourier coefficients

ûi (ξ) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

⎛

⎜

⎝

| 0 · · ·
v(i, ξ�) 0 · · ·

| 0 · · ·

⎞

⎟

⎠

dξ ×dξ

if ξ = ξ�, � ∈ N, and 1 ≤ i ≤ n,

0dξ ×dξ otherwise.

Then u ∈ D′(G, C
n)\C∞(G, C

n), as ‖û(ξ�)‖2HS = ∑n
i=1 ‖v(i, ξ)‖22 = 1, for all

� ∈ N, and û(ξ) = 0 for every other [ξ ] ∈ ̂G, but on the other hand

‖̂Du(ξ�)‖2HS =
m
∑

j=1

∥

∥

∥

∥

∥

n
∑

i=1

σD(i, j, ξ�)ûi (ξ�)

∥

∥

∥

∥

∥

2

HS

=
m
∑

j=1

∥

∥

∥

∥

∥

n
∑

i=1

σD(i, j, ξ�)v(i, ξ�)

∥

∥

∥

∥

∥

2

2

< 〈ξ�〉−�,

for all � ∈ N, while ̂Du(ξ) = 0 for all other [ξ ] ∈ ̂G, therefore Du ∈ C∞(G, C
m)

and so D is not globally hypoelliptic. 
�
Lemma 3.2 Let A ∈ C

r×s and B ∈ C
s×p,wherer , s, p ∈ N, be two complexmatrices.

Then
‖AB‖HS ≥ λmin[A]‖B‖HS .

Proof Since A∗A is a normal square matrix, it follows from the spectral theorem that
we can write A∗A = Q∗
Q, where 
 ∈ C

s×s is a diagonal matrix whose entries
are given by the eigenvalues of A∗A, which correspond to the singular values of A
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squared, and Q ∈ C
s×s is unitary. Then

‖AB‖2HS = Tr(B∗A∗AB)

= Tr(B∗Q∗
QB)

= Tr((QB)∗
QB)

≥ λmin[A]2 Tr((QB)∗QB)

= λmin[A]2 Tr(B∗B) = λmin[A]2‖B‖2HS,

which implies the claim. 
�
Notice that when n = m = 1 the conditions for global hypoellipticity in Theorem

3.1 coincide precisely with the conditions for global hypoellipticity of left-invariant
continuous linear operators acting on scalar-valued functions, obtained in [27, Theo-
rem 20].

Now consider the system of left-invariant continuous linear operators (Pji ) :
C∞(G, C

n) → C∞(G, C
m), for 1 ≤ i ≤ n, 1 ≤ j ≤ m, and the associated system

of equations:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

P11u1 + . . . + P1nun = f1
...

...

Pm1u1 + . . . + Pmnun = fm,

(3.3)

where f1, . . . , fm ∈ C∞(G). The system of operators (Pji ) is said to be glob-
ally hypoelliptic if whenever system (3.3) admits solution u1, . . . , un ∈ D′(G) for
f1, . . . , fm ∈ C∞(G), this implies that u1, . . . , un ∈ C∞(G).
Note that system (3.3) is equivalent to the vector-valued equation

Pu = f ,

whereu(x) = (u1(x), . . . , un(x)), f (x) = ( f1(x), . . . , fm(x)), and P : C∞(G, C
n) →

C∞(G, C
m) is given by

(Pu) j = Pj1u1 + · · · + Pjnun, 1 ≤ j ≤ m. (3.4)

We identify P with the matrix of operators

P ≡
⎛

⎜

⎝

P11 . . . P1n
...

. . .
...

Pm1 . . . Pmn

⎞

⎟

⎠ .

Notice thatwith these identifications, the concepts of global hypoellipticity for systems
and for vector-valued functions coincide.
Furthermore, identity (3.4) implies that the symbol of P as defined in (2.4) is given
by

σP (i, j, ξ) = σPji (ξ),
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for every 1 ≤ i ≤ n, 1 ≤ j ≤ m and [ξ ] ∈ ̂G, so the matrix-valued matrix σP (ξ) is
given by

σP (ξ) =
⎛

⎜

⎝

σP11(ξ) . . . σP1n (ξ)
...

. . .
...

σPm1(ξ) . . . σPmn (ξ)

⎞

⎟

⎠ ,

that is,
⎛

⎜

⎝

σP11(ξ) . . . σP1n (ξ)
...

. . .
...

σPm1(ξ) . . . σPmn (ξ)

⎞

⎟

⎠

⎛

⎜

⎝

û1(ξ)
...

ûn(ξ)

⎞

⎟

⎠
=
⎛

⎜

⎝

̂f1(ξ)
...

̂fm(ξ)

⎞

⎟

⎠
,

for every [ξ ] ∈ ̂G. In particular, the smallest singular value of σP (ξ), can then be
written as

λmin[σP (ξ)] = min

⎧

⎪

⎨

⎪

⎩

⎛

⎝

n
∑

j=1

∥

∥

∥

∥

∥

m
∑

i=1

σPji (ξ)v(i, ξ)

∥

∥

∥

∥

∥

2

2

⎞

⎠

1
2

: v(i, ξ) ∈ C
dξ ,

m
∑

i=1

‖v(i, ξ)‖22 = 1

⎫

⎪

⎬

⎪

⎭

.

(3.5)
Therefore, from Theorem 3.1 and the previous considerations, we obtain the following
corollaries.

Corollary 3.3 Let n,m ∈ N and (Pji ) : C∞(G, C
n) → C∞(G, C

m) be a m × n
system of left-invariant continuous linear operators. Then the system (Pji ) is globally
hypoelliptic if and only if there exist k ∈ R and C > 0 such that

λmin[σP (ξ)] ≥ C〈ξ 〉k,

for all but finitely many [ξ ] ∈ ̂G, where λmin[σP (ξ)] denotes the smallest singular
value of the block matrix

σP (ξ) =
⎛

⎜

⎝

σP11(ξ) . . . σP1n (ξ)
...

. . .
...

σPm1(ξ) . . . σPmn (ξ)

⎞

⎟

⎠ ∈ (Cdξ ×dξ )m×n,

for every [ξ ] ∈ ̂G.

Corollary 3.4 Let r , n,m ∈ N and (Pji ) : C∞(Tr , C
n) → C∞(Tr , C

m) be a m × n
system of Fourier multipliers. Then the system (Pji ) is globally hypoelliptic if and
only if there exist k ∈ R and C > 0 such that

λmin

⎡

⎢

⎣

⎛

⎜

⎝

P11(ξ) . . . P1n(ξ)
...

. . .
...

Pm1(ξ) . . . Pmn(ξ)

⎞

⎟

⎠

⎤

⎥

⎦ ≥ C(1 + ‖ξ‖22)k/2,

for all but finitely many ξ ∈ Z
r , where ξ �→ Pji (ξ) ∈ C denotes the symbol of the

operator Pji .
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Since we can relate the smallest singular value of a block matrix and the singular
values of its blocks, we can relate the singular values of the symbols σPji and the
global hypoellipticity of the system (Pji ). Next we present a few particular cases
which illustrate this connection.

3.1 Square systems

In this subsection we will consider square systems of left-invariant continuous linear
operators. These type of systems arise naturally in the study of operators acting on
differential forms, as these operators can often be seen as a system of operators acting
on vector-valued functions.

In [17] (in a correction of [26]) the author proved that for an � × � complex matrix
A, its smallest singular value is bounded from below by

λmin[A] ≥ | det A|
(

� − 1

‖A‖2HS

)
�−1
2

.

Consequently, for a system (Pji ) such as Corollary 3.3 where m = n ≥ 2, we have
that

λmin[σP (ξ)] ≥ | det σP (ξ)|
(

m · dξ − 1

‖σP (ξ)‖2HS

)

m·dξ −1
2

= | det σP (ξ)|(m · dξ − 1)
m·dξ −1

2

⎛

⎝

m
∑

i, j=1

‖σPji (ξ)‖2HS
⎞

⎠

−m·dξ −1
2

≥ e−1/(2e)| det σP (ξ)|
⎛

⎝

m
∑

i, j=1

‖σPji (ξ)‖2HS
⎞

⎠

−m·dξ −1
2

,

for every [ξ ] ∈ ̂G. Hence, if for some k ∈ R the inequality

| det σP (ξ)|
⎛

⎝

m
∑

i, j=1

‖σPji (ξ)‖2HS
⎞

⎠

−m·dξ −1
2

≥ C〈ξ 〉k,

holds for all but finitely many [ξ ] ∈ ̂G, by Corollary 3.3 we conclude that the system
(Pji ) is globally hypoelliptic. Notice that for any N × N square matrix A we have
‖A‖2HS ≤ N‖A‖2op, and since each Pji acts continuously on smooth functions, without
loss of generality we may assume that there exists τP ∈ R such that every symbol
σPji (ξ) is in the classS τP (̂G) (see Section 2). Hence, there existCP = max{CPji } >
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0, τP = max{τPji } ∈ R such that

‖σPji (ξ)‖op ≤ CP 〈ξ 〉τP , (3.6)

for every [ξ ] ∈ ̂G. Therefore we have that

⎛

⎝

m
∑

i, j=1

‖σPji (ξ)‖2HS
⎞

⎠

−m·dξ −1
2

≥
⎛

⎝dξ

m
∑

i, j=1

‖σPji (ξ)‖2op
⎞

⎠

−m·dξ −1
2

≥
(

CG〈ξ 〉 d
2m2C2

P 〈ξ 〉2τP
)−m·dξ −1

2
,

where we have used the fact that dξ ≤ CG〈ξ 〉 d
2 , for some CG > 0, d = dim(G) and

every [ξ ] ∈ ̂G, which follows from the Weyl formula for the counting function of the
eigenvalues of the first-order elliptic operator (Id+LG)1/2.

Next we consider two cases: τP < − d
4 or dξ ≤ K for some K ∈ N and all [ξ ] ∈ ̂G.

If we assume that τP < − d
4 , then for large enough 〈ξ 〉 (and so for all but finitely

many [ξ ] ∈ ̂G) we have that CG〈ξ 〉 d
2m2C2

P 〈ξ 〉2τP < 1. Hence in this case

⎛

⎝

∑

i, j

‖σPji (ξ)‖2HS
⎞

⎠

−m·dξ −1
2

≥ 1.

Alternatively, if dξ ≤ K , for some K ∈ N and all [ξ ] ∈ ̂G, then

⎛

⎝

m
∑

i, j=1

‖σPji (ξ)‖2HS
⎞

⎠

−m·dξ −1
2

≥
⎛

⎝dξ

m
∑

i, j=1

‖σPji (ξ)‖2op
⎞

⎠

−m·dξ −1
2

≥
(

Km2C2
P 〈ξ 〉2τP

)−m·dξ −1
2

,

for every [ξ ] ∈ ̂G. Note that if Km2C2
P 〈ξ 〉2τP ≥ 1 then

(

Km2C2
P 〈ξ 〉2τP

)−m·dξ −1
2 ≥

(

Km2C2
P 〈ξ 〉2τP

)−mK−1
2

=
(

Km2C2
P

)−mK−1
2 〈ξ 〉−τP (mK−1),

and if 0 < Km2C2
P 〈ξ 〉2τP < 1, then

(

Km2C2
P 〈ξ 〉2τP

)−m·dξ −1
2

> 1,
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hence

⎛

⎝

m
∑

i, j=1

‖σPji (ξ)‖2HS
⎞

⎠

−m·dξ −1
2

≥ min

{

1,
(

Km2C2
P

)−mK−1
2 〈ξ 〉−τP (mK−1)

}

≥

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

Km2C2
P

)−mK−1
2 〈ξ 〉−τP (mK−1) if τP > 0,

min{1, (Km2C2
P

)−mK−1
2 } if τP = 0,

1 if τP < 0,

for sufficiently large 〈ξ 〉, and so for all but finitely many [ξ ] ∈ ̂G.
Therefore by Corollary 3.3 and our previous considerations, in both cases we con-

clude that if there exist C > 0 and k ∈ R such that

| det(σP (ξ)| ≥ C〈ξ 〉k

for all but finitely many [ξ ] ∈ ̂G, the system (Pji ) is globally hypoelliptic.
In conclusion, we have proved the following.

Theorem 3.5 Let m ∈ N and P = (Pji ) : C∞(G, C
m) → C∞(G, C

m) be a square
system of left-invariant continuous linear operators. Then the system (Pji ) is globally
hypoelliptic if there exist C > 0 and k ∈ R such that

| det σP (ξ)| ≥ C〈ξ 〉k,

for all but finitely many [ξ ] ∈ ̂G and either every Pji is of order less than − dim(G)
4 ,

for 1 ≤ i, j ≤ m or there exists K ∈ N such that dξ ≤ K, for every [ξ ] ∈ ̂G.

Wenote that the condition dξ ≤ K in the previous theorem is in fact quite restrictive:
it implies that G is a virtually abelian group, and since G is compact it must be a finite
extension of a torus (i.e.: the semidirect product of a torus with a finite group).

Corollary 3.6 Let P : C∞(G) → C∞(G) be a left-invariant continuous linear oper-
ator. Then the system P is globally hypoelliptic if there exist C > 0 and k ∈ R such
that

| det σP (ξ)| ≥ C〈ξ 〉k,
for all but finitely many [ξ ] ∈ ̂G and either P is of order less than − dim(G)

4 , or there
exists K ∈ N such that dξ ≤ K, for every [ξ ] ∈ ̂G.

Corollary 3.7 Let m, r ∈ N and P = (Pji ) : C∞(Tr , C
m) → C∞(Tr , C

m) be a
system of Fourier multipliers. Then the system (Pji ) is globally hypoelliptic if there
exist C > 0 and k ∈ R such that

∣

∣

∣

∣

∣

∣

∣

det

⎛

⎜

⎝

P11(ξ) . . . P1n(ξ)
...

. . .
...

Pm1(ξ) . . . Pmn(ξ)

⎞

⎟

⎠

∣

∣

∣

∣

∣

∣

∣

≥ C(1 + ‖ξ‖22)k/2,
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for all but finitely many ξ ∈ Z
r , where ξ �→ Pji (ξ) denotes the symbol of Pji .

Next, note that if the system (Pji ) is diagonal, then its global hypoellipticity is
determined trivially by the global hypoellipticity of each Pj j , 1 ≤ j ≤ m. More
precisely, (Pji ) is globally hypoelliptic if and only if Pj j is globally hypoelliptic, for
every 1 ≤ j ≤ m. With this in mind, next consider the following type of systems.

Let m ≥ 2 and consider (Pji ) a m × m system of continuous linear operators
such as in Corollary 3.3, and such that σP (ξ) is block diagonally dominant by rows
and columns, for all but finitely many [ξ ] ∈ ̂G. A square block matrix A = (A ji ) is
said to be block diagonally dominant by rows and columns if its diagonal blocks are
non-singular and it satisfies

‖A−1
�� ‖−1

max >
∑

i �=�

‖A�i‖max and ‖A−1
�� ‖−1

max >
∑

j �=�

‖A j�‖max, (3.7)

for all �. Notice that using the inequality ‖B‖max ≤ ‖B‖op, which holds for any
complex matrix B, we have that a sufficient condition for (3.7) to hold is that

‖A−1
�� ‖−1

op >
∑

i �=�

‖A�i‖op and ‖A−1
�� ‖−1

op >
∑

j �=�

‖A j�‖op. (3.8)

In [30] the author proved that for am×m square blockmatrix A that is block diagonally
dominant by rows and columns, we have that

λmin[A] ≥ √αβ,

where

α = min
1≤�≤m

⎧

⎨

⎩

‖A−1
�� ‖−1

max −
∑

i �=�

‖A�i‖max

⎫

⎬

⎭

and β = min
1≤�≤m

⎧

⎨

⎩

‖A−1
�� ‖−1

max −
∑

j �=�

‖A j�‖max

⎫

⎬

⎭

.

Again using inequality ‖B‖max ≤ ‖B‖op, and the fact that ‖B−1‖−1
op = λmin[B],

which holds for any non-singular matrix B, we obtain that

α ≥ α∗ = min
1≤�≤m

⎧

⎨

⎩

λmin[A��] −
∑

i �=�

‖A�i‖op
⎫

⎬

⎭

,

β ≥ β∗ = min
1≤�≤m

⎧

⎨

⎩

λmin[A��] −
∑

j �=�

‖A j�‖op
⎫

⎬

⎭

,

where n ∈ N is the common dimension of the blocks of A. Hence

λmin[A] ≥ √α∗β∗,
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as well. Then using the estimates above we have that

λmin[σP (ξ)] ≥
√

α∗
ξ β∗

ξ ,

for all but finitely many [ξ ] ∈ ̂G, where

α∗
ξ = min

1≤�≤m

⎧

⎨

⎩

λmin[σP��
(ξ)] −

∑

i �=�

‖σP�i (ξ)‖op
⎫

⎬

⎭

,

β∗
ξ = min

1≤�≤m

⎧

⎨

⎩

λmin[σP��
(ξ)] −

∑

j �=�

‖σPj� (ξ)‖op
⎫

⎬

⎭

.

As before, without loss of generality wemay assume that every Pi�, P�i , i �= � belongs
to the same symbol class S τ�(̂G), for 1 ≤ � ≤ m. Then note that

λmin[σP��
(ξ)] −

∑

i �=�

‖σP�i (ξ)‖op ≥ λmin[σP��
(ξ)] −

∑

i �=�

max
i �=�

{CP�i }〈ξ 〉τ�

≥
(

λmin[σP��
(ξ)] − (m − 1)max

i �=�
{CP�i }〈ξ 〉τ�

)

,

(3.9)

for 1 ≤ � ≤ m. Let C ′
�

.= maxi �=�{CP�i } > 0. If there exist C� > 0 and k� ∈ R such
that

λmin[σP��
(ξ)] ≥ C�〈ξ 〉k� ,

for 1 ≤ � ≤ m and all but finitely many [ξ ] ∈ ̂G (so that in particular every P�� is
globally hypoelliptic, by [5, Theorem 3.1]), then

λmin[σP��
(ξ)] − (m − 1)C ′

�〈ξ 〉τ� ≥ C�〈ξ 〉k�

(

1 − C−1
� C ′

�(m − 1)〈ξ 〉τ�−k�

)

,

for all but finitely many [ξ ] ∈ ̂G. So, if k� > τ�, for large enough 〈ξ 〉 (and so for all
but finitely many [ξ ] ∈ ̂G), we have that

1 − C−1
� C ′

�(m − 1)〈ξ 〉τ�−k� ≥ 1

2
,

and so applying this inequality to (3.9) yields

α∗
ξ ≥ min

1≤�≤m

{

1

2
C�〈ξ 〉k�

}

≥ 1

2
min

1≤�≤m
{C�}〈ξ 〉min1≤�≤m {k�}

≥ C

2
〈ξ 〉k,
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where C = min1≤�≤m{C�} and k = min1≤�≤m{k�}, for all but finitely many [ξ ] ∈ ̂G.
Evidently, analogous arguments result in the same estimate for for β∗

ξ , therefore under
these conditions we have that

λmin[σP (ξ)] ≥ C

2
〈ξ 〉k,

for all but finitely many [ξ ] ∈ ̂G. In summary, we have proved the following.

Theorem 3.8 Let m ∈ N and P = (Pji ) : C∞(G, C
m) → C∞(G, C

m) be a system
of left-invariant continuous linear operators such that σP (ξ) is block diagonally dom-
inant by rows and columns for all but finitely many [ξ ] ∈ ̂G. Also let τ� ∈ R be large
enough so that Pj�, P�i have order at most τ� for every 1 ≤ i, j, � ≤ m, i, j �= �. Then
the system (Pji ) is globally hypoelliptic if there exist C� > 0 and k� ∈ R, k� > τ�

such that
λmin[σP��

(ξ)] ≥ C�〈ξ 〉k� ,

for 1 ≤ � ≤ m and for all but finitely many [ξ ] ∈ ̂G.

Corollary 3.9 Let m, r ∈ N and P = (Pji ) : C∞(Tr , C
m) → C∞(Tr , C

m) be a
system of Fourier multipliers such that σP (ξ) is diagonally dominant by rows and
columns for all but finitely many ξ ∈ Z

r , in the sense that

|P��(ξ)| >
∑

i �=�

|P�i (ξ)| and |P��(ξ)| >
∑

j �=�

|Pj�(ξ)|, (3.10)

for all but finitely many ξ ∈ Z
r . Also let τ� ∈ R be large enough so that every P�i , Pj�,

i, j �= � has order at most τ�, for 1 ≤ i, j, � ≤ m. Then the system (Pji ) is globally
hypoelliptic if there exist C� > 0 and k� ∈ R, k� > τ� such that

|P��(ξ)| ≥ C�(1 + ‖ξ‖22)k�/2, (3.11)

for 1 ≤ � ≤ m and all but finitely many ξ ∈ Z
r , where ξ �→ Pji (ξ) ∈ C denotes the

symbol of Pji , 1 ≤ i, j ≤ m.

Remark 1 Recall that in the case of a m × m diagonal system of continuous linear
operators (Pji ), a sufficient (and necessary) condition for global hypoellipticity is that
P�� is globally hypoelliptic, for 1 ≤ � ≤ m. By Theorem 3.1 in [5] this implies that
there must exist C > 0 and k ∈ R such that

λmin[σP��
(ξ)] ≥ C〈ξ 〉k,

for 1 ≤ � ≤ m and all but finitely many [ξ ] ∈ ̂G. The results above can then be seen
as a generalization of the diagonal case, where a more restrictive condition appears
requiring some “stronger" regularity of the operators on the diagonal depending on
the order of the operators outside the diagonal.
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Example 1 Consider am×m system of left-invariant continuous linear operators (Pji )

on a compact Lie group G such that P�� is elliptic of order k� ∈ R and P�i , Pi� have
order less than k� for every i, j �= �, 1 ≤ � ≤ m. Then the system (Pji ) is globally
hypoelliptic. Indeed, since P�� is elliptic of order k� ∈ R, by definition we have that

‖σP��
(ξ)−1‖op ≤ C〈ξ 〉−k� ,

for all but finitely many [ξ ] ∈ ̂G. Consequently for all such [ξ ] this implies that

‖σP (ξ)‖op ≥ 1

C
〈ξ 〉k� ,

so by the sufficient condition (3.8) the matrices σP (ξ) are block diagonally dominant,
and

λmin[σP (ξ)] = ‖σP��
(ξ)−1‖−1

op ≥ 1

C
〈ξ 〉k� ,

for all but finitely many [ξ ] ∈ ̂G. Hence the system satisfies the conditions of Theorem
3.8, and therefore is globally hypoelliptic as claimed.

Example 2 Let m, r ∈ N and P = (Pji ) : C∞(Tr , C
m) → C∞(Tr , C

m) be a system
of Fourier multipliers such that σP (ξ) is diagonally dominant by rows and columns
for all but finitely many ξ ∈ Z

r . Also let τ� ∈ R be large enough so that every P�i , Pj�,
i, j �= � has order at most τ�, for 1 ≤ i, j, � ≤ m. Following the definitions in [25], let
τ ′
� denote the essential order of P�� (note that τ ′

� ≥ τ� by (3.10)). If τ ′
� > τ�, and P��

is globally hypoelliptic with r� < τ ′
� − τ� loss of derivatives (as defined in [25]), for

every 1 ≤ � ≤ m, then by Corollary (3.11) the system (Pji ) is globally hypoelliptic.

3.2 Column systems

Another class of system of operators which has been intensively studied in the last
few years (see for instance [3, 10, 11, 20, 24]) corresponds to the case where n = 1.
More precisely, consider a system of left-invariant continuous linear operators Pj1 :
C∞(G) → C∞(G), for 1 ≤ j ≤ m, and the associated system of equations:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

P11u1 = f1
...

Pm1u1 = fm,

(3.12)

where f1, . . . , fm ∈ C∞(G). The system (Pj1) is said to be globally hypoelliptic if
whenever the system (3.12) admits solution u1 ∈ D′(G) for f1, . . . , fm ∈ C∞(G),
this implies that u1 ∈ C∞(G).

To simplify the notation, in this case we denote Pj = Pj1, 1 ≤ j ≤ m and u = u1.
Then system (3.12) is equivalent to the vector-valued equation

Pu = f ,
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where P : C∞(G, C
1) → C∞(G, C

m) is given by

(Pu) j = Pju, 1 ≤ j ≤ m, (3.13)

and we identify P with the m × 1 matrix of operators

P =
⎛

⎜

⎝

P1
...

Pm

⎞

⎟

⎠ .

Then λmin[σP (ξ)] can be written as

λmin[σP (ξ)] = min

⎧

⎪

⎨

⎪

⎩

⎛

⎝

m
∑

j=1

∥

∥σPj (ξ)v(ξ)
∥

∥

2
2

⎞

⎠

1
2 ∣
∣

∣

∣

v(ξ) ∈ C
dξ , ‖v(ξ)‖2 = 1

⎫

⎪

⎬

⎪

⎭

= min
{∥

∥

∥[σPj (ξ)v(ξ)]mj=1

∥

∥

∥

2
: v(ξ) ∈ C

dξ , ‖v(ξ)‖2 = 1
}

,

for every [ξ ] ∈ ̂G, where in the last line the first ‖ · ‖2 denotes the Euclidean norm in
(Cdξ )m = C

mdξ .
Note that in the case of a block column matrix A = (A�)

m
�=1, we have that

λmin[A�] ≤ λmin[A], for 1 ≤ � ≤ m. Hence

λmin[σP (ξ)] ≥ max
1≤ j≤m

λmin[σPj (ξ))],

for every [ξ ] ∈ ̂G.
Therefore we conclude that if there exist k ∈ R and C > 0 such that

max
1≤ j≤m

λmin[σPj (ξ)] ≥ C〈ξ 〉k,

for all but finitely many [ξ ] ∈ ̂G, then the system (Pj ) is globally hypoelliptic.
Finally, note that in the case where G = T

r , then

λmin[σP (ξ)] =
√

|P1(ξ)|2 + · · · + |Pm(ξ)|2,

so
max
1≤�≤m

|P�(ξ)| ≤ λmin[σP (ξ)] ≤ √
m max

1≤�≤m
|P�(ξ)|,

hence the system (Pj ) is globally hypoelliptic if and only if there exist k ∈ R and
C > 0 such that

max
1≤ j≤m

λmin[σPj (ξ)] ≥ C〈ξ 〉k,

for all but finitely many [ξ ] ∈ ̂G.
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This last result can also be seen as a consequence of the results in [7], where the
authors obtained necessary and sufficient conditions for global hypoellipticity for such
systems on general compact Lie groups, by requiring some extra assumptions on the
symbol of every Pj .

4 A comment on global solvability

For the sake of completeness, in this section we will briefly address the relation of the
results in this paper with global solvability or, equivalently, almost-global hypoellip-
ticity. In [1] the author presents a necessary and sufficient condition for a system of
left-invariant continuous linear operators to be globally solvable. A simple adaptation
of his results and theory to the one used in this paper, using the fact that the smallest
singular value of a linear operator restricted to the orthogonal complement of its kernel
corresponds to its smallest non-zero singular value, we present below the equivalent
condition for global solvability (or almost-global hypoellipticity).

Proposition 4.1 ( [1]) Let n,m ∈ N and (Pji ) : C∞(G, C
n) → C∞(G, C

m) be a
m × n system of left-invariant continuous linear operators. Then the system (Pji ) is
globally solvable if and only if there exist k ∈ R and C > 0 such that

λ>0
min[σP (ξ)] ≥ C〈ξ 〉k,

for all [ξ ] ∈ ̂G such that σP (ξ) �= 0, where λ>0
min[σP (ξ)] denotes the smallest non-zero

singular value of the block matrix

σP (ξ) =
⎛

⎜

⎝

σP11(ξ) . . . σP1n (ξ)
...

. . .
...

σPm1(ξ) . . . σPmn (ξ)

⎞

⎟

⎠ ∈ (Cdξ ×dξ )m×n,

for every [ξ ] ∈ ̂G.
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