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BOURGIN-YANG VERSIONS OF THE BORSUK-ULAM THEOREM FOR
(H,G)-COINCIDENCES

DENISE DE MATTOS AND TACIANA OLIVEIRA SOUZA

ABSTRACT. Let G = Z,» be a cyclic group of prime power order, or repectively G = Z’; be
the p-torus of rank k. We estimate the size of the (H, G)-coincidences set of a continuous
map from S(V) into a real vector space W’.

1. INTRODUCTION

Let G be a finite group which acts freely on a space X and let f : X — Y be a continuous
map from X into another space Y. If H is a subgroup of GG, then H acts on the right on
each orbit Gz of G as follows: if y € Gz and y = gz, g € G, then hy = gh~'x. A point
x € X is said to be a (H,G)- coincidence point of f (as introduced by Gongalves, Pergher
and Jaworowski in [3]) if f sends every orbit of the action of H on the G-orbit of = to a
single point. Let us denote by A(f, H, G) the set of all (H, G)-coincidence points. Of course,
if H is the trivial subgroup, then every point of X is a (H, G)-coincidence. If H = G, this
is the usual definition of G-coincidence, that is,

A(f,G,H) = A(f) ={z € X | f(z) = f(gx), for all g € G}.

Borsuk-Ulam theorems type consists in estimating the dimension of the set A(f, H,G).
For the case that G = H = Zy, X = S™ and Y = R", we have the classical Borsuk-Ulam
theorem [2].

Let G = Zy be a cyclic group of prime power order, k¥ > 1. For given two powers
1<m<n<prFTof pwe set

(1) A = {G/H|H € G;m < |H| <n},

where |H| is the cardinality of H. We shall write Ax for a set of all the G-orbits of a space
X (up to a homeomorphism, thus up to an isomorphism of finite G-sets).

Let V be an orthogonal representation of G = Z,, p prime, k > 1, such that V¢ = {0}, for
the set of fixed points of G. For G = Z,x, with p odd, every nontrivial irreducible orthogonal
representation is even dimensional and admits the complex structure ([4]), thus V' admit it
too. We denote by d(V) = dimc V' = %dimR V' the integral numerical invariant of V. If
G = Zyr and V is a real orthogonal representation of G, then we denote d(V') = dimg V.

Given W’ a real vector space and a continuous map f : S(V) — W’ in this work we
estimate the size of A(f,Zyi, Z,) the Z,:-coincidences set of f, as follows.
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Theorem 1.1. Let V be a complex orthogonal representation of the cyclic group G = Zy,

p prime, k > 1, such that V¢ = {0} and let W’ be a real vector space. Let f: S(V) — W’
be a continuous map.

(1) If Asqvy C Ay pr—1, then for all 1 <i <k,
, d\V)—1 _i
dim A(f, Zyi, L) > 2 ((p%) — (p* = pP (W),
(2) If Asqvy C Ay i1 for some 1 <i <k, then
div)—1
pi-l

Theorem 1.2. Let V' be a real orthogonal representation of the cyclic group G = Zok, k > 1,

such that V& = {0} and let W' be a real vector space. Let f : S(V) — W’ be a continuous
map.

(1) If Asqvy C Ay gr—1, then for all 1 <i <k,

dim A(f, Zgs, Zp) > (%) — (2F — 2" Da(w).

dim A(f, Zyi, Ziye) > 2 ( ) — (" =P Haw).

(2) If Asqvy C Ajgi1 for some 1 <i <k, then

dim A(f, Za, Z0) 2 (ML) - @8 = 200,

2. BOURGIN-YANG VERSIONS OF THE BORSUK-ULAM THEOREM FOR G = Z

Recently, in [5], the authors proved the following Bourgin-Yang version of the Borsuk-Ulam
theorem for complex orthogonal representations of G = Z,, p prime, k > 1

Theorem 2.1. [5, Theorem 3.6] Let V., W be two complex orthogonal representations of the
cyclic group G = Zyx, p prime, k > 1, such that V¢ = W = {0}. Let f : S(V) SW be

an equivariant map and Zy = f~1(0) = {v € S(V) | f(v) = 0}. Suppose Aswy C Apn and

AS(W) C A Then

(dV) —1)m
n

dim(Zy) > 2( ( ) —dom)).

They also proved the following Bourgin—Yang version of the Borsuk-Ulam theorem for real
orthogonal representations of G = Zqx, k > 1.

Theorem 2.2. [5] Theorem 3.9] Let V., W be two real orthogonal representations of the
cyclic group G = Zor, k > 1, such that V¢ = WY = {0}. Let f : S(V) S W be an
equivariant map and Zy = f~1(0). Suppose that Aswy C Amn and Asowy C Apn. Then

(dV) —1)m

n

dim(Z;) > ( )—d(W).
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3. PROOF OF THE MAIN RESULTS
Proof of Theorem[1.1 Let i be fixed, with 1 <14 < k and let us con81der the real vector space

EB W', which is the direct sum of p* copies of W’. We have that GB W’ admits an action of
j=1 7=1

the cyclic group G' = Z,x, given by

g(wbw?a <. 7wpk) = ('lUQ, SR >wpkaw1)>

pk
for a fixed generator g € G and for each (wy,...,wyr) € & W'
Jj=1

Let us denote by A(W" IH) the diagonal of

’ég w=w?""ao. . ow?"

=1

We have
pk k—i k—i
EB W/ — A(w/p ) EB (A(W/p
j=1

))J_7

k—i —1

where A(I/V’plc ). Since A(VV’”Ic ) is a
p*~*dim W’ - dimensional G-subspace of 16)9 W', let us observe that A(V[/pk_i)L is a

1=

—1i

)+ is the orthogonal complement of A(W'™
k

k

(p* — p*~%) dim W’ - dimensional G-subrepresentation of @ W', for which (AW

o},

Now, we denote by a4, ..., a, a set of representatives of the left lateral classes of G /Z,,
where r = p*~*. Consider the map

F:S(V)— AW Yo AW"?

’“’i)J_)G _

k_Z>L
defined by

F(Dj’) = (f(alx)a e f(arx)7 f(alhx)v e f(arhx)a e f(alh’pi_lx)7 ceey f(a”l’h’pi_lx))7
for a fixed generator h € Z,. The linear orthogonal projection along the diagonal

A(W’pkﬂ‘) defines a G-equivariant map p : A(W’pkﬂ‘) ® A(VV”’]H)L — A(W’pkﬂv)% Let
us denote by [ the composition

SOV L AW Yo AW L AW

with Z, = 172(0) = (po F)"1(0) = F~Y AW ")) = A(f, i, T ).
For a fixed generator g € G, we can consider

h=g¢" " and a1 =e,as=g,...,a, = g" 1,

then F'is a G-equivariant map. Moreover
(2) A
To check the validity of inclusion A

S(AWPETL) C Alypi—l C ./4.17pk—1.

(AP C A, i1, it suffices to prove that the car-
dinality of the orbit Z,xw belongs to the set {p*, p"~*, ... p" 1} forall w = (wy,..., wu) €
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k—i

S(AW'™ 1), According to [I, Chapter 1, Proposition 4.1], the cardinality of the orbit
Z,xw belongs to the set {p*,p" 1 ... ,p,p" = 1}. Let w = (wy,...,wr) an element in

i

S(A(W’pkf )*) and suppose that
Zyw| € {pk’i,pk”"l, oo p =11,
that is |Zw| = p?, for some 0 < j < k — .

Assertion. We have Z,vw = {w, gw, - - - ,gpj_lw}, for a fixed generator g of Z.

In fact, consider a cyclic group G, g € G a fixed generator and {w, gw,---,g* 'w} the
maximum set of the s first elements of the orbit Gw that are distinct from each other. By
definition of the set {w, gw,- -+, ¢*'w} we have

gsw S {w,gw, e 79371w}'
Suppose that
g'w = g'w, forsome 1 <i<s—1,
then

¢FTw=w, 1<s—i<s—1,
but this contradicts the definition of {w, gw, -+ , g tw}.
Now, if g'w € Gw, for some ¢t € N, we have t = ns +r with 0 < r < s — 1. Therefore

ns—+r

gw = g""w =g (¢")w =g'w € {w,gw, -, ¢ w},

since
ns _ S S R
grw = (9" g")w=w
and 0 <r <s-—1.
Thus, for a fixed generator g of Z,x, we have
w=g"w = pj(w Wi Wph—j ; ()
g g Tyeee sy Wpiy vy Wipk=i_1)pi41, -, Wpk
= (Wpigts - Wapiy o vy Wph—d—1)pif1s - -+ Wy, W,y - -y Wi )

therefore w € A(W’pj). Since
AW C AW™P) € - c A(W™
and j € {0,1,...,k — i}, we conclude that
we AWP ) c AW,
which is a contradiction because
AW YA sAam? L = 0.
Thus the Theorem implies the claim. a

—1

) AW

—i—1

—1

Proof of Theorem[I.3 For G = Zyx, k > 1, using the same steps of the proof of Theorem [L.]] -
and applying Theorem [2.2] we have the result
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Remark 3.1. We emphasize that in the Theorems|1.1) and[1.9 the action of G on S(V') is not
necessarily free. Moreover, we have an estimate for the size of the set of (H, G)-coincidence
points for all subgroups H = Z,: of G = Z,:. These two characteristics make the Theorems

and [1.9 different of classical results about (H, G)-coincidences.

4. CASE OF (G BEING A p-TORUS

Now, let V', W be two orthogonal representations of the p-torus group G' = Z’; of rank
k > 1, p prime, such that V¢ = WY = {0} for the sets of fixed points of G. Let f :
S(V) — W' be a G-equivariant map, in [6, Theorem 2.7] we have the following estimate for
the covering dimension of Z;

dim(Z;) > d(V) —d(W) — 1.
Using this result we can estimate the covering dimension of the set of (H, Z’;)—coincidences,
as follows.
Corollary 4.1. Let V., W' be two orthogonal representation of the group G = Z’;, such that
VG =W ={0}. Let f: S(V) = W' be a G-equivariant map, then
dim A(Z, Z8) > d(V) — (p* = p* )d(W') — 1
foralll <i<k.

Proof: Let i be fixed, with 1 <4 < k. As in the proof of the Theorem [I.I} we consider a

map
k

F:S(V)= & W

J=1

defined by

F(z) = (f(athiz),. .., flarhix), f(arhox), ..., fla hox), ..., flarhyix),. .., f(ahyiT)),

where ay,...,a, are representatives of the left lateral classes of G/ Z;, r = pF~ and Z; =
{h1, ... hyi}.

Considering the diagonal action of G on g; W' F becomes G-equivariant. Thus the
composition =

k—i

SV) S AW e AW ) L AW
is also G-equivariant. Finally, we apply [0, Theorem 2.7] to estimate the size of the set
Zoor = A(Z}, Z’Ij). O

)J_

Y
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