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Highlights

• A new finite difference method with meshless interpolations is presented
• Meshless interpolations are used to compute weights for the finite difference stencil
• Good alternative for geometric interpolations on non-graded quadtree/octree meshes
• 2D and 3D results show 2nd order convergence for both the solution and its gradient
• The method is extended for the Navier-Stokes model with good convergence results
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Abstract9

Tree-based mesh grids bring the advantage of using fast cartesian discretiza-10

tions, such as finite differences, and the flexibility and accuracy of local mesh11

refinement. The main challenge is how to adapt the discretization stencil near12

the interfaces between grid elements of different sizes, which is usually solved13

by local high-order geometrical interpolations. These interpolations depend on14

the distribution of cells in the vicinity of the point of interest, hence they are15

site-specific and can become quite complex in three-dimensional simulations,16

specially when dealing with staggered unknown arrangements. Most meth-17

ods usually avoid this by limiting the mesh configuration (usually to graded18

quadtree/octree grids), reducing the number of cases to be treated locally. In19

this work, we propose a robust method based on a moving least squares mesh-20

less interpolation technique, which is employed to compute the weights of the21

finite difference approximation in a given hierarchical grid, allowing for complex22

mesh configurations, still keeping the overall order of accuracy of the resulting23

method. Numerical convergence tests and application to fluid flow simulations24

are performed to illustrate the flexibility, robustness and accuracy of this new25

approach.26
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squares, Tree-based grids, Navier-Stokes equations, Projection method28

1. Introduction29

The numerical solution of partial differential equations in general grids have30

been sought by many researchers in last decades. Many schemes try to combine31

efficiency and simplicity with the flexibility of unstructured mesh grids. A major32

advantage is the ability to locally refine the mesh, improving the accuracy in33

specific regions without drastically increasing the number of unknowns.34

Among all possible ways of discretizing the spatial domain (simplicial meshes,35

curvilinear meshes, chimera, and even meshless, among others), cartesian tree-36

based hierarchical grids are a common choice. They allow for the development37

of finite difference or finite volume methods, without the hassle of mapping and38

transforming distorted elements or dealing with general and complicated sten-39

cils, as happens in non-cartesian grids. Since fluxes are usually computed in40

facets aligned with the cartesian axis, numerical schemes are usually simpler to41

derive. Still, these facets are usually shared by different number of elements in42

each side, which is the main difficulty for numerical methods for PDEs in such43

grids. Different techniques to deal with this problem have been developed in44

literature, most of them restricted to quadtree (in 2D) or octree (in 3D) meshes,45

that are special cases of hierarchical grids represented by quadtree/octree data46

structures. Despite this restriction, these tree-based data structures are gen-47

eral enough and still a suitable choice for adaptive grids and moving fronts48

[1, 2, 3, 4, 5, 6, 7].49

Another type of hierarchical grids that share most of the difficulties above are50

the block-structured meshes. They are composed of the superposition of patches51

of structured grids of different resolutions, “glued” together by interpolation52

schemes [8, 9, 10]. Such methods take advantage of the induced matrix structure53
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of the grid, not only demanding a careful mapping between all blocks, but also54

adding a restriction on the adaptability of the mesh geometry.55

Finite difference and finite volume methods in quadtree and octree meshes56

for fluid flow simulations were first developed in late 1990’s and early 2000’s57

([1, 2, 11]). The main difficulty is to modify the FD/FV stencils near the58

coarse/fine interfaces accordingly, which is usually performed by high-order in-59

terpolations. Since these interpolations are mostly geometrical, they heavily60

rely on the number of cells shared by each facet in the grid. Therefore, many of61

these earlier schemes were developed in graded quadtree/octree meshes (see [2]),62

which means that the characteristic mesh size reduction factor is restricted to63

2:1 in coarse-to-fine interfaces. Thus, the number of possible configurations of64

neighboring cells is reduced, allowing for hardcoding the interpolation formula65

in each specific case. As well stated by Batty in [12], this restriction leads to an66

unnecessary increase in the overall number of cells, motivating the recent de-67

velopment of numerical methods for non-graded quadtree/octree meshes, such68

as seen in [5, 13] for fluid flow simulations. However, while these numerical69

approaches issue 2nd order convergence of the solved variables, their gradient70

does not converge as such. Improved methods can be found in [12, 14], pre-71

senting more sophisticated geometrical interpolations, however still only for the72

numerical solution of Poisson equations.73

Another way to overcome the limitations of geometrical interpolation is to74

take advantage of meshless interpolations. Fully meshless methods are thor-75

oughly available in the literature, however they still pose issues regarding con-76

vergence and consistency, that are not completely solved (see for instance [15,77

16, 17, 18, 19, 20, 21]). Conversely, much less references are found in hybrid78

methods, that try to combine the simplicity of finite difference schemes with79

meshless interpolations. Still, some remarkable work was developed in this di-80
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rection, mostly applied to the discretization of complex objects immersed in a81

cartesian grid and in joining structured grids together (as seen in [22, 23, 24, 25]).82

The present work brings a new development in the same direction. We em-83

ploy meshless interpolations computed via moving least squares (MLS) in order84

to modify finite difference stencils near the coarse-fine grid interfaces, as happens85

in hierarchical meshes. The developed methodology is further investigated and86

compared with non-graded octree-based methods, showing the advantages of87

our new methodology in terms of accuracy and robustness, from simple Poisson88

problems, to fluid flows in complex geometries.89

2. Finite difference approximation in hierarchical grids90

2.1. Hierarchical grids (HiG)91

Our goal here is to present a general finite difference method that can be92

applied to cartesian hierarchical grids represented by tree data structures. One93

example of the generality of such hierarchical grid (HiG) can be seen in Fig. 1,94

as well as the tree data structure representing it. In this data structure, each95

leaf in the tree can be geometrically partitioned in any matrix arrangement of96

cells. Particular cases are the quadtree in 2D and octree in 3D, in which this97

division is restricted to four cells in 2D, and eight in 3D. Such general grids98

impose difficulties for numerical schemes, specially those based on cartesian99

finite difference (FD) approximations. They usually require the computation100

of spacial interpolations in the unknown points of the FD stencil, that heavily101

relies on the geometrical characteristics of the grid.102

In order to avoid this geometrical dependence, we introduce a method based103

on interpolations in a neighboring point cloud, requiring no geometry or topol-104

ogy information, that is performed by an efficient MLS interpolation scheme.105
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Figure 1: HiG tree data structure.

Ul

Ut

Uc
Ur

Ub

δ1

δ2

Figure 2: Finite difference 2nd order stencil discretization of a Poisson equation, where un-
knowns are located at cell centers. In this figure, δ1 and δ2 are the sizes of the cell containing
the center point of the stencil.

2.2. Approximating derivatives in HiGs106

To introduce the procedure to approximate derivatives with point cloud in-107

terpolation, suppose we need to solve a Poisson equation of the form108

∇2 u(x, y) = f(x, y) (1)

in a rectangular domain Ω ∈ R2 with suitable boundary conditions. Suppose109

we want to apply a standard 2nd order finite difference method to approxi-110

mate u at the centers of the cells defined in Fig. 2, resulting in the numerical111
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approximation112

1

δ21
(Ul− 2Uc + Ur) +

1

δ22
(Ut − 2Uc + Ub) = fc , (2)

where Ul, Ur, Ut, Ub, Uc are the approximation values of u at left, right, top,113

bottom and center position of the 5-point stencil, with sizes δ1 in the x-direction114

and δ2 in the y-direction. These sizes are defined as the corresponding sizes of115

the cell were the center point of the stencil lies. If the neighboring cells have116

the same size, the unknowns are aligned and no special treatment is required,117

resulting in the standard 5-point finite difference stencil. In a grid as general118

as the one in Fig. 2, we see that the approximation of u does not coincide119

with some of the mesh grid points (such as Ul and Ub), and those have to be120

approximated by some kind of interpolation of the grid unknowns in the vicinity121

of Uc. Such interpolation can be performed as122

Ul=
∑

k∈Il

wl
kUk and Ub =

∑

k∈Ib

wb
kUk (3)

where Il = {ik, k = 1, . . . Nl} and Ib = {jk, k = 1, . . . , Nb} are the sets of123

indexes for the unknowns that are in the vicinity of Uc for each approximation.124

The coefficients wl
k and wb

k are computed by the interpolation procedure to be125

described later. The number of neighbors Nl and Nb depend on how many126

points are needed to keep the order of accuracy of the overall approximation. In127

a 2nd order approximation such as this, these interpolations should be at least128

3rd order accurate, which means that, in 2D, we will need at least 6 points to129

completely determine all coefficients of a 2nd degree interpolating polynomial,130

which will have a 3rd-order-accurate error. The final approximation will finally131
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read132

1

δ21

(
∑

k∈Il

wl
kUk − 2Uc + Ur

)
+

1

δ22

(
Ut − 2Uc +

∑

k∈Ib

wb
kUk

)
= fc (4)

or, in terms of the total number Nu of unknowns,133

Nu∑

k=1

AckUk = fc , (5)

c = 1, . . . , Nu, that will result in a linear system of the form Au = f where each134

line of A comes from approximations similar to Eq. (4).135

This procedure is easily generalized for any finite difference stencil in hi-136

erarchical meshes. The number of neighbors of Uc is computed based on the137

expected order of accuracy. If there is not enough unknowns to keep the overall138

order of the finite difference approximation (that can occur for example in coarse139

grids), an adaptive stencil can be implemented, or a lower order interpolation140

can be computed, for the sake of robustness. In the next section we show how141

to efficiently compute the weights involved in the meshless interpolation.142

2.3. Discrete Moving Least Squares143

The procedure to complete the finite difference approximation in arbitrary144

grids depends heavily on high order interpolations performed in the vicinity145

of the unknown of interest. In our method, we perform these interpolations146

by a Moving Least Squares (MLS) procedure. Although computation of MLS147

basis functions is described in many works [15, 16, 18, 21], we introduce here an148

efficient way of computing them for the high order interpolation needed by the149

finite difference scheme.150

Let us consider a set of n linearly independent smooth interpolation functions151

Φi : Rd → R. Our goal is to interpolate the value of a function u : Rd → R such152
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that the approximation is given by153

U(x) =
n∑

j=1

cj Φj(x) . (6)

In our implementations, polynomial functions of several variables Φi(x) = x
βi
1

1 ·154

x
βi
2

2 · · ·xβi
d

d are used, where βi
j ∈ N, j = 1, . . . , d, such that polynomials will be155

of maximum degree K = max
∑d

j=1 β
i
j .156

Given a set ofm known points x1,x2 , . . . ,xm ∈ Rd, m > n, andm associated157

function values u1 = u(x1), u2 = u(x2 ), . . . , um = u(xm), the procedure to158

interpolate u at x using MLS is to minimize the error function159

E(c) = ∥U − u∥22 = ⟨U − u, U − u⟩λ =
m∑

i=1

(U(xi)− ui)
2 λi(x) (7)

that is a norm induced by a weighted inner product defined over the weight160

functions161

λi(x) =
1

∥x− xi∥2
(8)

that depends on the position x (explaining the term moving in MLS). Therefore,162

the minimizer c = (c1, . . . , cn) depends on the position x as well. In practice, a163

threshold value ε > 0 is used to avoid the weight functions to become indefinite.164

Let us define matrices W (x) ∈ Rm× m, which is the diagonal weight matrix,165

defined byWij(x) = δij
√
λi(x), and P ∈ Rm× n the evaluation of the polynomial166

basis over the points xi, with components Pij = Φj(xi). Furthermore, defining167

the vector u = (u1, . . . , um), the error becomes168

E(c) = ∥WPc−Wu∥22 . (9)
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The solution that minimizes this error is then given by169

c(x) = (WP )†Wu (10)

where (·)† denotes the pseudo-inverse of Moore-Penrose of a matrix [26]. In170

fact, since matrix WP is non-square, we can perform its QR decomposition,171

resulting in172

WP = Q

⎡

⎢⎣
R

0

⎤

⎥⎦=
[
Q∥ Q⊥

]
⎡

⎢⎣
R

0

⎤

⎥⎦ , (11)

where Q ∈ Rm× m is an orthogonal matrix, Q∥ ∈ Rm× n, Q⊥ ∈ Rm× (m− n) are173

submatrices of Q, and R ∈ Rn× n is an upper triangular matrix. The error in174

Eq. (9) is then rewritten as175

E(c) =
∥∥Rc−Qt

∥Wu
∥∥2
2
+
∥∥Qt

⊥ Wu
∥∥2
2

(12)

such that the solution is given by176

c(x) = R− 1Qt
∥Wu , (13)

and the minimum error value is E(c) = ∥Qt
⊥ Wu∥22 .177

This procedure however results in the coefficients cj(x) in the linear combi-178

nation of the polynomial basis functions Φj(x) in Eq. (6). Since we intend to179

couple these approximations to the finite difference approximations of deriva-180

tives, we should compute the interpolation coefficients wi that form the linear181

combination of the values ui. From Eqs. (6) and (13), we have182

U(x) = ctΦ = ut WQ∥R
− tΦ

︸ ︷︷ ︸
w

=
m∑

i=1

wi(x)u(xi) . (14)
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The approximation U(x) should also interpolate ui = u(xi) at the points xi,183

such that Eq. (6) yields184

ui = U(xi) =
n∑

j=1

cjΦj(xi) , (15)

and therefore185

U(x) =
m∑

i=1

wiu(xi) =
m∑

i=1

wi

n∑

j=1

cjΦj(xi) =
n∑

j=1

cj

m∑

i=1

wiΦj(xi) (16)

where the dependency of cj and wi on x was dropped by the sake of notation.186

Comparing to the definition of U(x) in Eq. (6) results187

n∑

j=1

cjΦj(x) =
n∑

j=1

cj

m∑

i=1

wiΦj(xi) (17)

which is true for every c that is a solution of the least squares problem in Eq.188

(9), allowing us to conclude that189

Φj(x) =
m∑

i=1

wiΦj(xi) . (18)

The main consequence of Eq. (18) is that interpolation by the MLS preserve190

important properties such as the exact recovery of the basis functions. Par-191

ticularly, since Eq. (18) is true for constant polynomial basis functions (say,192

Φ1(x) = 1), the weights wi satisfy the partition of the unity property, i.e.,193

m∑

i=1

wi = 1 . (19)

194

The coefficients wi computed in that way are then used to assemble the finite195

difference approximation matrix A as in Eq. (5). The procedure to compute196
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the coefficients wi is summarized in Algorithm 1. These values are then used in197

the discretization stencil when needed, like in the example of Eq. (4). Clearly,198

wi = wi(x), which means that this algorithm should be executed for each ap-199

proximation of U(x) needed. The most computational demanding procedures200

in this algorithm are the QR decomposition and the solution of a triangular sys-201

tem. They are however local and therefore can be easily computed in parallel,202

and since the problems are relatively small, they can take advantage of GPU203

architecture as well. As long as the mesh is static, this procedure is computed204

only once as a pre-processing step, and the interpolation weights can be cached.205

Algorithm 1 Computation of coefficients wi using MLS interpolation.

1: Given x1, . . . ,xm,x ∈ Rd, Φ1, . . . ,Φn ∈ PK(Rd), m > n

2: Compute W =
[
δij

√
λi(x)

]
, P = [Φj(xi)], λi(x) given by Eq. (8)

3: Perform the QR decomposition of matrix WP , resulting in R and Q∥
4: Compute Φ = (Φ1(x), . . . ,Φn(x))t

5: Solve triangular system Rtd = Φ ⇒ d = R− tΦ
6: Compute w = WQ∥d

Remark 1. If U(x) is a complete polynomial of degree K = max
∑d

j=1 β
i
j , i.e.,206

when it contains all monomials of degree s, for s = 0, . . . ,K, then the coeffi-207

cients wi will be invariant under rigid transformations (rotations, reflections and208

translations). The proof can be easily derived by induction on the polynomial209

degree K. This result can be further used to build a hash table for the cached210

interpolations, reducing even further the overall computing cost. This feature211

is even more efficient in graded quadtree/octree meshes, since there are just few212

different configurations to be considered. Additionally, since all basis functions213

are fully recovered by the MLS interpolation, PDEs with zero truncation errors214

are solved exactly, as in standard finite difference techniques.215

Remark 2. The points x1, . . . ,xm are taken in a vicinity of point x, that is216

defined as a circle centered in x with a given interpolation radius. The number of217
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points inside this vicinity should be enough to at least recover the basis functions218

used in the interpolation. If this is not satisfied, the result is reflected as zeroes219

in the diagonal of matrix R (from QR decomposition in Eq. (11)), which turns220

out to be singular. In that case, this vicinity can be adaptively increased to221

overcome this drawback, adding robustness to the computed approximation. In222

our results, the initial radius is taken as 3×max{δ1, . . . , δd}, where δi are the223

corresponding sizes of the cell containing x, and every time we detect zeroes on224

the diagonal of R, the interpolation radius is increased by min{δ1, . . . , δd}.225

Remark 3. It is clear that the matrices produced by such procedure are sparse,226

with sparsity depending on the size of the neighborhoods used in the MLS, and227

are not symmetric. Therefore iterative linear solvers such as the Generalized228

Minimum Residual Method (GMRES) or the Bi-Conjugate Gradient Method229

(Bi-CG) and its variants are good alternatives to solve the resulting linear sys-230

tems.231

Remark 4. Although the weights wi computed by the MLS procedure satisfy232

the partition of the unity property, there can be negative values, hence it is233

not possible to ensure the diagonal dominance of the resulting finite difference234

linear system. It is possible however to extend the degrees of freedom of the MLS235

problem over the kernel of (WP )t such that solutions with the restriction wi ≥0236

can be computed, ensuring the diagonal dominance of the resulting matrix.237

Our numerical experience with many different computations with this method238

indicates that this workaround in somewhat costly and completely unnecessary.239

2.4. Dirichlet and Neumann boundary conditions240

Dirichlet and Neumann type boundary conditions are handled much like241

standard techniques in finite difference context. Each finite difference stencil,242

when hitting the boundaries, end up in requiring points outside the computa-243

tional domain. In the case of Dirichlet-type boundary conditions, the known244
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UcUl Urub σbUc Ur

h h/2

Known values imposed on the boundary
Existing unknowns
Interpolated using MLS

(a) (b)

Figure 3: Discretization of the (a) Dirichlet and (b) Neumann boundary conditions using the
meshless MLS interpolation.

values are added on the boundary, so that they are taken into account on every245

interpolation in the vicinity of the boundaries. An example is illustrated in246

Fig. 3(a), where the value ub is imposed on all green dots (boundary values)247

such that the required MLS interpolations of Ul and Ur take those into account.248

This is very similar to standard finite difference techniques, where Ur would be249

computed such that the linear interpolation between Uc and Ur is exactly ub.250

In case of Neumann-type boundary conditions, say ∂u
∂x = σb on the right251

boundary, as depicted in Fig. 3(b), we discretize this boundary condition by252

standard finite differences, arriving at Ur = Uc + hσb, h being the size of the253

smaller cells near the boundary. Therefore, the stencil centered at Uc is modified254

accordingly. Variations of these two techniques are straightforwardly applied255

to different cell configurations and different unknowns positions with minor256

adaptations.257

The interpolations are also affected by the lack of available points when258
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(a) h = 1/4 (b) h = 1/8

Figure 4: Two mesh refinements considered in the solution of the Poisson equation in a general
HiG.

interpolating near boundaries, turning R singular and lowering the order of ap-259

proximation. In such cases, the interpolation radius is increased to complete260

the minimum requirements to keep the order of MLS interpolation. As seen in261

results later on, these simple techniques produce accurate and robust represen-262

tation of boundary conditions.263

2.5. Verification: Poisson equation in a general HiG264

In summary, the described method works as follows: whenever a finite dif-265

ference stencil is used to compute terms of the linear system matrix A, if the266

required point belonging to the stencil is available, it is used straight away. If267

it is missing, as occurring in the interface between different mesh sizes, MLS268

interpolations are used to compute the final weights entering matrix A.269

To test this methodology and show the robustness of the method for a suffi-270

ciently general grid, we started with grid shown in Fig. 1 to discretize a square271

Ω = [−1, 1]2 , which we attribute a reference mesh size of h = 1/4, the length of272

the smallest edge.273

The described numerical method was then applied to this grid to solve a274
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Table 1: Errors and estimated order of convergence (EOC) for the Poisson equation in a
general HiG.

h ∥u− uh∥L2 EOC ∥u− uh∥L∞ EOC
1/4 1.29e-01 - 1.21e-01 -
1/8 7.06e-03 4.1 8.66e-03 3.8
1/16 1.30e-03 3.3 1.66e-03 3.1
1/32 2.32e-04 3.0 3.14e-04 2.9

Poisson equation (1) with analytical solution given by275

u(x, y) = sin (x) cos (y) (20)

with source term f(x, y) and Dirichlet type boundary conditions manually com-276

puted as to result in this analytical solution. The MLS interpolations are per-277

formed with second degree polynomials. One can note that there are several278

interfaces with non-coincident cells (with the occurrence of many points, which279

are mostly known in finite element literature as “hanging nodes”). Refinement280

is carried out, subdividing uniformly each cell into four cells, to assess the nu-281

merical convergence for this case, with results reported in Table 1. The refined282

grids with reference sizes h = 1/4 and h = 1/8 are depicted in Fig. 4.283

These results confirm the robustness of this method even when the mesh284

is divided in mostly non-coincident cells, with intensive use of interpolations285

all across interfaces. Evidently, this method can be further applied to connect286

domains discretized by different (non-coincident) meshes, however this type of287

application is not the main concern of the current work. We then move on to288

present more detailed results for non-graded quadtree/octree grids, in order to289

further extend this methodology to the solution of Navier-Stokes equations.290
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Figure 5: Non-graded mesh used in the Poisson convergence test.

2.6. Verification: convergence in non-graded quadtree and octree meshes291

One of the main advantage of our methodology is the ability to preserve292

expected order of convergence without any special treatment or geometrical293

interpolations. This is specially advantageous when dealing with non-graded294

meshes, i.e., meshes that vary abruptly, with large cells being neighbors of very295

small ones. Any geometrical high-order interpolation would be site-specific, and296

difficult to program in higher dimensions.297

To show that our method is capable of solving non-graded meshes, we per-298

formed tests by solving the Poisson equation (1) in non-graded quadtrees, as299

performed by other authors, such as Min et al. [14] and Batty [12]. The non-300

graded quadtree mesh is depicted in Fig. 5, discretizing a domain [0,π]2 where301

(1) is solved with source term f(x, y) computed as to yield an exact solution302

u(x, y) = e− x− y, using Dirichlet-type boundary conditions. We computed nu-303

merical results for this problem using polynomial meshless interpolation de-304

scribed earlier, with polynomials of degree 2 and 3, that are reported in Tables305

2 and 3 respectively. The 2nd order accuracy is evident for uh and ∇uh when306

using 3rd degree polynomials, with a slight drop in the order of convergence for307

∇uh to around 1.6 when using 2nd degree polynomials.308

To assess how the resulting linear systems are affected by our interpolation309
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Table 2: Errors and estimated order of convergence (EOC) for the numerical solution of the
Poisson equation and its gradients, computed with 2nd degree interpolations in a non-graded
quadtree with Dirichlet boundary conditions.

h ∥u− uh∥L∞ EOC ∥∇u−∇uh∥L∞ EOC
π/32 2.68e-2 - 2.57e-2 -
π/64 6.08e-3 2.1 1.07e-2 1.3
π/128 1.15e-3 2.3 3.18e-3 1.5
π/256 2.39e-4 2.3 1.03e-3 1.5
π/512 5.59e-5 2.2 3.24e-4 1.6
π/1024 1.43e-5 2.3 9.85e-5 1.6
π/2048 3.73e-6 2.1 3.03e-5 1.6
π/4096 8.72e-7 2.1 8.76e-6 1.6

Table 3: Errors and estimated order of convergence (EOC) for the numerical solution of the
Poisson equation and its gradients, computed with 3rd degree interpolations in a non-graded
quadtree with Dirichlet boundary conditions.

h ∥u− uh∥L∞ EOC ∥∇u−∇uh∥L∞ EOC
π/32 1.08e-2 - 7.01e-3 -
π/64 1.80e-3 2.6 2.36e-3 1.6
π/128 3.18e-4 2.5 6.96e-4 1.7
π/256 7.65e-5 2.4 1.70e-4 1.8
π/512 1.90e-5 2.3 4.40e-5 1.8
π/1024 5.19e-6 2.2 1.08e-5 1.9
π/2048 1.33e-6 2.2 2.81e-6 1.9
π/4096 3.36e-7 2.1 7.08e-7 1.9

Table 4: Observed condition numbers for the algebraic linear systems obtained with our
method, for the Poisson convergence test using mesh from Figure 5.

h Uniform grid estimate Condition numbers from [12] Observed condition numbers
π/32 4.205e+01 7.171e+01 1.116e+03
π/64 1.682e+02 2.815e+02 6.318e+03
π/128 6.728e+02 1.193e+03 3.297e+04
π/256 2.691e+03 4.713e+03 1.432e+05
π/512 1.076e+04 1.887e+04 5.960e+05
π/1024 4.306e+04 7.550e+04 2.419e+06
π/2048 1.722e+05 3.020e+05 9.754e+06
π/4096 6.889e+05 1.208e+06 3.921e+07
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method, we compare the condition numbers of the linear system matrices to310

those observed in [12] for this exactly same problem, which can be seen in311

Table 4. Our condition numbers are consistently 32 times greater than those312

obtained by the geometric interpolation in [12], and roughly 55 times greater313

than a linear system obtained by a uniform mesh discretization with the same314

resolution as the finest grid cell in the corresponding non-graded quadtree mesh.315

This increase in the condition number is expected, since all the unknowns in the316

neighborhood of the MLS interpolation are connected, appearing as non-zero317

entries in the corresponding line of the final matrix. For this case, the condition318

number appears to be scaling with κ(A) ≈23/h2 , as compared to the classical319

result for uniform grids κ(A) ≈4/(π2 h2 ), being both O(1/h2 ). This difference320

however has little impact on the number of iterations required for convergence321

of iterative linear solvers.322

One can also look at the fill-in effect on the matrix due to the MLS interpo-323

lations, which can be measured in terms of the number of non-zero entries for324

the matrices produced by our method as compared to a standard finite differ-325

ence discretization in uniform grids with the same number of unknowns. For326

the results reported in Table 3 using 3rd degree polynomials, the coarsest mesh327

h = π/32 yields a fill-in factor of about 6.2 times greater than the standard328

5-point stencil, while for h = π/1024 this factor drops to about 1.6, and for the329

finest grid with h = π/4096, the number of non-zeros in the MLS matrix is only330

about 1.2 times greater than a reference uniform finite difference discretization.331

These results are similar to the ones found in [12], which employs a geomet-332

rical diagonal interpolation scheme, being difficult to extend in 3D. Our method333

is general and can easily be programmed for any number of spatial dimensions.334

To give an evidence of convergence in higher dimensions, we solved a 3D Pois-335

son problem in a cubical domain [−π
2 ,

π
2 ]

3 with non-homogeneous Neumann336
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Table 5: Errors and estimated order of convergence (EOC) for the numerical solution of the 3D
Poisson equation and its gradient, computed with 3rd degree interpolations in a non-graded
octree with non-homogeneous Neumann boundary conditions.

h ∥u− uh∥L∞ EOC ∥∇u−∇uh∥L∞ EOC
π/32 2.14e-1 - 1.14e-1 -
π/64 5.22e-2 2.0 3.25e-2 1.8
π/128 1.23e-2 2.1 8.10e-3 2.0
π/256 2.12e-3 2.5 2.32e-3 1.8
π/512 4.62e-4 2.2 5.93e-4 2.0

boundary conditions, i.e.,337

∇2 u = f, ň ·∇u = g , (21)

where functions f = f(x, y, z) and g = g(x, y, z) are prescribed so that the338

manufactured exact solution for this problem is339

u(x, y, z) = cos(x) cos(y) cos(z) . (22)

The convergence test is performed using the same non-graded mesh found in340

[4], originally employed for a Navier-Stokes problem. This initial mesh is de-341

picted in Fig. 6 in which we associate a mesh size of h = π/32, the size of the342

shortest edge. Results are shown in Table 5, where one can observe a 2nd order343

convergence for both solution and its gradient.344

The results presented in this section demonstrates the robustness and accu-345

racy of our method for 2D and 3D Poisson problems with both Dirichlet and346

Neumann boundary conditions, in non-graded quadtree and octree meshes. Al-347

though not shown here, the extension of this method for even higher dimension348

Poisson problems is straightforward, with similar results. In the next sections,349

we extend this method for the incompressible Navier-Stokes equations using350

standard projection methods, followed by verification and convergence results.351
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Figure 6: Non-graded mesh used for the 3D convergence test case, same as in [4]. On the
left a 3D view of the mesh, and on the right three cut-planes corresponding to x = 0, y = 0
and z = 0 respectively, from top to bottom. They are oriented such that positive axis point
always to the right and upwards.
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3. Discretization of the Navier-Stokes equations352

We are interested in the simulation of incompressible fluid flows using gen-

eral hierarchical tree-based meshes, through our general meshless interpolation

scheme, as discussed in last section. We begin with the well known model, the

Navier-Stokes equations for newtonian fluid and incompressible flow, that in

non-dimensional form reads

∂u

∂t
+ u ·∇u = −∇p+

1

Re
∇2 u+ f (23)

∇ · u = 0 (24)

where u = u(x, t) denotes the velocity field and p = p(x, t) the pressure, both353

defined in a d-dimensional domain Ω ⊂Rd, d = 2, 3. The flow depends on the354

source term f = f(x, t) that could be used to model gravity or any other body355

force, and on the parameter Re, known as Reynolds number, that represents356

the ratio between inertial and viscous forces acting on the flow. Usually, Re =357

U∞L/ν, with U∞ and L being characteristic velocity and length, and ν = µ/ρ358

the kinematic viscosity, ratio between dynamic viscosity and density.359

Many methods were developed since late 60’s, resulting and many differ-360

ent approaches to deal with the strong coupling between velocity and pres-361

sure in the incompressible Navier-Stokes equations. A large number of such362

works implement the so called Projection Method or Fractional Step Method363

[27, 28, 29, 30, 31], which employs the well-known Helmholtz-Hodge decomposi-364

tion to split the Navier-Stokes operator allowing the sequential computation of365

velocity and pressure.366

3.1. Staggered grid arrangement367

As performed in many different works, we employ a staggered grid arrange-368

ment of the unknowns, which yields a stable discretization for uniform grids.369
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Figure 7: Illustration of the staggered unknown distribution in an hierarchical grid: ambigui-
ties are solved with smaller-cell priority rule.

In this arrangement, pressures are evaluated in the center of the grid cells, while370

normal components of the velocity are evaluated at cell facets.371

When storing the normal components at cell facets and numbering the un-372

knowns, ambiguities can appear, as illustrated in Fig. 7. Besides being a sketch373

in 2D, the 3D case is easily derived as a trivial extension of the proposed ideas.374

All ambiguities are solved based on a smaller-cell priority, i.e., cells with smaller375

sizes keep their unknowns on shared facets with bigger cells. On the other376

hand, bigger cells loose their unknowns on shared facets with smaller cells, un-377

less they coincide. Both situations are present in Fig. 7: the bigger cell lost its378

right (blue square) unknown, but kept its bottom (red circle) unknown, that379

coincides with central smaller cell. Although not impossible, this arrangement380

makes it difficult to extend the staggered grid to a general mesh such as in Fig.381

1, therefore, for the Navier-Stokes solver, we will limit ourselves to meshes with382

the restriction that all shared facets divide exactly the whole facet of the larger383

cell, which is the case displayed in Fig. 7. The set of allowed meshes includes,384

but is not restricted to, quadtree and octree type meshes.385
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3.2. The Helmholtz-Hodge decomposition386

The Helmholtz-Hodge decomposition theorem states that any vector field f387

such that
∫
∂Ω f · n = 0 can be decomposed as a sum of a divergence-free vector388

field u and a curl-free vector field v, i.e., f = u + v. Since v is curl-free, there389

exists a scalar function p in such a way that v = ∇p, yielding the famous form390

f = u+∇p (25)

with ∇·u = 0 and the normal components of f and u coinciding at the boundary391

of Ω.392

This decomposition is often used to design numerical methods to solve the393

Navier-Stokes equations by means of segregating the coupled system of equa-394

tions, creating a sequential and therefore more efficient way to compute velocity395

and pressure. This is well known in the literature, and it is referred by as many396

names as there are variations. The most common terminology is “projection397

methods”, referring to the projection induced by the Helmholtz-Hodge decom-398

position theorem, of one vector field into the direct sum of divergence-free and399

curl-free spaces (other terminologies are known as Chorin’s method, MAC-type400

methods, fractional step methods, among others).401

One of the main issues when employing the projection method in graded402

and non-graded tree-based meshes is the stability of the projection method by403

itself. For grids represented by quad/octrees, a sketch of a proof of stability,404

showing that the projection step does not introduce any spurious kinetic energy405

into the flow by itself, is shown in [5]. It relies on showing that there exist406

metrics (matrices) LF and LC such that the mimetic finite difference operators407

G and D satisfy the identity LFG = − (LCD)t , which is further used to show408

that ∥un+1∥LF ≤ ∥u∗∥LF , concluding the stability of the projection method.409

Although there is a small error in their definition of the metrics LF and LC410
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by assuming they are diagonal, which is not the case, the rest of the proof is411

correct (see [5]). Numerical observations support their theoretical result.412

In a recent development, Olshanskii and co-workers [13] found that their dis-413

cretization, which is based on the work of Lossasso et al. [2], presents numerical414

instabilities in the computation of the discrete Helmholtz-Hodge decomposition415

in a staggered arrangement. They end up creating and implementing an arti-416

ficial filter to avoid those instabilities coming from their discretization (more417

details in [13]). More recently, Batty [12] presented numerical evidence of sta-418

bility of its central scheme with diagonal interpolations by successively applying419

the Helmholtz-Hodge decomposition.420

Since our work intends to discretize the Navier-Stokes equations in general421

tree-based grids, we are motivated to perform the same tests as in [4, 5, 12, 13]422

to evaluate the stability of our discretization method.423

The tests are based on the decomposition of a known vector field f as in Eq.424

(25), by computing u and p. To achieve this, we have to first solve the Poisson425

equation426

∇ ·∇p = ∇ · f , ∇p · n|∂Ω = 0 (26)

to find p, and finally compute u from u = f − ∇p. The test is performed in

a square domain Ω = [0, 1]2 ⊂R2 , discretized by a two-level refinement mesh,

where the characteristic mesh size is set to h = hmin for x > 1
2 and h = 2hmin

for x < 1
2 , configuring the same setup as in [13]. In their work, they provide

analytical expressions for u and p that are used to compute known field f and

24



∇ · f , that are

u(x, y) = sin

(
2π(eay − 1)

ea − 1

)[
1− cos

(
2π(ex − 1)

e− 1

)]
aeay

2π(ea − 1)

v(x, y) = − sin

(
2π(ex − 1)

e− 1

)[
1− cos

(
2π(eay − 1)

ea − 1

)]
ex

2π(e− 1)
(27)

p(x, y) = a cos

(
2π(ex − 1)

e− 1

)
cos

(
2π(eay − 1)

ea − 1

)
ea+1

(e− 1)(ea − 1)

where u = (u, v)t and a = 0.1.427

Discretizations of the Poisson equation (26) are performed in a staggered428

grid (p located at cell centers and normal components of u and f at cell facets,429

as described earlier). A standard 2nd order 5-point finite difference stencil is430

employed, with meshless interpolations using 2nd degree polynomials whenever431

needed. We present a comparison of our results with those published in [13],432

which are displayed in Figs. 8 and 9, in terms of the L∞ and L2 error norms433

for u and p, respectively. One can see that our method yields clean 2nd order434

convergence for all error norms considered. Despite the fact that L∞ error norm435

for p is not shown in [13], we also computed errors with this norm to verify 2nd436

order convergence as well. One can clearly see that Olshanskii’s method and437

both its variants Pressure Enrichment (PE) and Differential Filter (DF) did not438

perform well, at least for the reported results from [13]. Results display only439

first order convergence for the u error in L∞ norm, and less-than-second order440

for the L2 norm.441

These results demonstrate the superiority of our method as compared to [13],442

specially in terms of stability of the calculations around the interfaces between443

cell refinements, even after the fixes proposed by the author.444

The error for the x-component of the velocity vector can be seen in Fig. 10,445

where small oscillations can be detected in our method, coming from the unbal-446

ancing between fluxes across the coarse-to-fine interface. However they are no447
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Figure 8: Error norms for the computed velocity field, as compared to Olshanskii’s method
and its variants.

bigger than the error elsewhere, and they do not increase (in fact they decrease)448

as the mesh is refined, which is a clear sign of stability for our discretization449

method.450

Another numerical test for the stability of the projection via Helmholtz-451

Hodge decomposition can be found in the work of Min and Gibou [4], later452

reproduced by Guittet et al. [5] and more recently by Batty [12]. It comprises453

successive applications of the Helmholtz-Hodge decomposition, beginning with454

the initial vector field455

u(0)(x, y) =

⎡

⎢⎣
sin(x) cos(y) + x(π − x)y2

(y
3 − π

2

)

− cos(x) sin(y) + y(π − y)x2
(
x
3 − π

2

)

⎤

⎥⎦ , (28)

defined in Ω = [0,π]2 , which is discretized by a non-graded mesh illustrated in

Fig. 11. The procedure consists of solving a sequence of projections of the form

u(k) = u(k+1) +∇p(k+1) (29)
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Figure 9: Error norms for the computed pressure, as compared to Olshanskii’s method and
its variants. Olshanskii et. al do not report pressure convergence in L∞ norm.

where ∇ ·u(k+1) = 0, for k ≥0. If the decomposition is stable, the error should456

stay stationary even over dozens of successive projetions. Results are reported457

in Fig. 12, where one can see the log of the error ∥u(k+1)−u(k)∥L∞ , which stays458

the same for as far as one hundred iterations, the same behavior as the results459

presented in [12] and [4].460

3.3. Projection method for the Navier-Stokes equations461

With the stability of the Helmholtz-Hodge decomposition verified, we move462

on to the discretization of the Navier-Stokes equations. We will briefly describe463

here the projection method used in the Navier-Stokes discretization, known464

as incremental projection method or pressure correction method (the reader is465

referred to throughout discussions about different types of projection methods466

in [28, 29, 31, 32, 33] and references therein).467

Upon discretizing Eq. (23) in time using, for instance, a first order semi-468

implicit discretization, the idea of the incremental projection method is to use469

the pressure at the previous time step, which yields an implicitly-computed470
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(a) hmin = 1/32 (b) hmin = 1/64

Figure 10: Error for the x-component of the velocity field for two different meshes, hmin = 1/32
and hmin = 1/64, illustrating how it behaves on refining.

Figure 11: Non-graded mesh used in the projection stability test case.

velocity field u∗ that is not divergence free, by the solution of471

u∗ − un

δt
= −∇pn − un ·∇un +

1

Re
∇2 u∗ + fn (30)

with u∗ satisfying the same boundary conditions as u. By applying the previ-472

ously discussed Helmholtz-Hodge decomposition to u∗ and defining the scalar473

ϕ = −δt(pn+1 − pn), the corrected velocity field can be computed from the474
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Figure 12: Log of the error ∥u(k+1)−u(k)∥L∞ after successive projections of the initial vector
field.

decomposition itself (projection step) as475

un+1 = u∗ −∇ϕ (31)

where ϕ is obtained by solving the Poisson problem476

∇2 ϕ = ∇ · u∗, (32)

obtained by computing the divergence of equation (31), with homogeneous Neu-477

mann boundary conditions ň · ∇ϕ = 0 on ∂Ω. This procedure is computed478

sequentially (Eqs. (30) → (32) → (31)), therefore one time step of this method479

is much faster than computing one time step of the coupled problem, explaining480

its popularity. The incremental version of the projection method has a splitting481

error (unrelated to the time discretization) of the order of O(δt2 ), allowing the482

choice of 2nd-order accurate methods for the time discretization.483

The system in Eq. (30) is discretized in time by a semi-implicit scheme,484

where viscous part is implicit, but the convective part is kept at the previ-485
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ous time-step to linearize the system. As a consequence, the time step δt has486

to satisfy the well known Courant-Friedrichs-Lewy (CFL) condition, which is487

δt∥u∥∞/hmin ≤ 1.488

Remark 5. The non-incremental version of this projection method can be489

achieved by setting ∇pn = 0 in the momentum equation. This is sometimes490

referred as Chorin’s method [34], and has a O(δt) splitting error, hindering the491

convergence of higher order time discretizations.492

Spatial discretizations are performed for each step of the projection method493

described above. A staggered arrangement of the unknowns is employed, as494

explained in previous sections, avoiding known tensile instabilities. All dis-495

cretizations are based on 2nd order accurate finite difference stencils, that are496

used throughout the hierarchical mesh. As already addressed, the interface be-497

tween different mesh sizes is handled by the newly developed MLS interpolation498

technique.499

In this work, for simplicity, we restrict ourselves to the case of low-Reynolds500

numbers flows, therefore the non-linear (convective) terms of the Navier-Stokes501

equations can be safely discretized by central differencing with MLS interpola-502

tions for off-grid point assessments.503

4. Numerical results504

In this section we present numerical results for verification tests by solv-505

ing the Navier-Stokes equations with manufactured solutions, both in 2D and506

3D. We display the convergence curves for these academic problems compar-507

ing to other results found in the literature. All simulations were performed508

with the meshless interpolation scheme described in Section 2, coupled with509

the projection method and time discretization both described in Section 3.3.510

The resulting discrete linear systems are solved with the GMRES method, as511
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(a) Graded case (b) Non-graded case

Figure 13: Meshes used in the 2D lid-driven cavity flow convergence test. Both correspond to
hmin = 1/64 and hmax = 1/16

implemented in PETSc library [35, 36]. The last example in this section is a512

full three-dimensional simulation of a complex array of microchannels, using a513

locally-refined octree mesh, computed by our in-house parallel code that im-514

plements the techniques described in this work, illustrating the robustness and515

applicability of our methodology.516

4.1. Lid-driven cavity flow in 2D517

A simple 2D lid-driven cavity flow is simulated with the proposed method-518

ology. To assess the convergence rates for this case, we employed a test with519

manufactured analytical steady-state solution, published by Shih & Tan [37].520

As can be seen in [37], the manufactured solution for velocity and pressure521

consists of products of polynomials in x and y directions. The computational522

domain is set to be Ω = [0, 1]2 , with Re = 100. We computed solutions for523

both graded and non-graded hierarchical meshes, starting with hmin = 1/64524

and hmax = 1/16, and the subsequent meshes are produced by divisions by two525

in each direction. The starting meshes used in this test can be seen in Fig. 13.526

The simulations were performed solving the transient Navier-Stokes equa-527

tions for pseudo time-step marching until the steady-state solution is reached,528
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before computing the error norms. Figure 14 depicts the convergence of the529

L2 -norm error for both velocity (left) and pressure (right), for both graded530

and non-graded meshes. Results are consistent with previous convergence tests,531

yielding clean 2nd order spatial convergence. Despite the fact that non-graded532

mesh has significantly less elements with sharper transitions between coarse and533

fine cells, the order of convergence is maintained, with slightly larger errors as534

expected, but still comparable to the graded case. This test was performed535

using 2nd order polynomial for the MLS interpolations.536

4.2. Unsteady flow with analytical solution in 3D537

We test the order of convergence for three-dimensional simulations in non-538

graded grids by reproducing the benchmark test found in [4], section 4.4. The539

domain is a cube [−π
2 ,

π
2 ]

3 with Re = 1, for which the analytical solution can540

be found in [4]. We used the same grid as in their work, which is a non-graded541

octree, shown in Fig. 6 for the mesh size hmin = π/32. The time step is chosen542

to be δt = hmin/4, satisfying the CFL restriction. This value is however smaller543

than the time step in [4], since they use a semi-Lagrangian approach for the544

advective term, which is free from CFL-type restriction. As in their work we545

computed the numerical solutions up to a time t = π. Meshless interpolations546

are computed with 2nd degree polynomial basis, such as in the two-dimensional547

tests.548

Results can be seen in Fig. 15, where the L2 -norm of the error for the549

x-component of the velocity field is reported. The result computed with our550

method is compared to the results found in Min & Gibou [4], with close agree-551

ment between them. A slight advantage can be noticed for Min & Gibou’s552

geometrical interpolation method for this case. Conversely, our method dis-553

plays a clean 2nd order convergence rate for all computed meshes. We also554

report pressure errors in Fig. 15 (right), but unfortunately, we could not find555
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Figure 14: Convergence in the L2 -norm (top) and L∞-norm (bottom) for both velocity (left)
and pressure (right) errors, comparing graded and non-graded cases.
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pressure errors in [4] for this test case to compare with our results. They do re-556

port however a convergence of O(h2 ) for the divergence of the velocity field, that557

is not comparable to our method, since the discrete divergence of the solution is558

found to be constant circa 10− 12 , independent of mesh size. This same behavior559

is observed in all Navier-Stokes simulations performed with our method.560

4.3. Simulation of a complex 3D array of microchannels561

In this test case, we simulate an incompressible single-fluid flow in an array562

of microchannels, introducing some level of geometric complexity in the three-563

dimensional flow domain. This test was designed specifically to demonstrate the564

simulation capabilities and robustness of the developed approximation method-565

ology, as well as the flexibility of the parallel in-house code implemented for this566

purpose, with aid of the PETSc library [35, 36].567

The geometry, as well as boundary conditions, can be seen in Fig. 16.568

The total width, length and height are set to be respectively W = 0.8 mm,569

L = 2.4mm andH = 0.4mm. The inlet is a channel of 0.1mm×0.1mm, where570

water at room temperature is injected with constant velocity of Uin = 0.1mm/s.571

Scaling this geometry by ℓ = 0.1mm, and using ν ≈10− 6 m2 /s as the kinematic572

viscosity of water at room temperature, we end up with a Reynolds number of573

Re = ℓ Uin/ν = 10− 2 .574

This array of microchannels is discretized by the union of several hierarchi-575

cal grids, with hmin = ℓ/40 = 2.5 ×10− 3 mm and hmax = ℓ/10 = 10− 2 mm,576

resulting a total of 1,517,704 elements, and approximately 6 million variables.577

Figure 17 shows slices of the 3D mesh to give an idea of the level of refine-578

ment used in each section of the mesh. The simulation was performed using579

δt = 10− 3 s and the approximate solutions are computed until steady state is580

reached. Streamlines for this flow can be seen in Fig. 18. The result is qualita-581

tive, but demonstrates the robustness and applicability of this newly developed582
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Figure 15: Convergence in the L2 -norm (top) and L∞-norm (bottom) of the x-component of
the velocity field (left) and pressure (right). Only the velocity error is compared to the results
reported by Min et al. [4], since there is no information about pressure convergence in their
work.
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Figure 16: Microchannel problem configuration (Length L = 2.4, width W = 0.8 and height
H = 0.4).

methodology.583

5. Conclusions584

A finite difference method with meshless interpolations in tree-based grids585

is presented. The method is capable of handling generic hierarchical tree-based586

grids as well as grids represented by both graded and non-graded quadtrees/octrees.587

The interpolations are based on Moving Least Squares approximations per-588

formed to compute the weights of the final finite difference stencil, and incor-589

porated in the linear system matrix. We performed several convergence tests590

for a simple Poisson equation in graded and non-graded grids, with 2nd order591

convergence for both the solution and its gradient. Comparisons with other592

already published methods provide evidence of the superiority and flexibility of593

our technique. We further extended this methodology to compute the solution of594

the incompressible Navier-Stokes equations. After testing the robustness of our595

methodology with several academic tests involving the Helmholtz-Hodge decom-596

position, we presented convergence tests for incompressible flows with manufac-597
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(a) Plane z = 0.05 mm

(b) Plane z = 0.35 mm

Figure 17: Slices showing details of the octree mesh used to discretize the 3D array of mi-
crochannels.

tured solutions in both 2D and 3D, computed in graded and non-graded grids.598

The results are consistent with previous tests, yielding 2nd order convergence599

for the primitive variables. Finally, the incompressible flow of a single fluid in600

a three-dimensional array of microchannels is simulated, introducing a level of601

complexity to the geometry of the domain, together with a locally-refined grid.602

The developed method handles this simulation seamlessly, yielding reasonable603

qualitative results. Future work will focus on the extension of this methodology604

for non-Newtonian fluid models, as well as multi-fluid flows.605
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Figure 18: Streamlines for the complex 3D array of channels, taken from two slices, z =
0.05 mm and z = 0.35 mm. The color scale varies from smallest (blue) to largest (red)
velocity magnitude.
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