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The MUonE experiment is designed to extract the hadronic contribution to the electromagnetic coupling
in the spacelike regionαhadðtÞ from elastic eμ scattering. The leading-order hadronic vacuum polarization

contribution to the muon g − 2, aHVP;LOμ , can then be obtained from a weighted integral over αhadðtÞ. This,
however, requires knowledge of αhadðtÞ in the whole domain of integration, which cannot be achieved by
experiment. In this work, we propose to use Padé and D-Log Padé approximants as a systematic and model-

independent method to fit and reliably extrapolate the future MUonE experimental data, extracting aHVP;LOμ

with a conservative but competitive uncertainty, using no or very limited external information. The method

relies on fundamental analytic properties of the two-point correlator underlying aHVP;LOμ and provides lower

and upper bounds for the result for aHVP;LOμ . We demonstrate the reliability of the method using toy datasets
generated from a model for αhadðtÞ reflecting the expected statistics of the MUonE experiment.
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I. INTRODUCTION

The recent measurements of the anomalous magnetic
moment of the muon aμ ¼ ðg − 2Þ=2, by the FNAL E989
experiment at Fermilab, in 2021 and 2023 [1,2], are in good
agreement with the previous experimental result from the
Brookhaven National Laboratory E821 experiment of 2006
[3]. The combination of the results leads to an experimental
determination of aμ with an impressive uncertainty of only
0.19 ppm. As is well known, the 2020 g − 2 theory
initiative white paper [4] recommended result for aμ in
the Standard Model (based on the results of Refs. [5–28]) is
5.1σ lower than the new, combined experimental number—
a tension that has attracted enormous attention in the past
few years. This result relies on the dispersive description of
the hadronic vacuum polarization (HVP) contribution to aμ,
aHVPμ . If one employs instead the recent lattice QCD results
for aHVPμ obtained by the BMW Collaboration [29], the
discrepancy between theory and experiment would be
reduced to 2.0σ.

Understanding the origin of the tension between the
dispersive-based result and the lattice-based determination
of aHVPμ is of crucial importance. The detailed comparison
is not completely straightforward [30–32] since in lattice
QCD one has access to the Euclidean HVP, while the
dispersive approach relies on data for eþe− → ðhadronsÞ in
the whole Minkowski domain. Independent information
from other related processes may be crucial to fully resolve
persistent discrepancies. A prominent example is the use of
τ decay data, which require a nontrivial treatment of isospin
corrections [33,34]. In this context, the recently proposed
MUonE experiment [35–37] would also be very welcome.
The proposal is to extract the HVP in the Euclidean
domain, directly from data, from the measurement of the
elastic eμ cross section using the 150-GeVmuon beam from
CERN’sM2beamline scatteredoff atomic electrons of a low-
Z target. The experiment could yield competitive results after
three years of data taking and would be able to cover
approximately 86% [38,39] of the integration interval
required for the computation of aHVPμ at leading order

(aHVP;LOμ ).
An important question is how to treat the remaining 14%

of the aHVP;LOμ integral not directly accessible to the
MUonE experiment. In principle, one could simply resort
to external information and use the dispersive approach,
perturbative QCD, and/or lattice QCD results. Another
option, arguably more interesting, is to extract aHVP;LOμ
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exclusively from the MUonE data, which requires some
form of extrapolation of the experimental results beyond
the kinematically accessible region. This problem is,
however, nontrivial since the experiment would have access
to a narrow window in the Euclidean t variable, in the range
−0.153 ≤ t ≤ −0.001 GeV2. In Ref. [38], a model inspired
by one-loop QED is put forward as a fitting function to fit
and extrapolate the MUonE data. A disadvantage of this
approach is a potential model dependency that could bias
the final results. An alternate strategy suggested in Ref. [39]
relies on the extraction of derivatives of the hadronic
contribution to the running of the electromagnetic coupling,
supplemented with information from perturbative QCD and
RðsÞ data. Another recent proposal, closer in spirit to our
work, consists of using transfer theorems to build so-called
“reconstruction approximants” which allow for a partial
reconstruction of the HVP function to compute aHVPμ [40].
Here, we propose the use of Padé approximants (PAs) and a
variant of this method, as a systematic, simple, and model-
independent way of fitting and extrapolating the MUonE
results to compute aHVP;LOμ from MUonE data.

The extrapolation of the HVP results in the Euclidean
domain using PAs has been explored previously in the
context of heavy-quark physics [41] and lattice QCD
results [42]. The use of PAs in this problem is predicated
on the fact that the HVP is a Stieltjes function [41]. In this
case, convergence theorems for sequences of PAs apply and
inequalities guarantee that certain PA sequences approach
the function “from above” while others do so “from below”
[41,43,44], providing a systematic way to bound the value
of the function of interest. The same theorems play a crucial
role in our work.

By construction, the usual PAs are not able to explore the
Minkowski region coming from the Euclidean domain as
they contain only poles and zeros, and the branch cuts can
be, at best, emulated by the accumulation of singularities
[44–46]. Therefore, we propose to accompany the PA study
with the use of a variant of the method called D-Log Padé
approximants, D-Logs [32,47,48], an extension of PAs
which contain, by construction, not only poles and zeros
but also branch cuts. In some cases, a systematic way to
bound the value of the function is also provided pointing
toward a similar convergence theorem. This can pave the
way for future explorations where one could have a glimpse
of the Minkowski region from fits in the Euclidean region
in a model-independent and systematic way.

To assess the reliability and viability of our proposal, we
adopt a simple but sufficiently realistic model for the HVP
function introduced in Ref. [40]. We then build the
approximants first to the exact Taylor expansion of
the model function and later to pseudodata generated from
the model. In this first step, we do not include uncertainties,
as a proof of concept. We then generate realistic pseudodata
following the expected uncertainties and kinematic range
accessible to the MUonE experiment [35–38,49–51]. With

these datasets, we perform a systematic study of the
use of PAs and D-Logs, as a way to fit and extrapolate
MUonE data.

As we already mentioned, obtaining aHVPμ solely from
MUonE data is a nontrivial problem. Therefore, we
perform a systematic study where we enlarge in each step
the window in which we rely on extrapolated results. In our
systematic investigation, we show that there is a trade-off in
precision. It is possible to perform a reliable, robust, and
model-independent extraction of aHVP;LOμ using approxim-
ants solely from MUonE data, but with a somewhat larger
error. An advantage of the method is that both PAs and D-
Logs allow for a reliable estimate of the systematic error. If
the window in which one uses the extrapolated results is
reduced, the error diminishes, as could be expected.

This paper is organized as follows. In Sec. II, we
introduce the basic elements to describe the HVP contri-
bution to the ðg − 2Þμ related to the running of the
electromagnetic coupling constant. In Sec. III, we review
the aspects of Padé theory that are the foundations of our
work, in particular, Stieltjes functions and the convergence
theorems of PAs and D-Logs applied to them. In Sec. IV,
we present the model of Ref. [40] that we use to generate
our toy datasets for the Euclidean HVP, while an example
of the power of the convergence theorems is presented in
Sec. V, where PAs and D-Logs are built from the exactly
known Taylor series given by the model of Sec. IV. In
Sec. VI, we employ our method in the idealized scenario
where the data points have zero error. Section VII illustrates
the application of our method to realistic datasets, follow-
ing the expectations of the MUonE experiment. Our
conclusions are given in Sec. VIII. Technical details about
the fitting functions are relegated to the Appendix.

II. THEORETICAL FRAMEWORK

The Standard Model computation of aμ can be divided
into four different contributions, namely, from quantum
electrodynamics (QED), electroweak effects, HVP, and
hadronic light-by-light scattering. The dominant uncer-
tainty arises from the HVP contribution [4], more specifi-
cally, from its leading-order contribution, aHVP;LOμ . In the
computation of aHVPμ the main object is the polarization
function associated with the electromagnetic current two-
point correlator Πðq2Þ, defined as

ðqμqν−q2gμνÞΠðq2Þ¼ i
Z
d4xh0jTfjEMμ ðxÞjEMν ð0Þgj0i; ð1Þ

where the electromagnetic current is

jEMμ ¼ 2

3
ūγμu −

1

3
d̄γμd −

1

3
s̄γμsþ

2

3
c̄γμcþ    : ð2Þ

We define Π̄ðq2Þ ¼ Πðq2Þ − Πð0Þ, and the function Π̄ðq2Þ
obeys the usual once-subtracted dispersion relation
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Π̄ðq2Þ ¼ q2

π

Z
∞

m2
π

ds
ImΠðsÞ

sðs − q2 þ iϵÞ : ð3Þ

In the dispersive approach, aHVP;LOμ is obtained from the
inclusive hadronic electroproduction cross section defined,
with s ¼ q2, as

RðsÞ ¼


3s
4πα2


σeþe−→hadronsðsÞ ¼ 12πImΠðsÞ; ð4Þ

through the following weighted integral:

aHVP;LOμ ¼ α2

3π2

Z
∞

m2
π

ds
s
KðsÞRðsÞ; ð5Þ

where α is the electromagnetic fine-structure constant and
KðsÞ is the QED kernel function [52–54]

KðsÞ ¼
Z

1

0

x2ð1 − xÞ
x2 þ ð1 − xÞ s

m2
μ

dx: ð6Þ

The analytical result for KðsÞ is given explicitly in Ref. [4].
An alternate representation for aHVP;LOμ in terms of the

correlator in the Euclidean,ΠðQ2ÞwithQ2 ¼ −q2 > 0, can
be obtained interchanging the order of the integrals in s and
x in Eq. (5) [55]. Using the analytical properties of Πðq2Þ
one can then write

aHVP;LOμ ¼ α2

π

Z
1

0

dxð1 − xÞαhad½tðxÞ; ð7Þ

where, following the notation employed by Bernecker and
Meyer in Ref. [56], we defined

αhadðtÞ ¼ −4πRe½Π̄hadðtÞ ð8Þ

as the hadronic contribution to the running of the electro-
magnetic coupling α and t is the spacelike variable given by

t ¼ −
x2m2

μ

1 − x
: ð9Þ

The MUonE experiment is designed to extract αhadðtÞ
from eμ scattering data using 150-GeV muons scattered off
atomic electrons. This allows, in principle, for a completely
independent determination of aHVP;LOμ . However, the
experiment would be restricted approximately to the
window x∈ ½0.2; 0.93 [35–38,49–51], which corresponds
to −0.15≲ t≲ −0.001 GeV2. To obtain aHVP;LOμ from
MUonE data without requiring external information, it is
imperative to have a reliable method to extrapolate the
MUonE data way outside the experimentally accessible
window. With this purpose in mind, we will use a set of
approximants as fitting functions to toy datasets for

αhadðtÞ simulating the expected results of the MUonE
experiment.

Finally, uncertainty assessment is crucial and we want to
keep track of the goodness of our extrapolation beyond the fit
region. The extrapolation for 0 ≤ x < 0.2 is safe, since it
involves a small interval in t, not too far from the origin,
namely, 0 ≤ t ≲ 0.001 GeV2. The extrapolation for
0.93 < x < 1, on the other hand, corresponding to
0.15 GeV2 ≲ t < ∞, is nontrivial and, in order to assess it
carefully, we define aHVP;LOμ ðxmaxÞ as the partial contribution
from x ¼ 0 up to x ¼ xmax to aHVP;LOμ , expressed as

aHVP;LOμ ðxmaxÞ ¼
α2

π

Z
xmax

0

dxð1 − xÞαhad½tðxÞ: ð10Þ

III. PADÉ AND D-LOG PADÉ APPROXIMANTS

In this section, we give an overview of Padé theory
including Padé approximants and their variant, D-Log Padé
approximants, and a discussion of the advantages and
disadvantages of each of them in the determination of
aHVP;LOμ .

A PA PN
MðzÞ is a rational function given by

PN
MðzÞ ¼

QNðzÞ
RMðzÞ

¼ q0 þ q1zþ   þ qNzN

1þ r1zþ   þ rMzM
; ð11Þ

where we adopted r0 ¼ 1. The standard technique to
construct PAs to a function is by matching the first N þ
M þ 1 terms of the Taylor series expansion of Eq. (11) to
that of the original function order by order, thereby fixing
the coefficients of the PA unambiguously [43–45].

AD-LogPadé approximant, towhichwe refer simply asD-
Log, in turn, is a variant that is very useful for functions with
branch points or poleswith highermultiplicity [44,47,48]. Let
us consider, for example, the following function:

fðzÞ ¼ AðzÞ 1

ðμ − zÞγ þ BðzÞ; ð12Þ

where AðzÞ and BðzÞ are functions with little structure and
analytic at z ¼ μ. We are primarily interested in the case in
which fðzÞ has a branch point at z ¼ μ and, accordingly, γ is
not necessarily an integer number. We can define now a new
function FðzÞ which, near z ¼ μ, behaves as [44]

FðzÞ ¼ d
dz

ln fðzÞ ≈ γ

ðμ − zÞ : ð13Þ

Even though γ does not have to be an integer, FðzÞ has a
simple pole and its residue is the exponent of the cut of fðzÞ.
Thus, with P̄N

MðzÞ being the PA constructed to FðzÞ defined
above, theDlogNMðzÞ, or simplyDN

MðzÞ, offðzÞ is given by the
expression below [44,47,48],
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DlogNMðzÞ≡DN
MðzÞ ¼ fð0Þ exp

Z
dzP̄N

MðzÞ

: ð14Þ

Because of the derivative in Eq. (13), the fð0Þ term is lost and
must be reintroduced to correctly normalize the D-Log. The
DN

M then reproduces exactly the firstM þ N þ 2 coefficients
of fðzÞ (one ordermore than the usualPN

M) and can be used to
predict the ðM þ N þ 3Þth coefficient and higher.

In principle, this type of approximant offers a way to
determine the branch point and the exponent of the cut of
the original function fðzÞ from the study of the PA to FðzÞ
around its pole. Since no assumption about μ or γ is made,
their estimates are exclusively obtained from the series
coefficients.

With these methods, the convergence of sequences of
both PAs and D-Logs to the original function is guaranteed
for specific types of functions, for example, Stieltjes
functions. A Stieltjes function is a function that can be
represented by a Stieltjes integral

fðzÞ ¼
Z

∞

0

dϕðuÞ
1þ zu

; ð15Þ

where ϕðuÞ is a bounded nondecreasing function on the
interval 0 ≤ u < ∞ with finite positive moments given by

fn ¼
Z

∞

0

undϕðuÞ; ð16Þ

for n ¼ 0; 1; 2;…. A necessary and sufficient condition
[44] for a function to be Stieltjes is that all the determinants

DðfÞ
m;n given by

DðfÞ
m;n ¼



fm fmþ1    fmþn

fmþ1 fmþ2    fmþnþ1

..

. ..
. ..

.

fmþn fmþnþ1    fmþ2n



ð17Þ

are positive for any m ≥ 0 and n ≥ 0. These determinants
produce constraints between the Taylor series coefficients
fn of the Stieltjes functions. They will also prevent the
appearance of “defects,” or technically Froissart doublets,
exact cancellations between the zeros of the numerator and
the denominator [44], effectively reducing the order of the
approximants. These will be essential in our analysis since
a PA or D-Log constructed from a Stieltjes function has the
same Stieltjes properties as the original function has
[43,44]. The D-Log in Eq. (14) is, in general, not a rational
approximant, but the function FðzÞ is meromorphic and,
because of that, it is easily approximated by the PA P̄N

M, and
the convergence of the approximation can be proven [43].
What is more, for some Stieltjes functions fðzÞ, it can be
shown that FðzÞ will also be Stieltjes. In these cases,

convergence theorems for Stieltjes functions apply to the
approximation of FðzÞ by P̄N

M as well. The exception to the
convergence rule is the PN

1 sequence, as one can prove that
approximants belonging to this sequence are not neces-
sarily Stieltjes even when built to approximate a Stieltjes
function [44].

It is possible to prove [41,57] thatαhad, which is related
to the inclusive hadronic electroproduction cross section, is
a Stieltjes function defined in the region −∞ < t ≤ 0.
Thus, Padé theory [43,44] assures us that the poles of
approximants of the type PMþk

M with k ≥ −1, as well as the
branch point of D-Logs of the typeDN

N ,D
Nþ1
N , andDN

Nþ1 to
αhad, are always real and positive with positive residues.
Furthermore, sinceαhad scales asOðt1Þ for small t, the PA
sequences PN

N and both PNþ1
N and PN

Nþ1 bound the original
function. In our case, the fastest convergence is obtained
with the PNþ1

N , then the convergence theorem for Stieltjes
functions reads

P1
1ðtÞ ≤ P2

2ðtÞ ≤ … ≤ αhad ≤ … ≤ P3
2ðtÞ ≤ P2

1ðtÞ: ð18Þ

For the D-Log case, a similar pattern is found, in our case.
The sequence DN

N together with DN
Nþ1 and D

Nþ1
N bound the

original function. We found the fastest convergence with
the DN

Nþ1 sequence, following the pattern

D1
1ðtÞ ≤ D2

2ðtÞ ≤ … ≤ αhad ≤ … ≤ D2
3ðtÞ ≤ D1

2ðtÞ: ð19Þ

In addition to being model-independent, this method
takes advantage of the convergence theorems of Padé
theory. To construct the functions that will be used to fit
the MUonE toy data in a form that makes contact with the
convergence theorems, we will first compute the PAs and
D-Logs to the (unknown) Taylor series of αhadðtÞ, i.e., we
will build canonical approximants to

αhadðtÞ ¼ a1tþ a2t2 þ a3t3 þ…; ð20Þ

where the coefficients an are unknown. Then, after a
change of variable from t to x using Eq. (9), we finally
get our fitting functions as a function of x. With this
technique, we can use our knowledge of Stieltjes functions
in full to analyze the fit quality and provide constraints to
the fit parameters.

In particular, from Carleman’s condition [44,58], the
Taylor coefficients of a Stieltjes series cannot change sign
and, in our case, they have to be negative. Moreover, the
determinant condition imposes the following hierarchy for
the coefficients:

0 > ai > aiþ1; i∈N: ð21Þ

All these constraints will be used in the fit procedure and it
is important to mention that they are model independent,
relying only on αhadðtÞ being a Stieltjes function.
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Finally, we mention that, in our case, since αhadðtÞ has
a0 ¼ 0, the PN

MðzÞwill matchN þM coefficients instead of
N þM þ 1, and the DN

MðzÞ matches the first N þM
coefficients, instead of the first N þM þ 2.

IV. A MODEL FOR THE EUCLIDEAN
CORRELATOR

To test our method, we need to generate toy datasets
based on a sufficiently realistic model. We will use the
phenomenological model for the function ImΠhadðsÞ
inspired by chiral perturbation theory and perturbative
QCD introduced by Greynat and de Rafael in Ref. [40]
to obtain αhad through the dispersion relation in Eqs. (3)
and (8). The model is given by

ImΠhadðsÞ ¼
1

4π


1 −

4m2
π

s


3=2

×

jFðsÞj2
12

þ
X

f

Q2
fΘðs; sc;Þ


θðs − 4m2

πÞ;

ð22Þ

with Qf being the electric charge of the quark of flavor f
and θðxÞ is the Heaviside θ function. The function jFðsÞj2
is the pion vector form factor, which is modeled simply by
the ρð770Þ contribution as

jFðsÞj2 ¼ m4
ρ

ðm2
ρ − sÞ2 þm2

ρðsÞ2
; ð23Þ

where the running width is

ðsÞ ¼ mρs

96πf2π


1 −

4m2
π

s


3=2

θðs − 4m2
πÞ

þ 1

2


1 −

4m2
K

s


3=2

θðs − 4m2
KÞ

; ð24Þ

with fπ ¼ 93.3 MeV being the pion decay constant and
mπ=K=ρ the corresponding meson masses. The function
Θðs; sc;Þ is defined as

Θðs; sc;Þ ¼

2
64
arctan


s−sc



− arctan


4m2

π−sc




π
2
− arctan


4m2

π−sc




3
75: ð25Þ

The parameters sc and  will assume the same values
employed in Ref. [40]: sc ¼ 1 GeV2 and  ¼ 0.5 GeV2.
We show in Fig. 1 the line shape of the integrand of Eq. (7)
obtained from the use of this model where the gray band
represents the experimentally accessible region with the
designed MUonE experiment [35–38,49–51].

We consider this simple model to be sufficiently realistic
because it leads to a representation of αhad which is a

Stieltjes function, as expected in QCD. Hence, the theo-
rems given in Sec. III and the coefficient constraints of
Eq. (21) are all valid. We also note that numerical checks of
several hundred determinants of Eq. (17) built from the
series of d

dt lnαhadðtÞ indicate that this function, which is
required to construct the D-Logs, is also Stieltjes.

Computing the integral of Eq. (7) using the model in
Eq. (22), we determine the value of aHVP;LOμ from this
model as

aHVP;LOμ;model ¼ 6992.4 × 10−11: ð26Þ

This result will serve as a guide for us to compare the values
of aHVP;LOμ obtained from our PAs and D-Log approximants.

V. APPROXIMANTS TO THE TAYLOR SERIES

In this section, we will canonically build PAs and D-
Logs by matching each approximant’s Taylor series to that
of αhadðtÞ, Eq. (20), which will be computed from the
model of Eq. (22). In this case, the convergence theorems to
Stieltjes functions apply. Thus, the convergence to the
aHVP;LOμ value of the model (26) is guaranteed and it should
respect the pattern determined in Eqs. (18) and (19).

The Taylor series of αhad as a function of t according to
the model of Sec. IV is

ααhadðtÞ × 105 ¼ −918t − 1752t2 − 6066t3

− 31589t4 − 214058t5 þOðt6Þ: ð27Þ

A. Convergence of PA results

Results from the sequences PN
NðtÞ and PNþ1

N ðtÞ are
shown in Fig. 2(a), in the range 0 ≤ x ≤ 0.997, which
corresponds to −4 ≤ t ≤ 0 GeV2. The value from the

0.0 0.2 0.4 0.6 0.8 1.0
0

2

4

6

8

FIG. 1. The integrand to obtain aHVP;LOμ , given in Eq. (7),
calculated from the model of Greynat and de Rafael of Eq. (22).
The gray area is the expected region that the MUonE experiment
will cover.
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model forαhad is represented by the black line in Fig. 2(a).
One can notice that both sequences approach consistently
the true value of the model when the order of the PAs is
increased and they also bound the model value as expected
by the convergence theorem of Eq. (18): the PAs of the
sequence PN

N approach the function from below, while the
ones belonging to the sequence PNþ1

N do so from above.
Additionally, it is possible to observe that, for large values
of jtj, the discrepancy between the approximants and the
model is much more noticeable. Since the PAs are con-
structed from the Taylor series coefficients of αhadðtÞ, i.e.,
in the region of t close to zero, it is to be expected that far
from this region the PAs start to deviate from the true model
value. Notice, however, that the PA convergence is dra-
matically faster compared with that of the Taylor expan-
sion, which breaks off outside a radius of convergence
around jtj ¼ 4m2

π ∼ 0.1 GeV2. The deviation of our
approximants at large t is mitigated in the case of the
integrand that appears in the calculation of aHVP;LOμ , which
can be seen in Fig. 2(b) as a function of x. Since the
integrand goes to zero as x goes to 1, differences in the deep
Euclidean region are suppressed, although still noticeable
for lower-order PAs. One should also note that the change
of variables from t to x maps the entire infinite interval
t∈ ð−∞;−4 GeV2 into the small interval x∈ ½0.997; 1.

We know from Padé theory [44–46] that the approx-
imants can mimic branch cuts by accumulating interleaved
poles and zeros along the cut. For higher-order PAs the
mimicking of the cut originated by the term ð1 − 4m2

π=tÞ3=2
in the model of Eq. (22), and whose branch point is located
at t ¼ 0.078 GeV2, was observed. Let us take P6

5ðtÞ as an
example: this PA has poles at 0.089, 0.116, 0.187, 0.426,
and 1.192 GeV2, which are interleaved with zeros at 0.089,
0.118, 0.198, 0.620, and 7.951 GeV2.

After building the PAs, we can turn to the estimate of the
value for aHVP;LOμ . The results can be seen in Fig. 3, where
the black solid line represents the model’s value given in
Eq. (26). Again, the pattern stated by the theorem in
Eq. (18) is obeyed, with the PA sequence PN

NðtÞ (illustrated
by the dashed red line) reaching the model result from
below and sequence PNþ1

N ðtÞ (dashed green line) approach-
ing from above. The convergence to the true value, which is
guaranteed by theorems, can also be observed.

B. Convergence of D-Logs and comparison
with PA results

We can also build D-Logs to the Taylor series of
αhadðtÞ. As stated by the convergence theorems for

FIG. 2. PAs PN
NðtÞ (dashed line) and PNþ1

N ðtÞ (dot-dashed line) built from the Taylor series of αhadðtÞ, Eq. (27), together with the
model results (black line). (a) ααhadðtÞ and (b) αð1 − xÞαhadðxÞ, used to compute aHVP;LOμ with Eq. (7).

FIG. 3. Comparison between PA and D-Log estimates of
aHVP;LOμ and the value predicted by the model given in
Eq. (26) (black solid line). “No. parameters” refers to the value
of N þM used for each approximant.
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Stieltjes functions, specific sequences of D-Logs to
αhadðtÞ bound the function from above and from below,
as can be seen in Fig. 4, in complete analogy to the
convergence pattern of PAs shown in Figs. 2(a) and 2(b).

Compared to PAs, D-Logs contain built-in branch cuts.
For example, D5

5ðtÞ has four branch cuts and one expo-
nential factor. The onset of the first branch cut for each D-
Log approaches the two-pion production threshold of the
model, and this is done hierarchically: the D-Log D3

3ðtÞ
predicts the production threshold to be at 0.095 GeV2 and
the D-Log D9

9ðtÞ at 0.0798 GeV2. With this value, we can
predict the charged pion mass to be 0.141 GeV, to compare
with 0.140 GeV used in the model of Eq. (22). We also
noticed all D-Logs have a branch cut that tends to be a
square root with the singularity around 0.5 GeV2. This
branch cut can be interpreted as a signal of the ρ meson
mass and an attempt to replicate the Breit-Wigner distri-
bution used by the model in Eq. (23).

Finally, in Fig. 3 we compare the performance of both
PAs and D-Logs provided the same amount of coefficients
of the Taylor expansion are used. Subdiagonal DN

Nþ1

performs better than PNþ1
N when approaching from above

for all orders, while diagonal PAs do better than diagonal
D-Logs when approaching from below. Notice, however,
that the latter comparison holds up only to the number of
parameters up to 6, above which the diagonal D-Logs
surpass PAs as they converge faster. Not only Cauchy
convergence is observed in both sequences but absolute
convergence as well. Both methods are useful when
bounding the function. For a large number of parameters,
D-Logs would converge faster, but for lower orders, none
of the methods are systematically superior. We shall keep
both methods for our fitting function study.

VI. APPROXIMANTS TO DATA WITH NO ERROR

Let us consider now an idealized case, where the data
points represent exactly what is expected from the model of
Eq. (22), with zero error. It is convenient to work with data
for ααhadðxÞ × 105 such that the Taylor coefficients an are
of a natural size, which makes the fits simpler. The values
of x were calculated as follows: the interval 0.2 ≤ x ≤ 0.93
was divided into 30 equally spaced bins and we take the
center of each bin xi without any error, as the representative
values of x where we will generate the data points to be
fitted with our approximants.

To obtain our fitting functions, both PAs and D-Logs will
be written in terms of the Taylor series coefficients of
αhadðtÞ and later converted to the x variable by Eq. (9).
These functions will then be used to perform the fits to the
toy datasets where the fit parameters can be written in terms
of the Taylor coefficients of αhadðtÞ. PAs used as fitting
functions were already applied in similar contexts and the
convergence theorems are apparently satisfied in these
cases [18,59–63]. It is important to emphasize, however,
that the theorems presented in Sec. III are demonstrated in
the case of canonical PAs, i.e., those built to the Taylor
series coefficients. Strictly speaking, in the case of a fit to
data points in a given interval, we conscientiously slightly
depart from the conditions of the theorem as a fit to data can
be interpreted as imposing one matching condition for each
datum instead of N þM conditions at the same point.
Therefore, we expect convergence theorems to be, as we
will see, satisfied in this case as well, but the convergence
velocity may be smaller.

To show in detail a concrete case of our procedure, we
start by examining the PA P1

1ðtÞ. To construct the fitting
function, we first compute P1

1ðtÞ as a function of the

FIG. 4. D-LogsDN
NðtÞ (dashed line) and DN

Nþ1ðtÞ (dot-dashed line) built from the Taylor series of αhadðtÞ, Eq. (27), together with the
model results (black line). (a) ααhadðtÞ and (b) αð1 − xÞαhadðxÞ. Plots in the same scale as Figs. 2(a) and 2(b).
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unknown Taylor series coefficients an of αhadðtÞ given by
Eq. (20). We Taylor expand the PA and αhadðtÞ and match
the coefficients of both order by order. We then perform the
change of variables of Eq. (9) which leads to the fitting
function in terms of x,1

P1
1ðtðxÞÞ≡ P1

1ðxÞ ¼ −
a21m

2
μx2

a1 − a1xþ a2m2
μx2

¼ −
b1m2

μx2

1 − xþ b2m2
μx2

; ð28Þ

where the fit parameters are b1 ¼ a1 and b2 ¼ a2=a1.
Because of the hierarchy of the Taylor coefficients of
αhadðtÞ, given in Eq. (21), we can conclude that b1 and b2
have to obey the following relations: b1 < 0 and b2 > 1,
which will be imposed in the fit.

To obtain the parameters of the PAs and D-Logs from
these fits to these zero-error data, we will perform the
minimization of the fit quality Q2 given simply by

Q2 ¼
X30

i¼1

½ααhadðxiÞ × 105 − PN
MðxiÞ2; ð29Þ

where PN
MðxÞ refers, generically, to a PA PN

MðxÞ or to a D-
Log DN

MðxÞ. In reasonable fits, we expect very small values
for Q2. For P1

1ðxÞ, after the minimization we get Q2 ¼
1.18 × 10−3 and the values of the fit parameters b1 and b2
lead to the following Taylor series coefficients:

a1 ¼ −912 GeV−2 and a2 ¼ −1489 GeV−4; ð30Þ

which differ from the true values by only 0.7% and 15%,
respectively. Furthermore, the pole of this PA in t is at
tpole ¼ 0.61 GeV2. As stated by the convergence theorems,
the pole is located on the positive real axis of t.

The PA can then be used to estimate the value of aHVP;LOμ .
By employing the resulting P1

1ðxÞ in Eq. (7) we get

aHVP;LO
μ;P1

1

¼ 6933 × 10−11; ð31Þ

with an error of 0.9% compared to Eq. (26), the expected
value within our model.

The same analysis can be made for the other PAs of the
sequences PN

NðtÞ and PNþ1
N ðtÞ.2 We will employ only these

two sequences since they are expected to bound the real
function in the theorem presented in Sec. III. We will build
several approximants from each sequence, in order to study
the convergence pattern, but the final estimate of aHVP;LOμ

will not include all results, as we detail below. Figure 5(a)
shows the values predicted by the PAs of the sequences PN

N

and PN
Nþ1 for a

HVP;LO
μ . It is possible to notice that the pattern

of convergence of Eq. (18), where the PN
N bound the true

value from below and the ones of PN
Nþ1 from above, is

satisfied in this case. One can note in Fig. 5(a) that in some
cases when the order of the PA is increased there is no real
improvement in the estimate of aHVP;LOμ . This can be
explained by the appearance of a defect, which consists
of a pole partially canceled by a nearby zero, effectively
reducing the order of the PA. It is known from PA

FIG. 5. aHVP;LOμ from (a) PAs and (b) D-Logs fitted to a dataset with zero error. The pink star is the value obtained from the model of
Eq. (34) and the purple dashed line is the final result coming from the (a) PAs and (b) D-Logs with the light purple band representing the
systematic error of the result. The black line indicates the true value of the model given in Eq. (26).

1We will use the same notation PN
MðxÞ to refer to the fitting

functions derived from the PA PN
MðtÞ even though they are not a

PA of order N þM in the variable x.

2The fitting functions obtained from these approximants are
given explicitly in the Appendix.
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theory [43,44] that approximants applied canonically to
Stieltjes functions, i.e., to their Taylor series, cannot have
Froissart doublets. Nonetheless, the theorem does not
prevent the PA from having numerical defects, which are
almost exact cancellations between poles and zeros, arising
from the fitted parameters. Adding more coefficients into a
fitting function also introduces larger correlations among
them. As such, fitted coefficients will have errors and
within their allowed fitted regions cancellations may
emerge. We note, however, that the important fact that
the two sequences of PAs bound the true value remains true.

A final estimate for aHVP;LOμ from the PAs can then be
obtained. For that, we will limit the analysis to the first two
approximants in each sequence, i.e.,P1

1,P
2
2,P

2
1, andP

3
2. This

choice ismotivated by the fact thatwedonot expect to be able
to fit much more than five parameters in more realistic
scenarios, with a limited number of data points and with the
errors expected by the MUonE experiment. Computing the
central value of the prediction as the mean between the four
approximantswegetaHVP;LOμ;PAs ¼ 6990 × 10−11, which differs
from the expected value given in Eq. (26) by 0.04%. This can
be improved if we take advantage of the expected conver-
gence of the PA sequences dictated by Eq. (18). It is expected
that the higher-order PAs will be closer to the true value. We
can then take the average of the highest-order approximants
of each sequence only, i.e., P2

2 and P3
2, since from the

convergence behavior of Eq. (18), we expect the true value to
lie between these two PAs estimates. Thus, computing this
mean we get aHVP;LOμ;PAs ¼ 6993 × 10−11, which presents an
error of less than 0.01%with respect to the model value. This
result can be seen in Fig. 5(a) as the purple dashed line.

One can also estimate a theoretical uncertainty due to the
truncation of the PA sequences. Taking the convergence
pattern of Eq. (18) into consideration, the error will be
defined as half of the distance between the two highest-
order PAs (P2

2 and P
3
2 in this case), which gives us a relative

error of 0.19% represented in Fig. 5(a) by the light purple
band. This systematic error has to be added to our final
numbers in the spirit of a conservative estimate.

A similar analysis can be performed with D-Logs. As
argued in the previous section, they introduce branch cuts,
thus speeding the convergence, a key factor when dealing
with a small number of parameters. In this case, we will use
the approximants of the sequences DN

N and DN
Nþ1, since

these are the sequences expected to bound the original
function, as indicated in Eq. (19). To construct the fitting

functions, we start with an arbitrary Taylor series in the t
variable up to order N þM, compute its logarithm, and
then the derivative with respect to t, as indicated in Eq. (13).
After that, we construct a PA, P̄N

M, to the thus obtained
series and, employing Eq. (14), we obtain the D-Log
expression in terms of t. We then perform the change of
variables of Eq. (9) and write the generic fitting function in
terms of x. The simplest D-Log, for example, is D1

2ðtÞ that
before and after the change of variables reads

D1
2ðtÞ ¼

−f0t
ðr1 − tÞγ1 →D1

2ðxÞ ¼
f0m2

μx2ð1− xÞ−1þγ1

ðr1− r1xþm2
μx2Þγ1

; ð32Þ

with fit parameters f0, r1, and γ1. We recall that DN
M

requires N þM fit parameters. The next approximant is
D2

2ðtÞ, which is given by

D2
2ðtÞ ¼

−f0teβt

ðr1 − tÞγ1 → D2
2ðxÞ ¼

f0m2
μx2ð1 − xÞ−1þγ1

ðr1 − r1xþm2
μx2Þγ1

eβ
m2
μx

2

ðx−1Þ;

ð33Þ

with fit parameters f0, r1, γ1, and β. All D-Logs used are
provided in Table III in the Appendix.

A comparison of the results for aHVP;LOμ obtained from
the D-Log approximants is found in Fig. 5(b) where we
show both sequences DN

N and DN
Nþ1 as a function of the

number N þM of fitted coefficients. Convergence for
D-Logs is faster than PAs, especially for the subdiagonal
sequence. In line with the criteria used for PAs, we employ
D2

3 and D
3
3 to obtain a final prediction for aHVP;LOμ from the

D-Logs. Computing the mean of these values, we obtain
aHVP;LOμ;DLogs ¼ 6991.4 × 10−11, which exhibits an error of less
than 0.02% compared to the model value and a theoretical
uncertainty band of less than 0.05% [light purple band in
Fig. 5(b)].

An important outcome of analyzing data with no errors is
to provide an estimate of the theoretical uncertainty for
other models proposed in the literature to fit and extrapolate
the MUonE data. Let us take a closer look at the model
proposed by Abbiendi in the letter of intent of the MUonE
experiment [37], motivated by the one-loop QED calcu-
lation of the vacuum polarization. This fitting function is

αQED−modelðtÞ ¼ KM

2
64− 5

9
−
4M
3t

þ
2


4M2

3t2 þ M
3t −

1
6



ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M

t

q log



1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M

t

q

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M

t

q



3
75; ð34Þ

where the parameters K and M are determined by the fit.
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After theQ2 minimization, we obtainQ2 ¼ 1.84 × 10−4

and the parameters determined by the fit are K ¼
6865.36 GeV−2 and M ¼ 0.06 GeV2. The aHVP;LOμ value
can be predicted by this model employing the expression
above in Eq. (7), which in this scenario gives us
aHVP;LOμ;QED−model ¼ 6976 × 10−11. Even though this function
has only two parameters, as is the case of P1

1ðxÞ, this model
implements the logarithmic dependency expected at large
jtj, which facilitates a better approximation to the exact
result. Thus, it is expected that αQED−modelðtÞ has a more
accurate result than P1

1ðxÞ, which can be verified in
Fig. 5(a) where the pink star represents the prediction of
αQED−model. Regarding the D-Logs,D1

1ðtÞ, which contains
only two parameters, is unable to reproduce any type of
singularity, whether poles or cuts. Therefore, one would not
expect that its estimate of aHVP;LOμ be more precise than the
one provided by the QED-inspired model, which is
corroborated by Fig. 5(b). The next D-Log, D1

2ðtÞ, with
three parameters, contains a branch cut and achieves a
relative error of 0.24% when compared to the true value of
our model (26), an error very similar to one obtained from
αQED−model, but using our model-independent method.
When comparing it, however, to our final estimate from the
PAs or D-Logs given in Figs. 5(a) and 5(b), respectively,
the result from the use of αQED−model differs significantly
more from the true model value of Eq. (26). A priori
knowledge of the function has been used when defining the
QED model in Eq. (34). Even though the logarithmic
dependence is captured, the value of the fitted parameterM
departs from the true one, m2

π ∼ 0.02 GeV2. The accuracy
of the result is thus model dependent and the systematic
error is difficult to quantify. Whether the QED model in
Eq. (34) would perform similarly with real data cannot be
answered with guarantees.

As mentioned above, we can estimate the theoretical
uncertainty in using αQED−model as the relative difference
between the fitted value and the true model value given in
Eq. (26). This gives us 0.24%, which is slightly larger than,
but of the same order of, the one obtained with our PA

method. The systematic error from the use of αQED−model

is, however, significantly larger than that of the D-Log
approach. As already stated, these systematic uncertainties
have to be considered in the final estimates of aHVP;LOμ

regardless of the fitting function used.

VII. APPROXIMANTS TO DATA WITH
REALISTIC ERRORS

We can now move to more realistic datasets, with
fluctuations and uncertainties of the same order as those
expected to be obtained in the MUonE experiment. We
built 1000 toy datasets for the function ααhadðxÞ × 105

employing the model of Eq. (22) with 30 data points each,
corresponding to the expected MUonE bin sizes. The 30
values of x are computed in the same way as in the previous
section. The datasets were generated assuming a Gaussian
distribution around the value of ααhadðxÞ × 105 given by
the model of Eq. (22) with an error ranging from 0.7%, for
larger values of x, up to 6.7% for x ≈ 0.2. Additionally, the
aHVP;LOμ of each dataset was calculated: the data were used
in the region x∈ ½0.2; 0.93, and the model of Sec. IV, used
in the data generation, was employed outside this interval.
Calculating the median and the 68% confidence level (CL)
of this distribution we get

aHVP;LOμ ¼ ð6991þ22
−20Þ × 10−11 ðmodel valueÞ: ð35Þ

Since in this case the extrapolation outside the data region
is exact, this value gives an idea of the best possible result
that we can expect from our PA or D-Log predictions given
the available information in the datasets.

For each dataset, the parameters bn of the PAs and
f0; β; rn; γn of the D-Logs are determined by a χ2 mini-
mization. We apply penalizations if the result for the Taylor
series coefficients an of αhad do not follow the expected
hierarchy given in Eq. (21) or the determinant condition
discussed in Sec. III. This is done by employing a modified
χ2 function given by

χ2ðPN
MÞ ¼

X30

i;j¼1

½ααhadðxiÞ × 105 − PN
MðxiÞðC−1Þij½ααhadðxjÞ × 105 − PN

MðxjÞ

þ nd:o:f:

"XNþM

i¼2

θðai − ai−1Þ þ
XNþM

i¼3

θðDi−1;1Þ þ
XNþM

i¼5

θð−Di−2;2Þ
#
; ð36Þ

where C is the data covariance matrix, nd:o:f.. is the
number of degrees of freedom, θðxÞ is the Heaviside θ
function, andDm;n is the determinant given in Eq. (17). The
χ2 penalties are scaled by nd:o:f.. to be of a natural size.
Hence, if the hierarchy of ai coefficients or the determinant

conditions are not satisfied, the χ2 has a steep increase
that forces the minimization algorithm to search for
minima respecting the conditions expected for Stieltjes
functions. The arguments inside θðxÞ are always written
in terms of the fit parameters of each approximant.
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Alternatively, one could neglect the second line from
Eq. (36) and turn the aforementioned penalization into
limits for the fit parameters. Both strategies lead to
equivalent results.

For each fit, the approximant written as a function of the
variable t is examined for the appearance of defects. As
already explained in Sec. VI, there is no guarantee that
numerical defects will not occur when approximants are
used as fitting functions to real data. In PAs, defects are
manifest in a nearly exact cancellation between a pole and a
zero of the approximant. Their presence effectively
decreases the order of the PA, which spoils the systematic
study of the convergence of a given sequence. For the
D-Logs, a similar effective reduction in the order of the
approximants can happen in several circumstances. If
the exponent of a cut γn is compatible with zero, this
reduces the number of fitted coefficients by 2, for example.
Equivalently, if two branch points are equal, i.e.,
ri ¼ rjði ≠ jÞ, the two cuts are merged, again lowering
the number of coefficients by 2. In the case of the diagonal
D-Logs, the exponential coefficient β may be compatible
with zero within errors, reducing, in practice, the approxi-
mant by one order (see the Appendix for the explicit
D-Log expressions). Finally, if

P
n γn ¼ 1, the pole at

x ¼ 1, resulting from the change of variable described in
Eq. (9), is lost.

In summary, those approximants with numerical
defects are discarded because they are redundant with
lower-order ones.3 For instance, for the PA P2

2 approx-
imately 30% of the fits have to be disregarded due to the
presence of defects, and for P3

2 this number is 56%. In the
case of D-Logs, 0.7% of fits for D2

3 and 4% for D3
3 are not

considered.
A related issue appears in fits where one of the

parameters turns out to be almost zero without numerical
cancellation. In our fits, this happens when using the PA P2

2

as a fitting function for several of the datasets.4 This may be
problematic since, with one of the parameters in the
denominator equal to zero, this approximant is effectively
reduced to P2

1. To circumvent this issue, in our results for
P2
2, we impose that none of the parameters are zero, even if

this leads to a larger χ2, which guarantees that we do not
mix results from different approximants in the final
statistical distributions.

After fitting, we use the resulting approximant to
calculate aHVP;LOμ for each of the accepted fits using

Eq. (7) [or with Eq. (10), for the partial contributions].5

The results from each PN
M are then obtained as follows: the

central value for aHVP;LOμ is the median of the distribution of
the results and the uncertainty is obtained within a 68% CL.

Given the size of the errors present in the datasets, now
we are only able to obtain meaningful results from
approximants with at most six fit parameters, which
corresponds to the PAs P1

1ðxÞ, P2
1ðxÞ, P2

2ðxÞ, and P3
2ðxÞ,

and the D-Logs D1
2ðxÞ, D2

2ðxÞ, D2
3ðxÞ, and D3

3ðxÞ. Higher-
order approximants have an excessive number of param-
eters to fit which leads to gigantic uncertainties and
unstable results. As an example of typical fit outcomes,
for one of the 1000 datasets, we compare in Fig. 6 the data
and the four PAs obtained after fitting to these data. We can
notice that all approximants fit the data very well and no
significant deviation between the approximants is present
in the region where data are available. Similar results are
found for D-Logs. Discrepancies in the region where
extrapolation is necessary are, however, non-negligible.
As discussed in Secs. II and V, the change of variable from t
to x masks the fact that there is a significant extrapolation
being performed and the integration from x ≈ 0.93, where
the data end, to x ¼ 1 still gives an important contribution
to aHVP;LOμ .

Before turning to our final numbers, it is instructive to
examine the results from each approximant separately.
We give in Table I the values for aHVP;LOμ obtained after

FIG. 6. Fitted PAs to the integrand αð1 − xÞαhadðxÞ from
Eq. (7). Black points show one toy dataset used in the current
exercise.

3When we inspect the approximants for the appearance of
these defects, we employ a numerical tolerance of 10−4.
This number is somewhat arbitrary, and we have checked that
varying it by 1 order of magnitude does not alter the results
significantly.

4This only happens for P2
2 and this is not observed when fitting

the data without fluctuations, which indicates that this is an
artifact related to the statistical errors.

5It is also possible to use the approximants only to extrapolate
the data, i.e., use the data points to obtain aHVP;LOμ in the region
x∈ ½0.2; 0.93 and then apply the approximants only outside this
interval. The results from both procedures are in very good
agreement, since the fit quality is almost always excellent, which
is confirmed by Fig. 6 and the χ2 values of Table I.
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FIG. 7. aHVP;LOμ ðxmaxÞ from PAs fitted to the toy datasets for four different values of xmax: (a) xmax ¼ 0.990 ðtmax ¼ −1.1 GeV2Þ,
(b) xmax ¼ 0.995 ðtmax ¼ −2.2 GeV2Þ, (c) xmax ¼ 0.997 ðtmax ¼ −3.7 GeV2Þ, and (d) xmax ¼ 1. The PAs PN

N are shown in red, while
PNþ1
N appear in green. Final results obtained from the approximants appear as a black dot and results from the QED-inspired model of

Eq. (34) as a pink star. The inner error bar in the QED model result represents the statistical uncertainty. The gray band gives
aHVP;LOμ ðxmaxÞ with exact extrapolation using the model of Eq. (22).

TABLE I. Results for aHVP;LOμ from the PAs and D-Logs used as fitting functions to toy datasets together with the
final values for χ2=nd:o:f.. of the respective approximants. Final results for both methods are also presented.

aHVP;LOμ × 1011 χ2=nd:o:f: aHVP;LOμ × 1011 χ2=nd:o:f:

P1
1

6938 21 1.01þ0.27
−0.25 D1

2 7052þ66
−71 1.01þ0.26

−0.26
P2
1 7042þ114

−104 1.01þ0.28
−0.26 D2

2 6956þ96
−65 1.05þ0.28

−0.27
P2
2 6980þ46

−34 1.05þ0.29
−0.27 D2

3 6999þ48
−39 1.10þ0.29

−0.28
P3
2 6994þ85

−49 1.11þ0.29
−0.31 D3

3 6977þ72
−53 1.14þ0.30

−0.29
Final result 6987þ46

−34    Final result 6988þ48
−39   
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fitting each PA and D-Log to the 1000 toy datasets, together
with the median of the reduced χ2 (and its 68% CL). One
can notice that the pattern of convergence of Eqs. (18) and
(19) is obeyed for the central values obtained from the PAs
and D-Logs, as already happened in the idealized case of
Sec. VI. It is also possible to note from Table I that the
uncertainty of aHVP;LOμ from P2

1 is much larger than the
other PAs’ predictions. This can be understood by the fact
that this approximant is not a Stieltjes function, as dis-
cussed in Sec. III—results from P2

1 can, therefore, be safely

discarded when confronted with the others. Finally, we
observe that the uncertainty of aHVP;LOμ increases from P2

2 to
P3
2 as well as from D2

3 to D3
3 and we could not obtain

meaningful fits for P3
3 andD

3
4. These are indications that we

are at the limit of what can be done with the toy datasets
given the size of the errors expected by the MUonE
experiment.

The results from Table I show a somewhat large uncer-
tainty. This uncertainty stems mostly from the extrapolation,
i.e., deviations of different approximants outside the

FIG. 8. aHVP;LOμ ðxmaxÞ from D-Logs fitted to the toy datasets for four different values of xmax: (a) xmax ¼ 0.990 ðtmax ¼ −1.1 GeV2Þ,
(b) xmax ¼ 0.995 ðtmax ¼ −2.2 GeV2Þ, (c) xmax ¼ 0.997 ðtmax ¼ −3.7 GeV2Þ, and (d) xmax ¼ 1. The D-Logs DN

N are shown in blue,
while DN

Nþ1 appear in yellow. Final results obtained from the approximants appear as a black dot and results from the QED-inspired
model of Eq. (34) as a pink star. The inner error bar in the QED model result represents the statistical uncertainty. The gray band gives
aHVP;LOμ ðxmaxÞ with exact extrapolation using the model of Eq. (22).
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data region, corresponding to t∈ ð−∞;−0.138 GeV2.
To quantify the error from this extrapolation, we calculated
the partial contributions aHVP;LOμ ðxmaxÞ up to xmax, defined in
Eq. (10), with xmax ∈ ½0.990; 1. It is expected that by
restricting the extrapolation to a smaller interval, the final
errors will be smaller. For example, with xmax ¼ 0.990 one
can cover 99.1% of the value of aHVP;LOμ , which may be an
acceptable trade-off if the uncertainties are significantly
reduced. The remaining 0.9% would have to be obtained
externally by matching to perturbative QCD or lattice data if
available at similar precision, for example.

The aHVP;LOμ ðxmaxÞ values estimated for xmax ¼ f0.990;
0.995; 0.997; 1g are illustrated for the PAs in Fig. 7 and for
the D-Logs in Fig. 8. The pattern of convergence is evident
for all xmax in Figs. 7 and 8, where the gray band is the
expected model value of aHVP;LOμ ðxmaxÞ given by Eq. (22).
The red points in Fig. 7 represent the PN

N sequence and the
green ones PNþ1

N . In Fig. 8, the blue points show the DN
N

sequence, while results forDN
Nþ1 appear in yellow. One can

observe in the results of these figures that the uncertainty
steadily increases with xmax, which reflects the dispersion
due to extrapolation outside the data region.

We can then obtain a final value for aHVP;LOμ ðxmaxÞ. Since
with both PA and D-Logs the approximants from the two
sequences are expected to bound the true value, it is natural
to use the average of the highest-order approximants, in this
case P2

2 and P3
2, on the one hand, and D2

3 and D3
3 on the

other, as the central value for the final estimate. We will
consider the final statistical uncertainty to be the smallest
between each pair of approximants. This can be considered
conservative since we do not reduce the final error, as
would be done in a weighted average, due to the expected
strong correlations between the two results. It is important
to mention that we book the error stemming from the
extrapolation—which is the dominant source of error—as
part of the statistical uncertainty since, ultimately, this error
is rooted in the statistical fluctuations of the data. Finally,
for the systematic uncertainty, we use half the interval
spanned by the central values from the two highest-order
approximants. Our final estimates for PAs and D-Logs for
the different values of xmax are collected in Table II—
second and third columns, respectively—where “stat” and
“sys” refer to the statistical (in the sense explained above)

and systematic uncertainties. These final estimates are also
illustrated in Figs. 7 and 8 by the black dots.

As one can notice, our final results are in excellent
agreement with the expectation from the model we used
(fifth column of Table II), with the central values for
aHVP;LOμ off by at most 0.06% in the case of PAs and 0.05%
in the case of D-Logs. Uncertainties are dominated by
statistics and the extrapolation (which we book as stat). A
reduction in the uncertainty of about 25% in both methods
is achieved by computing the integral up to x ¼ 0.990,
which covers 99.1% of aHVP;LOμ . This is very likely an
acceptable compromise since estimating the remaining
0.9% from eþe− data or perturbative QCD would not
increase the uncertainties in any significant way. Finally,
we observe that the systematic uncertainties, which are
small, do not change significantly with xmax.

For comparison, we also employ the QED-inspired
model of Eq. (34) to perform the fits to the toy datasets.
For every dataset, a value for the parameters K and M is
determined, as well as a prediction for aHVP;LOμ ðxmaxÞ,
obtained by using the fitting function to compute the
integral of Eq. (10). We again quote the median as the
central value with an uncertainty obtained within its
68% CL. The predictions for the different xmax are indicated
in Table II, where the systematic error is determined as
0.24% of the central value, as explained in Sec. VI. These
values can be seen in Figs. 7 and 8 represented by the pink
star with the inner error band representing solely the
statistical uncertainty and the larger error band representing
the total uncertainty, from the sum in quadrature of the two
error sources in Table II. The QED-inspired model, which
has only two free parameters, clearly outperforms P1

1,
which also has only two free parameters. This is certainly
a result of the additional structure of the model, which
contains, for example, a logarithmic cut. On the other hand,
the result from the model underestimates the true value,
which reflects a systematic uncertainty associated with the
model dependency, something already observed in Sec. VI.
The model dependency can be inferred from the fitted
values of K and M, which read 6871þ43

−38 GeV−2 and
0.060þ0.004

−0.003 GeV2, respectively. In particular, the value of
M is incompatible with m2

π , as would be expected from the
model in Eq. (22). In comparison with the final result from

TABLE II. Final results for aHVP;LOμ ðstatÞðsysÞ in units of 1011 for PAs, D-Logs, and the QED model, where
stat and sys refer to the statistical and systematic uncertainties, respectively.

xmax
aHVP;LOμ;PAs aHVP;LOμ;Dlogs aHVP;LOμ;QED−model aHVP;LOμ;datasets

0.990 6927ðþ33
−27 Þð4Þ 6928ðþ36

−31 Þð4Þ 6918ðþ21
−20 Þð4Þ 6926ðþ22

−20 Þ
0.995 6967ðþ40

−31 Þð5Þ 6970ðþ42
−34 Þð7Þ 6959ð21Þð17Þ 6969ðþ22

−20 Þ
0.997 6978ðþ43

−33 Þð5Þ 6981ðþ43
−38 Þð9Þ 6971ð21Þð17Þ 6982ðþ22

−20 Þ
1.000 6987ðþ46

−34 Þð7Þ 6988ðþ48
−39 Þð11Þ 6980ð21Þð17Þ 6991ðþ22

−20 Þ
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the PAs and D-Logs, the model displays a smaller uncer-
tainty, which stems from the fact that it has only two free
parameters, but is further away from the true value. In this
respect, the use of PAs and D-Logs helps to reduce the final
systematic uncertainty, being, in addition, completely
model independent.

VIII. CONCLUSION

In this work, we described the use of Padé approximants
and D-Log Padé approximants to fit and extrapolate toy data
reflecting the expected results of the future MUonE experi-
ment. This is amodel-independent strategy to extractaHVP;LOμ

that relies on general knowledge about the fundamental
properties of the hadronic contribution to the running of the
fine-structure constant, which is a Stieltjes function in the
variable t [57]. This type of functions are ruled by a
determinant condition, given in Eq. (17), which generates
constraints for their Taylor series coefficients. This is a key
factor, since the convergence of rational approximants built
from the Taylor series of Stieltjes functions is guaranteed by
theorems [43,44] in a very specific pattern, where the PAs
and D-Logs belonging to the diagonal sequence approach
αhadðtÞ from below, while the PAs of the sequencePNþ1

N ðtÞ
and theD-Logs of the sequenceDN

Nþ1ðtÞ do so fromabove, as
indicated in Eqs. (18) and (19).

In our case, the approximants are used as fitting
functions that would be employed to fit the future
MUonE data. Our fitting functions were constructed as
follows. First, the approximants were formally built with
the canonical procedure, i.e., by matching to the Taylor
series of αhadðtÞ around t ¼ 0, with generic Taylor
coefficients that would be fixed by the data. Then, the
function in the variable x, which is more suited for fits in
the MUonE framework, was obtained by the change of
variables of Eq. (9). These new functions in x are then used
to fit the toy datasets in order to determine aHVP;LOμ , by
employing the results from the approximant in the integral
of Eq. (7) and, as a by-product, to estimate the Taylor
coefficients of αhadðtÞ. The toy datasets used in this work
were generated from the model for the Euclidean correlator
proposed by Greynat and de Rafael in Ref. [40], briefly
motivated in Sec. IV. We believe this simple model to be
sufficient for our purposes since it captures the main
features of αhadðtÞ and is a Stieltjes function.

First we showed, as proof of concept, how sequences of
approximants bound the true value of aHVP;LOμ in idealized
scenarios with no fluctuations in the datasets. We then
turned to tests of our method in the realistic case, where the
toy datasets are generated from the model with fluctuations
that reflect the expected uncertainties to be obtained from
the MUonE experiment. We produced 1000 datasets and
fitted them with the PAs P1

1, P
2
1, P

2
2, and P

3
2, and the D-Logs

D1
2, D

2
2, D

2
3, and D

3
3. The constraints imposed on the Taylor

series coefficients, derived from the determinant condition

of Eq. (17) and given in Eq. (21), were imposed on the fits.
We analyzed then the estimate of aHVP;LOμ ðxmaxÞ for each
approximant up to xmax ¼ 0.990, 0.995, 0.997, and 1.
Taking advantage of the expected convergence pattern, i.e.,
the fact that different sequences bound the true value as in
Eqs. (18) and (19), we obtained the final estimate of
aHVP;LOμ ðxmaxÞ. Our final results are obtained from the
average between the two highest-order approximants of
each sequence, concretely, the PAs P2

2 and P3
2 and the D-

Logs D2
3 and D3

3. The systematic uncertainty of our final
prediction can be estimated and it was calculated as half of
the difference between these two approximants, while the
statistical error was taken as the smallest error among the
highest-order approximants of each sequence.

For all the values of xmax employed, our final estimates
are fully compatible with what was expected from the
underlying model, as one can see in Figs. 7 and 8 for the
PAs and D-Logs, respectively. Our final central values
differ from the expected ones by less than 0.06% in the PAs
case and 0.05% for D-Logs. The final uncertainty is, in all
cases, dominated by the uncertainty stemming from the
extrapolation. We observe, however, that when the region
in which we extrapolate the results is expanded, the
dispersion between different fits grows, leading to larger
final uncertainties. This can certainly be expected since the
extrapolation that is performed is far from trivial and relies
on data in a very limited region of the variable t. In this
respect, an extrapolation in a somewhat limited interval,
with xmax ¼ 0.990 for example, which covers 99.1% of the
aHVP;LOμ integrand, significantly reduces the final uncer-
tainty. Of course, in this case one needs to resort to external
information to complete the determination of aHVP;LOμ .

We also compared our final prediction with the ones
obtained from the QED-inspired model of Eq. (34) used in
preliminary studies of the MUonE proposal [37]. This
model leads to smaller uncertainties than those obtained
from our procedure, in part because it has only two
parameters, but its central value is further away from the
true value, as seen in Figs. 7 and 8. This larger systematic
uncertainty reflects a model dependency that can hardly be
avoided with functions of this type.

In summary, in this work we showed that the systematic
use of PAs and D-Logs as model-independent fitting func-
tions to the future MUonE data can provide a powerful
framework for the extraction of aHVP;LOμ . Our explorations
show that this method is superior to the use of a single fixed
fitting function, whichmay carry amodel dependence and an
associated systematic uncertainty that would be difficult to
estimate on the basis of real experimental data. The nicest
feature of the method is the fact that we expect different
sequences to bound the true value, which renders the average
of results from these two sequences superior to the estimate
arising from a single approximant. Therefore, the PAs andD-
Logs provide the basis for a model-independent and sys-
tematicmethod, relying only on the analytical structure of the
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two-point correlator underlyingaHVP;LOμ , that is able to yield a
result with a competitive, although conservative, uncertainty.
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APPENDIX: FITTING FUNCTIONS
CONSTRUCTED USING PAs AND D-LOGS

In this appendix we give the explicit expressions of the
approximants used in this work as a function of x and in
terms of the unknown Taylor coefficients an of αhad.

We start with the sequence PN
N , where the first PA is P1

1.
As seen in Sec. VI, the fitting function is

P1
1ðxÞ ¼ −

b1m2
μx2

1 − xþ b2m2
μx2

; ðA1Þ

with b1 ¼ a1 and b2 ¼ a2=a1. The constraints employed
are b1 < 0 and b2 > 1. The next approximant in this
sequence is P2

2, whose final expression is

P2
2ðxÞ ¼

b1m2
μx2ðx − 1Þ þ ðb2 − b1b3Þm4

μx4

ð1 − xÞ2 þ b3m2
μx2ð1 − xÞ þ b4m4

μx4
; ðA2Þ

where the fit parameters are now

b1 ¼ a1; b2 ¼ a2; b3 ¼
a2a3 − a1a4
a22 − a1a3

;

b4 ¼
a23 − a2a4
a22 − a1a3

: ðA3Þ

From the structure of αhad and its series representation in
Eq. (20), we know that b1 < 0 and b2 < b1. Analyzing the
Stieltjes determinants of Eq. (17), we get the additional
relations: b3 > 0 and b4 > 0. Since the other approximants
of the sequence PN

N were not applied to the realistic datasets,
we will refrain from showing their expressions here.

The PNþ1
N sequence starts with P2

1, which reads, as a
function of x

P2
1ðxÞ ¼ −

b1m2
μx2ð1 − xÞ þ ðb1b3 − b2Þm4

μx4

ð1 − xÞ2 þ b3m2
μx2ð1 − xÞ : ðA4Þ

The bn parameters in this case, together with their limits, are

b1 ¼ a1 < 0; b2 ¼ a2 < b1; b3 ¼
a3
a2

> 1: ðA5Þ

The last approximant used is P3
2, which is given by

P3
2ðxÞ ¼ −

b1m2
μx2ð1 − xÞ2 − ðb2 þ b1b4Þm4

μx4ð1 − xÞ þ ðb3 þ b1b5 þ b2b4Þm6
μx6

ð1 − xÞ3 − b4m2
μx2ð1 − xÞ2 þ b5m4

μx4ð1 − xÞ ; ðA6Þ

where the parameters are

b1 ¼ a1; b2 ¼ a2; b3 ¼ a3;

b4 ¼
a2a5 − a3a4
a23 − a2a4

; b5 ¼
a24 − a3a5
a23 − a2a4

: ðA7Þ

In addition, the constraints employed in the fits are
b3 < b2 < b1 < 0, b4 < 0, and b5 > 0. It is important to
stress that all the constraints shown in this appendix are
model independent, since they follow from the fact that
αhadðtÞ is a Stieltjes function.

The D-Logs are constructed from the Taylor series as was
described in Sec. VI and reparametrized in terms of the x
variable. All the functions employed for fitting purposes are
detailed in Table III. Parameters rn refer to the branch point

in the t variable, γn refers to the multiplicity for the
corresponding cut, β is an exponential factor that appears
only in the diagonal sequence, and f0 is a normalization
factor.

TABLE III. D-Log fitting functions as a function of t or x.

DN
MðtÞ DN

MðxÞ
D1

2
−f0t

ðr1−tÞγ1
f0m2

μx2ð1−xÞ−1þγ1

ðr1−r1xþm2
μx2Þγ1

D2
2

−f0teβt
ðr1−tÞγ1 f0m2

μx2ð1−xÞ−1þγ1

ðr1−r1xþm2
μx2Þγ1 e

β
m2
μx

2

ðx−1Þ

D2
3

−f0t
ðr1−tÞγ1 ðr2−tÞγ2

f0m2
μx2ð1−xÞ−1þγ1þγ2

ðr1−r1xþm2
μx2Þγ1 ðr2−r2xþm2

μx2Þγ2
D3

3
−f0teβt

ðr1−tÞγ1 ðr2−tÞγ2 f0m2
μx2ð1−xÞ−1þγ1þγ2

ðr1−r1xþm2
μx2Þγ1 ðr2−r2xþm2

μx2Þγ2 e
β
m2
μx

2

ðx−1Þ
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