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R. do Matão, 1010 – Butantã, 05508-090 São Paulo, Brazil
e-mails: lourencomarylilian@gmail.com, colferaiv@gmail.com

(Received August 31, 2021; revised April 14, 2022; accepted May 23, 2022)

Abstract. In this paper, we study some geometric properties in Banach
lattices and the class of almost limited completely continuous operators. For
example, we study Banach lattices with property (d) and we give a new charac-
terization of this property in terms of the solid hull of almost limited sets.

1. Introduction

Throughout this paper, X and Y will denote real Banach spaces, and
E and F will denote Banach lattices. We denote by BX the closed unit
ball of X . In a Banach lattice the additional lattice structure provides a
large number of tools that are not available in more general Banach spaces.
This fact facilitates the study of geometric properties of Banach lattices, as
well as of the properties of operators acting between lattices. A number
of questions arise naturally about the relationship between the properties
of the operators and the lattice structure. Among these questions, one of
the most frequent one is the so-called majorization problem, in which we
study which properties S inherits from the operator T for given positive
operators S ≤ T between Banach lattices E and F . These theories have
won notoriety in many articles that have been developed over the last 20
years. Our interest is to study some geometric properties of Banach spaces
in the context of Banach lattices and their consequences in operator theory.
To state our results, we need to fix some notation and recall some definitions.
We denote by E+ the set of all positive elements in E. For a set A ⊂ E,
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A+ = A ∩E+. Recall that A ⊂ E is said to be solid if |y| ≤ |x| with x ∈
A implies that y ∈ A. In addition, if F is a solid subspace of E, we say
that F is an ideal. The solid hull of A, denoted by sol(A), (resp. the ideal
generated by A, EA), is the smallest solid set that contains A (resp., the
smallest ideal that contains A). A band B in E is an ideal such that sup(A)
∈ B for every subset A ⊂ B which has supremum in E. A norm ‖ · ‖ of a
Banach lattice E is called order continuous if for each net (xα) such that
xα ↓ 0 in E imply that ‖xα‖ → 0, where the notation xα ↓ 0 means that
the net (xα) is decreasing and inf {xα : α} = 0. There are some equivalent
statements of this property which can be found in [13, Section 2.4].

A Banach lattice E has property (d) if |fn| ω∗→ 0 for every disjoint weak*
null sequence (fn) ⊂ E′. This property was studied by Wnuk in [20], how-
ever, this terminology was introduced later in [8]. In [6], Chen, Chen and Ji
show that if E is a σ-Dedekind complete Banach lattice, then E has prop-
erty (d). In [20] Wnuk showed that �∞/c0 has property (d) but it is not
σ-Dedekind complete. It is also clear that if the lattice operations in E′
are weak* sequentially continuous, E has property (d). The reciprocal does
not hold since �∞ has property (d), but the lattice operations of �′∞ are
not weak* sequentially continuous. Indeed, by Josefson–Nussenzweig the-
orem there exists weak* null sequence (fn) ⊂ �′∞ with ‖fn‖ = 1 for all n,
however (|fn|) is not weak* null, because for e = (1, 1, 1, . . . ), we have that
|fn|(e) = supx∈[−e,e] |fn(x)| = ‖fn‖ = 1 for all n.

We recall a few geometric definitions in Banach spaces and its lattice
versions. A subset A ⊂ X is said to be limited if every weak* null sequence
in X ′ converges uniformly to zero on A. We say that X has the Dunford–
Pettis* property (DP*) if every relatively weakly compact set is limited. If
every limited set of X is relatively compact it is said that X has the Gelfand–
Phillips property (GP), or equivalently every limited weakly null sequence
is norm null. Separable, reflexive and Schur Banach spaces have the GP
property. The study and consequences of limited sets, DP* property and
GP property in Banach spaces can be found, for example in [4,5,7]. We
observe that a σ-Dedekind complete Banach lattice has the GP property if
and only if it has order-continuous norm (see [19, Theorem 4.5]).

Following the idea and technique of Bouras [3] who considered the dis-
joint versions of the geometric properties of Banach spaces for lattices, Chen,
Chen and Ji introduced the concept of almost limited sets in a Banach lat-
tice [6]. A bounded set A ⊂ E is an almost limited set if every disjoint weak*
null sequence in E′ converges uniformly to zero on A. We say that E has
the weak Dunford–Pettis* property (wDP*) if every relatively weakly com-
pact set is almost limited and E has the strong Gelfand–Phillips property
(sGP) if every almost limited set is relatively compact. It is known that c0
and c are Banach lattices with the sGP (see [2, p. 17]) without the wDP*
property (see [6, Remark 3.4] and [2, Example 2.10], respectively) and the
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Banach lattices �∞ and L1[0,1] have the wDP* (see [6, Remark 3.4]) and do
not have the sGP property (see [2, p. 19] for the fact that L1[0, 1] does not
enjoy the sGP property).

The aim of this paper is to study property (d). In particular, we im-
prove a result given in [11], about the solid hull of an almost limited set,
and we also improve [2, Theorem 3.10] concerning operators that maps al-
most limited sets onto almost limited sets. As a consequence we give a new
characterization of this property in terms of the solid hull of almost limited
sets. We also apply these results to establish some properties of the almost
limited completely continuous operators between Banach lattices, including
a majority problem concerning this class of operators.

We refer the reader to [1,13] for Banach lattices theory and positive op-
erators.

2. Banach lattices with property (d)

The property (d) and the almost limited sets are deeply connected. In
[11], the authors proved that for σ-Dedekind complete Banach lattices, the
solid hull of an almost limited set is also an almost limited set. In the next
Lemma, we improve such result by showing that it holds for Banach lattices
with property (d).

Lemma 2.1. Let E be a Banach lattice with property (d). If A ⊂ E is
almost limited, then sol(A) also is almost limited.

Proof. Assume that sol(A) is not almost limited. We are going to
prove that A cannot be almost limited. Since sol(A) is not almost limited,
there exist a disjoint weak* null sequence (fn) ⊂ E′ and a sequence (xn)
⊂ sol(A) such that |fn(xn)| ≥ ε for all n. In particular, for each n, there
exist yn ∈ A such that |xn| ≤ |yn|. On the other hand, it follows from [1,
Theorem 1.23] that for each n, there exist gn ∈ E′ satisfying |gn| ≤ |fn| and
|fn|(|yn|) = gn(yn). Now, as (fn) is a disjoint weak* null sequence in E′ and
E has property (d), |fn| ω∗→ 0. This implies that gn

ω∗→ 0. However,

ε ≤ |fn(xn)| ≤ |fn|(|xn|) ≤ |fn|(|yn|) = gn(yn).

So, A cannot be almost limited, against the assumption. �
Lemma 2.1 is not true for general Banach lattices. In fact, the singleton

{e} in c, where c denotes the Banach lattice of all real convergent sequences,
is almost limited. However, its solid hull sol({e}) = [−e, e] = Bc is not al-
most limited. It is known that every order interval in a Banach lattice E is
almost limited if and only if E has property (d) (see [12, Proposition 2.3]).
Using this fact and Lemma 2.1, we have the following result.
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Proposition 2.2. For a Banach lattice E, the following assertions are
equivalent :

1. E has property (d).

2. Every order interval is almost limited.

3. The solid hull of every almost limited set also is almost limited.

In [2], the authors gave an example where bounded linear operators do
not map almost limited sets onto almost limited sets. The next result im-
proves [2, Theorem 3.10], where F is σ-Dedekind complete.

Theorem 2.3. Let E and F be Banach lattices. Let T : E → F be an
order bounded operator and let A ⊂ E be an almost limited solid set. If F
has property (d), then T (A) is an almost limited subset of F .

Proof. By [12, Theorem 2.7], it suffices to prove that fn(Txn) → 0

for each disjoint sequence (xn) ⊂ A+ and each disjoint sequence fn
ω∗→ 0 in

(F ′)+. Considering the sequences (xn) ⊂ E and (T ′fn) ⊂ E′, there exists a
disjoint sequence (gn) ⊂ E′ satisfying |gn| ≤ |T ′fn| and gn(xn) = T ′fn(xn)
for all n (see [1, p. 77]). We claim that gn

ω∗→ 0. Indeed, if x ∈ E+, since T
is order bounded, there exists a y ∈ F+ with T [−x, x] ≤ [−y, y]. Hence

|T ′fn|(x) = sup
{|T ′fn(u)| : |u| ≤ x

}

≤ sup
{|fn(v)| : |v| ≤ y

}
= |fn|(y) = fn(y) → 0.

Now, since x ∈ E+, it follows that |gn(x)| ≤ |gn|(|x|) = |T ′fn|(|x|) → 0,
which yields the claim. As A ⊂ E is almost limited, (xn) ⊂ A and (gn)
⊂ E′ is a disjoint weak* null sequence, gn(xn) → 0. Hence T ′fn(xn) → 0.
�

Now we give more examples of Banach lattices satisfying property (d).
Let (En) be a family of Riesz spaces, the direct sum

⊕
n∈NEn is a Riesz

space with the following partial order relation (xn) ≤ (yn) ⇔ xn ≤ yn for all
n ∈ N. Further, (xn) ∨ (yn) = (xn ∨ yn) and (xn) ∧ (yn) = (xn ∧ yn). If, in
addition, each En is a Banach lattice, we can consider the following Banach
lattices: (⊕

n∈N
En

)

0

=
{
(xn)n : xn ∈ En, lim

n
‖xn‖ = 0

}

and (⊕

n∈N
En

)

p

=

{
(xn)n : xn ∈ En,

∑

n

‖xn‖p < ∞
}
,

where 1 ≤ p < ∞. In
(⊕

n∈N En

)
0
we consider the supremum norm, while

in
(⊕

n∈NEn

)
p
the p-norm. Moreover,

(⊕
n∈NEn

)′
0
=

(⊕
n∈NEn

)
1
and
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(⊕

n∈NEn

)′
p
= (

⊕
n∈NEn

)
q
where 1/p+ 1/q = 1 (see [1, Theorem 4.6]). It

is natural to ask under which conditions the above Banach lattices have
property (d).

Proposition 2.4. Let (En) be a family of Banach lattices. Then E =(⊕
n∈NEn

)
0
has property (d) if, and only if En has property (d) for all n.

Proof. Suppose that all En have property (d). Let (fk) ⊂ E′ =(⊕
n∈NE

′
n

)
1
be a disjoint weak* null sequence. In particular, if fk = (fn

k )n
with fn

k ∈ E′
n for all k ∈ N and n ∈ N, we have that (fn

k )k is disjoint in E′
n,

because if j �= k, 0 = fk ∧ fj = (fn
k ∧ fn

j )n, and so fn
k ∧ fn

j = 0 for all n ∈ N

and for all k �= j. In addition, since the linear embedding of En into E is

continuous, we have that fn
k

ω∗→ 0, when k → ∞, in E′
n. This implies that

|fn
k | ω∗→ 0 as k → ∞ for all n.

Let x = (xn) ∈ E. We claim that |fk|(x) → 0. First since fk
ω∗→ 0 in E′,

there exists M > 0 such that

∥
∥|fn

k |
∥
∥ = ‖fn

k ‖ ≤
∑

n

‖fn
k ‖ =

∥
∥|fk|

∥
∥
1
≤ M for all n, k ∈ N.

Finally, let ε > 0. As ‖xn‖ → 0, there exists n0 ∈ N such that ‖xn‖ <
ε/(2M) for all n > n0. On the other hand, as |fn

k |(x) → 0 when k → ∞
for all n ∈ N, for each n ∈ N, there exists kn ∈ N such that

∣
∣|fn

k |(x)
∣
∣ < ε/(2n0) for all k ≥ kn.

Let k0 = max{k1, . . . , kn0
}. If k ≥ k0,

∣
∣|fk|(x)

∣
∣ ≤

n0∑

n=1

∣
∣|fn

k |(xn)
∣
∣+

∞∑

n=n0+1

∣
∣|fn

k |(xn)
∣
∣

≤
n0∑

n=1

∣
∣|fn

k |(xn)
∣
∣+

∞∑

n=n0+1

‖fn
k ‖‖xn‖ <

n0∑

n=1

ε/(2n0) +
∥
∥|fk|

∥
∥
1
ε/(2M) < ε.

This means that |fk| ω∗→ 0 as desired.
Now, we assume that En does not have property (d) for some n. Then,

there exists a disjoint weak* null sequence (fk
n)k ⊂ E′

n such that (|fk
n |)k is

not weak* null. Without loss of generality, assume that there exist ε > 0
and an element xn ≥ 0 in En such that |fk

n |(xn) ≥ ε for all k. Consider
fk = (0, . . . , 0, fk

n , 0, . . . ) ∈ E′ for all k ∈ N. We have that

|fk| ∧ |fj| = (0, . . . , 0, |fk
n | ∧ |fk

j |, 0, . . .) = 0,
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which implies that (fk) is disjoint in E′. Further, if x = (xi) ∈ E, fk(x) =
fk
n(xn) → 0 as k → ∞. Hence (fk) ⊂ E′ is weak* null. However,

|fk|
(
0, . . . , 0, xn, 0, . . .

)
= |fk

n |(xn) ≥ ε

for all k ∈ N. Thus E lacks property (d). �
Using the same arguments of Proposition 2.4 and doing the necessary

adaptations we can prove the next result.

Proposition 2.5. Let (En) be a family of Banach lattices and let 1
≤ p < ∞. Then E =

(⊕
n∈N En

)
p
has property (d) if and only if En has

property (d) for all n.

Let En = E for each n. Then
(⊕

n∈NEn

)
0
and

(⊕
n∈NEn

)
p
are denoted

by c0(E) and �p(E), respectively, for all 1 ≤ p < ∞. As a consequence of
Proposition 2.4 and Proposition 2.5, we get the following result.

Corollary 2.6. For a Banach lattice E, the following are equivalent :

1. E has property (d).

2. c0(E) has property (d).

3. �p(E) has property (d) for some 1 ≤ p < ∞.

4. �p(E) has property (d) for all 1 ≤ p < ∞.

We observe that every bounded linear operator T : E → c0 is uniquely
determined by a weak* null sequence (x′n) ⊂ E′ such that T (x) = (x′n(x))
for all x ∈ E. When this sequence is disjoint, we say that T is a disjoint
operator.

The next Theorem characterizes property (d) with the regularity of a
disjoint linear operator on E. We recall that a linear operator between Ba-
nach lattices is said to be regular if it can be written as difference of two
positive operators, or equivalently, if it is dominated by a positive operator.

Theorem 2.7. A Banach lattice E has property (d) if and only if every
disjoint linear operator on E is regular.

Proof. Assume that E has property (d) and let T : E → c0 be a disjoint
linear operator. Then there is a disjoint sequence (x′n) ⊂ E′ with T (x) =
(x′n(x)) for all n. Since E has property (d), we can consider the positive
operator S : E → c0 defined by S(x) =

(|x′n|(x)
)
for all x ∈ E. It follows

that S ≥ T , thus T is regular.
Let (x′n) ⊂ E′ be a disjoint weak* null sequence and let T : E → c0 be the

disjoint operator such that T (x) = (x′n(x)). By hypothesis, T is regular. So
we can find a positive linear operator S ≥ T . Let (y′n) ⊂ (E′)+ be the weak*
null sequence such that S(x) = (y′n(x)) for all x. In particular, if x ∈ E+,
then x′n(x) ≤ y′n(x) for all n. Thus x′n ≤ y′n and (x′n)+ ≤ y′n. Consequently,

Analysis Mathematica 49, 2023



THE PROPERTY (D) 231

(x′n)+
ω∗→ 0 in E′. Hence (x′n)− = (x′n)+−x′n

ω∗→ 0 in E′. Therefore, |x′n| ω∗→ 0.
�

We remark that property (d) is not preserved by closed sublattices. For
instance, E = �∞ has property (d), however F = c is a closed sublattice of E
without property (d). However, we have that property (d) is preserved by
projection bands. Recall that a band B in E is said to be a projection band if
there exists a linear projection P : E → E satisfying P (E) = B and 0 ≤ Px
≤ x for all x ∈ E+. Such projection is called a band projection (see [13,
Definition 1.2.1]).

Proposition 2.8. Let E be Banach lattice with property (d). If F is a
projection band in E, then F has property (d).

Proof. Let P : E → E denote the band projection associated to the
projection band F . In particular, 0 ≤ Px ≤ x holds for all x ∈ E+. We claim
that P is interval preserving, i.e. [0, Px] = P ([0, x]) for all x ∈ E+. Indeed,
if y ∈ [0, Px], i.e. 0 ≤ y ≤ Px, we get that y ∈ F , because Px ∈ F and F is
an ideal in E, and so Py = y. Since Px ≤ x, we have that 0 ≤ Py = y ≤ Px
≤ x, which yields that y ∈ P ([0, x]). Thus [0, Px] ⊂ P ([0, x]). On the other
hand, if y ∈ P ([0, x]), there exists z ∈ [0, x] such that y = Pz, which implies
that 0 ≤ y = Pz ≤ Px, hence y ∈ [0, Px]. Then P is interval preserving.
Consequently, P ′ is a Riesz homomorphism (see [13, Theorem 1.4.19]). In
order to prove that F has property (d), let (y′n) be a disjoint weak* null
sequence in F ′. As P ′ is a Riesz homomorphism, we get that (P ′y′n) is a

disjoint weak* null sequence in E′, and so |P ′y′n| ω→ 0 in E′. Finally, given
x ∈ F+, we have that

|y′n|(x) = sup
{|y′n(y)| : |y| ≤ x, y ∈ F

}

= sup
{|y′n ◦ P (y)| : |y| ≤ x, y ∈ F

}

≤ sup
{|P ′y′n(y)| : |y| ≤ x, y ∈ E

}
= |P ′y′n|(x) → 0.

Then |y′n| ω∗→ 0 in F ′. �
As a consequence of Proposition 2.8, we have the following example:

Example 2.9. Let E =
(⊕

n∈N �
n
2

)
0
. It follows from a commentary af-

ter [14, Lemma 10] that E⊥ =
{
f ∈ E′′′ : f(x) = 0, ∀x ∈ E

}
is a projection

band in E′′′. Thus, by Proposition 2.8, E⊥ has property (d).

Let E be a Banach lattice and let F be a closed ideal in E. The quotient
space E/F is a Banach lattice endowed with the partial order [x] ≤ [y] if and
only if there exist x1 ∈ [x] and y1 ∈ [y] such that x1 ≤ y1 (see [1, p. 100]).
Recall that (E/F )′ is isometric isomorphic to the annihilator F⊥ (see [9,
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Proposition 2.6]). As a consequence, we get the next theorem which is a
generalization of Proposition 2.8.

Theorem 2.10. Let E be a Banach lattice and let F be a closed ideal
in E. If E has property (d), then E/F has property (d).

Proof. Let π : E → E/F be the canonical projection and consider its
dual operator π′ : (E/F )′ → F⊥, which is an isometric isomorphism. We
show that π′ is a Riesz homomorphism, i.e. |π′f | = π′|f | for all f ∈ (E/F )′.
Indeed, given f ∈ (E/F )′ and x ∈ E+, it follows from [1, Theorem 1.18] that

|π′f |(x) = sup
{|π′f(y)| : |y| ≤ x

}

= sup
{|f([y])| : |[y]| ≤ [x]

}
= |f |([x]) = (π′|f |)(x).

If (fn) ⊂ (E/F )′ be a disjoint weak* null sequence, as π′ is a Riesz ho-
momorphism, then (π′fn) is a disjoint sequence in F⊥ and so in E′. If
x ∈ E, we have that π′fn(x) = fn([x]) → 0. Thus (π′fn) is a disjoint weak*

null sequence in E′. As E has property (d), π′|fn| = |π′fn| ω∗→ 0 in E′. If

[x] ∈ E/F , we have that |fn|([x]) = π′|fn|(x) → 0. Hence |fn| ω∗→ 0 and con-
sequently E/F has property (d). �

It follows from Theorem 2.10 that �∞/c0 has property (d), while it is not
σ-Dedekind complete (see [20, Remark 1.5]). This shows that property (d)
is, in a sense, a more robust concept that σ-Dedekind completeness.

We conclude this section with the following question:

Question. Let E be a Banach lattice with property (d). Has �∞(E)
property (d)?

3. The class of the almost limited completely continuous
operators

The study of certain geometric properties in Banach spaces is largely
connected with observing the behavior of bounded linear operators. When-
ever a new class or a new property appears in Banach spaces, it is natu-
ral to study the relationship of such property in the context of operators.
The objective here is to study some operator classes from properties in Ba-
nach lattices, more specifically, we will study the class of the almost limited
completely continuous operators which is connected to the sGP property in
Banach lattices.

Let us recall some necessary definitions. We recall that T : X → Y is a
completely continuous linear operator if Txn → 0 for every weakly null se-
quence (xn) ⊂ X . Since the limited and weakly convergent sequences play
an important role in the study of Banach spaces with the GP property, the
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authors in [15] introduced and studied the class of limited completely contin-
uous operators. Following [15], a linear operator T : X → Y is limited com-
pletely continuous (lcc) if Txn → 0 for every limited weakly null sequence
(xn) ⊂ X . The class of completely continuous operators and the class of
limited completely continuous operators will be denoted by Cc(X;Y ) and
Lcc(X;Y ), respectively.

As the lattice structure is, in general, distinct of the Banach space, in
the setting of Banach lattices is natural study known properties in the class
of Banach spaces under a Banach lattice point of view. By considering
almost limited sequences instead of limited sequences, the authors in [2] in-
troduced the class of alcc operators and studied its relation with the sGP
property. Following [2], a bounded linear operator T : E → Y is said to be
an almost limited completely continuous (alcc operator) if Txn → 0 in Y
for every almost limited weakly null sequence (xn) ⊂ E. This class is de-
noted by Lacc(E;Y ). Moreover, the authors in [2] showed that if E has the
sGP property (resp. E has the wDP* property), then Lacc(E;Y ) = L(E;Y )
(resp. Lacc(E;Y ) = Cc(E;Y )) for every Banach space Y (see Theorem 3.4
and page 22 in [2], respectively).

In the Banach space theory, it is usual to connect classes of operators
with classes of sets. In [16], the authors introduced the class of the L-limited
sets and studied its relations with the class of lcc operators, a subset A of a
dual space X ′ is a L-limited set if every limited weakly null sequence (xn)
in X converges uniformly to zero on A.

In the same way the authors in [2] introduced the alcc operators in order
to establish a “lattice” version of the lcc operators by using almost lim-
ited sequences instead of limited sequences, we are going to consider almost
limited sequences in the definition above in the place of limited sequences.
Following this idea, we introduce the class of strong L-limited sets.

Definition 3.1. A subset A of a dual space E′ is called an strong
L-limited set if every almost limited weakly null sequence (xn) in E con-
verges uniformly to zero on A.

It is clear that every strong L-limited subset of E′ is L-limited. We will
see after Proposition 3.4 that there exist L-limited sets which are not strong
L-limited.

Example 3.2. Let E = C(K) whereK is a compact metric space. It fol-
lows from [2, Theorem 2.12] that every almost limited weakly null sequence
in E is norm null. Consequently, BE′ is a strong L-limited set.

Remark 3.3. Let E be a Banach lattice and let Y be a Banach space.
A bounded linear operator T : E → Y is alcc if and only if T ′(BY ′) is a strong
L-limited set in E′.

In [2] the authors showed that if E′ has a weak unit or if E has order
continuous norm, then E has the sGP if and only if every almost limited
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weakly null sequence is norm null. From this fact, the following result is
immediate.

Proposition 3.4. Assume that E′ has a weak unit or E has order con-
tinuous norm. Then E has the sGP property if and only if BE′ is a strong
L-limited set.

As a consequence of Proposition 3.4, we have that BLp[0,1] with 1<p≤∞
is not strong L-limited, even though they are L-limited (see [16, Theorem
2.3]). Moreover, since c0 and �p with 1 ≤ p < ∞ have order continuous norm
and the sGP property (see [2, p. 17]), Proposition 3.4 yields that B�p with
1 ≤ p ≤ ∞ is a strong L-limited set.

We observe that BL∞[0,1] = sol({χ[0,1]}). Thus, the solid hull of a strong
L-limited set is not necessarily strong L-limited. In the next Theorem, we
give conditions on E so that the solid hull of a strong L-limited also is strong
L-limited.

Theorem 3.5. Let E be a Banach lattice with order continuous norm.
If the lattice operations in E are sequentially weakly continuous, then the
solid hull of a strong L-limited subset of E′ also is strong L-limited.

Proof. Let A ⊂ E′. Assume that sol(A) is not strong L-limited. Then
there exists an almost limited weakly null sequence (xn) ⊂ E such that
supx′∈sol(A) |x′(xn)| ≥ ε for all n and for some ε > 0. For each n, there exists

x′n ∈ sol(A) such that |x′n(xn)| ≥ ε. In particular, for each n, we can find
y′n ∈ A such that |x′n| ≤ |y′n|. On the other hand, by [1, Theorem 1.23], there
exists (z′′n) ⊂ E′′ such that |z′′n| ≤ JE(|xn|) in E′′ and z′′n(y′n) = JE(|xn|)(y′n)
for every n. Since E has order continuous norm, E is an ideal of E′′ (see [1,
Theorem 4.9]). Then for each n, there exists zn ∈ E such that z′′n = JE(zn).
Thus

ε ≤ |x′n(xn)| ≤ |x′n|(|xn|) ≤ |y′n|(|xn|) = z′′n(y
′
n) = y′n(zn)

holds for all n. Since |zn| ≤ |xn| for all n and |xn| ω→ 0 in E, by assumption

we have that zn
ω→ 0 in E. As E has order continuous norm, it has prop-

erty (d), by Lemma 2.1, (zn) is almost limited. Hence A cannot be strong
L-limited, a contradiction. �

It is known that every weakly compact operator is lcc (see [15, Corol-
lary 2.5]). As a consequence, every relatively weakly compact set in the
dual of a Banach space is L-limited (see [16]). We observe that, if E is a
non discrete reflexive Banach lattice (e.g. Lp[0, 1] with 1 < p < ∞), then E
does not have the sGP property by [2, Theorem 2.8]. On the other hand,
as E has order continuous norm, we have that IE cannot be alcc. As a con-
sequence, BE′ is a relatively weakly compact subset of E′ which is not strong
L-limited. In Proposition 3.6 and Proposition 3.7, we establish connections
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between strong L-limited sets, relatively weakly compact sets, alcc operators
and weakly compact operators.

Proposition 3.6. Let E be a Banach lattice. The following assertions
are equivalent :

1. Every relatively weakly compact set in E′ is strong L-limited.

2. For every Banach space Y , every weakly compact operator T : E → Y
is alcc.

Proof. (1) ⇒ (2). Let T : E → Y be a weakly compact operator. So
T ′(BY ′) is relatively weakly compact in E′ and, as consequence, a strong
L-limited set. Therefore T is an alcc operator.

(2) ⇒ (1). Assume that there exists a relatively weakly compact set
A ⊂ E′ that is not strong L-limited. Without loss of generality, we can as-
sume that there exists ε > 0, (x′n) ⊂ A and an almost limited weakly null se-
quence such that |x′n(xn)| ≥ ε for all n. Since A is relatively weakly compact,
there exists a subsequence (x′nk

) which converges weakly to x′ ∈ E′. Define
the weakly compact operator T : E → c0 by T (x) = ((x′nk

− x′)(x))n (see [1,
Theorem 5.26]). On the other hand, let k0 ∈ N such that |x′(xnk

)| < ε/2 for
all k ≥ k0. If k ≥ k0,

‖Txnk
‖ ≥ |x′nk

(xnk
)− x′(xnk

)| ≥ ε/2.

Thus T is not an alcc operator. �
Using the same arguments of [16, Theorem 2.8] and doing the necessary

adaptations, we can prove the following Proposition.

Proposition 3.7. Let E be a Banach lattice. The following assertions
are equivalent :

1. Every strong L-limited set in E′ is relatively weakly compact.

2. For every Banach space Y , every alcc operator T : E → Y is weakly
compact.

From Propositions 3.6 and 3.7, we get the next corollary.

Corollary 3.8. Let E be a Banach lattice. The class of strong L-lim-
ited sets coincides with the class of relatively weakly compact sets in E′ if
and only if La

cc(E;Y ) = W (E;Y ), for every Banach space Y .

Recall that a linear operator T : E → F is said to be order bounded if it
takes order bounded sets from E onto order bounded sets in F . In the next
result, we prove that every order bounded linear operator from a Banach
lattice with property (d) into a Banach lattice with the sGP property is
alcc.

Proposition 3.9. Let E and F be Banach lattices with property (d).
Let T : E → F be an order bounded linear operator. If F has the sGP prop-
erty, then T is an alcc operator.
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Proof. Let (xn) ⊂ E be an almost limited weakly null sequence and
let A = sol((xn)n). By Lemma 2.1 and Theorem 2.3, we have that T (A) is
almost limited. As (Txn) ⊂ T (A), (Txn) is an almost limited sequence in F .

Then Txn
ω→ 0 in F , and so Txn → 0 in Y since F has the sGP property.

�
Now, we give some remarks concerning Proposition 3.9.

Remarks 3.10. 1. It is known that for every 1 ≤ p ≤ ∞, the Banach
lattice E = Lp[0, 1] has property (d). Therefore, if F is any Banach lattice
with both property (d) and the sGP property, we get from Proposition 3.9
that Lr(E;F ) ⊂ Lacc(E;F ).

2. Let E be a Banach lattice that contains a lattice copy of �1. Then
there exists a positive projection P : E → �1 (see [13, Proposition 2.3.11]).
As a consequence of Proposition 3.9, we get that P is an alcc operator. In
particular, Banach lattices with the positive Schur property contains lattice
copy of �1 (see [18, p. 19]). Besides, we get from Remark 3.3 that P ′(B�∞)
is a strong L-limited set in E′.

3. There is a Banach lattice F with property (d) which does not have
the sGP property, such that, for any Banach lattice E, every order bounded
operator T : E → F is alcc. Indeed, let K be a compact metric space and
assume that K is σ-Stonian (i.e. the closure of every open Fσ set is open).
It follows from [2, Theorem 2.12] that F = C(K) does not have the sGP
property. On the other hand, [13, Proposition 2.1.4] yields that F = C(K)
is σ-Dedekind complete, so it has property (d). Given a Banach lattice E,
we claim that every bounded operator T : E → F is completely continuous,

hence alcc. Indeed, if xn
ω→ 0 in E, we have that Txn

ω→ 0 in F . In particu-
lar, (Txn) is a bounded sequence. As C(K) has a unit, (Txn) is contained
in an order interval. Since C(K) has property (d), it follows from Propo-
sition 2.2 that order intervals are almost limited sets. Consequently, (Txn)
is an almost limited weakly null sequence. [2, Theorem 2.12] yields that
‖Txn‖ → 0.

The next example shows that the assumption of T being order bounded
linear operator in Proposition 3.9 is essential.

Example 3.11. Let (rk) denote the Rademacher functions and let
T : L1[0, 1] → c0 be the operator given by

T (f) =

(∫ 1

0
f(t) rk(t) dt

)

k

.

We observe that T is well-defined since rn
ω→ 0 in L1[0, 1] and that T is

not an alcc operator, once the sequence (rn) is almost limited weakly null
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in L1[0, 1], but

‖T (rn)‖∞ = sup
k∈N

∣∣
∣
∣

∫ 1

0
rn(t) rk(t)dt

∣∣
∣
∣ ≥ 1 for all n ∈ N.

We claim that T is not an order bounded operator. Indeed, as c0 is Dedekind
complete, it suffices to check that T is not regular. Suppose that T is regular.
So we assume that there exists S ≥ 0 with S ≥ T . The components of S
lead to a weak* null positive sequence (ϕn) ⊂ (L1[0, 1])

′ such that S(f) =
(ϕn(f))n. Since (L1[0, 1])

′ = L∞[0, 1], there exists (fn) ⊂ (L∞[0, 1])+ with

ϕn(f) =
∫ 1
0 fn(t) f(t) dt. Since T ≤ S, we get that rn ≤ fn in L∞[0,1] which

means that fn ≥ r+n . But

ϕn(1) =

∫ 1

0
fn(t) dt ≥

∫ 1

0
r+n (t) dt = 1/2

for all n, a contradiction.

In the class of the positive linear operators in Banach lattices, we have
a dominated type problem. For instance, let S, T : E → F be positive oper-
ators such that S ≤ T . The question is, if T has some property, does S also
has it? Here we are interested in the class of alcc operators and we see that
in general the answer is negative, as the next example shows.

Example 3.12. Let R1 : c0 → �∞, S1, S2 : L1[0, 1] → �∞ be given by

R1(αi)i = (αi)i,

S2(f) =

(∫ 1

0
fdx,

∫ 1

0
fdx, . . .

)
and S1(f) =

(∫ 1

0
fr+i (x)dx

)

i

.

Define S, T : c0 ⊕ L1[0, 1] → �∞ by

S((αi), f) = R1((αi)) + S1(f) and T ((αi), f) = R1((αi)) + S2(f).

Note that 0 ≤ S ≤ T .
We claim that T is an alcc operator. If (xn, fn) ⊂ c0 ⊕ L1[0, 1] is an

almost limited weakly null sequence, then (xn) ⊂ c0 and (fn) ⊂ L1[0, 1] are
both almost limited weakly null sequences. As c0 has the sGP property, we
have that ‖xn‖∞ → 0. So,

‖R1(xn)‖ = ‖xn‖∞ → 0.

On the other hand, as fn
ω→ 0 in L1[0, 1], it follows that

∫ 1
0 fn → 0, what

implies that

‖S2(fn)‖∞ = sup
i

∣
∣∣
∣

∫ 1

0
fn

∣
∣∣
∣ =

∣
∣∣
∣

∫ 1

0
fn

∣
∣∣
∣ → 0.

Analysis Mathematica 49, 2023
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Therefore

T (xn, fn) = R1(xn) + S2(fn) → 0.

It is easy to verify that S is not an alcc operator. In fact, (rn) ⊂ L1[0, 1]
is an almost limited weakly null sequence. However, ‖S1(rn)‖∞ ≥ 1/2 for
all n. Hence (0, rn) is an almost limited weakly null sequence in c0 ⊕L1[0,1]
such that S(0, rn) = S1(rn) that is not norm null.

Also note that R1 is not completely continuous, since en
ω→ 0 in c0 and

‖en‖ = 1. Hence neither S nor T is completely continuous.

We observe that the order bounded linear operator S1 : L1[0, 1] → �∞
given in Example 3.12 is a positive non alcc operator. This shows that the
assumption of F having the sGP property in Proposition 3.9 is essential.

The following result was inspired in [1, Theorem 5.89].

Theorem 3.13. Let E and F be Banach lattices and let S,T : E → F be
positive operators such that S ≤ T and T is an alcc operator. If E has prop-
erty (d) and the lattice operations in E are weakly sequentially continuous,
then S is an alcc operator.

Proof. Let (xn) be an almost limited weakly null sequence. By
Lemma 2.1, sol((xn)n) is an almost limited set in E. In particular, (|xn|) is
an almost limited sequence. On the other hand, since the lattice operations
in E are weakly sequentially continuous, |xn| → 0. As T is alcc, T |xn| → 0.
Thus Sxn ≤ S|xn| ≤ T |xn| → 0. �

The following theorem was inspired by Kalton–Saab theorem’s ([1, The-
orem 5.90]).

Theorem 3.14. Let E and F be Banach lattices and let S, T : E → F
be positive operators such that S ≤ T and T is an alcc operator. If E is
σ-Dedekind complete and F has order continuous norm, then S is an alcc
operator.

Proof. Let (xn) ⊂ E be an almost limited weakly null sequence. We
want to prove that Sxn → 0 in F . Let A = sol((xn)n). We observe that for
every disjoint sequence (yn) ⊂ A, ‖Tyn‖ → 0. [Indeed, by [1, Theorem 3.34],

yn
ω→ 0 in E. However, since A is almost limited (Lemma 2.1), we get that

(yn) is an almost limited weakly null sequence and the statement holds since
T is alcc.] Therefore, given ε > 0, by [1, Theorem 4.36], we have that there
exists 0 ≤ u ∈ EA such that

(1)
∥
∥T ((|xn| − u+))

∥
∥ < ε/6 for all n ∈ N.

Now, since E is σ-Dedekind complete and F has order continuous norm,
by Theorem 4.87 of [1], there exist positive operators M1, . . . ,Mk : E → E
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and P1, . . . , Pk : F → F such that 0 ≤ ∑k
i=1 PiTMi ≤ T on E and

(2)

∥
∥∥
∥

∣
∣∣
∣S −

k∑

i=1

Pi T Mi

∣
∣∣
∣(u)

∥
∥∥
∥ < ε/3.

We claim that TMi(xn) → 0, where n → ∞ for all i = 1, . . . , k. Since T
is an alcc operator, it suffices to prove that (Mi(xn)) is an almost limited
weakly null sequence in E. As E has property (d), A ⊂ E is a solid almost

limited set, Mi : E → E is a positive operator and Mi(xn)
ω→ 0 in E. It

follows from Theorem 2.3 that Mi(A) is an almost limited subset of E. In
particular, (Mi(xn))n is an almost limited weakly null sequence for each i =
1, . . . , k as we stated. Consequently,

∥
∥
∥
∥

k∑

i=1

PiTMi(xn)

∥
∥
∥
∥ ≤

k∑

i=1

‖Pi‖
∥
∥TMi(xn)

∥
∥ → 0.

Thus, there exists n0 ∈ N such that

(3)

∥∥
∥
∥

k∑

i=1

PiTMi(xn)

∥∥
∥
∥ < ε/3 for all n ≥ n0.

Finally, by using the same argument used in the proof of Kalton–Saab’s
theorem ([1, Theorem 5.90]), we get that ‖Sxn‖ < ε for all n ≥ n0. Here, we

give a short version of the proof. Since 0 ≤ S ≤ T and 0 ≤ ∑k
i=1 PiTMi ≤ T ,

we have that

∣
∣
∣∣S(xn)−

k∑

i=1

PiTMi(xn)

∣
∣
∣∣

≤
∣
∣
∣
∣S −

k∑

i=1

PiTMi

∣
∣
∣
∣(|xn| − u)+ + |S −

k∑

i=1

PiTMi|(u)

≤ 2T
(|xn| − u

)+
+

∣
∣
∣
∣S −

k∑

i=1

PiTMi

∣
∣
∣
∣(u).

Now, from (1) and (2),

∥∥
∥
∥S(xn)−

k∑

i=1

PiTMi

∥∥
∥
∥ ≤ 2ε/3.

Finally, ‖Sxn‖ < ε for all n ≥ n0 holds from above inequality and (3). �
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Next, we will study when an alcc operator is completely continuous or
compact. Since every compact operator is completely continuous, it follows
that K(E;Y ) ⊂ Cc(E;Y ) ⊂ Lacc(E;Y ). If every alcc operator is a compact
operator, we have that K(E;Y ) = Cc(E;Y ) = Lacc(E;Y ). So Cc(E;Y ) =
Lacc(E;Y ) must be a necessary condition for K(E;Y ) = Lacc(E;Y ).In the
next proposition we given conditions so that these spaces are distinct.

Proposition 3.15. Let E be an infinite dimensional reflexive lattice
with the sGP property. Then there exists a Banach space Z such that
K(E;Z) �= Lacc(E;Z).

Proof. By above commentary, E cannot have the wDP* property and
hence it neither can have the DP* property. By Theorem 2.8 of [15], there
exists a Banach space Z such that Cc(E;Z) � Lcc(E;Z). On the other
hand, as E has the sGP property, then Lacc(E;Y ) = Lcc(E;Y ) = L(E;Y )
for all Banach space Y . It follows that K(E;Z) = Cc(E;Z) �= Lacc(E;Z).
�

It is known that if E has the wDP* property, then every alcc operator
on E is completely continuous (see [2, p. 22]). Using Proposition 3.9, we
will show that if E has the property (d) and if every alcc operator on E is
completely continuous, then E has the wDP* property.

Proposition 3.16. Let E be Banach lattice with property (d). If
Cc(E;F ) = Lacc(E;F ) for all Banach lattices F, then E has the wDP* prop-
erty.

Proof. Assume that E has property (d) and suppose by contradiction
that E does not have the wDP* property. By [12, Theorem 3.1], there exist
(xn) ⊂ E+ a weakly null sequence and (fn) ⊂ (E′)+ a weak* null sequence
such that fn(xn) ≥ ε for all n and some ε > 0. Consider the positive linear
operator T : E → c0 defined by T (x) = (fn(x))n for all x ∈ E, by Propo-
sition 3.9 we have that T is an alcc operator. But T is not completely
continuous, once ‖Txn‖ ≥ |fn(xn)| ≥ ε for all n. �

[10, Corollary 5] shows that every completely continuous linear opera-
tor on a Banach space X is compact if and only if X does not contain an
isomorphic copy of �1. In particular, if E is a Banach lattice that does not
contain copy of �1 and if E has the wDP* property, then every alcc operator
on E must be compact.

Recall that a linear operator T : E → Y is called AM-compact if it maps
order intervals in E to relatively compact sets in Y . In the next proposition,
we study a relation between the class of alcc operators and the class of AM-
compact operators.

Proposition 3.17. Let E and F be two Banach lattices. If E has prop-
erty (d), then every alcc operator T : E → F is AM-compact.
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Proof. Let T : E → F be an alcc operator and let A ⊂ E be an order
interval. It follows from Proposition 2.2 that A is an almost limited set, and
so T (A) is a relatively compact subset of F (see [2, Theorem 3.2]). Thus T
is an AM-compact operator. �
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