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Conway-Maxwell-Poisson autoregressive moving aver- | updates
age model for equidispersed, underdispersed, and overdis-
persed count data

Abstract. In this work, we propose a dynamic regression model based on the
Conway-Maxwell-Poisson (CMP) distribution with time-varying conditional mean de-
pending on covariates and lagged observations. This new class of Conway-Maxwell-
Poisson autoregressive moving average (CMP-ARMA) models is suitable for the anal-
ysis of time series of counts. The CMP distribution is a two-parameter generalization
of the Poisson distribution that allows the modeling of underdispersed, equidispersed,
and overdispersed data. Our main contribution is to combine this dispersion flexibility
with the inclusion of lagged terms to model the conditional mean response, inducing
an autocorrelation structure, usually relevant in time series. We present the condi-
tional maximum likelihood estimation, hypothesis testing inference, diagnostic analy-
sis, and forecasting along with their asymptotic properties. In particular, we provide
closed-form expressions for the conditional score vector and conditional Fisher infor-
mation matrix. We conduct a Monte Carlo experiment to evaluate the performance
of the estimators in finite sample sizes. Finally, we illustrate the usefulness of the
proposed model by exploring two empirical applications.

Keywords: CMP-ARMA; Conway-Maxwell-Poisson distribution; Time series of
counts; Forecasts; Overdispersion; Underdispersion

1. Introduction

Models for time series of counts have received considerable and growing attention
in recent decades. These series are commonly observed in real-world applications
such as economics (Freeland and McCabe, 2004), medicine (Franke and Seligmann,
1993), and epidemiology (Zeger and Qaqish, 1988).

An appropriate and flexible approach for count time series is to apply the general-
ized autoregressive moving average model (GARMA) proposed by Benjamin et al.
(2003). The GARMA model combines the autoregressive moving average model
(ARMA) (Box et al., 2015) with the generalized linear model (GLM) methodology
(McCullagh and Nelder, 1989), enabling the inclusion of autoregressive and mov-
ing average components. This model can be applied in the analysis of count data
observed over time using the conditional Poisson, Negative Binomial, or binomial
distributions.

The most popular distribution for modeling count data is the Poisson distribu-
tion (Shmueli et al., 2005). However, in practice, this distribution is not always
suitable since many real data do not adhere to the assumption of equidispersion
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(where the mean and variance are equal). Often the data are overdispersed (vari-
ance is greater than the mean), this phenomenon has received considerable attention
in the literature (MacDonald and Bhamani, 2018). The phenomenon of underdis-
persion (variance is lower than the mean) occurs less frequently, and the choice of
distributions is restricted (Zhu, 2012).

In recent years, the modeling of count time series with overdispersion and un-
derdispersion has received great attention, and one of the distributions that accom-
modates these disperson cases is the Conway-Maxwell-Poisson (CMP) distribution.
This distribution has been applied in several fields, including marketing, transporta-
tion, and epidemiology (Sellers et al., 2012). In time series settings, Zhu (2012)
proposed an integer-valued generalized autoregressive conditional heteroscedastic
model (INGARCH) with CMP distribution. Mamode Khan et al. (2018) introduced
an observation-driven integer-valued moving average model of order 1 (INMA(1))
with CMP innovations under non-stationary moment conditions. Despite this last
model includes the thinning operator considering the serial correlation, it is more ap-
propriate for low counts. Moreover, MacDonald and Bhamani (2018) introduced the
class of stationary hidden Markov models with CMP distribution as state-dependent
distribution. Although the models proposed by Zhu (2012) and MacDonald and
Bhamani (2018) are able to model underdispersion and overdispersion, they do not
include covariates. The model proposed by Mamode Khan et al. (2018) includes
regressors, but the mean is not directly modeled, leading to a complicate inter-
pretation of parameters. For the proposed model in this paper, the mean of the
conditional distribution is directly modeled, making the model parameters easily
interpretable.

The present paper introduces a dynamic regression model for time series follow-
ing a CMP distribution. In order to define the proposed model, we shall follow
similar construction as the GARMA model (Benjamin et al., 2003). The proposed
CMP-ARMA model can be used for modeling time series of counts with equidis-
persion, underdispersion, and overdispersion. One of the advantages of time series
models based on GLM is that they straightforwardly describe covariate effects and
negative autocorrelations (Liboschik et al., 2017). In addition to the GARMA
model, several time series models based on GLM with different distributions have
been considered in the literature (Li, 1991, 1994; Fokianos and Kedem, 2004; Rocha
and Cribari-Neto, 2009; Bayer et al., 2017).

Our chief goal is to propose a new class of dynamic regression time series models
for non-negative discrete data, with equidispersion, overdispersion, and/or under-
dispersion, based on the structure developed in Benjamin et al. (2003). We use
the parameterization of the CMP distribution in terms of its mean as proposed by
Huang (2017). For this purpose, we present the main properties of the model, the
conditional maximum likelihood estimators (CMLE), and some residual and diag-
nostic tools. In addition, we provide a Monte Carlo study to evaluate the CMLE
performance and stationarity conditions.

This paper is organized as follows. Section 2 reviews the CMP distribution and
its reparametrization, where the mean of the distribution is rewritten as a function
of the original parameters. Section 3 introduces the proposed model. In Section 4,
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we develop the estimation and inference for the new CMP-ARMA model based on
the conditional maximum likelihood theory, including closed-form expressions for
the conditional score vector and conditional Fisher information matrix. We also
discuss the construction of confidence intervals and hypothesis testing. Section 5
discusses some diagnostic measures and forecasting. In Section 6, we present the
results of the Monte Carlo simulation study. Section 7 illustrates the flexibility of
the proposed model through two empirical applications. Finally, some conclusions
are given in Section 8. Details on the derivation of the conditional score vector and
conditional Fisher information matrix are presented in the Appendices.

2. The CMP distribution

Although Poisson models are popularly known for modeling count data, many real
data sets usually do not present equidispersion as in the Poisson distribution. An-
other widely used distribution is the Negative Binomial, which can capture overdis-
persion. However, analyzing underdispersed counts is a big challenge. Recently,
Shmueli et al. (2005) suggested the use of the CMP distribution to model equidis-
persed, overdispersed, and underdispersed counts, which was originally developed by
Conway and Maxwell (1962) as a model for queuing systems with state-dependent
service times.

Let Y be a random variable with CMP(\, v) distribution, then its probability
mass function is given by

\Y
W Z(Av)’
where Z(X\,v) = > 22, A%/(s!)” is a normalization constant, and v is the dispersion
parameter such that v > 1 represents underdispersion and 0 < v < 1 overdispersion.

The CMP distribution generalizes the Poisson distribution by relaxing the as-
sumption of linearity of the ratio of consecutive probabilities, such that

PriY =y|\v)= y=0,1,2,...,A>0,v >0,

Pr(Y=y—-1) y"

Pr(Y=y) X’

This generalization allows heavier or lighter tails compared to the Poisson distribu-
tion (Sellers and Shmueli, 2010). One of the advantages of the CMP distribution
is that, in addition to the Poisson distribution (v = 1), we have the Geometric
(v =0; A < 1) and the Bernoulli (v — oo with probability A/(1 4+ \)) distributions
as particular cases.

The moments of the CMP distribution are expressed using the following recursive
method

., AE(Y + 1), r=0
B(Y™) = { ALE(YT) + E(Y)E(Y"), 7 >0.

Since the above method does not have a closed-form solution, an asymptotic approx-
imation for Z(\,v) can be used. Shmueli et al. (2005) presented an approximate
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form for the moments of the distribution given by

AL/

E)~ A~V vy ~ (1)

v
which is particularly accurate for v <1 or A > 10”.

Sellers and Shmueli (2010) proposed the CMP regression model using the original
parameterization log(\;) = a7 3, where the mean is modeled through the approx-
imation in Equation (1). Note that this approximation is accurate for v < 1 or
A > 107, and the mean is indirectly modeled. In order to avoid such issues, Huang
(2017) proposed a reparametrization of the CMP model, where instead of using an
approximation for the mean value, the mean of the counts p = E(Y) is modeled
directly assuming that log(p;) = 21 8, as defined in generalized linear models. This
reparametrization makes the model simpler and easily interpretable.

The reparameterized CMP distribution (Huang, 2017), denoted by CMP,, is
given by the probability mass function

Alp, v)Y
(W Z(Np,v),v)’

where A(u,v) is a function of p and v, given by the solution for

PriY =ylpv)=

w>0rv>0y=0,1,2,..., (2)
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Fig. 1. Shapes of the Poisson and CMP,, probability mass functions for different values of
wand v
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In Figure 1, some CMP,, distributions are depicted for different mean values
and dispersion parameter v and compared to Poisson distributions of same mean u.
The left panel shows the distribution of overdispersion counts (v < 1). In the central
panel, the CM P, with v = 1 corresponds to the Poisson distribution. Finally,
the right panel exposes a case in which the distribution presents underdispersion
(v > 1). Note that a large dispersion parameter value v condenses the distribution
around the mean, and a small dispersion parameter value extends the distribution
away from the mean.

The CMP,, distribution can be expressed as the exponential family of two pa-
rameters (Huang, 2017). This is analogous to the result obtained by Shmueli et al.
(2005) for the standard CMP distribution. For fixed v, the CMP, distribution
belongs to the one parameter exponential family.

3. The proposed model

In this work, we propose a new dynamic regression model for random variables with
a CMP distribution observed over time. To define the model, we include an ARMA
time series structure in the conditional mean to accommodate the presence of serial
correlation. Since for time series analysis it is convenient to work with the mean
response, we use the CMP reparametrization given in Equation (2).

Let Y = (Y1,... ,Yn)T be a vector of n random variables, where the condi-
tional distribution of Y; , t = 1,...,n, given the previous information set F;_1 =
{Yi, .., Y5 pe—1, ..., 1}, follows a CMP distribution with mean parameter
and dispersion parameter v. The conditional probability function of Y;, given F;_1,
is defined as

Ape, v)¥e
()" Z(Mpt, v),v)’

where A\(ug, v) is a function of y; and v, given by the solution for

(o9}
Z s — fit)
s=0

and Z(A(ue,v),v) = > o0 g M, v)®/(s!)” is a normalization funtion, and the con-
ditional mean of Y; is given by E(Y; | Fi—1) = . As in Huang (2017), the vari-
ance does not have a closed-form expression. However, the main advantage of the
reparametrization proposed by Huang (2017) is its ability to model the mean di-
rectly, making it possible to compare the CMP-ARMA model with the Poisson and
Negative Binomial GARMA models.

As in the CMP regression model (Huang, 2017), the conditional mean py is
related to the linear predictor 7y by a twice-differentiable one-to-one monotonic
function g(-), called the link function. However, unlike the CMP regression model,
the linear predictor of the proposed model has an additional component, allowing

Pr(n:yt|]:tfl7,utay): y:0a132a"'7 (3)

S

(4)
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for autoregressive and moving average terms to be included as

P q
m=g(w) =a+z B+ dilgy—y) — o B+ 0y, (5)

Jj=1 Jj=1
where B8 = (B1,...,53,)" is the r-dimensional unknown parameter vector, x; =
(z1,...,2,)" is the r-dimensional explanatory variables vector, ¢ = (¢1,...,¢p)"
and 0 = (04,.. .,Hq)T are the autoregressive and moving average coefficients, re-

spectively, r; is a random error, and « is an intercept. In this paper, we consider
the errors measured on the predictor scale r; = g(y:) — g() as in Rocha and
Cribari-Neto (2009), Bayer et al. (2017), and Benjamin et al. (2003).

The proposed CMP-ARMA (p, q) model is defined by (3) and (5). Due to the
restriction u; > 0, we choose the logarithm as link function because it provides
non-negative values for u; = g=1(n;) regardless the values assigned to 7. In order
to allow the use of the logarithm link function with modeling count series containing
observations equal to zero, we replace y;—; in Equation (5) for y;_ ;= maz(yi—j, c),
with threshold ¢ such that 0 < ¢ < 1. This procedure allows replacing y;—; = 0 by
an arbitrary small value c¢. Note that the dynamic part of Equation (5) is the same
as in Benjamin et al. (2003).

The CMP-ARMA model contains the GARMA models with the Poisson, Geo-
metric, and Bernoulli distributions as special cases. (see Appendix A for details).

4. Parameter estimation

Let y1,...,y:, t = 1,...,n, be a sample from a CMP-ARMA(p, ¢) model. Let
~y = (a,,@T,¢T,0T,1/)T be the regression parameter vector. Based, conditionally,
on the m first observations, where m = max(p,q), the conditional log-likelihood
function is given by

n

()= log f(wilFia) = D by, v), (6)

t=m+1 t=m

where

(e, v) = yelog(A(pe, v)) — vlog(y!) —log Z(A(p, v),v).

4.1. Conditional score vector

The conditional score vector U(y) = (Ua(¥),Us(7) ", Us(v) ", Up(y) ", Un (7)) " is
obtained by taking the first derivative of the conditional log-likelihood function with
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respect to each element of v and is expressed in matrix form as

Ua(v) =8'TV(y — p),

Us(y) = MTTV(y — p),

Uy(y) = P'TV(y — p), (7)

U(v) = Q TV (y — ).

D)= S By o) (s — 1) L) fog01) — By 080
t=m+1 ’

where y = (Y41, . .- ,Tyn)T, p=(tmi1, - o), T = diag {1/9'(tms1), - - 1/9 (pn) },
0= (%, e %@) , V =diag {1/V (ttm+1,V)s - - -, 1/V(pin,v)}, M is an

(n — m) X r matrix whose (4,7)-th element is given by gﬁ Pisan (n—m) xp
j

. on; .
matrix whose (7,7)-th element is equal to —, Q is an (n —m) X ¢ matrix where

00
I = (y — )* M, v)Y
the th element is ——, and V (g, v) = . To compute the
9y oo, " V) = L Z (NG, ) P

derivative of n; with respect to the unknown parameters, the error in (5) is defined
by 7+ = g(y¢) — 9(p), then

87775 (97"75 —j ant —J
8a—1+29j —1—20 ,

877t a77t
dB; = Tt — Z¢Jw(t —j)i ZHJ

0 0
agt 9(Ye—i) aft B - ZHJ T ]

0 0
aZ%:(g(yt i) — M—i) ZHJ = Ja

(see Appendix B for details).

Notice that recursions are required only when the model includes moving average
components. In this case, it is necessary to choose initial values for 7, and its
derivatives. Here, we assume 1, = ¢g(y¢), and the initial values for the derivatives
equal zero, both for ¢t = 1,2,..., m. See Benjamin et al. (1998) for details.

The solution of the estimation equation U (v) = 0, where 0 is the null vector in
R"+P+4+2 provides the CMLE of 4, denoted by 4. This system does not have an
analytical solution, being necessary the use of iterative numerical methods to obtain
an approximate solution. Here, we use the nlminb optimization function available
in R, which is a reverse-communication trust-region quasi-Newton method from the

Port library (Gay, 1990).
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4.2. Conditional information matrix

In this section, we derive the conditional Fisher information matrix, obtained by
taking partial derivatives of second order of the conditional log-likelihood function
given in (6). Let W = diag{wy, ..., wy,}, where

(B, 0 (log(ye!) (v — )]
V(pe,v)

The conditional Fisher information matrix is given by

+ Vary, ,(log(y)).

Wt = —

d'VT? S'VT M S'VT P 3'vVT Q 0
'vVTr’Mm)T M'VT’M @ M'VT?P M'VT?Q 0
KMH)=| ('vr’p)! (M'vr’pP)! P'VT?’P P'VT?Q 0
0'vTiQ)" (M'VT?Q)' (P'VT?Q)" Q'VTQ 0
0 0 0 0 tr(W)

(see Appendix C for details).

Under regularity conditions, the maximum likelihood estimators are consistent
and asymptotically normally distributed (Andersen, 1970). Thus, when the sample
size is sufficiently large, the CMLE # of the parameter vector 4 has an approximately
normal distribution with mean ~ and variance-covariance matrix K !, that is,

~ Npipigto K (8)

) IR D)
NSRS\

where Nr+p+q+2 denotes the (r + p + ¢ + 2)-dimensional normal distribution and
a ﬁ q’),@ and v the CMLE of «, 3, ¢, 0, and v, respectively.

4.3. Confidence intervals and hypothesis testing )
Let ; be the i-th element of the parameter vector v and k* the i-th diagonal
element of (K (v))~!. From (8), the asymptotic distribution is

i — i
~ N(0,1).
Vit (0.1)

Therefore, an 100(1 — )% asymptotic confidence interval for each parameter -;,
i=1,...,(r+p+q+2),is given by

[;Y\i — Z21—a/2VES i + 21_a )2V k”} )

where ®(21_q/2) = 1 — a/2, with ®(-) being the cumulative density function of the
standardized normal distribution N (0, 1).

Consider the following null hypothesis Hg : v; = fy?, where 'y? is a specified
value for the unknown parameter ~;, versus the alternative hypothesis Hy : v; #
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'y? . A convenient statistic to test individual parameters is the so-called z statistic
(Pawitan, 2001) given by

~

Yi — Vi
Z = T 9)
This statistic is based on the signed square root of Wald’s statistic. Under Hy and
large sample sizes, the limiting null distribution of z is standard normal.

It is also possible to perform general hypothesis testing inference using the log-
partial likelihood ratio, Wald, and score statistics. Under Hgp, all of these test
statistics converge to a x? distribution. See Kedem and Fokianos (2005) for further
details.

The z statistic in Equation (9) can be used to test equidispersion in the data.
We considered the following hypotheses

Ho:v=1versus Hy :v # 1.

Here, the null hypothesis is that the data present equidispersion and the alternative
hypothesis is that the data are over/underdispersed. The non-rejection of the null
hypothesis indicates that the use of the Poisson model is appropriate.

5. Model diagnosis and forecasting

In this section, we present some model selection criteria as well as some procedures
to test the adequacy and goodness-of-fit of the proposed model. We also provide a
method for out-of-sample forecasting.

5.1. Deviance

One way to measure goodness-of-fit is by means of scaled deviance, which is de-
fined as twice the difference between the conditional log-likelihood function of the
saturated (where each p; is estimated directly from y;) and fitted models, that is

DZQ(E—?):2< Z by, V) — Z Et(ﬁtaﬁ)>'

t=m+1 t=m+1

When the fitted model is correct, the test statistic D is approximately x? distributed
with n — (r + p 4+ ¢ + m + 2) degrees of freedom (Benjamin et al., 2003; Fokianos
and Kedem, 2004).

5.2.  Model Selection Criteria

For comparison and selection among several competing models, we can use model
selection criteria available in the literature. The basic idea is to select a parsimo-
nious model, in other words, a model that is well-fitted and has a small/sufficient
number of parameters. Two widely used model selection criteria are the Akaike In-
formation Criterion (AIC) (Akaike, 1974) and the Bayesian Information Criterion
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(BIC) (Schwarz et al., 1978), given, respectively, by

AIC = =20+ 2(p+q+71+2),
BIC = —20 +log(n)(p + q + r + 2).

Among the considered models, the one with smaller value of AIC and/or BIC is
selected.

5.3. Residual Analysis

Residual analysis is important to check if all model assumptions are valid (Kedem
and Fokianos, 2005), and also used to identify poorly fitted observations, i.e., ob-
servations not well explained by the model (Feng et al., 2017). For the proposed
CMP-ARMA model, we consider the quantile residual (Dunn and Smyth, 1996) as
Pearson and deviance residuals are non-normally distributed in count data (Ben-
jamin et al., 2003). Let a; = F(y; — 1| Fy—1) and by = F(y; | Fi—1), where F is
the fitted conditional cumulative distribution function. For the discrete distribution
function, the randomized quantile residual for y; is defined by

r? = o (wy),

where ®~! is the quantile function of the standard normal distribution, and wu; is
a random variable that is uniformly distributed on (a¢,b;]. If the model fitted to
the data is correctly specified, these residuals should be independent and normally
distributed, with zero mean and unit variance.

5.4. PIT Histograms

Another diagnostic tool for model assessment is the Probability Integral Transform
(PIT), which follows a uniform distribution if the fitted model is correctly specified
(Jung and Tremayne, 2011; Jung et al., 2015). Although the PIT applies to con-
tinuous distributions, Czado et al. (2009) proposed a non-randomized yet uniform
version of the PIT as an alternative to time series models for count data. The
conditional cumulative distribution function of observed counts y; is

0, u< F(y — 1| F-1),
u—Fy— 1| F-1)

Fyy | Fio1) = F(yr — 1| 1)’

1, u > F(y | Fie1),

FOu| Foy) = Flyr—1| Fimr) <u< Fly | Foor),

where F(y; | Fr1) = 5 P(y | Fot, fir, 7) with P(y | Fi1, ) defined in (3).
=0
The assessment ofythe fitted model can be carried out by comparing the mean
PIT, defined as
n
F(u)=(n—m)! Z FO(u| Fiy), 0<u<l,
t=m+1
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with the cumulative distribution function of a standard uniform random variable.

To perform this comparison, Czado et al. (2009) proposed plotting a non-randomized
PIT histogram with J equally spaced bins, where the height f; for bin j =1,...,J
is computed by

fi=F@G/7) = F((G-1)/J).

Czado et al. (2009) suggest J = 10 or J = 20 as good choices for the number of
bins in the PIT histogram.

5.5. Forecasting

Consider the problem of forecasting a value for the observed response h steps ahead,
h € N, denoted by Un+n = Yn(h). Forecasts of future observations for the CMP-
ARMA model can be obtained by applying the CMLE in (5),

p q
In(h) =exp | @+ 20 1B+ 6il9Wntn—i) = ToiniBl + D> iFniny | »
= j=1

where

~

s ={ 90 2

It is also possible to generate confidence intervals for the forecasts using quantiles.

6. Monte Carlo simulation study

In this section, we present a Monte Carlo simulation study to evaluate the asymp-
totic properties of the CMLE for the CMP-ARMA model and investigate the sta-
tionarity conditions.

6.1. Asymptotic properties

We consider samples from a CMP-ARMA(1,1) model and three different values
for the dispersion parameter: v € {0.5,1.0,2.0}. Thus, we have overdispersion,
equidispersion, and underdispersion, respectively. The CMP-ARMA(1,1) model
with systematic component is given by

log(pe) = o+ Bray + ¢1[log(ye—1) — Brwg—1] + bire—1, t=2,...,n,

where xy = sin(2nt/12), « = 1.5, 1 = 0.5, ¢ = 0.5 and 6 = 0.3. All routines were
implemented in the R statistical computing environment (R Core Team, 2019) and
are available upon request. All results are based on 5,000 replications of each com-
bination for the sample sizes n = 50,100, 200,400. We evaluate mean, percentage
relative bias (RB %), defined as {E(6) — 0} /6, and mean squared error (MSE).
Table 1 shows that the overall performance of the CMLE improves as the sam-
ple size increases. We observe that the estimator of 5 is nearly unbiased for small
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sample sizes, for example n = 50. We also note that the MSE decreases as the
sample size increases, indicating consistency of the CMLE. Moreover, the moving
average parameter 6 is overestimated while the autoregressive parameter ¢ is un-
derestimated in all scenarios.

6.2. Stationarity conditions

Benjamin et al. (2003) derived stationarity conditions with marginal mean and
variance of the dependent variable Y; in the GARMA model with identity link
function for some exponential family distributions. As for the GARMA model, the
stationarity for the CMP-ARMA model requires the invertibility of the polynomial
®(B)=1—-¢1B—...,¢,BP. When the link function is different from identity, the
parameter restrictions to ensure stationarity appear to be intractable.

In order to investigate the region of the parameter space for which a CMP-
ARMA process is stationary, we carried out a Monte Carlo simulation study similar
to that presented in Benjamin et al. (2003). We simulated 1,000 realizations of
length 200 of a CMP-ARMA(1,1) model with logarithmic link function, threshold
¢ = 0.1, and intercept o = In(2) in combination with the following parameter values
¢,0 € {—0.4,0,0.4,0.8} and v € {0.5,1.0,2.0}. As in Benjamin et al. (2003), we
compared the empirical distributions at times 150, 175, and 200 using a chi-square
goodness-of-fit test to check for nonstationarity in each parameter combination.
We found no evidence of nonstationarity for any of the parameter combinations
considered.

7. Empirical applications

In this section, we present and discuss two empirical applications to show the ap-
plicability of the proposed model. We also compare the CMP-ARMA (proposed)
model with the Poisson and Negative Binomial GARMA models, considering the
parameterization of the Negative Binomial distribution used in Evans (1953). Using
this parameterization, the conditional mean and the conditional variance of Y; given
Fi—1 are E(Y; | Fim1) = pe and Var(Y: | Fi—1) = (0 + 1), respectively, o being
the dispersion parameter. It is noteworthy that for a Poisson distribution we have
E(Y; | Fie1) = Var(Yy | Fi—1) = . The Poisson and Negative Binomial GARMA
models were fitted using the garmaFit function from gamlss.util (Stasinopoulos and
Rigby, 2016) library in the R software.

7.1.  Overdispersion data: weekly number of hospitalizations

According to the United Nations Population Division (UN, 2015), the number of
people with age over 60 is expected to grow 56% worldwide between 2015 and 2030.
In Sao Paulo, the largest city in Brazil, with 11 million inhabitants in 2010 (IBGE,
2011), 11% of its inhabitants belong to this age range. The number of admissions for
respiratory problems is supposed to increase overtime for elderly people (Alencar,
2018). Given its relevance, understanding and modeling the behavior of the number
of hospitalizations due to respiratory diseases is necessary, as well as evaluating the
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out-of-sample forecasts. This helps the State to take preventive actions regarding
public health, for example, to plan the vaccination calendar.

The data consist of the weekly number of hospitalizations due to respiratory
diseases for people aged over 60 years in the city of Sao Paulo-Brazil from January
2010 to December 2014, yielding a sample size of n = 260. The first 250 observa-
tions were used to model the time series, and the remaining 10 observations were
used to evaluate the out-of-sample forecasts. These data were obtained from the
Hospitalization Information System of the Ministry of Health (available at Datasus
website http://datasus.saude.gov.br/).

The empirical mean and variance of the data are 264.61 and 1201.60, respectively,
indicating that the data are overdispersed. The original series and its seasonal
component are plotted in Figures 2(a) and 2(b), respectively. The data present
seasonal behavior since the mean number of hospitalizations increases in the winter
(June to September) and decreases during the summer. We modeled the seasonal
effect through sine and cosine functions with annual cycle. However, the estimated
coefficient of the sine function was close to zero so that we considered only the cosine
function as covariate in the model: z; = cos(27t/52)), t = 1,...,n. In addition, we
chose the logarithm as link function. First, we fitted the CMP-GLM model to the
data, but their residual autocorrelation (ACF) and partial autocorrelation function
(PACF), as shown in Figures 3(a) and 3(b), respectively, indicate a second-order
autoregressive autocorrelation structure. Hence, we fitted the proposed model to
the data.

3 2
g ] g ®7] ---- Mean
$ g
N o N o
8 S S 87 ‘1
g g
2 2 J
S o S o \
5 & 5 & !
5 L )
E €
2 8- 2 8- I
T T T T T T TTTITTTTTTTT T I TTIT I T I T I T T T ITITIT I TITTTTIT TTTTITT
2010 2011 2012 2013 2014 2015 159 14 20 26 32 38 44 50
Time Weeks
(a) Observed values (b) Seasonality

Fig. 2. (a) Observed number of hospitalizations and (b) seasonal component present in
the data.

We considered different orders (p,q) to fit the proposed model, and we selected
the CMP-ARMA (2,0) model as it presented the lowest AIC and/or BIC. The chosen
model corroborates with the structure indicated by the residuals of the GLM model.
Table 2 shows the parameter estimates and corresponding standard errors (SE), z
statistics, p-values and information criteria. For comparison purposes, Table 2 also
shows the fitted Poisson and Negative Binomial GARMA (2, 0) models, which were
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Fig. 3. (a) ACF and (b) PACF of randomized quantile residuals for the CMP-GLM model.

the best Poisson and Negative Binomial GARMA models for this data set. Note that
the CMP-ARMA and Negative Binomial GARMA models present similar parameter
estimates and information criteria. It is noteworthy that these results are expected
since the estimated dispersion parameters indicate that the data are overdispersed
(v =0.4035 and o = 1.471). We test Ho : v = 1 versus H; : v # 1 and rejected the
null hypothesis with p-value < 0.0001. We note that the AIC and BIC values of the
Poisson GARMA model are higher than those of the other two models.

Diagnostic plots for the CMP-ARMA model are presented in Figure 4. Figures
4(a) and 4(b) display the ACF and PACF of randomized quantile residuals, re-
spectively. These plots along with the Box-Ljung statistic (Ljung and Box, 1978)
(using 15 lags) indicate that the residuals are not autocorrelated (p-value = 0.935).
The sequence of residuals in Figure 4(c) seems to be oscillating around zero with
constant variance. Figure 4(d) presents the empirical and normal quantiles. The
analysis of these two plots indicates that the residuals are approximately normally
distributed. Figure 4(e) shows the non-randomized PIT histogram of the fitted
model with J = 10. The uniformity of the PIT (Figure 4(e)) suggests that the
CMP-ARMA(2,0) is a suitable model to the data, and Figure 6(a) shows that
the model provides a good fit. Diagnostic plots for the fitted Negative Binomial
GARMA(2,0) model exhibit similar results and are omitted for brevity. Figure
5 presents diagnostic plots for the Poisson GARMA model. Although the ACF
(Figure 5(a)) and PACF (Figure 5(b)) of randomized quantile residuals indicate
that residual autocorrelations are not significant, the sequence of residuals (Fig-
ure 5(c)) and normal probability (Figure 5(d)) plots indicate that the residuals
are non-normally distributed. Furthermore, the PIT histogram (Figures 5(e)) and
the normal probability plots suggest that the Poisson GARMA model is unable to
capture overdispersion in the data.

Finally, the out-of-sample forecasts using the fitted CMP-ARMA model are pre-
sented in Figure 6(b) along with the observed values for comparison reason. The
mean absolute percentage error (MAPE) between the observed data (y,+p) and
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out-of-sample forecasts (Y,+p), for h =1,...,10, is 5.08%.
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Fig. 4. Diagnostic plots for the fitted CMP-ARMA model; weekly number of hospitalizations
data.
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Fig. 5. Diagnostic plots for the fitted Poisson-GARMA model; weekly number of hospital-
izations data.

7.2. Underdispersed data: pedestrian counts

We analyzed the second data set to illustrate the flexibility of the proposed model

for underdispersed data.
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Fig. 6. (a) Fitted values and (b) forecasts; weekly number of hospitalizations data.

pedestrians traversing a city block observed at 5-second intervals. These data were
originally presented by Fiirth (1918) and later analyzed by, among others, Jung
and Tremayne (2006) and MacDonald and Bhamani (2018). The sample mean
and variance are 1.592 and 1.508, respectively, indicating underdispersion in the
data. Jung and Tremayne (2006) analyzed the present data by fitting some first
and second order integer-valued autoregressive (INAR) and integer-valued moving
average (INMA) models. However, they concluded that none of these models fit
the data satisfactorily. Recently, MacDonald and Bhamani (2018) modeled these
data using a class of stationary hidden Markov models with CMP distributions as
state-dependent distributions.

Figure 7 presents the count time series. Initially, we fitted the CMP-GLM model
with logarithm link function to the data. The ACF and PACF of randomized
quantile residuals are displayed in Figures 8(a) and 8(b), respectively, exhibiting
a significant serial dependence structure. Thus, CMP-ARMA, Poisson GARMA,
and Negative Binomial GARMA models were fitted to the data. Based on the
information criteria, the CMP-ARMA(1,1), Negative Binomial GARMA(1,1), and
the Poisson GARMA(1,1) models were selected.

Table 3 presents the parameter estimates and corresponding SE, p-values, and in-
formation criteria for the three models. Note that the estimated dispersion parame-
ter for the CMP-ARMA model is v = 2.4428, indicating existence of underdispersion
in the data and inappropriateness of the GARMA models with Poisson and Negative
Binomial conditional distributions. Note that the test Hg : v = 1 versus Hy : v # 1
rejected the null hypothesis (p-value < 0.0001). Also, the AIC and BIC values favor
the CMP-ARMA model as they are smaller than those of the Poisson and Negative
Binomial GARMA models.

Figure 9 shows diagnostic plots for the CMP-ARMA model. The ACF and PACF
of randomized quantile residuals shown in Figures 9(a) and 9(b), respectively, along
with Box-Ljung statistic based on 15 lags, confirm the assumption that there is no
significant residual autocorrelation (p-value = 0.146). Figures 9(c) and 9(d) show
the residual and normal probability plots, respectively. Both plots indicate that the
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Fig. 8. (a) ACF and (b) PACF of randomized quantile residuals for the CMP-GLM model.

residuals are normally distributed. Figure 9(e) displays the PIT histogram, indicat-
ing that the fitted CMP-ARMA(1,1) model is correctly specified. Figures 10 and 11
present diagnostic plots for the Poisson and Negative GARMA models, respectively.
The ACF and PACF of randomized quantile residuals (Figures 10(a), 10(b), 11(a),
and 11(b)) indicate that residual autocorrelations are not significant, and Figures
10(c) and 11(c) show that the residuals are randomly distributed around zero for
the two models. However, the normal probability and PIT histogram plots (Fig-
ures 10(d), 10(e), 11(d), and 11(e)) suggest that the models are not appropriate for
these data. All plots indicate overdispersion of the Poisson and Negative Binomial
GARMA models. Finally, Figure 12 shows the observed and fitted values for the
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CMP-ARMA(1,1) model. The proposed model provides superior fit to the data.
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8. Conclusions

The CMP is a flexible distribution that accounts for overdispersion (or underdisper-
sion) encountered in count data. By parametrizing the CMP distribution depending
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Fig. 11. Diagnostic plots for the fitted Negative Binomial GARMA model; pedestrians
counts data.

on its mean, Huang (2017) proposed a simpler and easily interpretable CMP model,
while retaining all the key features of the CMP distributions that have made them
increasingly attractive for the analysis of dispersed count data.

This article is protected by copyright. All rights reserved.



Accepted Article

22

—— Observed data
» P ---- Fitted values
3
2 o
©
(]
o
S <
- 1T -
g ll ‘l]‘ l‘ | ‘| ‘ II | | I
Z N | i1yt ; hl b T “‘HI I\l 'I L
| it {1 RO HEIL ) 0 e
Simli I
o |
| | | | | |
0 100 200 300 400 500

Time

Fig. 12. Fitted and observed values for the CMP-ARMA(1,1) model.

In this paper, we introduced the CMP-ARMA (p,q) dynamic regression model for
time series, based on the GARMA model proposed by Benjamin et al. (2003), and
we also derived its main properties. The proposed model generalizes the regression
model of Huang (2017) by allowing the inclusion of lagged terms to account for auto-
correlation. The mean is modeled by a dynamic structure containing autoregressive
and moving average terms, time-varying regressors, and a link function. This class
of models has potential uses for modeling both underdispersed and overdispersed
time series count data.

The model parameters are estimated by the conditional maximum likelihood
method. We derived closed-form expressions for the conditional score vector and
conditional Fisher information matrix. We also discussed interval estimation, hy-
pothesis testing inference, and model selection criteria. We studied the asymptotic
properties of the CMLE in finite samples through a Monte Carlo experiment. We
considered the errors measured on the predictor scale r, = ¢g(y;) —g(¢). The numer-
ical evidence showed that the CMLE are unbiased and consistent. As in Albarracin
et al. (2019), the GARMA model presented an overestimated moving average pa-
rameter 6 while the autoregressive parameter ¢ was underestimated, indicating that
there is multicollinearity between AR and MA terms. It is thus recommended the
inclusion of only AR or MA terms to fit the initial model.

Finally, we presented and investigated two empirical applications. In the first
data set, with overdispersion, the proposed model performed similarly to the Nega-
tive Binomial GARMA model and outperformed the Poisson GARMA model, while
for the underdispersed data set (second application) the CMP-ARMA model out-
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performed both the Poisson and Negative Binomial GARMA models. Our results
revealed the importance of the proposed model for count time series since it is
capable of modeling overdispersed, equidispersed, and underdispersed data.
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Appendix A - Special cases of the CMP-ARMA model

When v = 1, by solving Equation (4) we have Ay = p; and Z(A(u,v),v) =
YaoMus, 1)%/(s!)) = e = et Thus, Pr(Y; = y | Fe, v = 1) =
e Frud* /yi! is the conditional probability of a Poisson distribution with mean ;.

When v = 0, solving Equation (4) gives Ay = 1/(1+u:) < 1 and Z(A(pu,v),v) =
Yoo N =1/ = XN) = (e + 1)/mg. Thus, Pr(Yy =y | Foe1,pu,v = 0) =
pe/ (g +1)Y1 is the conditional probability of a Geometric distribution with success
probability p; = 1/(u: + 1).

When v — oo, Z(A(u,v),v) = 14+ A(ue,v) and the term (y,!)” in Equation
(3) tends to oo for y; # 0,1. By solving Equation (4) we have \¢ = ui/1 — .
Thus, Y;, given F;_1, assumes only the values y; = 0 or y; = 1 with probabil-
ity 1/(1 4+ XN) =1 — py and A\/(1 + A\r) = py, respectively, and the conditional
probability function of Y;, given F;_1, approaches to a Bernoulli distribution with
Pr(Y,=1|Fi—1,p,v — 00) = N/ (1 + M\e) = i

Appendix B - Conditional score vector

We provide below details on the derivation of the following conditional score vector

Ui = 1) 5 08

t=m
Part 1 - Score vector for
By differentiating the conditional log-likelihood function given in (6) with respect
to the i-th element of the parameter vector v, v; # v, fori=1,...,(r+p+q+1),
we obtain

Uy, (v) = oly) _ i M% ony

B i B O dny 3%"

t=1

Note that n; = g(ut), then dug/dny = 1/¢'(1t). Next, we shall obtain the derivative
of ¢;(pu,v) with respect to pi.
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First, remember that Z; = Y o2 A/ (s!)”, where Ay = A(p, v), then

00 —1 0
)\?Jf )\yt 1
Z t Iz )\_MtZta

y =0 t

Z::O e

where p; is the mean of the distribution. Therefore, the derivative of the log-
likelihood given in the equation (6) with respect to \; is given by

Oy(p,v) _ye 0Zi/ON _ yr — pu

8)\,5 N >\t Zt )\t

Second, A¢(pu, v) is the solution for 0 = 77 (ye — ) \/" /(y4!)". Differentiating
both sides implicitly with respect to u, we have

— A/ o AV QN
0=—|> S+ > (- — | 5
(yt!)u yt:O(yt Mt)yt(yt!)u aﬂt

| 5i=0 N (w))” | O’
The last equality is true because > ¢ (y: — we) A /(y!)” = 0 by the definition

of p¢ as the mean of the distribution. Therefore, we have OA¢/Ous = At/ V (e, v),

where
o0

)\t Ht, V )
Mt’ ytzz:() Z/t VZ )\t Mty V )7 )

is the variance of Y;.
Finally, we write

Oly(pe,v)  Oly(pe,v) O, v)  ye — pe Mp,v)  ye —
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= = = . 10
on ) om Awn) Vi) Vi) 0
Therefore, it follows that
" ony
for ~v; ¢ v. 11
;V (e, v ,Ut) 3% % (11)

Define the error in (5) by 7 = g(y¢) — g(pt). When computing the derivative of
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1, with respect to 7; # v, we obtain

Om
Oa

37%
aB;

oun
0¢;

Om
00;

=9(Yt—i) C'3t B — 29]

=(9(yt—i)

Part 2 - Score vector for v

Since A¢(u¢, v) is the solution for 0 = Zzzo(yt

both sides implicitly with respect to v we have

ntz

_ Eu v [IOg(yt!)(yt - Mt)]

V(pt,v)

25

877t ]

87775 -7

Z 0 :

o0

Zyt(

y:=0

hYe
Y)Y

)N/ (yeh)”

, by differentiating

o
= log(y:!) A N AN,
0=— — )+ - —
‘U Z_:O(yt it) TG E_:O(yt 1) Yt W | o
_yt— | Y=
R log(y:) AV 1| M oM
L 2T | | 25 |
ad log(y: ) AV 1| o A | O
= — — _ | + — — R
Q I izl vl PO i o
_yt— | yt—
1 o\
q.) = —Ey, » log(ye) (ye — )] + " [V (e, V)] a_ut
( ) O\ MEy, v log(yi!) (ye — )]
: ; ov V(Mta’/) .
Remember also that Z; = 374 A" /(y:!)”, then
< 07, =~ ATRan Alog(y!)
v ‘%ZZO M ov T

B i AY* log (y!)
(ye)r

y:=0

Thus, the derivative of the log-likelihood given in Equation (6) with respect to v is
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given by
aft(ﬂt, l/) o 8)\t/8V . _ 8Zt/8u
A v s
By, v log(ye!) (ye — pt)] E,, v [log(y:!) (ye — )]
— : ~1 - ’
T Vi) o8lue) = | )

—Ey, v log(yi!)]

_ /J/t)] (yt - /ut)

= B, 0 [log(ys!) (v — [log(yt!) — B, v log(ys!)] -

V(Nh V)
Therefore, we obtain
Ol (u, "
Olbes) 5™ G ) rog(yt) — B, ), (12
t= 1 (/,Lt,V)

where A(us,v) = Ej, ., [log(y!)(y: — )] and Bps,v) = E, . 1og(ys).
From (11) and (12), we then obtaln the matrix expression for the score vector
given in (7).

Appendix C - Conditional information matrix

In this appendix we derive the conditional Fisher information matrix for «. In order
to make algebra easier, we initially present some preliminary results.

Part 1 - Derivative of V (u:,v) with respect to
Firstly, Z; = > 7 N /(y:!)?, then

8Zt > )\tyt_l 8)\t Y ,utZt
Ope ytZ::O ") o V(v tz::O ' Vi(pe,v)

o0 — 2\t
Let V(Mt?”) — Z M

, then the derivative of V' (u, v) with respect to
v=o (y!)Z (- )

(e is given by

oV (s, v) Z [ 20 (ye — pe) N ()Y Zy N (ye — 1) 2y NV~ (N Opae) (ye))” Z

C om (ye!) 2”Z2 (v Z7
_ (ye — ,ut)2>‘ih (yt!)y(azt/aﬂt)]
(g2 2}

_ i [_2,“15(% — ) A n (e = 1)y N (e — ) ]
() Zy Vipe, V)W) Ze Ve, v)(ye!)” Ze

y:=0
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where ms(p, v) is the third central moment.

Part 2 - Derivative of B(u¢,r) with respect to

] !)\yt
Secondly, let B(uy,v) = 3 log(y!) A/

. The derivative of B(u¢, ) with respect
y.=0 (ye!) Z (b, ) P

to py is defined as

OB(pt,v) _ i log(y)ye A (ON/Ope) (i) Ze log(ye) A" (ye!)" (92 /Opr)
= (y:!)2 2¢ (y:!)2 22
= f: [ log( yt Jy A pi log (yr) A"
r’ V(e V)W) Ze Ve, v)(ue)” Ze

1 Zlog(yt!)(yt—ut)ki“
()" Zy

Part 3 - Derivative of A(u,v) with respect to p;

> ] | _ 2\t
Thirdly, let A(u,v) = 3 og(ye )(3'/1%” TRy
y:=0 (yt) Zt

, then the derivative of A(uy,v)

with respect to uy is

2AGr) _ [[log@t!)w 105311 (e — 1)\~ O/ O (01)” 2
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_ i {log y)AY | log(yel) (g — p)* N
o (Y Z V(s v) (i) Zy
By, w(log(ye!) (yr — p10)’]
=E,, ,log(y!) + =
ot s g(yt ) V(Hta I/)
D(Hb V)
=B yV + Y77, .\
W )

where D(ut,v) = Ey, o [log(y!)(y — p)?]-

Part 4 - Derivative of A(u¢,v)/V (pe,v) with respect to p;
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Finally, by deriving A(u,v)/V (ue,v) with respect to py, the quotient rule yields

0 [A(Mt,’/)] [0A(pe, v)/Op)V (pe, v] [0V (s, v) [Opue] A, v)
Ope |V (put, v) V (e, v)? V (g, v)?
B(Mt7y) D(Mhy) m3(Mt7V)

= V) T V) Ve - L)

Part 5 - Derivatives of E,, , log (y:!) with respect to v

] N\
Let E,, ,log(y!) = > og(yi)A

——————, then the derivative of E,, , log(y;!) with
v=o (W) Z e 108 (Y1)

respect to v is given by

OBy, log(y!) _ i Fog(yt!)yw-l<aAt/au><yt!>”Zt ~ log(ye) A () log () Zi

where C(/Lt, 7/) = Vut,u(log(yt))'

ﬁ
B
=
ov 4:=0 (ye)> Z¢ (ye)> Z¢
< _log(yt!)/\ft(yt!)”(azt/au)]
(ye) > Z¢
— [1og(y:)y A By log(ye) (e — )] log(ys!)? A"
@ Z:: [ V(s v) ()" Z ()" Zy
@ logytytVZ)\ty < E, . log itt7)(i§t - Mt)] — B, log(yt!))]
~— _ By [log(ye!)( o (yr — pe) log(ye )N log(y:!)*\}"
Q o V(Mta Z: (yevZ, ytzzo (ye!) Zy
o log (gAY
Q) + B, v 1og(y:!) yz_o Wt%
2
¢ — B LOBUN I [, og(!)? — (B o8]
_ A(Mtay)2 _ v
o - V(Mt,’/) C(Mta )7

We shall now derive the conditional Fisher information matrix for the proposed.
We have

0% (v 0%ty (u,
K(’Y):E[ 378(7 ] [ Z 6’7;7 ]

t=m
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For ~; # v and v; # v, for i,j € {1,...,r +p+ ¢+ 1}, we obtain

?ly) _ 0 [8€t<ﬂta'f>%%

00y A= Ol Ow  dn O
_ i [32&(/%, V) %%%% oy (ue,v) O (d,u,t 877t)]
1 opi  dng Ov; dny Oy oue Oy \ dmy O
S [M%%%% O (e, v) Oy e O
Pt opi  dng Ov; dny O Oy Oy dn? O

_i_aet(,u«ta’/)% &1y }
Oy dng 0v;0v: )

Let 00 (ue,v)/Oue|Fe—1 given by (10), so it follows that E [86’(“" )

Therefore,
n
- - [P
t=1 ni

From (10) we also obtain

] =0,

dpe \ > Ony O
—_ —_— 1
]:t 1] (dnt) i O (13)

[325(
8%8'7]

*l(p,v) _ 0 [ Yt — it } _ =V v) = (e = ) [OV (g, v) | Opse]

alu’? B 6/’6 V(Mtay) V(,th,lj)2
_ Ve v) = (g — o) [ma(pe, v) /V (e, v)]
V(/‘b V)2
Thus,
82£t(:uta V) :| —1
E|—F——F1| = . 14
RGN "
By replacing (14) in (13) it follows that
0*((v) } - -1 One Oy
E Fioi| = —_ 15
{3%8% o ; Ve v)g' (1e)? i 07; (19)
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From (15) we obtain the information matrix using the derivatives of 7; with
respect to the parameters (y; # v e y; # v) previously obtained in 4.1.

Now, derivatives with respect to v, are easily obtained directly as follows

ZAp,t, I fogl!) ~ Bl
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then,

0%0y) _ <~ [01AGe )V (e, v )](y ) - Alpe,v) Ope 33(%#)]

iy, = | 9 N V() 0y M
~ = [01AG, )V ()], Alpe,v) O | OB(p,v) O
_; I v (B = ) = V (i, v) 0v; T o 87;-]
_ - [0As ) V()] A ) O Al v) O
_tz_; I 9 W= ) = ) O Vi) 8%‘]
_ — [O[A(pe, v) )V (1, V)] g
= ; i R a—,yj(yt —Mt)]
=3 [Pl P = )|

~
I
_

Since E(Y;|Fi—1) = e, we have

E 82£(Mt7 l/)
ovoy;

ft—1:| = 07
that is, v is orthogonal to the other parameters. Finally, we obtain

ov - (ye — pt)

o = U,(v) = ;Eﬂhy [log(y:!) (ke — y)] V (g, v)

— [log(y!) — E,, » log(ye!)] -
2

1
As we are interested in F .7-}_1), it follows that by deriving U, (7) and then

o2
applying the expectation, the first and second terms will be zero. Thus,
9%(v) — 0B, log(y!) _ ~ [Alpes v)?
E Fioq| =) —HL =007 — O, )| .
o] = 3o Piotol 5 [Lluel”

Obtaining the Fisher information matrix for + is now an easy task.

Data availability statement

The empirical data sets used in Section 7 are available in the Supporting Information

Supporting information

Additional Supporting Information may be found online in the supporting informa-
tion tab for this article.
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Table 1. Monte Carlo simulation results for CMLE on CMP-ARMA(1,1) model.

Scenario 1 - overdispersion

« B 01 01 v
Parameters 1.5 0.5 0.5 0.3 0.5
Mean 1.6873 0.5052 0.4350 0.3189 0.5757
n =50 RB(%) 12.4923 1.0419 —12.9926 6.3083 15.1501
D MSE 0.3605 0.0129 0.0404 0.0489 0.0463
Mean 1.5997 0.5012 0.4655 0.3099 0.5350
ﬁ n =100 RB(%) 6.6471 0.2445 —6.8854  3.3208 7.0074
MSE 0.1457 0.0062 0.0162 0.0190 0.0156
O Mean 1.5518 0.5003 0.4822 0.3056 0.5169
° ‘ n =200 RB(%) 3.4570 0.0491 —3.5533 1.8748 3.3947
MSE 0.0634 0.0031 0.0070 0.0084 0.0062
4—) Mean 1.5269  0.5003 0.4908 0.3025  0.5082
H n =400 RB(%) 1.7935 0.0491 —1.8387 0.8569 1.6499
MSE 0.0313 0.0015 0.0034 0.0039 0.0028
Scenario 2 - equidispersion
« b1 o1 01 v
Parameters 1.5 0.5 0.5 0.3 1.0
Mean 1.6937 0.5040 0.4336 0.3208 1.1494
@ n = 50 RB(%) 12.9184 0.8036 —13.2679 6.9661 14.9459
MSE 0.3720 0.0090 0.0416  0.0507 0.0918
@ Mean 1.6029 0.5009 0.4648 0.3111 1.0689
n =100 RB(%) 6.8606 0.1979 —7.0274 3.6943 6.8913
H MSE 0.1535 0.0043 0.0170 0.0200 0.0314
Mean 1.5520 0.5009 0.4823 0.3059 1.0326
n =200 RB(%) 3.4692 0.1979 —3.5334  1.9905 3.2641
MSE 0.0664 0.0021 0.0073 0.0089 0.0125
@ Mean 1.5266 0.5007 0.4909 0.3031 1.0157
n =400 RB(%) 1.7762 0.1584 —1.8077 1.0493 1.5766
< ) MSE 0.0331 0.0011 0.0036 0.0041 0.0058
Scenario 3 - underdispersion
O a B1 o1 01 v
Parameters 1.5 0.5 0.5 0.3 2.0
Mean 1.7001 0.5021 0.4324 0.3214 2.2982
n =50 RB(%) 13.3400 0.4378 —13.5150 7.1332 14.9109
MSE 0.3845 0.0049 0.0428 0.0536 0.3661
Mean 1.6079 0.5006 0.4636 0.3119 2.1367
n =100 RB(%) 7.1985 0.1298 —7.2750 3.9884 6.8370
MSE 0.1617 0.0021 0.0179 0.0209 0.1232
Mean 1.5560 0.5003 0.4811 0.3070 2.0658
n =200 RB(%) 3.7369 0.0556 —3.7651  2.3506 3.2930
MSE 0.0698 0.0010 0.0077 0.0093 0.0500
Mean 1.5282 0.5001 0.4905 0.3034 2.0309
n =400 RB(%) 1.8850 0.0398 —1.8974 1.1381 1.5470
MSE 0.0350 0.0005 0.0038 0.0044 0.0226
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Table 2. Fitted CMP-ARMA(2,0), Negative Binomial GARMA(2,0), and Poisson
GARMA(2,0) models for weekly number of hospitalizations data.

Model CMLE SE p-value AIC BIC

CMP-ARMA a=2.6812 0.3760 < 0.0001  2324.07 2341.68
B1 =-0.1022  0.0180 < 0.0001
¢1 =0.3504  0.0631 < 0.0001

¢2 =0.1693  0.0629 0.0071
v=0.398  0.0327 < 0.0001

Negative Binomial Bo =5.5818  0.0130 < 0.0001  2323.84 2341.45
81 =—0.1032  0.0180 < 0.0001
¢1 =0.3516  0.0633 < 0.0001

¢2 = 0.1707  0.0629 0.0067
a=15049  0.2249 < 0.0001

Poisson GARMA Bo=15.5819  0.0082 < 0.0001 2467.83 2481.91
Bi =—0.1022 0.0113 < 0.0001
$1=0.3504 0.0398 < 0.0001
$s =0.1693  0.0397 < 0.0001

Table 3. Fitted CMP-ARMA(1,1), Negative Binomial GARMA(1,1), and Poisson
GARMA(1,1) models for pedestrians counts data.

Model CMLE SE p-value AIC BIC

CMP-ARMA a=0.3217  0.0457 < 0.0001  1246.89  1263.79
¢1 =0.4511  0.0537 < 0.0001

0, =0.2585  0.0456 < 0.0001
U=24428  0.1822 < 0.0001

~

Negative Binomial Bo =0.5920  0.0865 < 0.0001  1338.77  1355.67

o~

91 =0.4233  0.0704 < 0.0001

0, = 02671  0.0644 < 0.0001
5 =0.0010 0.1279 0.9937
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Poisson BO =0.5911  0.0794 < 0.0001 1336.86 1349.54
¢1 = 0.4257  0.0700 < 0.0001
0, = 0.2662  0.0649 < 0.0001
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