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Abstract: In this paper, we consider the aleatory variable Y" = 10" X — [10" X]

where X is an aleatory variable. Our goal, under nice conditions on X, is to prove

that Y" tends to an aleatory variable with uniform distribution on [0,1].

1 Introduction
Let X be an aleatory variable and F the distribution function of variable X

defined for all real numbers at by F(a:) = P{X _<_ x}. By the Probability Theory,

[R1], we know that F has the following properties: i) F is a nondecreasing function;

ii) 311.120 F(a:) = 1; iii) slit-{loo F(z) = 0; iv) F is right continuous, that is, for any

a: and any decreasing sequence z,” n _>_ 1, that converges to z, 315310 F(:1:,,) = F(:z:).

For each natural n, consider the aleatory variable Yn = 10" X — [10" X], where []

denotes the integer part.



Our goal is to show by putting nice conditions on F, that Y” tends to an aleatory

variable with uniform distribution on [0,1].

We denote by AC the complement of the set A.

We will prove the following result:

Theorem 1 Suppose that function F satisfies:

a) F is absolutely continuous

b) There exists a closed set A of measure zero so that F is a (7‘ function on i-l‘.

Then nlLrIolo Gn(y) E y, where Gn is the distribution function of Y" for each n.

2 Some Initial Remarks

Remark 1 We note that if 0 _<_ y _<_ 1 and Yn = 10"X — [10" X], then X E

iEJz [ifi ’ 11—5751] if and only if 0 S Yn S y for each n.

Infact, wehave that iffiggXSZ—fg—gthenOSXlfln—lSygland then

OSYnSy-

Remark 2 Theorem 1 is easily proved if F is a C’1 function.

In fact, let f be a primitive of F. We have that Gn(y) =E [p (Z
+ y) _ F (l + 11>]

{Ex 10n 10n

and by the Mean Value Theorem it follows that Gn(y) = Z f(c,-) fill: where 18—71 <
' z

0 < i+ y i+ 1
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Then, 43g, Gn(y)=,}i_rgy2f(ci)16n =y/ f(w)dw=yblim[ um Ftb)—F(a>]=y
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by properties ii) and iii) of F.

Remark 3 We believe that Theorem 1 can be proved under weaker hypothesis.



3 Proof of Theorem 1

Take f so that F’ = f and take 6 > 0. There exist numbers a and b, a < b so

that F(a) < E and F(b) > 1— 6 by the properties of F.

Let Zn and L, be chosen in such a way that

, _ f" _
3m

< da ‘ 10n‘10m “ a“

~ Ln Lm
= —=— IN.

10" 10m>b forall n,mE

Since F is absolutely continuous, there exists 6 > 0 so that if 6 = 3:0 < 1:1 < . . . <

mu = 5 and Z las; — x;_1| < 6 then 2 |F(a:,-) — F(x,-_1)| < 6.
i=1 i=1
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Let V be an open set of [&, b] such that A C V, mV < 5. Let N; C IN be the set

. . i i+1oflndexzsuch that [W’ 10n]flV7£¢.
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By using the definition of Gn(y) and the properties of F we have that

sinew—Fensgifr<s+s>w<s>i
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< 6 by the choice of V.
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because F15 absolutely continuous on M .
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the Mean Value Theorem on AC, that is, there exists # < Ci < 110”
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Let us show that 2:4" [F ($5 + £2) — F(11F)l converges to (A f(x)dx) -y

when n goes to infinity.

We have that

such that

i§4iF(W+W)_F (10")i+ 2 $0671)”
i€(N')C

f(x )d:1:+ f('x(ig’Lf i6(21:1‘7)'/_;“TIr ldm)-y

< 25+ 2 LHTM-yy<25+6 ~ y-(B—a)
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and this last inequality holds because ifi QNn , the set [——-
Z Z +

———1—]C[a,b]=10"10"
and V is a closed set in [71,6]. Then V is a compact set and f is a uniformily

continuous function on V. So, given 5 > 0, there is a 6. > 0 such that if |x — y| < 6.
1

then |f(:1:) — f(y)| < 66 .Thus we can take n so large that
1—0——

< 6.
— a



By observing that y: (f—Zflfldz) -y= (Lawfuflx + /:f(x)dz + fsoof(z)dm>-
-

6.

b

y < (a +/ f(m)d:c + a) -y, we have for n sufficiently large that |Gn(y) — y| < 75

and the theorem is proved.
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