Instituto de Ciéncias Matematicas de Sao Carlos

ISSN - 0103-2577

On the aleatory variable Yn = 10" X - [10™ X]

for large n

CARLOS BIASI
SANDRA M.S. GODOY

N2 30

NOTAS DO ICMSC
Série Matematica

S3o Carl
M:go/?ggg SYSNO_ 8939573
DATA i /

ICMC - SBAB




On the Aleatory Variable Y, = 10" X — [10" X

for Large n

Biasi, C. and Godoy, S.M.S.
ICMSC-USP
Caixa Postal, 668

13560-970 - Sao Carlos - S.P., Brasil

Abstract: In this paper, we consider the aleatory variable ¥, = 10" X — [10" X]
where X is an aleatory variable. Our goal, under nice conditions on X, is to prove

that Y;, tends to an aleatory variable with uniform distribution on [0, 1].

1 Int.roduction

Let X be an aleatory variable and F' the distribution function of variable X
defined for all real numbers z by F(z) = P{X < z}. By the Probability Theory,
[R1], we know that F has the following properties: i) F is a nondecreasing function;
it) lerEo F(z) =1; iii) zEer F(z) =0; iv) F is right continuous, that is, for any
z and any decreasing sequence z,, n > 1, that converges to z, Jim F (z,) = F(z).

For each natural n, consider the aleatory variable Y, = 10® X — [10" X], where [/]

denotes the integer part.



Our goal is to show by putting nice conditions on [, that Y;, tends to an aleatory
variable with uniform distribution on [0,1].
We denote by A¢ the complement of the set A.

We will prove the following result:
Theorem 1 Suppose that function F' satisfies:
a) F is absolutely continuous
b) There exists a closed set A of measure zero so that I is a C'' function on A°.

Then lim G,(y) =y, where G, is the distribution function of Y;, for each n.

n—oo

2 Some Initial Remarks

Remark 1 We note that if 0 < y < 1 and Y, = 10" X — [10™ X], then X €

U [1_(2171" ll-gny] if and only if 0 <Y, <y for each n.
i€Z

In fact, we have that if O Aty

< "T—1<y<
T e s then 0 < X 10 1 <y <1 and then

Ofseaasyy:

Remark 2 Theorem 1 is easily proved if F' is a C! function.

In fact, let f be a primitive of F. We have that G(y)=3" [p (‘ e y) _F (’ s y)]

=" o o»
and by the Mean Value Theorem it follows that G, ( Z f(ei) 7 where W <
1€Z
t+y 41
C < <

10n 10 °
Then, JL%Gn(y)=JLngony(c Ton —y/f Yo =1/ hm[ lim F(b)—F(a )]zy
1€Z
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by properties ii) and iii) of F.

Remark 3 We believe that Theorem | can be proved under weaker hypothesis.



3 Proof of Theorem 1

Take f so that F' = f and take ¢ > 0. There exist numbers a and b, a < b so
that F(a) < € and F(b) > 1 — ¢ by the properties of F.

Let ¢, and L, be chosen in such a way that

~ - en . Z'm < d

a = o = 1om a an

- L, ) .

b = _10"__10"‘>b forall n,meIN.

Since F is absolutely continuous, there exists § > 0 sothatifa = zg < 2, < ... <

—ba.nlea:‘—:c, 1|<6thenZ|F(m F(z-1)| <e.

t=1 i=1

Let V be an open set of [@,b] such that A C V, mV < -;- Let N} C IN be the set

1+1
of index ¢ such that [10"’ Tom ] NV #4¢.

We can find ng so that if n > ng then Z tht ] — ——| < 6 by the choice of V.

: 10" 10"
ieEN),
By using the definition of G, (y) and the properties of F' we have that

6 = B[P () - F ()] < 2 [P+ ) - ()
Sl G S Gl )

b (10")+L§[ (10n + i F<10">]

s
+ 1—F(L ><F(a)+Lf [P (5 +05) - £ ()]

t={pn
Ln—l 'L
fle] 2 Lo —F(—)].
i S €+,§"[ <10n+10n) 10"



Ln—-l

0 Y 2
5= L | (5 + 1) = ()
z_:f.. 100~ 107 10"

o 5 [ ()£ ()] = 5 (et ) - ()
= Pt ) -r(@)] = (i) - ()] <

Then, 0 <

< 2e.

i€(N2) i€N, 10m 107
because [’ is absolutely continuous on N, .
: 5 bl - T
Because F'is C' on A® and [1;)", Zl-:;n ] C [&,b] —V=Vifig N, .wecan use
: : v il
the Mean Value Theorem on A, that is, there exists o e < 0 such that

F(m*m)”(ﬁ)ﬂ(q) g T PEN

Ln-1

i y i b
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Let us show that ,-;:n [ (10” + 10"> F (10")] converges to (/,, f(z) m) Yy

when n goes to infinity.

We have that

ié?é[p(ﬁﬂ—o—n)_ (10n)]+ 2 1on'

E(N')
f(z)dz + i fz
- (3 S e 3 [ i)
< 24| ) fi)l—anf(ﬁ <2€+B —.y-(b—a)
i€(N})° i

and this last inequality holds because if : & N/ , the set [ i 1] [ b]

107" 10"
and V is a closed set in [Ez, b]. Then V is a compact set and f is a uniformily

continuous function on V. So, given € > 0, there is a 6, > 0 such that if |z — y| < 4.

then |f(z) — f(y)| < 7 = . Thus, we can take n so large that % <l T
— (1,



By observing that y= (/oo f(x)d:c) Y= (/aoof(:c)da: + /:f(:v)dm + /wa(x)d:v)-

-00 -

b
y < (E + [ f(z)dz + 6) -y, we have for n sufficiently large that |G,(y) —y| < Te

and the theorem is proved.
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