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Approximate treatment of relativistic effects in the low-energy α + α scattering
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We develop a method to describe approximately the effects of relativity in low-energy scattering of identical
nuclei. The method results in an equation similar to the Schrödinger one, but with modified (effective) energy
and potential. The model is applied to the elastic scattering data analyses of the α + α system. We demonstrate
that the effects of relativity are not totally negligible in this case even at very low energies. We also develop a
new parametrization of the effective nucleon-nucleon interaction that can be extended to other systems.
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I. INTRODUCTION

Quantum mechanics and relativity are the pillars of modern
physics. Even so, the effects of relativity have been neglected
when analyzing data obtained from the collision of nuclei at
low energies. This procedure seems appropriate because of
the corresponding low (asymptotic) velocities in comparison
with the speed of light. However, due to the strong attractive
nuclear potential, at small separation distances the local
relative velocity of the nuclei can reach significant values and,
then, relativity could provide significant effects. This fact is not
important in the case of heavy-ion systems because the internal
distances are not probed in elastic scattering data analyses due
to the corresponding strong absorption. On the other hand,
the α + α system has no significant reaction channels at low
energies and, therefore, the elastic scattering for this system is
sensitive to the interaction even at very small distances. In the
present paper, we demonstrate that the data analyses for this
system are rather sensitive to the effects of relativity even at
very low energies.

Heavy-ion elastic scattering data have been analyzed in the
context of the usual Schrödinger equation for many systems
over a wide energy range. The phenomenological potential
strengths obtained in these analyses present a strong energy
dependence. Several models have been developed to account
for this dependence. In particular, the São Paulo potential
(SPP) [1] is a theoretical model for the nuclear interaction
in which this energy dependence is associated with Pauli
nonlocality. The SPP has been successfully applied in data
analyses of several reaction channels, for many heavy-ion
systems and in a very wide energy range. As the α + α

system has different characteristics in relation to the heavy-ion
reactions, in an earlier work [2] we tested the SPP in the
elastic scattering data analyses for α + α. In that work,
we discussed extensively several properties of heavy-ion,
α-nucleus, and α-α systems. Therefore, in the present paper we
provide only a brief review of the main features of the α + α

system.
At low bombarding energies, the reaction channels for the

α + α system present negligible cross sections. In fact, for
bombarding energies below 34.6 MeV, the only open reaction
channel corresponds to the 4He(4He,γ )8Be process with a
very small cross section [3–6]. Therefore, due to the lack of

reaction channels, low-energy elastic scattering data analyses
for α + α must be realized without an imaginary part in the
optical potential. Under this condition, the data analyses are
sensitive to and, thus, probe the real part of the interaction at
quite small distances. In the past, all the potentials proposed
to describe the experimental phase shifts presented a strong
� dependence [7,8]. In 1977, Buck, Friedrich and Wheatley
obtained a potential [9] that is independent of both energy
and angular momentum and, by adjusting two parameters of
the Gaussian shape assumed for the potential, they obtained
a good description of the experimental phase shifts and also
of the position and width of the s-wave resonance related
to the unbound 8Be ground state. In our recent analyses of
α + α elastic scattering with the SPP [2], we obtained a weak
� dependence of the normalization of the potential, which
was necessary to fit the data. In that work, we proposed,
without demonstration, that such a dependence could arise
from effects of relativity not included in the corresponding
theoretical calculations. This was the motivation of the present
work.

A full relativistic approach to low-energy scattering should
start from a relativistically covariant theory from which the
nonrelativistic expressions and their relativistic corrections can
be derived. We consider, however, that the main effects of
relativity at low energies are related to the variation of mass
and length contraction (of the nuclear densities) as functions
of the velocity of the nuclei. Thus, in the next section we
develop a model to account for these two effects of relativity.
Then, in Sec. III, we apply this model to elastic scattering data
analyses of the α + α system at low energies. Nevertheless,
even considering the effects of relativity, the present work
shows that the SPP still needs an �-dependent normalization
to reproduce the data. Thus, in Sec. IV we propose a new
parametrization of the effective nucleon-nucleon interaction
to account for the α + α elastic scattering data in the context
of the relativistic approach.

II. THE MODEL

When considering the nonrelativistic scattering of two
identical particles of mass m0, with reduced mass μ0 = m0/2,
the laboratory (LAB) and center of mass (CM) energies are
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related by

ECM = ELAB/2. (1)

In the case of a potential with spherical symmetry, VS(R), the
nonrelativistic Schrödinger equation can be written as

[K̂ + VS(R)]� = ECM�, (2)

where the kinetic energy operator is given by

K̂ = p̂2

2μ0
→ − h̄2

2μ0

∂2

∂R2
+ �(� + 1)h̄2

2μ0R2
. (3)

This results in the usual expansion in partial waves:

− h̄2

2μ0

∂2��

∂R2
+ �(� + 1)h̄2

2μ0R2
�� + VS(R)�� = ECM��. (4)

The total potential is a sum of the Coulomb and nuclear
interactions: VS(R) = VSC(R) + VSN(R). This potential can be
obtained through a folding procedure involving the nuclear
densities:

V (R) =
∫

ρ1( �r1)ρ2( �r2)v( �R − �r1 + �r2) d �r1 d �r2. (5)

In the case of the Coulomb interaction, Eq. (5) involves
the charge distributions of the nuclei and the fundamental
electromagnetic interaction between two pointlike charges:
v( �R) = e2/R. The SPP [1] can be assumed for the nuclear
interaction. In this case, Eq. (5) involves the matter distribu-
tions of the nuclei and

v( �R) = NR V0δ( �R)e−4v2
REL/c2

, (6)

with V0 = −456 MeV fm3, where c is the speed of light and
vREL represents the local relative velocity between the two
nuclei. The matter distribution of the nucleus represents a
folding of the corresponding nucleon density with the intrinsic
matter distribution of the nucleon and, therefore, it takes into
account the size of the nucleon [1]. We emphasize that the
velocity dependence of Eq. (6) is related to the effects of Pauli
nonlocality [1,10,11] and thus it does not arise from the effects
of relativity. NR in Eq. (6) is a normalization factor that we
use to fit the data. We call the standard SPP the case in which
NR = 1. In this work, the charge density assumed for the α

nucleus was obtained from electron scattering experiments,
according to Ref. [12]. The α matter distribution is obtained
by multiplying the charge density by a factor of 2. That is, we
have assumed the neutron matter density to be equal to the
proton charge density. To test this hypothesis, we performed
self-consistent relativistic mean-field calculations for the α

nucleus using the NL3 [14] and DDME1 [15] parametrizations
of the interaction. In both cases, we found the rms radius of
the neutron distribution to be only 0.7% smaller than that
of the proton distribution, which we believe justifies our use
of equal neutron and proton matter densities.

The Klein-Gordon equation represents a possible approach
to the problem of relativistic scattering of spinless particles.
On the other hand, if the potential is much smaller than the
rest mass, which is the present case, it is known that the Klein-
Gordon equation can be approximated by the Schrödinger one.
This result is expected owing to the correspondence principle:
a new theory must agree with the old theory in the old one’s

regime of validity. Thus, in the present work we include in
the Schrödinger equation two main effects of relativity: the
variation of mass with velocity and length contraction. The
main purpose of this procedure is that it allows a quite simple
and practical interpretation of the effects of relativity.

The relativistic relation between the LAB and CM energies
is derived in Appendix A and is represented by Eq. (A4).
Due to relativistic length contraction, the nuclear densities are
deformed, which affects the potential, as extensively discussed
latter. For now, we denote the potential from the deformed
densities by VD(R). Taking into account Eq. (A6), in the
relativistic case we assume an equation similar to Eq. (2), but
with VD(R) replacing VS(R). Since we are not dealing with
extremely large velocities, we treat the effects of relativity as
a perturbation of the Schrödinger equation. Thus, based on
Eqs. (A11) and (A12), we propose the following:

− h̄2

2μ

∂2��

∂R2
+ �(� + 1)h̄2

2μR2
�� + VD(R)�� = ECM��, (7)

where

μ = μ0(
1 − 1

16
v2

REL
c2 − 1

128
v4

REL
c4

) . (8)

The local relative velocity between the nuclei is related to the
potential by [see (A8)]

v2
REL

c2
= 4

[
1 −

(
4μ0c

2

4μ0c2 + ECM − VD(R)

)2 ]
. (9)

In the present case of low energies, the variation of the
mass represented by Eq. (8) is very small. In fact, even at
small separation distances, where the potential reaches large
(negative) strengths, μ differs from μ0 by less than 1%.

Asymptotically (R → ∞), the potential vanishes and the
asymptotic relative velocity is given by(

v2
REL

c2

)
As

= 4

[
1 −

(
4μ0c

2

4μ0c2 + ECM

)2
]
. (10)

Thus, we define the effective energy as

EEFF = ECM

[
1 − 1

16

(
v2

REL

c2

)
As

− 1

128

(
v4

REL

c4

)
As

]
.

(11)

With this, Eq. (7) can be rewritten as

− h̄2

2μ0

∂2��

∂R2
+ �(� + 1)h̄2

2μ0R2
�� + VEFF(R)�� = EEFF��,

(12)

where the two first terms now involve the reduced rest mass,
and the effective potential is given by

VEFF(R) = VD(R)

(
1 − 1

16

v2
REL

c2
− 1

128

v4
REL

c4

)

+ECM

{
1

16

[
v2

REL

c2
−

(
v2

REL

c2

)
As

]

+ 1

128

[
v4

REL

c4
−

(
v4

REL

c4

)
As

]}
. (13)
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As demonstrated in Appendix B, the effective
potential is proportional to 1/R for large R values. The
method of calculating the deformed potential is described in
Appendices B and C. The � dependence of the effective
potential is demonstrated in Appendix C.

Before proceeding with the data analyses, we discuss the
effects of relativity on the present case of the α + α system
at low energies. The correction of the energy represented
by Eq (11) is very small (less than 0.1%), so essentially
we have EEFF = ECM. The main effect of relativity is thus
related to the difference between the effective potential and
the spherical one: 	V (R) = VEFF(R) − VS(R). In the present
region of low energies, the term involving ECM in Eq. (13) is

negligible and 1
128

v4
REL
c4 � 1

16
v2

REL
c2 , as well. Thus, we obtain

	V ≈ VD(1 − 1
16

v2
REL
c2 ) − VS(R). Two effects are present in

this equation: the deformation of the potential due to length
contraction and the variation of mass with velocity. Figure 1(a)
shows the spherical potential in the case of the α + α system
at ELAB = 20 MeV. Figure 1(b) presents the corresponding
local relative velocity. In Figs. 1(c) and 1(d) we show,
for � = 0 and � = 4, 100 × 	V (R)/VS(R) of the nuclear
and Coulomb interactions, respectively. The effective nuclear
potential differs from the spherical one by about 1%. This
result indicates that some small effect of relativity could be
observed in the elastic scattering process for this system, since
it is very sensitive to the interaction.

In our model we have included the effects of relativity
up to the order v4

REL/c4. The main purpose of this procedure
was to verify that the contribution of terms in v4

REL/c4 is much
smaller than that of terms in v2

REL/c2. This condition, necessary
to make the expansion in terms of velocity valid, was satisfied
in our calculations (except, of course, in regions where the
contribution of v2

REL/c2 vanishes).
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FIG. 1. (a) Spherical potential (nuclear + Coulomb) for the α + α

system at ELAB = 20 MeV. The solid and dashed lines correspond to
� = 0 and � = 4, respectively. In the case of � = 4, the centrifugal
contribution was summed with the spherical potential. The inset
shows the region of the s-wave barrier. (b) Relative velocity between
the nuclei (in units of c) as a function of the distance. (c) and
(d) 100 × 	V (R)/VS(R) for the nuclear and Coulomb interactions,
respectively. The calculations were performed for � = 0 (solid lines)
and � = 4 (dashed lines).

III. DATA ANALYSES

Hereafter, we call the classical approach that involving the
solution of the usual (nonrelativistic) Schrödinger equation
with the spherical potential. We refer to the solution of Eq. (12)
with the �-dependent effective potential as the relativistic
approach. As already discussed, due to the lack of reaction
channels for the α + α system, we do not use an imaginary
part in the optical potential. The SPP is adopted for the nuclear
interaction, with a normalization [NR of Eq. (6)] assumed to fit
the data. Of course, as we consider the SPP a realistic model,
we should obtain NR ≈ 1.

As commented earlier in Ref. [2], we analyzed a large set of
low-energy α + α elastic scattering data within the classical
approach. Nevertheless, instead of Eq. (9), in that work we
assumed a different expression to obtain the relative velocity
(Eq. (3) of [2]), which is involved in the calculations of the
SPP. The results obtained in the classical approach with Eq. (9)
are in fact very similar to those obtained in Ref. [2] but with
slightly different NR values. In order to be consistent in the
comparison between relativistic and classical results, in the
present work we provide the classical results obtained using
Eq. (9).

8Be is the compound nucleus in an α + α collision. The
8Be ground state is unbound, with an experimental Q value
(relative to the 2α channel) of about 92 keV and a width
of about 6 eV. These properties can be taken into account
in the theoretical calculations, by fitting the corresponding
s-wave resonance. In order to reproduce these values within the
classical approach, it is necessary to assume a normalization
factor of NR = 1.09692 while within the relativistic approach
we obtained NR = 1.10201. Therefore, even at this extremely
low energy (ECM ≈ 0.1 MeV), the effects of relativity are
significant enough to provide a difference of about 0.5%
between the NR values of the classical and relativistic
approaches.

Figure 2 shows experimental phase shifts obtained from
elastic scattering data analyses in Refs. [13,16–19]. In this low-
energy region, the data fits are sensitive only to the � = 0, 2, and
4 phase shifts. In order to describe these data within the context
of the classical approach, it is necessary to assume different
NR values for different � waves, as illustrated in Fig. 2(a). We
emphasize that such an � dependence is weak, since the NR

values vary by only about 3.3% from � = 0 to � = 4. This weak
� dependence inspired the present work, since we believed that
it could arise from the effects of relativity. Nevertheless, as
presented in Fig. 2(b), in order to fit the experimental phase
shifts in the relativistic approach, the NR values correspond to
a slightly reduced but a still nonnegligible weak � dependence
(about 2.5% from � = 0 to � = 4).

The α + α elastic scattering at low energies represents
an exceptional probe of the nuclear interaction. Indeed, due
to the complete lack of absorption, the data are very sen-
sitive to the real part of the optical potential. Furthermore,
no complications arising from couplings or the spin-orbit
interaction are present in this case. Therefore, this system
represents a more fundamental theoretical context in relation to
heavy-ion systems, for which the imaginary part of the optical
potential causes ambiguities in the determination (from data
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FIG. 2. (Color online) Comparison between experimental phase
shifts (from Refs. [13,16–19]), for L = 0, 2, and 4, with theoretical
results of the classical (a) and relativistic (b) approaches. The
normalization factors of the SPP assumed in the calculations are
indicated in the figure.

analyses) of parameters of the real part. Thus, a quite accurate
determination of the nuclear interaction for the α + α system
is very important. The importance of this subject would be
increased even more if this interaction were independent of the
energy and angular momentum but dependent on the nuclear
densities, since then it could be easily extrapolated to other
systems. As already commented, an energy- and �-independent
potential that accounts for the α + α data was already obtained
many years ago by Buck et al. [9]. However, in that case the
interaction was not described in terms of the α densities. As
demonstrated in Ref. [2], it is also possible to describe the data
within the context of the SPP without any � dependence in
NR , but in this case the shape of the α matter density must be
different from that of the charge one. This fact is not totally
satisfactory since the α charge density has been obtained quite
accurately from electron scattering experiments. As already
commented, both matter and charge densities already take
into account the finite size of the nucleon [1]. Thus, since
the number of neutrons is identical to the number of protons,
the assumption that the matter density is twice that of the
charge one should be precise for the α nucleus. Furthermore,
both descriptions above (from Buck et al. [9] and SPP [9])
were performed within the classical approach. As we have
demonstrated, relativistic effects are small but not totally
negligible for the α + α system. Thus, it is quite interesting to
look for an interaction that describes the data in the context of
the relativistic approach, without any further � and energy

dependencies besides those arising from relativity. Taking
into account the considerations above, in the next section we
describe a method that we have used to obtain a new model of
the effective nuclear interaction.

IV. SEARCH FOR AN EFFECTIVE NUCLEAR
INTERACTION

We have searched for the effective nuclear interaction
v( �R − �r1 + �r2) that is involved in the folding interaction of
Eq. (5). In these calculations, we assumed, again, that the
α matter density is twice the charge density. To determine
v( �R), we performed a simultaneous fit of the experimental
L = 0, 2, and 4 phase shifts and also of the position (92 keV)
and width (6 eV) of the s-wave 8Be resonance. The first attempt
was performed with a zero-range approximation without
the velocity dependence that arises from Pauli nonlocality:
v( �R) = V0 δ( �R), where V0 was considered an �-independent
free parameter. We did not obtain good fits to the data with
this model.

We then considered different trial functions with finite-
range shapes:

v(�r) = −U0 f (r), (14)

where the function f (r) involves one parameter (a). For a
determined trial function, we have varied (on a grid) the
values of the corresponding a parameter. For each of these
values, the U0 parameter was adjusted in order to reproduce
the 8Be resonance. Then, considering the agreement between
the theoretical and experimental phase shifts (L = 0, 2, and
4), we have determined the best parameter values.

The results obtained are summarized in Table I. All
these functions provide very good and similar fits of the
experimental phase shifts within the relativistic approach, as
illustrated with solid lines in Fig. 3(b) for the first function
(of Table I). A comparison among these functions is shown
in Fig. 4(a). Clearly, they present quite different shapes. On
the other hand, all of the functions provide very similar
volume integrals (V0 = 418 MeV fm3 within 0.7% precision—
see Table I) and also rather similar root-mean-square radii
(rRMS = 1.207 fm within 6.5% precision). For the purpose
of illustration, we also show, in Fig. 4(b), the corresponding
effective nucleon-nucleon interactions obtained from Eq. (5).
In these calculations, the matter distributions of the nucleon
were considered identical to the charge density of the proton
obtained from electron scattering experiments: an exponential
shape with a diffuseness value of 0.235 fm [1].

TABLE I. Parameter (U0 and a) values, volume integrals (V0),
and root-mean square radii (rRMS) of the trial functions f (r).

f (r) U0 (MeV) a (fm) V0 (MeV fm3) rRMS (fm)

1 e−(r/a)2
87.226 0.95 416.4 1.164

2 e−r/a 330.61 0.37 420.9 1.282
3 r e−(r/a)2

161.22 0.80 414.9 1.131
4 r e−r/a 1042.0 0.27 417.5 1.207
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FIG. 3. (a) Difference between phase shifts calculated within the
relativistic and classical approaches: 	δ = δREL − δCLAS. (b) Com-
parison between experimental phase shifts (from Refs. [13,16–19]),
for L = 0, 2, and 4, with theoretical results of the relativistic approach.
In the theoretical calculations, the first function of Table I has been
assumed for the nuclear interaction.

FIG. 4. (a) Comparison among the functions of Table I that
provide good data fits of the experimental phase shifts in the
context of the relativistic approach. (b) The corresponding effective
nucleon-nucleon interactions obtained from Eq. (5) and considering
an exponential shape for the matter density of the nucleon.

FIG. 5. (Color online) Experimental elastic scattering angular
distributions compared to theoretical cross sections obtained with
the nuclear interaction represented by function 1 of Table I. The solid
and dashed lines were obtained within the relativistic and classical
approaches, respectively.

In order to illustrate the effects of relativity, in Fig. 3(a) we
show the difference between the phase shifts calculated within
the relativistic and classical approaches, 	δ = δREL − δCLAS,
for � = 0, 2, and 4. Theoretical calculations of the elastic
scattering cross sections are presented for several angular
distributions in Figs. 5 and 6. Very small differences between
the cross sections from the relativistic (solid lines) and the
classical (dashed lines) approaches can be observed in these
figures, mainly at the lower energies, due to the corresponding
linear scales.

The characteristics of no absorption in the α + α system,
and consequently the lack of an imaginary potential in the
interaction, is valid only at very low energies. Thus, we have
not used our model to analyze higher energy data. However,
just for curiosity, it is interesting to see what the effects of
relativity predicted by our model would be at intermediate
energies. Figure 7 shows the sum of the effective potential with
the centrifugal one at E = 50, 100, and 200 MeV/nucleon for
� = 0 and 4. For the purpose of comparison, the corresponding
results for the spherical (classical) potential are also shown

FIG. 6. (Color online) The same of Fig. 5 but for other energies.
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FIG. 7. (Color online) The sum of the effective and centrifugal
potentials at different energies for � = 0 and 4. The corresponding
results for the spherical potential are also shown.

in the figure. In these calculations, the first function of
Table I was assumed for the nuclear interaction and, therefore,
the energy dependence of the potentials comes only from
relativistic effects. The barrier height for � = 4 becomes
significantly larger for higher energies (see Fig. 7). On the other
hand, the s-wave barrier height is almost not affected by
relativity. The reason for this behavior is that, due to the short
range, the contraction of space affects the nuclear potential
more than the Coulomb one. The barrier radii for large � values
are smaller than those for small �. At smaller distances, the
nuclear potential is more intense and then relativity plays a
more significant role. Based on the results presented in Fig. 7,
we consider that our model indicates that the data analyses at
these higher energies should be quite sensitive to the effects of
relativity.

V. CONCLUSION

We have developed a method to take into account two
relativistic effects in α + α scattering: the variation of mass
and length contraction related to the velocities of the nuclei.
The main advantage of this procedure is that it results in
a Schrödinger equation with an effective potential, which
allows a clear and simple study of the effects of relativity. A
full approach starting from a relativistically covariant theory
could result in additional effects, but we believe that the
main effects of relativity at low energies are those that we
have considered in the present model. In the energy region
studied here, the effective potential differs by about 1% from
the nonrelativistic one at small distances of interaction. This

effect mostly arises from relativistic length contraction, which
affects the densities of the nuclei. This very small effect is
observed in α + α scattering only because the data are very
sensitive to the real part of the optical potential. For example,
in order to describe the properties of the 8Be ground state, the
normalization factor obtained for the nuclear potential in the
relativistic approach varies by about 0.5% in relation to the
value resulting from the classical approach. Within a general
point of view, a variation of 0.5% is considered very small for
most of the phenomena of nuclear physics. On the other hand,
since we are dealing with relativistic effects at extremely low
energies, ECM ≈ 0.1 MeV (8Be ground state), for which the
asymptotic velocity is much smaller than the speed of light,
v2

REL/c2 ≈ 2ECM/μ0c
2 ≈ 10−4, even a variation of only 0.5%

can sound remarkably large.
Characteristics of α + α scattering at low energies, such as

the complete lack of open reaction channels and the absence of
a spin-orbit interaction, make the corresponding very precise
elastic data set an exceptional probe of the nuclear interaction.
Since the α density was accurately determined from electron
scattering experiments, it is very interesting to obtain the
nuclear interaction for the α + α system expressed as a folding
involving the nuclear density distributions. With this, the
model could easily be extrapolated to other systems. Taking
these points into account, we have also searched for an effective
nuclear interaction that provides a good description of the
experimental phase shifts within the relativistic approach. No
other energy or � dependence was assumed in the interaction
besides that arising from relativity. As a result of this search,
we obtained a set of functions with quite different shapes but
with similar volume integrals and root-mean square radii.

As already commented, the present method of studying the
effects of relativity uses approximations that should be valid
as long as the velocities are not too high. Thus, we believe
that our method can be extended to intermediate energies. For
instance, at E = 100 Mev/nucleon the asymptotic velocity
corresponds to v2

REL/c2 ≈ 0.20 and, therefore, contributions
of higher order terms of the velocity to the interaction should
be small. However, since in this energy region it is necessary
to consider an imaginary part in the potential, we have not
analyzed higher energy data. Even so, the results for the
effective potential obtained from our simulations indicate that
the effects of relativity should be significant at intermediate
energies.
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APPENDIX A: SOME TOPICS IN RELATIVITY

In this Appendix, we consider the scattering of two identical
particles with rest mass m0 and provide several results that
have been used in our work. The total energy in the laboratory
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(LAB) frame is related to the laboratory energy (ELAB) through

ETOT = 2m0c
2 + ELAB, (A1)

where ELAB is the asymptotic kinetic energy of the projectile
and, therefore, is related to its asymptotic velocity:

ELAB = m0c
2√

1 − v2
LAB

/
c2

− m0c
2. (A2)

The center-of-mass (CM) frame of reference has velocity
vCM relative to the LAB one and, of course, the asymptotic
velocities of both particles in the CM frame are also equal
to vCM. By considering the relativistic transformation of
velocities, it is possible to obtain the relation

vLAB = 2vCM

1 + v2
CM

/
c2

. (A3)

The center-of-mass energy (ECM) can also be related to the
asymptotic velocities of the two particles in the CM frame:

ECM = 2

⎛
⎝ m0c

2√
1 − v2

CM

/
c2

− m0c
2

⎞
⎠ . (A4)

Equations (A2), (A3), and (A4) result in the following relation
between the CM and LAB energies:

ECM = 2m0c
2[

√
1 + ELAB/2m0c2 − 1]. (A5)

Now we just consider the CM frame of reference. We define
the reduced rest mass of the system by μ0 = m0/2. The total
energy is given by

ETOT = 2m0c
2 + ECM = 2m0c

2 + K(R) + V (R), (A6)

where K is the kinetic energy and V represents the sum of the
nuclear and Coulomb potentials. The kinetic energy is related
to the local velocity of the particles (v) or to their local relative
velocity (vREL = 2v) by

K = 2

[
m0c

2√
1 − v2/c2

− m0c
2

]
= 4μ0c

2√
1 − v2

REL/4c2
− 4μ0c

2.

(A7)

Equations (A7) and (A6) can be combined to give

v2
REL

c2
= 4

[
1 −

(
4μ0c

2

4μ0c2 + ECM − V (R)

)2
]
. (A8)

The momentum of each particle is given by

p = mv = m0v√
1 − v2

/
c2

= μ0vREL√
1 − v2

REL/4c2
. (A9)

Thus, Eq. (A7) can be written as

K = p2

2μ0

[
2 − 8c2

v2
REL

(
1 −

√
1 − v2

REL

/
4c2

)]
. (A10)

We expand this equation, retaining terms only to v4
REL/c4, and

obtain

K = p2

2μ
, (A11)

where we define

μ = μ0(
1 − 1

16
v2

REL
c2 − 1

128
v4

REL
c4

) . (A12)

Equations (A11) and (A12) reproduce the results of (A10) [and
(A7)] quite accurately, within 0.016% for 0 � vREL � 0.7 c.

APPENDIX B: CALCULATION OF THE EFFECTIVE
POTENTIAL

At low bombarding energies, the term involving ECM in
Eq. (13) is much smaller than that with VD(R). Thus, we
can simplify this term (involving ECM) as follows, without
loosing accuracy in the calculation of the effective potential.
In general, the sum of the nuclear and Coulomb interactions is
much smaller than the reduced rest mass. In fact, it is known
that the depth of the nuclear potential is about 50 MeV/nucleon
while m0c

2 is about 1000 MeV/nucleon. Then, the strength of
VD(R) in Eq. (9) is at most about 1/40 times 4μ0c

2. Therefore,
Eq. (9) can be expanded to provide

v2
REL

c2
≈ 4

[
1 −

(
4μ0c

2

4μ0c2 + ECM

)2
]

− 2VD(R)/μ0c
2

(1 + ECM/4μ0c2)3

or

v2
REL

c2
−

(
v2

REL

c2

)
As

≈ − 2VD(R)/μ0c
2

(1 + ECM/4μ0c2)3
. (B1)

Analogously, we obtain

v4
REL

c4
−

(
v4

REL

c4

)
As

≈ −8[VD(R)ECM/(μ0c
2)2](1 + ECM/8μ0c

2)

(1 + ECM/4μ0c2)5
. (B2)

With this, Eq. (13) can be rewritten as

VEFF(R) ≈ VD(R)

[
1 − 1

16

v2
REL

c2
− 1

128

v4
REL

c4

−ε(1 + 4ε + 2ε2)

2(1 + ε)5

]
, (B3)

where ε = ECM/4μ0c
2.

We now study the asymptotic behavior of the effective
potential. For large R values, the nuclear potential vanishes
and the Coulomb contribution is approximately the potential
of two pointlike charges: VD(R) ≈ Z2e2/R. Furthermore, in
this case (large R values), the velocities of Eq. (B3) can be
approximated by their asymptotic values, and we obtain

VEFF(R) ≈ Z2e2

R

[
1 − 1

16

(
v2

REL

c2

)
As

− 1

128

(
v4

REL

c4

)
As

−ε
(
1 + 4ε + 2ε2

)
2 (1 + ε)5

]
, (B4)
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FIG. 8. Illustration of the collision of two identical nuclei in the
CM frame of reference. The deformations of the densities arise from
length contraction in the direction of the respective velocities.

or equivalently, in terms of the ε parameter,

VEFF(R) ≈ Z2e2

R

[
1 − ε

× 1 + 17ε/4 + 17ε2/4 + 15ε3/8 + 3ε4/8

(1 + ε)5

]
.

(B5)

Thus, for large R values the effective potential is proportional
to 1/R, which is the usual result for the Coulomb interaction
(with a small renormalization of the charge).

We turn now to the calculation of VD(R). Figure 8 illustrates
the collision of the two nuclei in the CM frame of reference. �R
connects the CM of the nuclei. The corresponding densities are
compressed, due to length contraction in the direction of the
respective velocities �v. The angle between �R and �v, γ , is also
represented in the figure. The solid line in Fig. 9 represents the
deformed density of one of these nuclei. The dashed line in
this figure represents the corresponding spherical density, i.e.,
without the effect of length contraction. The volume elements
with (dV ) and without (dVS) considering the contraction
are also represented in the figure in their corresponding
positions �r and �rS . The Coulomb and nuclear interactions
could be calculated through expression (5) by considering the
deformed densities (hereafter, labeled by ρ). However, it is
quite convenient to express these interactions in terms of the
spherical densities ρS . In that follows, we show how we can
reach this goal.

Due to charge conservation, the amount of charge of the
spherical density within dVS is equal to the amount of charge
of the deformed density in dV . Thus ρ(�r)dV = ρS(rS)dVS . On
the other hand, due to length contraction, the volume elements
are related by dVS = dV/

√
1 − v2/c2, where v is the velocity

of the nucleus in the CM frame. Thus, we obtain the following
relation:

ρ(�r) = ρS(rS)√
1 − v2/c2

. (B6)

As usual when calculating folding potentials, we assume
the z axis to be in the direction of �R. By considering the

r
Sr

R
→

dV

SdV

v

→
→

→

FIG. 9. Length contraction effect on density. The solid line
represents the deformed density of a nucleus due to length contraction
in the direction of its velocity. The dashed line represents the
corresponding density without the effect of the contraction. The
elements of volume with and without contraction are also represented
in the figure.

contraction of the density in the direction of �v, as illustrated
in Figs. 8 and 9, it is possible to demonstrate the following
relation between the positions of the volume elements:

rS = r

√
1 + v2/c2

(1 − v2/c2)
[cos γ cos θ − sin γ sin θ cos φ]2,

(B7)

where θ and φ are the angular coordinates of �r , and γ is the
angle between �R and �v (see Fig. 8). In Appendix C we describe
the method used to obtain the γ angle for each R value. With
this, we obtain

VD(R) = 1

(1 − v2/c2)

∫
ρS(rS1)ρS(rS2)v

× ( �R − �r1 + �r2) d �r1 d �r2, (B8)

where in the calculation of ρS(rS) it is necessary to take into
account relation (B7).

Equation (B8) is a six-dimensional integral that takes
much computer time in numerical calculations. Furthermore, it
involves the velocities of the nuclei that depend on the potential
through Eq. (9). The potential could be obtained by iteration
but, in this case, Eq. (B7) must be calculated several times. To
avoid this problem, we expand ρS(rS) [through Eq. (B7)] in
powers of v/c up to fourth order:

ρS(rS) ≈ ρS(r) + rX

{
v2

2c2

∂ρS(r)

∂r

+ v4

8c4

[
rX

∂2ρS(r)

∂r2
+ (4 − X)

∂ρS(r)

∂r

]}
, (B9)

where X = [cos γ cos θ − sin γ sin θ cos φ]2.
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By introducing Eq. (B9) in (B8) and taking into account
that v = vREL/2, we obtain

VD(R) = 1(
1 − v2

REL/4c2
) [

VS(R) − v2
REL

c2
	V2(R)

+ v4
REL

c4
	V4(R)

]
, (B10)

where VS(R) is the spherical potential and

	V2(R) = −1

4

∫
r1X1ρS(r2)

∂ρS(r1)

∂r1
v( �R − �r1 + �r2) d �r1 d �r2,

(B11)

	V4(R) = 1

64

∫
r1X1

{
r2X2

∂ρS(r1)

∂r1

∂ρS(r2)

∂r2

+ ρS(r2)

[
r1X1

∂2ρS(r1)

∂r2
1

+ (X1 − 4)
∂ρS(r1)

∂r1

]}

×v( �R − �r1 + �r2) d �r1 d �r2, (B12)

X1 = [cos γ cos θ1 − sin γ sin θ1 cos φ1]2 , (B13)

X2 = [cos γ cos θ2 − sin γ sin θ2 cos φ2]2 . (B14)

Finally, expanding Eqs. (B13) and (B14) and considering that
a few of the corresponding terms in Eqs. (B11) and (B12)
vanish due to symmetries, we obtain

	V2(R) = I20 + I22 sin2 γ, (B15)

	V4(R) = I40 + I42 sin2 γ + I44 sin4 γ, (B16)

with the integrals

I20 = −1

4

∫
r1 cos2 θ1 ρS(r2)

∂ρS(r1)

∂r1
v( �R − �r1 + �r2) d �r1 d �r2,

(B17)

I22 = −1

4

∫
r1(sin2 θ1 cos2 φ1 − cos2 θ1)ρS(r2)

∂ρS(r1)

∂r1

×v( �R − �r1 + �r2) d �r1 d �r2, (B18)

I40 = 1

64

∫
r1 cos2 θ1

{
r2 cos2 θ2

∂ρS(r1)

∂r1

∂ρS(r2)

∂r2

+ρS(r2)

[
r1 cos2 θ1

∂2ρS(r1)

∂r2
1

+(cos2 θ1 − 4)
∂ρS(r1)

∂r1

]}

×v( �R − �r1 + �r2) d �r1 d �r2, (B19)

I42 = 1

64

∫
r1

{
r2[2 cos2 θ2(cos2 φ1 sin2 θ1 − cos2 θ1)

+ cos φ1 cos φ2 sin(2θ1) sin(2θ2)]
∂ρS(r1)

∂r1

∂ρS(r2)

∂r2

+2ρS(r2)

[
(3 sin2 θ1 cos2 φ1− cos2 θ1)r1 cos2 θ1

∂2ρS(r1)

∂r2
1

+[sin2 θ1 cos2 φ1(3 cos2 θ1 − 2) − cos2 θ1(cos2 θ1 − 2)]

× ∂ρS(r1)

∂r1

]}
v( �R − �r1 + �r2) d �r1 d �r2, (B20)

FIG. 10. (Color online) Components of the deformed potential
for the (a) Coulomb and (b) nuclear contributions. The calculations
for the nuclear part were performed without considering the velocity
dependence of the SPP which arises from the Pauli nonlocality.

I44 = 1

64

∫
r1

{
r2[cos2 θ1 cos2 θ2

+ cos2 φ1 sin2 θ1(cos2 φ2 sin2 θ2 − 2 cos2 θ2)

− cos φ1 cos φ2 sin(2θ1) sin(2θ2)]
∂ρS(r1)

∂r1

∂ρS(r2)

∂r2

+ ρS(r2)(sin4 θ1 cos4 φ1 + cos4 θ1

− 6 sin2 θ1 cos2 φ1 cos2 θ1)

(
r1

∂2ρS(r1)

∂r2
1

+ ∂ρS(r1)

∂r1

)}

× v( �R − �r1 + �r2) d �r1 d �r2. (B21)

The integrals (B17) to (B21) are then calculated only once
and the effective potential is then obtained through Eqs. (B3)
and (9) in an iterative procedure that converges quickly.

Figure 10 shows the spherical potential and the contribu-
tions I20 to I44 for the deformed one, for the Coulomb and
nuclear interactions. In the calculation of the nuclear part,
the standard SPP was assumed, but without considering the
velocity dependence that arises from Pauli nonlocality, i.e.,
assuming v( �R) = V0δ( �R) instead of Eq. (6).

APPENDIX C: METHOD TO OBTAIN THE γ ANGLE

In this section, we present the method proposed to obtain
the γ angle between �R and the velocity �v. The method is based
on a semiclassical approach to the problem. The velocities of
the nuclei (see Fig. 8) can be decomposed into radial and
tangential components. Classically, the tangential component,
v sin γ , is related to the angular momentum by

L = mvR sin γ → sin2 γ = L2

(mvR)2 . (C1)

The velocity of the particles in C1 is half of the relative
velocity: v = vREL/2. The mass of the particles is related to
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the reduced rest mass through

m = m0√
1 − v2/c2

= 2μ0√
1 − v2

REL

/
4c2

. (C2)

Thus, Eq. (C1) can be written as

sin2 γ = (
1 − v2

REL

/
4c2

) L2

(μ0vRELR)2 . (C3)

Now we assume that L2 = � (� + 1) h̄2, and we obtain

sin2 γ = � (� + 1) h̄2

2μ0R2

[
2
(
1 − v2

REL

/
4c2

)
μ0c2v2

REL

/
c2

]
. (C4)

Since the relative velocity is obtained from Eq. (9), we rewrite
the above expression as

sin2 γ = � (� + 1) h̄2

2μ0R2

{
1

K(R)[1 + K(R)/8μ0c2]

}
, (C5)

where the local kinetic energy is given by

K(R) = ECM − VD(R). (C6)

At low bombarding energies, for which K(R) � 8μ0c
2,

Eq. (C5) is rewritten as

sin2 γ = � (� + 1) h̄2

2μ0R2

1

K(R)
. (C7)

We have assumed (C7) to calculate the contributions of
Eqs. (B15) and (B16) to the deformed potential. Clearly,
Eq. (C7) implies that the effective potential is � dependent.

We point out that Eq. (C7) can lead to sin2 γ < 0 or sin2 γ >

1. The case sin2 γ < 0 occurs when K(R) < 0, which involves
a classically forbidden region of R values (tunneling of the
s-wave barrier). In this case, we are dealing with sub-Coulomb
energies and thus with very small velocities. Therefore, the
effects of relativity are negligible in this region and the value
assumed for sin2 γ is, in fact, not important in this case. The
other case, sin2 γ > 1, occurs when

� (� + 1) h̄2

2μ0R2
> K(R). (C8)

Obviously, values corresponding to sin2 γ > 1 sound strange
and one could worry about the respective effect on the
calculations. However, Eq. (C8) is equivalent to

VD(R) + � (� + 1) h̄2

2μ0R2
> ECM, (C9)

which is also a region of R values forbidden classically
(tunneling of the �-wave barrier). Of course, regions (of R and
�) for which sin2 γ � 1 are thus not probed by the elastic
scattering process. Furthermore, in this region the nuclear
and Coulomb potentials are negligible in comparison with
the (large) centrifugal one. Therefore, the value assumed for
sin2 γ is also not important in this case.
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