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Describing the group of units of a group ring is a classical problem. Let p be a rational
prime number. We set 0, a primitive root of unity of order p, Z[0p] the ring of p-
cyclotomic integers, G a finite abelian p-group and U;(Z[0,]G) the group of the units u
of Z[0p]G such that e(u) = 1 mod (0, — 1), where ¢ is the augmentation map. We will
prove that all the elements of the group Ui (Z[0,]G) arise from the units of the group
ring Z(C)p X G), where C), is the cyclic group of order p. As an application, we describe
explicitly the group of units of the group ring Z[0,]G when G is an elementary abelian
p-group and p < 67 is a regular prime number.

Keywords: Units in group rings; p-groups; p-cyclotomic integers; elementary abelian p-
groups.
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1. Introduction

Let us fix some notations. In this paper, p will denote a prime number, 6, will denote
a p-primitive root of unit and G will denote a finite abelian p-group. The symbol
will denote the augmentation map and Uy (Z[0,)G) will denote the following group
of units:

U1(Z[6,)G) = {u € U(Z[0,)G) | e(u) = 1 mod (6, — 1)}.
As usual, Cp will denote the group of order p and g will denote a generator of

Cp (Cp = (g)). If R is any ring, then U(R) will denote the group of units of R and if
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H is any group then Uy (ZH) will denote the group of units v of the integral group
ring ZH such that e(v) = 1.

Describing the group of units of a group ring is a classical open problem, and
a lot of work has been done in this direction (see, for example [0 [7, 10, [14]). A
particular problem of interest is to describe a set of generators of the group of units
of a group ring or a set of generators of a subgroup of finite index. The problem
of describing the group of central units is also of interest in the subject (see, for
example [11 [, [8 12]).

Some work has also been done in describing the group of units of group rings of
type Z[0,]G (see [3| 13 [I5]), but it is not known yet a way to evaluate explicitly a
set of generators for the group of units of such group rings.

We state the following theorem.

Theorem 1.1 ([3, Theorem 2.2]). Let G be a finite abelian group, and let U be
the group of units of RG, where R is the ring of integers in an algebraic number
field K. If n| |G|, let ¢, be the number of elements in G of order n and define
v, = [K(0,) : K|, an = cyv,t and d,, the rank of the unit group of the ring of
algebraic integers of K(0,). Then

U=Gx Hx1Z,

where H is the (cyclic) group of units of finite order in R andt = and,, the sum
being taken over all divisors n of |G|.

In the case where R = Z[6,], we have that the group H defined in the theorem
above is simply (—1,6,). One of our goals in this paper is to provide a complement
for G x (—1,6,) in the group of units of the group ring Z[6,|G for some groups G.

The following units in Z[6f,], defined for 0 < i < p — 2, are well known:

i
i = Z 9{,
=0

and we have that y; =i+ 1 mod (6, — 1). It might also be useful to the reader to
remember that Z[6,]/(6, — 1) = F,. So, in order to find the whole group of units
in Z[0,]G it is enough to find a complement for G x (0,) in U1(Z[0,]G), since every
other unit would be a product between a unit u € Uy (Z[0,)G) and some ;.

In Sec. @ we will prove a general result that provides a relation between
U1(ZC, x Q) and U;(Z[0,|G) whenever G is a finite abelian p-group.

In Sec. Bl we will present an application of the result presented in Sec. 2 when
G is a finite elementary abelian p-group with p < 67 a regular prime, by finding a
complete set of independent generators of a complement for G x (0,,) in U;(Z[0,]G).
By “independent set of generators” we mean in this case a finite set of generators
{91,-.., 91}, such that gi* --- g;* = 1 if, and only if r; = 0 for all j.

In Sec. [ we finish by providing a concrete example and evaluating explicitly a
complement for (05) x C5 in Uy (Z[05]Cs).
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2. Main Result

Before we state the next lemma, we need to define the following morphisms, for
Qi by, O € Z, bh S Z[ep]:
o :U(Z(C, x GQ)) — U(Z]6,]G), given by

Z ai,hgih — Z ai’hﬂéh.
1=0,...,p—1 1=0,...,p—1
hea heG
m:U(Z(Cp x G)) — U(ZG), given by
Z ai,hgih — Z a; ph.
1=0,...,p—1 1=0,...,p—1
heG hedG
a:U(Z[0,)G) — U(F,G), which takes the coefficients to their classes modulo 6, —1:
> bph— Y brh.
hea hea
p:U(ZG) — U(F,G), which takes the coefficients to their classes modulo p:
Z aph — Z aph.
heG heG

Lemma 2.1 ([13, Lemma 2.7]). In the commutative diagram below, the mor-
phism o restricted to ker(m) is an isomorphism over ker(c).

U(ZC, x G) ——=U(ZG)
U(Z[0,)G) —— U(F,G)
Remark 2.2. As a consequence, the same result holds if we consider the same
restricted maps in the following diagram:
Ui(2C, x G) —=U(ZG)
UL(Z[0p)G) —— U(F,G)
We are now able to state our main result.

Theorem 2.3. With the same definitions above, if G is a finite abelian p-group
and u € Uy (Z[0,|G), then there is @ € Uy (ZC) x Q) such that v = o ().

Proof. By Remark [Z2 we consider from now on that the domain of o is
Ui(ZC, x G). Therefore, we must prove that o is surjective.

Let uw € U1 (Z]0,]G). We shall prove that u € Im(o).

Consider n : Z[0,)G — Z[0,]G the Z[0,]-lincar morphism induced by h +— h?,
for all h € G.
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First, we prove that n(u)u~? € Im(0o): in fact, we can write
u = Z anh,
heG
where ay, € Z[0,], for all h. Thus,

a(u?) = a(u)? = <Z a_hh> ,

heG
as F,G is a commutative ring of characteristic p, we have
aluf) = Z a_flhp = Z anh? = a(n(u)).
heG heG
Therefore, n(u)u~? € ker(a) and by Lemmal[ZT], we have that n(u)u? € Im(o).
Now we define, for 1 < s < p— 1, the Z-linear morphisms v : Z[0,]|G — Z[0,|G
given by 0, — 6, that fix the elements of G - that is, the maps are induced by

Gal(Q(0,)/Q) on Z[0,]G.

Thus, we have that uts(u)~! € ker(a), since a(u) = a(ts(u)), therefore, by
Lemma [ZJ] we have that utps(u)~! € Im(o), forall 1 < s <p— 1.

Now we define the following unit:

p—1
v=[]vs) €zb,)G.
s=1
We have that ¢ (v) = v, for all 1 < s < p — 1. Then, if we write v as
p—2
v = Z ziﬂfg,
i=0
where z; € ZG, we have:
p—2
v =1)s(v) = Zzﬂ;z.
i=0

We can write z; = ), s ajnh, with a;, € Z, and we have, for all h € G,
1<s<p—1:

p—2 p—2 p—2

i si i
E a; nb, = E a;nb, =1 E a;,nb, |,
i=0 i=0 i=0

that is, Zf;OQ ai,nt} (the coefficient in Z[6),] of h of the unit v) is fixed by the action
of the group Gal(Q(6,)/Q), and then we have, by the correspondence given in the
Fundamental Theorem of Galois Theory, that

p—2
Z ai,haz S Q7
=0

then v € ZG C Z(C, x G), and we obtain v € Im(o) (since v = o(v) — in this
equation, in the left-hand side we are considering v € Z[0,]G, and in the right-hand
side we are considering v € Z(C) x GQ)).
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Then we have v € Im(o), n(u)u™? € Im(c) and for all 1 < s < p — 1, we have
u)s(u)~t € Im(o). With this information in mind, we obtain

H uths(u) "t = uP~ o™t € Im(o),

as v,v" 1 € Im(o), we have uP~! € Im(o), and since n(u)u™ € Im(c), then we
obtain

u'n(u) € Im(o).

Applying the above for 7~ (u), we obtain, for every positive integer n:

"W)™ (0" (w) € Im(o). (1)

Let e be an integer such that p® is the exponent of G. We have 7°(u) € Z[6),]
and n°(u) = 1 mod (6, — 1), then 1°(u) € ker(e) and by Lemma [2T] we have that
n°(u) € Im(c), and we conclude by (@) that n°~*(u) € Im(o).

Using this inclusion and (Il) inductively, we conclude that n(u) € Im(o). Since
we know that u~1n(u) € Im(o), we conclude that u € Im(c), as desired. |

With this result, when provided a set of generators of Uy (Z(C, x G)), we are
able to describe explicitly a set of generators of the group Ui (Z[0,]G).

3. Application to Finite Elementary Abelian p-Groups

First we note that in [5], Ferraz constructed an independent set of units that com-
plements (g) = C), in the group U;(ZC)) for all primes p < 67.

We denote (Cp)" the direct product of n copies of C,. If p is a regular prime
number (for example, all prime numbers p < 37 are regular — see [2]), then the
following result is known.

Theorem 3.1 ([9]). Let p be a regular prime number. Then, for every natural n,
the elements of U1 (Z(Cp)™) are all generated by the units of subrings ZC, where C
runs over the set of cyclic subgroups of (Cp,)"™ of order p.

From now on we will consider p a regular prime number and G = (C,)".

Let us fix C), = (g) and {Ui(g)hgig% an independent set of units in ZC), that
generates a complement for (g) in Uy (ZC,).

If u;(g) = Ei:o,m,pfl a;g', with a; € Z and x is any element of any group ring
RG such that Z C R and P = 1, we define the unit: w;(z) = 3,_, ,_; aix’ € RG.

Also, let us write G = (g) x Ga2, where G2 = (C,,)"~!. By Theorem 4.5 of [1],
we know that Uy (ZG) = G x F, where F is a free abelian group of rank (p — 3)l,
with [ = p;__ll being the number of nontrivial cyclic subgroups of G. Let us denote
pn]:; L the number of nontrivial cyclic subgroups of G and for 1 < i < Iy, we
fix (¢;) the nontrivial cyclic subgroups of G5 (each one generated by a certain ¢;).

Iy =
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Thus, by Theorems Bl and 1.1, we have that the following set generates such
F and is independent (by comparing the rank given in Theorem 1.1):

B= U{ul(gjci), .. ,Uprg(ngi)} U{ui(g),... ,u%(g)}, (2)

with0<j<p—-1,1<i<lIs.

Now we consider the map o : Uy (ZG) = Ui(Z({g) x G2)) — Ui(Z[0,]G2) as
before (g — 6)).

We will find the kernel of . First, we need the following lemma.

Lemma 3.2. If ¢ € Gz is a nontrivial element and u(c) = 3>, ac’ €
U1(Z{c)), with a; € Z, then

u(c)u(fpc) . .. u(@ﬁ_lc) =1.

p—1

Proof. First, let ¢ : Q[0,]G2 — R = €, (R;) be a Q(6,)-linear isomorphism given
by the Wedderburn—Artin theorem, where R; = Q[f,] are the simple components,
for all <. We have that Gg;c € Z[0,]G is mapped to a cyclotomic integer x on each
simple component of R, and we get 2P = 1. Then, on each component, we have
that there exists an integer 0 < k < p — 1 such that 0{;0 — 9’; on that component.

We fix any simple component R;. If for all j we have that 6)c is mapped to
1 in the fixed component, then it is clear that in this component we have that
u(c)u(fpc) ... u(05~ c) is mapped to 1, since u(c) has augmentation 1. Now suppose
there is j such that ch is mapped to 0’;, for a certain 0 < k£ < p — 1, in the
fixed component. In this case, we have that u(c)u(fyc)...u(#5'¢) is mapped to
w(05N)u(Oh L) (0 IPTY) = Ngo, ) o(u(6%)) = 1, where Noa, )0 : Q(6,) —
Q is the field norm.

Therefore, on each simple component the product u(c;)u(fpc;) ... w02~ ¢;) is

P
mapped to 1, and this proves the lemma. O

Corollary 3.3. Let o : Ui(ZG) = Ui(Z({g9) x G2)) — Ui(Z[0,]G2) as defined
above, then

ker(o) = <uj(ci)uj(gci) . ..uj(gp_lci)|1 <i<(la—1),1<5< p;?)> .

Proof. By Lemma B2 we have that u;(c;)u;j(ge;) ... uj(gP " 'c;) € ker(o), and as
we noted above, these units form an independent set of units. Then we conclude that
these units generate a group of rank W. We also have that rank(U; (ZG)) =
1(p — 3)l and rank(U; (Z[6,)G2)) = &(p — 3)p"~!, by Theorem [1l

Now, as o is surjective, we have that rank(U;(ZG)) — rank(U1(Z[0,]G2)) =
rank(ker(o)), and we can easily verify that this applies to the set we presented.

So we need only to note that ker(o) is torsion-free, and this is true, since the
only torsion-elements of U;(ZG) are the elements of G, none of which is in the
kernel of o. O
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Now we are able to describe an independent set of units of Uy(Z[0,]G2) that
complements Gy x (6,).

Corollary 3.4. With the notations we are using, the set S below is independent
and generates a complement for G x (0,) in Ui (Z[0,)G2).

Si= U w8} | U U {w(®ei)}
1<k<2;3 1<k< B3
1<i<ly
1<j<p-1

Proof. The proof of the above corollary is immediate from Corollary and by
considering the set B that we defined in (), since the elements of S are simply o
applied to elements of B that are not in ker(c), the elements of ker(o) are generated
by elements of 5 and o is surjective. Finally, we can conclude independence by
comparing with the rank given in Theorem [Tl O

The units described in [5] for any regular prime number p < 67 and Corollary
B4 describe fully the set S for such primes.

4. A Concrete Example: Z[05]Cs

We finish by illustrating the results with a concrete example: we will describe an
independent set of units that complements Cs x (05) in Uy (Z[05]C5). Let us consider
the unit u(g) = —1+ g + g* that generates a complement for Cs in Uy (ZCj) (see
[B]). Then, by Corollary [34] we have that the following set is independent and
complements C5 x (05) in Uy (Z[05]C5):

{u(0p), u(0p9), u(Br9), u(0p9), u(0,9)}
={-1+40,+0;,—140,9+05g", —1+ 029+ 09",

— 14639+ 029", —1+ 059+ 0,9"}.
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