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Describing the group of units of a group ring is a classical problem. Let p be a rational
prime number. We set θp a primitive root of unity of order p, Z[θp] the ring of p-
cyclotomic integers, G a finite abelian p-group and U1(Z[θp]G) the group of the units u
of Z[θp]G such that ε(u) ≡ 1 mod (θp − 1), where ε is the augmentation map. We will
prove that all the elements of the group U1(Z[θp]G) arise from the units of the group
ring Z(Cp × G), where Cp is the cyclic group of order p. As an application, we describe
explicitly the group of units of the group ring Z[θp]G when G is an elementary abelian
p-group and p < 67 is a regular prime number.
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groups.

Mathematics Subject Classification: 20C05

1. Introduction

Let us fix some notations. In this paper, p will denote a prime number, θp will denote
a p-primitive root of unit and G will denote a finite abelian p-group. The symbol ε
will denote the augmentation map and U1(Z[θp]G) will denote the following group
of units:

U1(Z[θp]G) = {u ∈ U(Z[θp]G) | ε(u) ≡ 1 mod (θp − 1)}.
As usual, Cp will denote the group of order p and g will denote a generator of

Cp (Cp = 〈g〉). If R is any ring, then U(R) will denote the group of units of R and if

†Corresponding author.
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H is any group then U1(ZH) will denote the group of units v of the integral group
ring ZH such that ε(v) = 1.

Describing the group of units of a group ring is a classical open problem, and
a lot of work has been done in this direction (see, for example [6, 7, 10, 14]). A
particular problem of interest is to describe a set of generators of the group of units
of a group ring or a set of generators of a subgroup of finite index. The problem
of describing the group of central units is also of interest in the subject (see, for
example [1, 4, 8, 12]).

Some work has also been done in describing the group of units of group rings of
type Z[θp]G (see [3, 13, 15]), but it is not known yet a way to evaluate explicitly a
set of generators for the group of units of such group rings.

We state the following theorem.

Theorem 1.1 ([3, Theorem 2.2]). Let G be a finite abelian group, and let U be
the group of units of RG, where R is the ring of integers in an algebraic number
field K. If n | |G|, let cn be the number of elements in G of order n and define
vn = [K(θn) : K], an = cnv

−1
n and dn the rank of the unit group of the ring of

algebraic integers of K(θn). Then

U ∼= G×H × Zt,

where H is the (cyclic) group of units of finite order in R and t =
∑
andn, the sum

being taken over all divisors n of |G|.
In the case where R = Z[θp], we have that the group H defined in the theorem

above is simply 〈−1, θp〉. One of our goals in this paper is to provide a complement
for G× 〈−1, θp〉 in the group of units of the group ring Z[θp]G for some groups G.

The following units in Z[θp], defined for 0 ≤ i ≤ p− 2, are well known:

μi =
i∑

j=0

θj
p

and we have that μi ≡ i+ 1 mod (θp − 1). It might also be useful to the reader to
remember that Z[θp]/(θp − 1) ∼= Fp. So, in order to find the whole group of units
in Z[θp]G it is enough to find a complement for G×〈θp〉 in U1(Z[θp]G), since every
other unit would be a product between a unit u ∈ U1(Z[θp]G) and some μi.

In Sec. 2, we will prove a general result that provides a relation between
U1(ZCp ×G) and U1(Z[θp]G) whenever G is a finite abelian p-group.

In Sec. 3, we will present an application of the result presented in Sec. 2, when
G is a finite elementary abelian p-group with p < 67 a regular prime, by finding a
complete set of independent generators of a complement for G×〈θp〉 in U1(Z[θp]G).
By “independent set of generators” we mean in this case a finite set of generators
{g1, . . . , gk}, such that gr1

1 · · · grk

k = 1 if, and only if rj = 0 for all j.
In Sec. 4, we finish by providing a concrete example and evaluating explicitly a

complement for 〈θ5〉 × C5 in U1(Z[θ5]C5).
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2. Main Result

Before we state the next lemma, we need to define the following morphisms, for
ai,h, ah ∈ Z, bh ∈ Z[θp]:

σ : U(Z(Cp ×G)) → U(Z[θp]G), given by∑
i=0,...,p−1

h∈G

ai,hg
ih 	→

∑
i=0,...,p−1

h∈G

ai,hθ
i
ph.

π : U(Z(Cp ×G)) → U(ZG), given by∑
i=0,...,p−1

h∈G

ai,hg
ih 	→

∑
i=0,...,p−1

h∈G

ai,hh.

α : U(Z[θp]G) → U(FpG), which takes the coefficients to their classes modulo θp−1:∑
h∈G

bhh 	→
∑
h∈G

bhh.

ρ : U(ZG) → U(FpG), which takes the coefficients to their classes modulo p:∑
h∈G

ahh 	→
∑
h∈G

ahh.

Lemma 2.1 ([13, Lemma 2.7]). In the commutative diagram below, the mor-
phism σ restricted to ker(π) is an isomorphism over ker(α).

U(ZCp ×G) π ��

σ

��

U(ZG)

ρ

��
U(Z[θp]G) α �� U(FpG)

Remark 2.2. As a consequence, the same result holds if we consider the same
restricted maps in the following diagram:

U1(ZCp ×G) π ��

σ

��

U(ZG)

ρ

��
U1(Z[θp]G) α �� U(FpG)

We are now able to state our main result.

Theorem 2.3. With the same definitions above, if G is a finite abelian p-group
and u ∈ U1(Z[θp]G), then there is ũ ∈ U1(ZCp ×G) such that u = σ(ũ).

Proof. By Remark 2.2, we consider from now on that the domain of σ is
U1(ZCp ×G). Therefore, we must prove that σ is surjective.

Let u ∈ U1(Z[θp]G). We shall prove that u ∈ Im(σ).
Consider η : Z[θp]G → Z[θp]G the Z[θp]-linear morphism induced by h 	→ hp,

for all h ∈ G.
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First, we prove that η(u)u−p ∈ Im(σ): in fact, we can write

u =
∑
h∈G

ahh,

where ah ∈ Z[θp], for all h. Thus,

α(up) = α(u)p =

(∑
h∈G

ahh

)p

,

as FpG is a commutative ring of characteristic p, we have

α(up) =
∑
h∈G

ap
hh

p =
∑
h∈G

ahh
p = α(η(u)).

Therefore, η(u)u−p ∈ ker(α) and by Lemma 2.1, we have that η(u)u−p ∈ Im(σ).
Now we define, for 1 ≤ s ≤ p− 1, the Z-linear morphisms ψs : Z[θp]G→ Z[θp]G

given by θp 	→ θs
p that fix the elements of G - that is, the maps are induced by

Gal(Q(θp)/Q) on Z[θp]G.
Thus, we have that uψs(u)−1 ∈ ker(α), since α(u) = α(ψs(u)), therefore, by

Lemma 2.1 we have that uψs(u)−1 ∈ Im(σ), for all 1 ≤ s ≤ p− 1.
Now we define the following unit:

v =
p−1∏
s=1

ψs(u) ∈ Z[θp]G.

We have that ψs(v) = v, for all 1 ≤ s ≤ p− 1. Then, if we write v as

v =
p−2∑
i=0

ziθ
i
p,

where zi ∈ ZG, we have:

v = ψs(v) =
p−2∑
i=0

ziθ
si
p .

We can write zj =
∑

h∈G aj,hh, with aj,h ∈ Z, and we have, for all h ∈ G,
1 ≤ s ≤ p− 1:

p−2∑
i=0

ai,hθ
i
p =

p−2∑
i=0

ai,hθ
si
p = ψs

(
p−2∑
i=0

ai,hθ
i
p

)
,

that is,
∑p−2

i=0 ai,hθ
i
p (the coefficient in Z[θp] of h of the unit v) is fixed by the action

of the group Gal(Q(θp)/Q), and then we have, by the correspondence given in the
Fundamental Theorem of Galois Theory, that

p−2∑
i=0

ai,hθ
i
p ∈ Q,

then v ∈ ZG ⊂ Z(Cp × G), and we obtain v ∈ Im(σ) (since v = σ(v) — in this
equation, in the left-hand side we are considering v ∈ Z[θp]G, and in the right-hand
side we are considering v ∈ Z(Cp ×G)).
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Then we have v ∈ Im(σ), η(u)u−p ∈ Im(σ) and for all 1 ≤ s ≤ p − 1, we have
uψs(u)−1 ∈ Im(σ). With this information in mind, we obtain

p−1∏
s=1

uψs(u)−1 = up−1v−1 ∈ Im(σ),

as v, v−1 ∈ Im(σ), we have up−1 ∈ Im(σ), and since η(u)u−p ∈ Im(σ), then we
obtain

u−1η(u) ∈ Im(σ).

Applying the above for ηn−1(u), we obtain, for every positive integer n:

(ηn−1(u))−1(ηn(u)) ∈ Im(σ). (1)

Let e be an integer such that pe is the exponent of G. We have ηe(u) ∈ Z[θp]
and ηe(u) ≡ 1 mod (θp − 1), then ηe(u) ∈ ker(α) and by Lemma 2.1, we have that
ηe(u) ∈ Im(σ), and we conclude by (1) that ηe−1(u) ∈ Im(σ).

Using this inclusion and (1) inductively, we conclude that η(u) ∈ Im(σ). Since
we know that u−1η(u) ∈ Im(σ), we conclude that u ∈ Im(σ), as desired.

With this result, when provided a set of generators of U1(Z(Cp × G)), we are
able to describe explicitly a set of generators of the group U1(Z[θp]G).

3. Application to Finite Elementary Abelian p-Groups

First we note that in [5], Ferraz constructed an independent set of units that com-
plements 〈g〉 = Cp in the group U1(ZCp) for all primes p < 67.

We denote (Cp)n the direct product of n copies of Cp. If p is a regular prime
number (for example, all prime numbers p < 37 are regular — see [2]), then the
following result is known.

Theorem 3.1 ([9]). Let p be a regular prime number. Then, for every natural n,
the elements of U1(Z(Cp)n) are all generated by the units of subrings ZC, where C
runs over the set of cyclic subgroups of (Cp)n of order p.

From now on we will consider p a regular prime number and G = (Cp)n.
Let us fix Cp = 〈g〉 and {ui(g)}1≤i≤ p−3

2
an independent set of units in ZCp that

generates a complement for 〈g〉 in U1(ZCp).
If ui(g) =

∑
i=0,...,p−1 aig

i, with ai ∈ Z and x is any element of any group ring
RG such that Z ⊂ R and xp = 1, we define the unit: ui(x) =

∑
i=0,...,p−1 aix

i ∈ RG.
Also, let us write G = 〈g〉 ×G2, where G2

∼= (Cp)n−1. By Theorem 4.5 of [11],
we know that U1(ZG) ∼= G× F , where F is a free abelian group of rank 1

2 (p− 3)l,
with l = pn−1

p−1 being the number of nontrivial cyclic subgroups of G. Let us denote

l2 = pn−1−1
p−1 the number of nontrivial cyclic subgroups of G2 and for 1 ≤ i ≤ l2, we

fix 〈ci〉 the nontrivial cyclic subgroups of G2 (each one generated by a certain ci).
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Thus, by Theorems 3.1 and 1.1, we have that the following set generates such
F and is independent (by comparing the rank given in Theorem 1.1):

B =

⎛
⎝⋃

i,j

{u1(gjci), . . . , u p−3
2

(gjci)}
⎞
⎠ ∪ {u1(g), . . . , u p−3

2
(g)}, (2)

with 0 ≤ j ≤ p− 1, 1 ≤ i ≤ l2.
Now we consider the map σ : U1(ZG) = U1(Z(〈g〉 × G2)) → U1(Z[θp]G2) as

before (g 	→ θp).
We will find the kernel of σ. First, we need the following lemma.

Lemma 3.2. If c ∈ G2 is a nontrivial element and u(c) =
∑

i=0,...,p−1 aic
i ∈

U1(Z〈c〉), with ai ∈ Z, then

u(c)u(θpc) . . . u(θp−1
p c) = 1.

Proof. First, let ψ : Q[θp]G2 → R =
⊕

i(Ri) be a Q(θp)-linear isomorphism given
by the Wedderburn–Artin theorem, where Ri

∼= Q[θp] are the simple components,
for all i. We have that θj

pc ∈ Z[θp]G is mapped to a cyclotomic integer x on each
simple component of R, and we get xp = 1. Then, on each component, we have
that there exists an integer 0 ≤ k ≤ p− 1 such that θj

pc 	→ θk
p on that component.

We fix any simple component Ri. If for all j we have that θj
pc is mapped to

1 in the fixed component, then it is clear that in this component we have that
u(c)u(θpc) . . . u(θp−1

p c) is mapped to 1, since u(c) has augmentation 1. Now suppose
there is j such that θj

pc is mapped to θk
p , for a certain 0 < k ≤ p − 1, in the

fixed component. In this case, we have that u(c)u(θpc) . . . u(θp−1
p c) is mapped to

u(θk−j
p )u(θk−j+1

p ) . . . u(θk−j+p−1
p ) = NQ(θp)|Q(u(θk

p)) = 1, where NQ(θp)|Q : Q(θp) →
Q is the field norm.

Therefore, on each simple component the product u(ci)u(θpci) . . . u(θp−1
p ci) is

mapped to 1, and this proves the lemma.

Corollary 3.3. Let σ : U1(ZG) = U1(Z(〈g〉 × G2)) → U1(Z[θp]G2) as defined
above, then

ker(σ) =
〈
uj(ci)uj(gci) . . . uj(gp−1ci)|1 ≤ i ≤ (l2 − 1), 1 ≤ j ≤ p− 3

2

〉
.

Proof. By Lemma 3.2, we have that uj(ci)uj(gci) . . . uj(gp−1ci) ∈ ker(σ), and as
we noted above, these units form an independent set of units. Then we conclude that
these units generate a group of rank (l2−1)(p−3)

2 . We also have that rank(U1(ZG)) =
1
2 (p− 3)l and rank(U1(Z[θp]G2)) = 1

2 (p− 3)pn−1, by Theorem 1.1.
Now, as σ is surjective, we have that rank(U1(ZG)) − rank(U1(Z[θp]G2)) =

rank(ker(σ)), and we can easily verify that this applies to the set we presented.
So we need only to note that ker(σ) is torsion-free, and this is true, since the

only torsion-elements of U1(ZG) are the elements of G, none of which is in the
kernel of σ.
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Now we are able to describe an independent set of units of U1(Z[θp]G2) that
complements G2 × 〈θp〉.
Corollary 3.4. With the notations we are using, the set S below is independent
and generates a complement for G2 × 〈θp〉 in U1(Z[θp]G2).

S :=

⎛
⎝ ⋃

1≤k≤ p−3
2

{uk(θp)}
⎞
⎠ ∪

⎛
⎜⎜⎜⎜⎜⎝

⋃
1≤k≤ p−3

2
1≤i≤l2

1≤j≤p−1

{uk(θj
pci)}

⎞
⎟⎟⎟⎟⎟⎠

Proof. The proof of the above corollary is immediate from Corollary 3.3 and by
considering the set B that we defined in (2), since the elements of S are simply σ
applied to elements of B that are not in ker(σ), the elements of ker(σ) are generated
by elements of B and σ is surjective. Finally, we can conclude independence by
comparing with the rank given in Theorem 1.1.

The units described in [5] for any regular prime number p < 67 and Corollary
3.4 describe fully the set S for such primes.

4. A Concrete Example: Z[θ5]C5

We finish by illustrating the results with a concrete example: we will describe an
independent set of units that complements C5×〈θ5〉 in U1(Z[θ5]C5). Let us consider
the unit u(g) = −1 + g + g4 that generates a complement for C5 in U1(ZC5) (see
[5]). Then, by Corollary 3.4 we have that the following set is independent and
complements C5 × 〈θ5〉 in U1(Z[θ5]C5):

{u(θp), u(θpg), u(θ2pg), u(θ3pg), u(θ4pg)}
= {−1 + θp + θ4p,−1 + θpg + θ4pg

4,−1 + θ2pg + θ3pg
4,

− 1 + θ3pg + θ2pg
4,−1 + θ4pg + θpg

4}.

Acknowledgment

The first author was partially supported by CNPq.

References

[1] R. Z. Aleev, Higman’s central unit theorem, units of integral group rings and
Fibonacci numbers, Int. J. Algebra Comput. 4(3) (1994) 309–358.

[2] Z. I. Borevich and I. R. Shafarevich, Number Theory, Pure and Applied Mathematics
(Academic Press, 1966).

[3] J. A. Cohn and D. Livingstone, On the structure of group algebras, Canadian J.
Math. 17 (1965) 583–593.

2350104-7

J.
 A

lg
eb

ra
 A

pp
l. 

D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

D
A

D
E

 D
E

 S
A

O
 P

A
U

L
O

 o
n 

03
/0

4/
22

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

February 16, 2022 22:33 WSPC/S0219-4988 171-JAA 2350104

V. A. Garcia & R. A. Ferraz

[4] R. A. Ferraz, Simple components and central units in group algebras, J. Algebra
279(1) (2004) 191–203.

[5] R. A. Ferraz, Units of ZCp, Groups, Rings and Group Rings, Contemporary Math-
ematics, Vol. 499 (American Mathematical Society, Providence, RI, 2009), pp. 107–
119.

[6] R. A. Ferraz and P. M. Kitani, Units of ZCpn , Commun. Algebra 43 (2015) 4936–
4950.

[7] R. A. Ferraz and R. Marcuz, Units of Z(Cp × C2) and Z(Cp × C2 × C2), Commun.
Algebra 44(2) (2016) 851–872.

[8] R. A. Ferraz and J. J. Simón, Central units in ZCp,q, Commun. Algebra 44(5) (2016)
2264–2275.

[9] K. Hoechsmann and S. K. Sehgal, Units in regular elementary abelian group rings,
Arch. Math. 47 (1986) 413–417.
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