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Abstract

We prove that for positive integers m > 1, n > 1 and a prime number p # 2, 3 there are
finitely many finite m-generated Moufang loops of exponent p”.

2020 Mathematics Subject Classification: 20N05 (Primary); 17D10 (Secondary)

1. Introduction

A loop U is called a Moufang loop if it satisfies the following identities:

((zx)y)x =z((xy)x) and x(y(xz)) = (x(yx))z.

In this paper we solve the restricted Burnside problem for Moufang loops of exponent p”,
p>3.

THEOREM 1. For an arbitrary prime power p", p > 3, there exists a function f(m) such
that any finite m-generated Moufang loop of exponent p" has order < f(m).

For groups this assertion was proved by E. Zelmanov ( [20, 21]). For Moufang loops of
prime exponent it was proved by A. Grishkov [6] (if p # 3) and G. Nagy [15] (if p =3).

Corresponding author

© The Author(s), 2021. Published by Cambridge University Press on behalf of Cambridge Philosophical Society.
Downloaded from https://www.cambridge.org/core. Instituto de matematica Estatistica, on 29 Oct 2021 at 18:12:19, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004121000517


https://doi.org/10.1017/S0305004121000517
mailto:grishkov@ime.usp.br
mailto:liudmila@uaem.mx
mailto:ezelmanov@math.ucsd.edu
https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004121000517
https://www.cambridge.org/core

2 ALEXANDER GRISHKOV, LIUDMILA SABININA AND EFIM ZELMANOV

In [16, 17] the restricted Burnside problem was solved for a subclass of Moufang loops and
related Bruck loops.

2. Groups with triality
A group G with automorphisms p and o is called a group with triality if p* =02 =

(po)?>=1and
[x, ollx, o]°[x, or]"2 =1

for every x € G, where [x, 0] =x"'x°.
Let G be a group with triality. Let U = {[x, o]|x € G}. Then the subset U endowed with
the multiplication

a-b=(@"Yba@"'; a,belU

becomes a Moufang loop.

Every Moufang loop U can be obtained in this way from a suitable group with triality,
which is finite if U is finite. Moreover, if p is a prime number, then a finite Moufang p-loop
can be obtained from a finite p-group with triality ( [3,5, 10]).

3. Lie and Malcev algebras

Let ¥, be a field of order p, let G be a group. Consider the group algebra IF,G and its
fundamental ideal w, spanned by all elements 1 — g, g € G. The Zassenhaus filtration is the
descending chain of subgroups

G=G,>Gy>---,
where G; ={geG|1—gecw'}. Then [G;, G;1 € Gy and each factor G;/G;1; is an
elementary abelian p-group. Hence,
L=L,G)= Z Li, Li=G;/Gin
i>1
is a vector space over IF,,. The bracket
[xiGiy1, yiGjril=[xi, y]1Giyjs1; xi € Gy, y; € Gy,

makes L a Lie algebra. Notice that the bracket [, ] on the left-hand side of the last equality
is a Lie bracket whereas [, ] on the right-hand side denotes the group commutator.

Let x, y be generators of a free associative algebra over IF,. Then (x 4+ y)? =x? 4 y? +
{x, y}, where {x, y} is a Lie element. Following [12], we call a Lie IF,,—algebra L with an
operation a — a'?!, a € L, a Lie p-algebra if

(ka)lP! =kal?",
(a+ )" =l 4 plP) 4 {a, b},
[a'”!, b1 =1a, [a,...[a,]]...]
———

p

for arbitrary k € F,; a, b € L. The mapping L; — L;,, (giGiy)P' = gl'pGip+lv extends to
the operation a — al?!, a € L, making L a Lie p-algebra. For more details about this
construction see [2,11,22].
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The restricted Burnside problem for Moufang loops 3

We call a Lie algebra (resp. Lie p-algebra) L with automorphisms p, o a Lie algebra with
triality if p*> = 0> = (po)? = 1 and for an arbitrary element x € L we have

x—x)+ 7 —x) +(x° — )c)”2 =0.

LEMMA 3-1. Let G be a group with triality and let p be a prime number. Then L ,(G) is
a Lie p-algebra with triality.

Proof. The automorphisms p, o of the group G give rise to automorphisms p, o of the Lie
algebra L ,(G). For an element x; € G; we have

[xi, o llxi, 01 Lxi, 017 = 1.
It implies that for the element x = x;G;,| € L; we have
(X7 —x)+ (7 =) + (x° —x)” =0.
This completes the proof of the lemma.

Recall that a (nonassociative) algebra is called a Malcev algebra if it satisfies the
identities:

(D). xy=—yx;
(2). (xy)xz)=((xy))x + ((y2)x)x + ((zx)x)y,

see [4,14,23].

LEMMA 3-2 (see [7]). Let L be a Lie algebra with triality over a field of characteristic
#2,3. Let H={x € L|x° = —x}. Recall, that forany x € H, x +x°" + x?" =0. Then H is
a Malcev algebra with multiplication

a*xb=[a+2a’, bl=[a%, b],
wherea,be H, a =1+ 2p.

LEMMA 3-3. For arbitrary elements a, b, c € H we have

3[[a, b], c]=2(a*xb)xc+ (cxb)*xa+ (a*c)*b.

We remark that in a Lie algebra with triality over a field F, for arbitrary elements
ai, ..., a, € H the subspace

iFai—i—Xn:Faf‘:Xn:Fai—i—iFaip
i=I i=1 i=1 i=1
is invariant with respect to the group of automorphisms (o, p).
Proof. Let’s prove that for any x, y, z € H:
(v )+ 2 =2[0x"", y71, 2] + [, yl, 2l. (3-1)
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4 ALEXANDER GRISHKOV, LIUDMILA SABININA AND EFIM ZELMANOV
Using x + x” +x”" =0 and y+y° 4+ y"2 =0, we get

v=1[x", y] =[x, y"]1= =[x, y] — [x, y] + [x, y" 1+ [x, yl =[x, "1 — [x”", y];
v =[x,y =[x,y 1= —[x”, ] - [x, y"]
+[x7, Y1+ [x7, yl =[x, y] =[x, y’1=v.
Then

V=[x, ¥ =[x, ol =[x, yl — [x, 7 ] = —v,

hence v € H and, by triality, we have v 4+ v” + v?* =3v = 0. Since the characteristic of the
field is not 3 then v = 0 and we proved that

[, y1=1x, y’1, ¥, y"1=[x", y*'1. (3-2)
Finally, we have by (3-2)

(xxy)sxz=[x+2x", y]*z
=[x +2x”, y], z + 22”]
=[x, y], 2] +2[[x”, y], z] + 2[[x + 2x”, y], 2”]
=[x, y1, 2+ 2[[x*, y], 2] +2[[x” +2x"", "], 2]
= [[x, 1, 2]+ 2[[x”, ¥], 2] + 2[[—x + 2", y*], 2]
=2[[x"", y°1, 2] + [[x, y1, z].

LetJ=J(x,y,2)=@*xy)*xz+ (y*2)*x + (z*x)*y, then by (3-1) we get
J=2(x"", y1. 2] + [y, 21 x]+ [, x1. y]).
Butt = [[x"z, y°1, z1 — [[z'oz, x*], y] =0, indeed, we have

t—1 =[x, ¥l 2] = (127, 271 y)? =[x, y°1, 2+ [, 271, y]
=[x, Y71, 21 = [z, 71, ¥ 1 =[x, y°1 2] + (27, 7, ]
=[x, ¥], 21 = [[z, 1. y1 = [[x*", y°1, 2] + [, x°1, ]
= [[x"", 2, y1+ 7, Iy, 21— [z, ¥°1, x7 1 — [z, [x7, y°1]

—[[x*", y°1, 2) + (12", "1, ]
=[x, [y, 211 = [[z, 1, x”]
=0.

Hence, t € H N {v|v” = v}. As above we can prove that v = 0, since the characteristic of the

field is # 3.
Then

J(x,y, ) =(x % y) 2+ (y %2) * X + (2% x) % y =6[[x"", y*1, z]. (3-3)
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The restricted Burnside problem for Moufang loops 5
Now we are ready to prove the Lemma. By (3-1) and (3-3) we get

2k y)kz+ (zxy)xx+ (x*xz) %y
=3xxy)*xz+(@*xy)*xx+(Uxx2)ky+ (Y*xx)*z
=3xxy)*xz+J(x,y,2)

=6[[x"", y°1, 21+ 3llx, ], z1 — 6[[x*", y°], z]
=3[[x, yl, zl,

which proves the lemma.

LEMMA 3-4. Ifa Lie algebra L with triality is generated by elements

a
m?*

i, ..., 0y, as, ..., d
where ay, . .., a, € H, then the Malcev algebra H is generated by ay, . . ., a,,.

Proof. We have L =H + S, where S={a € L|a° =a} and H* C S. Hence the subspace
H of L is spanned by left-normed commutators b =/[...[by, bs], b3], ..., b,], where
by,....,b.efay,...,ay,af, ..., a;} and elements from {a,, ..., a,} occur in b an odd
number of times.

(1) Supposethath, =a, 1 <i <m,b' =][...[by, b2], ..., b,_1]. Then by the induction
assumption on r the element b’ lies in the Malcev algebra H' generated by ay, . . ., a,
and b=[b, al]l=—a; x';

(2) Suppose that b, € {ay, ..., a,}. If the element b,_; also lies in {ay, ..., a,} and
b"=[...[by1,...], b,_] then by the induction assumption b” € H'. In this case it
remains to use Lemma 3-3.

Leth,_ ef{af,...,a;}. Then
b= [[b//’ brfl]s br] = [b//’ [brfh br]] + [brflv [brv b”]]

By the induction assumption on r applied to the elements ay, ..., a,, an+1 =[b,—1, b, ] €
H’ the first summand lies in H’'. The second summand was considered in case (1). This
completes the proof of the lemma.

4. Commutator identities in groups

Let Fr be the free group on free generators x;, i > 1; y, z1, z». Recall the Hall commutator
identity

[xy, zl=1y, [z, x]l[x, zl[y, z],

where [x, y] =x"'y !xy is the group commutator.

Let N be the normal subgroup of Fr generated by the element y and let N’ by the sub-
group of N generated by [N, N] and by all elements g”, g € N. Then N/N’ is a vectors
space over the finite field IF,. For an element g € F'r consider the linear transformation

g :N/N — N/N', hN'— [g, h]N'.
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6 ALEXANDER GRISHKOV, LIUDMILA SABININA AND EFIM ZELMANOV
Then the Hall identity implies

(ab) =d +b —-bd,

or, equivalently, 1 — (ab)' = (1 —b')(1 —a’), where 1 is the identity map. Hence, 1 —
(@”) = (1 —a’)?". This implies the following well known lemma

LEMMA 4-1. [xy, [x1, [... [x, yI1...1=[x", y] mod N'.
N—
p

COROLLARY. [[x1, 1], [[x1, z1], [ . -, [[x1, z1], ¥] ... 1=[[x1, 2117, y] mod N'.

Applying the so called “collection process” of G. Higman [11] (see also [22]) we linearize
this equality in x;.

LEMMA 4-2. The product

H [[Xn(l), z1l, [[xn(z), ol [, [[-xn(p")a 1], yl.. ]

TES

with an arbitrary order of factors lies in the subgroup generated by elements
[xi, -+ xi,, 217, ¥,

1<iy <. <i, < p", and commutators cin'y, 21, X1, . . . , Xpn such that:

(i) cinvolves all elements y, X, ..., Xy,
(ii) some element y or x;, 1 < j < p", occurs in c at least twice.

Consider again a group with triality G and the Lie algebra with triality L =L ,(G) =
oo oo
> L;. The subspace H ={a € L |a° +a =0} is graded, i.e. H=)Y_ H;,, H;=HNL,.

i=1 i=1
LEMMA 4-3. Suppose that for an arbitrary element g € G we have (g, o]”" = 1. Then

(i) for an arbitrary homogeneous element a € H;, i > 1, we have ad(a)”" =0,

(ii) for arbitrary homogeneous elements ay, . .., ay from H we have
> ad(@x)) -+ - ad(@z ) =0.
TESyn

Proof. For a homogeneous element a € H; there exists an element g € G; such that a =
[g, 01G;41. Then a” =[g, 017" G pn;11 = 0. This implies ad(a)”" = ad(a'?"1) = 0.

Let ay, ..., ay be homogeneous elements from H, a; =[g;, 01G i) +1, & € Gni), b=
8'Gjt1. 8 €G;. Applying Lemma 4-2 to x; = g;, 21 = 0, y = g’ we get the assertion (ii).

LEMMA 4-4. For an arbitrary element a € H we have [a, a”] = 0.

Proof. We have already mentioned that for an arbitrary element g € [G, o] we have
[g, g”1=1, see [8]. Hence, [g, g”] =01in L(G).

Let a; € H;,a; € H; be homogeneous elements. We need to show that [a,-,af 1+
la;, aip] =0. There exist elements g; € G;, g; € G; such that a; =[g;,01G;y1,a; =
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The restricted Burnside problem for Moufang loops 7

[gj, 01G 4. In the free group Fr consider the element

X =[lx1, 21, [x2, 71 121llx2, 211, [x1, 21121

Applying the Hall identity and the Collection Process in the free group Fr we get

[[x1x2, z1], [x1x2, Z1 2] = [[x1, 21, [, 2002 1x2, zil, [x2, 20021 - X -1 - - -,

where cy, . .., ¢, are commutators in X, X,, 21, Z2; each of these commutators involved both
elements x;, x, and at least one of these elements occurs more than once.

Substitute x; = g;, X = g, 21 =0, 2o = p. Then the equality above in the free group Fr
implies X € G;;1,. Hence [q;, af 1+1[aj, af ] =0, which completes the proof of the lemma.

Example 4-1. Let L be anilpotent 3-dimensional Lie algebra with basis a, b, ¢ and multipli-
cation [a, b] =c, [a, c] =[b, c] =0. The group S; actson L viaa® = —a, b’ =a+ b, c’ =
c,a’ =b,b” =—a — b, ¢’ =c. The straightforward computation shows that L is a Lie
algebra with triality and that [a, a”] = —c # 0.

LEMMA 4-5.

(i) For an arbitrary element a € H, arbitrary k > 1, we have
ad(a"‘)"k = ad(a)pk + 2p*1ad(a)pk,0;

(ii) for arbitrary elements ay, . .., ay € H we have

Z ad(agy) - - - ad(ag )

JTESPk

=Y ad(@zq) - ad(@rp) 4207 Y ad(@rq)) -+ adW (an(m)p-

TES TES K

Proof. We only need to prove part (i). Part (ii) is obtained from (i) by linearization. We have
a®“=a+ 2a”. By Lemma 4-4 [a, a”] = 0. Hence,

ad(@®)?”" = ad(a@)” + 2" ad(@”)"" = ad(a)” +2p"'ad(a)" p.
This completes the proof of the lemma.

We remark that the proof of linearised Engel identity in [6] contains a gap that is filled in
this paper.

For an element a € H let ad” (a) denote the operator of multiplication by a in the Malcev
algebra, ad"(a) : h — a * h, ad" (a) = ad(a®).

LEMMA 4-6.

(i) For an arbitrary homogeneous element a € H;, i > 1, we have ad*(a)”" = 0;
(ii) for arbitrary elements a, . .., a,» € H we have

Z ad*(axy) - - - ad*(ar ) = 0.

TESn
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8 ALEXANDER GRISHKOV, LIUDMILA SABININA AND EFIM ZELMANOV

Proof. Assertion (i) follows from Lemma 4-3 and Lemma 4-5. Assertion (ii) follows from
Lemma 4-3 and Lemma 4-5.

5. Local nilpotence in Malcev algebras

PROPOSITION 1. Let M = M, + M, + - - - be a finitely generated graded Malcev alge-
bra over a field of characteristic p # 2, 3, such that:

(i) ad*(a)”" =0 for an arbitrary homogeneous element a € M;
() Y ad*(axq)) - - - ad*(azm) =0 for arbitrary ay, . .., ay € M.

TES

Then the Malcev algebra M is nilpotent and finite dimensional.

If I is an ideal of a Malcev algebra M then I=1? +1 2. M is also an ideal of M. Consider
the descending chain of ideals M!®' = M, MU+ = M1l We say that a Malcev algebra M is
solvable if M"™ = (0) for some n > 1.

LEMMA 5-1 (Filippov, [4]). A finitely generated solvable Malcev algebra over a field of
characteristic > 3 is nilpotent if and only if each of its Lie homomorphic images is nilpotent.

Consider the free Malcev algebra M (m) on m free generators xp, ..., X,. As always
N={1, 2, ...} 1is the set of positive integers. The algebra M (m) is N"-graded via

deg(x)=(0,0,....1,0,...,0), 1<i<m, M(m)=D M(m),.
yeNm

Let I be the ideal of M (m) generated by elements a(a(- - -a b) - - - ) and elements
——

pt

Z )@z + - (@rpmyb) -+ ),

nESp
where a, ay, ..., a,, b run over all homogeneous elements of M (m). Let
M(m, p") =M@m)/I
LEMMA 5-2. The algebra M (m, p")? is finitely generated.

Proof. Kuzmin (see [14]) showed that for an arbitrary Malcev algebra M we have M C
M? . M?. By [20] every Lie homomorphic image of M (m, p") is a nilpotent algebra. Hence
by Lemma 5-1 of Filippov there exists # > 1 such that

M(m, p")' € M(m, p")*' € M(m, p")>M(m, p")*.

Since the algebra M (m, p") is N"-graded it implies that M (m, p")? is generated by products
of xq, ..., x, oflength £, 2 < ¢ <t — 1. This completes the proof of the lemma.

Recall that an algebra is said to be locally nilpotent if every finitely generated subalgebra
is nilpotent.
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The restricted Burnside problem for Moufang loops 9

LEMMAS-3. Let M =M, + M, + - - - be a graded Malcev algebra that satisfies assump-
tions (i) and (ii) of Proposition 1. Let I be an ideal of M such that both I and M /I are locally
nilpotent. Then the algebra M is locally nilpotent.

Proof. Let M' be a subalgebra of M generated by m homogeneous elements. Then M’ is a
homomorphic image of the Malcev algebra M (m, p"). By Lemma 5-2 the algebra (M')? is
finitely generated.

Let’s prove that the algebra M’ is solvable. Since the factor M /I has been assumed to
be locally nilpotent the algebra (M’ + I)/I is nilpotent and finite dimensional. We will
prove solvability of M’ by induction on dimp(M' 4+ [/1I). If dimp(M’ + I)/I =0 then the
subalgebra M’ is nilpotent since it liesin /. If dimz (M’ + 1) /I > O thendimz(M')?> +1/I <
dimp (M’ + I)/1. Hence the algebra (M')? is solvable which implies solvability of M.

Since M’ is solvable then by [20] all Lie homomorphic images of the algebra M’ are
nilpotent. Hence by Lemma 5-1 the algebra M’ is nilpotent, which completes the proof of
the lemma.

LEMMA 5-4. Let M =M, 4+ M, + - - - be a graded Malcev algebra that satisfies assump-
tions (i) and (ii) of Proposition 1. Then M contains a largest graded locally nilpotent ideal
Loc(M) such that the factor algebra M /Loc(M) does not contain nonzero locally nilpotent
ideals.

REMARK. For Lie algebras this assertion was proved in [13, 18]

Proof. Let I, I, be graded locally nilpotent ideals of M. Since the factor algebra I, +
L/I =1,/I, N I, is locally nilpotent it follows from Lemma 5-3 that the algebra I, 4 I,
is locally nilpotent.

Let Loc(M) be the sum of all graded locally nilpotent ideals of M. We showed that the
ideal Loc(M) is locally nilpotent. By Lemma 5-3 the factor algebra M = M /Loc(M) does
not contain nonzero graded locally nilpotent ideals. Let J be a nonzero (not necessarily
graded) locally nilpotent ideal of M. Let Jy: be the ideal of M generated by nonzero homo-
geneous components of elements of J of maximal degree. It is easy to see that the ideal Jg,
of M is locally nilpotent, a contradiction. This completes the proof of the lemma.

Recall that an algebra A is called prime if for any nonzero ideals I, J of A we have
1J #(0). A graded algebra A = A| + A, + - - - is graded prime if for any nonzero graded
ideals I, J we have IJ # (0). Passing to ideals I, J,; we see that a graded prime algebra is
prime.

The proof of the following lemma follows a well-known scheme (see [21]). We still
include it for the sake of completeness.

LEMMA 5-5. Let M =M, + M, + - - - be a graded Malcev algebra satisfying assump-
tions (i) and (ii) of Proposition 1. Then the ideal Loc(M) is an intersection Loc(M) = P
of graded ideals P <1 M such that the factor algebra M/ P is prime.

Proof. Choose a homogeneous element a € M \ Loc(M). Since the ideal I (a) generated by
the element a in M is not locally nilpotent there exists a finitely generated graded subalgebra
B C I (a) that is not nilpotent. Since the algebra B satisfies assumptions (i) and (ii) it follows
from Filippov’s Lemma 5-1 that the algebra B is not solvable.
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10 ALEXANDER GRISHKOV, LIUDMILA SABININA AND EFIM ZELMANOV

Consider the descending chain of subalgebras B® = B, BV = (B®)2, Since the
algebra B is not solvable we conclude that B® = (0) for all i > 0.

By Zorn’s Lemma there exists a maximal graded ideal P of M with the property that
B® ¢ P for all i. Indeed, let Py € P, C--- be an ascending chain of graded ideals such
that B is not solvable modulo each of them. If B is solvable modulo | J P; then B® C | J P;

i>1 i>1
for some s > 1. By Lemma 5-2 the subalgebra B is finitely generated, hence B’ C P; for
some i, a contradiction.

We claim that the factor algebra M /P is graded prime. Indeed, suppose that I, J are
graded ideals of M, P C I, P C J,and IJ € P. By maximality of P there exists i > 1 such
that BY C I and B®”) C J. Then B“*V C P, a contradiction. This completes the proof of the
lemma.

Proof of Proposition 1. Let M be a graded Malcev algebra satisfying assumptions (i) and
(i1). If M is not nilpotent then M # Loc(M). By Lemma 5-5, M has a nonzero prime homo-
morphic image. Filippov [4] showed that every prime non-Lie Malcev algebra over a field of
characteristic p > 3 is 7-dimensional over its centroid. Now it remains to refer to the result
of Stitzinger [19] on Engel’s Theorem in the form of Jacobson for Malcev algebras. This
completes the proof of Proposition 1.

6. Proof of Theorem 1

Let U(m, p") be the free Moufang loop of exponent p" on m free generators xi, . . ., Xp,.
Let E=E(U(m, p")) be the minimal group with triality that corresponds to the loop
U(m, p") (see [9]). The group E is generated by elements x, . . ., x,,, xf, ..., xb. Consider
the Zassenhaus descending chain of subgroups £E = E; > E, > --- . Let

G=E/()E. U=I[G, ol

i>1

Theorem 4 from [5] implies that an arbitrary finite m-generated Moufang loop of exponent
p" is a homomorphic image of the loop U. We will show that the loop U is finite.
As above, consider the Lie p-algebra

L=L,G)=@ L, Li=Gi/Gi,

i>1

over the field F,, |F,| = p, and the Malcev algebra H ={a —a’|a € L}. The Malcev
algebra H is graded, H =P H;, H; = H N L;, and satisfies assumptions (i) and (ii) of
i>1

Proposition 1. B

Consider the Lie subalgebra L’ of L generated by the set I,, ={ay, ..., an, af, ..., a%},
where a; = x;E, € Ly, 1 <i <m. The whole Lie algebra L is generated by /,, as a p-algebra.

Since the subalgebra L’ is S;-invariant it follows that L’ is a Lie algebra with triality.
Therefore L’ gives rise to the Malcev algebra H'= L’'N H. By Lemma 3-4 the elements
ai, ..., a, generate H' as a Malcev algebra. Hence, by Proposition 1 the algebra H' is
nilpotent and finite dimensional. Let dimp, H' =d.

Since the Lie algebra L is generated by ay, ..., a, as a p-algebra it follows that L is
spanned by p powers c[”k], where ¢ is a commutator in ay, . . ., a, of length <2d, k> 0.
The space H is spanned by pth powers c!”'!, where the commutators ¢ have odd length.
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An arbitrary homogeneous element a € H; can be represented as [g, 0]G;4, where g €
G;. Hence [g, o]”" =1 implies a!”'! = 0. Then H is spanned by p-powers c'”'], where ¢
is a commutator in ay, . . ., a,, of odd length <2d and k <n. Hence, dimp, H < 0. Since
|H| = |U| we conclude that |U| < oco. This concludes the proof of Theorem 1.
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