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ARTICLE INFO ABSTRACT
Keywords: Important biological features of viral infectious diseases caused by multiple agents with inter-
General cross-protection acting strain dynamics continue to pose challenges for mathematical modelling development.
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Motivated by dengue fever epidemiology, we study a system of Integro-Differential Equations
(IDE) considering strain structure of pathogens. Knowing that complex dynamics observed in
dengue models are driven by the combination of two biological features, the temporary cross-
immunity (TCI) and disease enhancement via the antibody-dependent enhancement process
(ADE), our IDE system incorporates the TCI with a general time delay term, and the ADE effect
by a constant factor to differentiate the susceptibility of individuals experiencing a primary or
a secondary infection. Aiming at analysing the effect of the symmetry on dengue serotypes in
the IDE framework, a detailed qualitative analysis of the model is performed and the instability
of the coexistence steady state is shown using the perturbation theory approach. Numerical
simulations identify the bifurcation structures and confirm the stability analysis. Results for the
symmetric and asymmetric models are discussed.

1. Introduction

Mathematical models have a long history in epidemiological research, used as an important tool to understand the dynamics of
infectious disease spreading and control under different scenarios.

Dengue fever is a widespread viral disease transmitted by mosquitoes, with half of the world’s population at risk of acquiring
dengue infection [1,2]. There are four distinct serotypes that are antigenically related. Thus, infection with one serotype confers
short cross-immunity protection (TCI) to all serotypes and long-immunity protection to that serotype. Secondary infection with a
heterologous serotype has been associated with the severity of illness symptoms and dengue hemorrhagic fever due to a biological
process known as ADE [3-5] . This process occurs when antibodies produced by an immune response after a first infection recognize
the first related serotype, attempt to bind to the virus but are unable to do so, instead increasing the virus’s ability and enhancing
the new infection [6-9].

There is no specific treatment for dengue infection. Most people have mild or no symptoms that will require only supportive care.
However, severe dengue cases will require hospitalization and can eventually lead do death due to the disease. Due to the dengue-
specific complexities described above, vaccine development focuses on the production of a tetravalent vaccine aimed at providing
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long-term protection against all dengue virus serotype. The Dengvaxia, developed by Sanofi Pasteur [10], and the Qdenga (TAK-003)
vaccine, developed by Takeda Pharmaceutical Company [11,12] have both completed phase 3 clinical trials. The Dengvaxia vaccine
has resulted in serious adverse events in seronegative individuals in a study comparing the age-matched seronegative controls [13—
18], whereas serotype specific negative vaccine efficacy was observed for vaccinated seronegative individuals who have received the
Qdenga vaccine [19], resulting that long-term surveillance involving prudent and careful observation of people receiving Qdenga
is necessary [20-22].

To explain the irregular behaviour of dengue epidemics, mathematical models that investigated dengue dynamics and focused
on the interplay between strains have been proposed [23].

Using an extension of the SIR models, the multi-strain dengue dynamics have been studied by adding biological features of
the disease such as ADE process [24-30], successfully describing the large fluctuations observed in empirical outbreak data. The
combination of TCI and ADE features in these models has shown to be the most important drivers for the complex dynamics found
in the models [31]. The combination of these biological features have been modelled in different ways. The ADE effect can be
introduced to act either on individual transmissibility [28,32-36] or on individual susceptibility [37-39], whereas the TCI can either
be included using a constant waning immunity period (thus the mathematical model is the typical Ordinary Differential Equations
(ODEs) system) [24] or can be represented by including a general time protection period (leading to an Integro-differential equations
(IDEs) system) [37,40].

Regarding models that considering asymmetry between serotypes have been studied in both the general ODE framework [32]
and in the IDE framework [37,40]. In the last one [37,40], the authors have shown that the ODE system that consider constant
immunity period (exponential distributed function) and the IDE system that consider a general immunity period (distributed delay
using polynomial function) present the same qualitative behaviour. However, quantitative behaviour depends on the choice of
the function affecting the behaviour of the steady state regarding the coexistence of different strains. On the other hand, models
considering symmetry between dengue serotypes have been studied in the general ODE framework [32,41], whereas in the IDE
framework the symmetry effect have been not been fully studied and understood [40].

Motivated by the study of disease transmission, we study a system of integro-differential equations describing the disease
transmission dynamics considering strain structure of pathogens, ADE effect differentiating the susceptibility rate in a primary and
secondary infection and TCI as a general time protection period. Differently from previous work, here we assume symmetry between
dengue serotypes, that is, considering same virulence between serotypes. The main purpose of this study is to assess and analyse
the impact of the symmetry between biological parameters and variables of the model where TCI is introduced as distributed delay.
While it is recognized that the serological relationship between pairs of virus strains might not always be symmetrical, with one
strain potentially dominating over another, this study focuses on the symmetric case. This approach is taken to simplify the system
and derive theoretical insights from the model that would not have been attainable with an assumption of asymmetry.

The outcomes presented in this work offer a deeper understanding of potential disease spread scenarios. This is achieved through
an approximation of the general model, using the assumption of symmetry in the force of infection.

This paper is organized as follows. The proposed model framework is described in the qualitative analysis is discussed in Section 2.
The associated limiting system is defined in Section 3, where we look for the equilibria and analyse the local stability determined
by an important threshold value. In Section 4, numerical simulations are performed to describe the bifurcation structures appearing
in the system and to study the stability of the coexistence equilibrium. In Section 5, perturbation theory is used to demonstrate that
the Hopf bifurcation occurs out of a symmetric manifold, showing the instability of the coexistence steady state. In Section 6, the
findings of the asymmetric and symmetric cases are discussed, followed by final considerations and conclusions.

2. Model structure

The system of integro-differential equations (IDE) proposed by Steindorf et al. [37] studied the propagation of multi-serotype
infectious diseases. Motivated by dengue fever epidemiology, the model assumes asymmetry of serotypes and includes important
biological features of the disease epidemiology, the temporary cross-immunity period (TCI) and the disease enhancement via the
antibody-dependent enhancement (ADE) process to describe disease transmission dynamics in endemic scenarios.

As proposed in Steindorf et al. [37], the total population N of individuals at time ¢ is stratified into 10 classes, .S(1), I;(1), C;(?),
R;(1), I;;(t) and R(»), with i,j = 1,2 and i # j, representing all possible disease stages. Susceptible to all serotypes, S(7), become
infected for the first time with one of the dengue serotype, I;(z). After recovering from the first infection, individuals are temporarily
immune to all serotypes, C;(¢). After immunity wanes, individuals are life long immune to that specific serotype, R;(r), but susceptible
to a secondary infection with a heterologous serotype, moving to the class I;;(¥). Finally, individuals are recovered and fully immune
after two infections, R(?).

The constants, d is the natural mortality rate for the population, g is the transmission rate of primarily infected individuals,
while « is the transmission rate of individuals experiencing a secondary infection with an heterologous strain. With the assumption
of a general length of cross-immunity protection, P(¢) denotes the proportion of people who, after recovering from the serotype i,
remain temporarily protected against all serotypes during 7 units assuming

PO)=1 and P(x)=0, (€9)]

P(1) is non-increasing and

/oo P(s)ds = 1w (@3]
0 w
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Moreover, y is the recovery rate, and, ¢ is the disease enhancement factor representing the disease severity due to the ADE
process occurring during a secondary infection. The ADE effect is introduced as a constant rate that can increase or decrease the
probability of a primarily infected recovered individual, to become infected for the second time, assuming that these individuals
have a certain level of cross-reactive antibodies able to neutralize or enhance the new infection [9]. Hence, while ¢ < 1 decreases
the probability of a secondary infection to occur, ¢ > 1 increases the probability of individuals to experience a secondary infection.
Thus, here we assume that a previous exposure to one serotype results will increase the susceptibility to reinfection [9,42]. The
model does not consider the rare occurrence of co-infection of different strains [43], or the possibility of reinfection with same
strain.

Differently from the assumptions in [37], here we investigate the IDE framework considering serotype symmetry in transmission
and immunity, that is, ; = p, = §, & = @, = @ and P, = P, = P, respectively. These assumptions lead to a system reduction
allowing us to obtain theoretical results on the stability of coexistence equilibrium that were not possible for the asymmetric case.
The refined system is shown in Equation System (3).

% =dN@®H-dS@® - ﬂW) (1) + L) + T,(1) + Iy ()
d;lt(t) =—dl(n)+ ﬁN—(t)Il(z) + ﬂN_()IZI(,) L)

d;zt(T) —dL,(1) + ﬁf](('t)) L)+ ﬂ;((tt)) () = ()

dcdz(t) yI,(t) —dCy(t) + /ty]l(s)P/(t — e 1094

%zt(t) =yI(1H) - dCy(n) + /I yL(s)P'(t — s)e~ 49 ds @
e Nl((,)) 1) - ap= N‘((t)) 1) - /O 1P — e

dljizt(t) = —dRy(1) — agp 2(()) Iy (1) - agp ]\?(())1] - /' V1) P 1 — 5)e=0- ds

d[flzzr(t) =—dlp® =ylO)+ap5 (;)) L)+ ap—— Nl((:)) IN0)

dIth(t) = —d Iy () =y Dy () + a2 2() 10+ ap S Ry(t )121( )

df:l(t) = —dR(@t) + yI1,(t) + 7 I (1)

The total population dynamics is determined by
N=SO+1,0)+ 1,®)+Ci(t) + Cy(t) + I 1,(t) + 151 (1) + R (1) + Ry (1) + R().

Thus, we redefined the fractions of each sub-population by writing: N =S, ” =1;, =G and & ~ = R;. In addition, the dynamics
for the recovered and cross immunity classes are decoupled (that is, the solutlon of C; and R can be obtained by integrating its
differential equation, after solving and substituting the solution of I,), hence the original system can be studied by analysing the

following seven dimensional equation system:

% =d—dS@) - pSW) (1) + Ly () + L) + 11,(1))

d{;,( D — @+ D1® + SO O + Iy (®)

% = —(d + )L + SO (1) + 115(1)) @
dlzlt(t) —dR;(t) — apR; ()T 1(1) + (1)) — / T Y1 ()P (t — $)e= =9 ds

% = —dRy(1) — ap Ry())(Ly, (1) + 1, (1) — /0 L) Pt — et

w =—(d + 10+ apR O + 115(1)

% =—(d + 1) (0) + ap Ry (1) + I, ().

3. Qualitative analysis

Following the idea proposed in [37,44], we will examine the system (4) as a perturbation of the limiting system:

dS(t)

T d—dS@) = pS@) (1)) + I () + L) + 11,(1)
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% =—(d + 7)1, (0) + BSOUT () + I, (1))

% =—(d + ) L1 + BSOUL,@) + 11, (1) ©
% = —dR, (1) — apR, (/I 12(1) + L,(1)) — /0 " - )P (e ods

% = —dRy(1) = ad Ry(t)(Iy (1) + 1, (1)) — /O ® Lt — P (e ds

% =—(d + 1O+ apR (O, 0) + 115(1)

% = —(d + )10 + apRy ()T (1) + I, (1)).

The system is well posed having solutions in the Banach space 2y as defined in [37]. Thus, the trivial equilibrium D, =
(1,0,0,0,0,0,0,0,0,0) is always in the invariant set Q.
Defining
(o]
M :=- / P'(s)e™¥ds, (6)
0
we look for the steady states of the system. Note that 0 < M < 1.
After some algebraic computation, we are able to find the equilibrium of the system. The values at equilibrium for the susceptible
population are the roots of the cubic polynomial O(S) = Q(S)(bS + a), where
a=—ag(d+y)*
b=app(d+r(1-M)),

and O(S) = a,S? + a, S + ay, where

ay = Pl(d +y)ap —2p) + yMag]
ay=(d+y’Q2p—ag) - adp(d +y +yM)

ag = ad(d + 7).
2
Since S* = %” = % gives a negative value for I}, and I, we look for the roots of the O(S) polynomial. While searching
for the roots, note that it is necessary that S* > 0, being root of Q(.5) polynomial, and S* < dﬂﬂ, in order to have an equilibrium in
the positive region. All these information give us the following theorem.

Theorem 1. If R, = L5 1 the system of Egs. (5) always have two boundary equilibria in 2y, namely,

= i
D1=<d+y

d| p 14 % y|{ B
— L 2|/ -1],0,L0-MI",0,MZ |—— —1],0,0,0,0),
B Bld+y ] d( ) [ ] )

Bld+y

d+y d| P 4 . A

Dy=—,0,=|—-1{,0,=(1 -M)I], 00 M=~ | —— —1{,0,0,0
: <ﬂ ﬂ[d+y ] g T MOLOMG T

and, a unique positive equilibrium, D5, in 2y, with coexistence of the two strains, where

_ \/a? - 4aya,
g4 _NVI1 7 @

" 2a, 2a, ’
with a; being the coefficients of polynomial Q(S) and, satisfies

d(l —5%)
I =1 =——7,
2(d +7y)
; y(1 - M)
Ci=Cy = TIl*,
* «_d+y—pS*
Rl = RZ = T, (8)
. . (d+y)Il*—ﬂS*Il*
I, =1, = BS* >

* _ * * * * * * * * *
R =1-8"-I-I;-C{-C;—R|—-R] - I, - I;,.

Proof. If d%y > 1 then, it is easy to see that D, is in @, for i = 1,2. In addition, since the searched root S* needs to be smaller than

4+ let S, be

B max

d+y
Smax = T
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Then, the quadratic polynomial evaluated in S,,,,, is

OSpun) = 0Ty = @+ iyt (5L -1) <o
because di > 1.
+

Moreoveyr, the independent term, a,, of the polynomial Q(S) is positive. This proves that we have a positive root satisfying
S* < %, and it is given by
_ @+ (2B+ag) +appld+y +yM)
- 26[d +y)ad —2B) + yMag]
3 V(@ +7)(28 — agp) + apB(d +y +yM))> — Bagp2y M(d + 1)
2p[d +y)(ad —28) + yMag]

S*

(9)

Therefore, the equilibrium D; = (S*, 11*,12*, C;“, C;, R’l‘, R’Z“, 11*2, I;I,R*) is in 2y, where S* is given by (9), and satisfies (8).

3.1. Stability of the equilibrium

In the previous Section 3 we calculated the equilibria of the limiting system in order to know the equilibria of system with time
delay. Following the results from Brauer et al. [44] and Steindorf et al. [37], here we show the results regarding the stability of the
limiting system and, thus, the local stability of the system with delay.

The stability of the equilibria of the limiting system (5) is a consequence of stability of the zero solution of the linearized system.
And, the asymptotic stability of the zero solution of the linear system X'(r) = AX(r) + f0°° B(s)X(t — s)ds is equivalent to find no
solutions in the right half plane Rei > 0 of det(Al — A — B(A)) = 0, where I is the identity matrix, A is a matrix and B(4) denote
the Laplace transform of B [45,46]. Therefore, with the results of stability, we have the necessary assumptions to use Theorem 2
in [44].

For the analysis of the stability of the equilibria on the symmetric case, we need to solve the characteristic equation,

det(Al — Hy — G(A)) = 0,

of the linear associated system.
Solving this equation, we find the following eigenvalues of the linear associated system at D,

I = —d, do=—(d+7)

Iy = —d, dy=—d+7)

Iy = —d, dg=—(d+7)+p (10)
g = —d, do=—(d+7)+p

Js = —d

In the same way, we have the characteristic equations
det(Al — H; — G(4)) = 0,

for i = 1,2. Thus, the eigenvalues of the linear associated system at

d+y d 4 . Y )
D=——=Ry—-1,0, =1 -M)I],00M=(Ry—-1),0,0,0 ), an
1 < 5 ﬁ( o—D d( ) ﬁ( o—D
and, at
d+y d Y . Y )
Dy=——,0,-(Ry— 1,0, =1 = M)I],00M=(R,—-1),0,0), 12)
> < 5 ﬁ( ) d( )1 /3( 0o—D

are the same, and given by

A =—d

dy=—d

by =—d

Ay =—(d+7y) (13)
As=—(d+7y)

Jg=—d (1 + "7‘”(7&0 - 1)>

b= % (—dRo — /@R —4d(d + )R - 1))
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dg = % <—dRo + /(@R —4d(d + 1Ry - 1)>

Ay = %ﬁyM(RO -1,

giving the following theorem about the stability of the equilibria.

Theorem 2. If R < 1 then the Disease Free Equilibrium (DFE) of the system (5) is locally asymptotically stable. It is unstable if R, > 1.
In addition, the boundary equilibria, D; and D,, given in (11) and (12) respectively, are always unstable in the Qy region, when R, > 1.

Proof. If R < 1, then, f < d +y. Therefore, the eigenvalues i3 and 4, in (10) are negative. It proves the local asymptotic stability
of DFE. If R, > 1, then § > d +y. And, the eigenvalues A3 and Ay in (10) are positive, what proves the instability of the DFE.

According to the previous theorem, if R, > 1, D; and D, are in the positive region Qy, then, § > d + y and the eigenvalue A,
given in (13), is negative. Also, the eigenvalues 4, and i3 have a negative real part. On the other hand, 4, is positive, since R, > 1.
In this way, the boundary equilibrium are always unstable.

It is important to note that, when R, = 1, we have 437 — 1. Therefore, the only equilibrium of the system is the disease-free

equilibrium in this case. Biologically speaking, these results mean that if disease invades a disease-free population, both strains will
coexist.

3.1.1. Stability of the solutions of the system with time delay
In the previous section, we showed the equilibria of the unperturbed (limiting) system (5) and the stability of the equilibria. In
addition, having all the assumptions needed to use Theorem 2 in [44], the following results hold.

Corollary 1. If R, < 1 then the disease-free equilibrium of the system (3) is locally asymptotically stable. And, it is unstable if R, > 1. In
addition, the boundary equilibria, D, and D,, given in (11) and (12) respectively, are always unstable when R > 1.

Remark 1. As seen for the asymmetric case studied by Steindorf et al. [37], one strain can protects the population from another
strain when one of the strains would have higher transmission rate. As we just proved above, for symmetric case, either the disease
dies out or both strains coexist.

Remark 2. The analysis of the local stability of the coexistence endemic equilibrium (CEE) using this theory was not successful,
since we have to deal with a characteristic transcendental equation having an infinite number of roots. Thus, in the following section,
we will study the stability of the CEE numerically and, using as well, the perturbation theory.

4. Numerical experiments

Although it was possible to describe analytically the equilibrium with coexistence of two strains, the expression for the value of
S* shows a complexity of dependency of the parameters. In this section, we will perform numerical experiments to analyse the sign
of the eigenvalues of the characteristic equation at the endemic equilibrium, exploring the effect of different values of the parameter
¢ used as a bifurcation parameter. The parameters values used for the numerical computation are listed in Table 1 from [37] (see
also in Appendix B for convenience), as well as, the function that represent the general immunity period is also chosen as proposed
in [37].

In Fig. 1, we show the eigenvalues of the endemic equilibrium in the complex plane for different ¢ values. A pair of conjugated
complex eigenvalues change the sign of the real part as ¢ increases. Therefore, a Hopf bifurcation occurs when the parameters ¢ is
~ 0.032.

To complete the analysis, Fig. 2 shows the maximum of the real part of eigenvalues varying all the values of the parameter ¢. It
is also possible to observe that as ¢» approaches the value 0.032, the biggest real part of the eigenvalues crosses the x-axis, remaining
positive, verifying the occurrence of Hopf bifurcation. Therefore, coexistence equilibria is stable for ¢ < 0.032, periodic solutions
are found close to this critical value, and after the Hopf bifurcation, the endemic equilibrium is unstable.

4.1. Bifurcation structure

We have shown numerically that the coexistence endemic equilibrium changes the stability as the parameter ¢ changes. In
detail, as ¢ increases from small values to the critical value ¢,, the steady state changes from a stable focus to an unstable focus.
Fig. 3(a) and (b) shows the bifurcation diagrams for the total infected population, with ¢ as the bifurcation parameter. We can
observe a Hopf bifurcation occurring at ¢, = 0.032 (see Fig. 3(b)). The solution exhibits a small amplitude limit cycle around the
endemic equilibrium and a stable limit cycle arises and goes away from the equilibrium point. Thus, it is possible to conclude that
a supercritical Hopf bifurcation occurred.

Different bifurcation structures are identified as ¢ increases (see Fig. 3(a)). Coexistence of strains is only possible for ¢ € (0,0.032),
while periodic outbreaks appear for medium and high values of ¢ (¢ € (0.032,0.4) and ¢ > 1.2). Complex dynamics with short term
predictability and long term predictability is restricted to ¢ € (0.4,1.2), where complicated attractors up to chaotic behaviour are
observed.
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Fig. 1. Eigenvalues of the endemic equilibrium (symmetric case) in the complex plane, for various values of ¢. For g = 180, a purely imaginary eigenvalue
appears for ¢ ~ 0.032. Parameter values used in the simulations are listed in Table 1 from [37] (also in Appendix B for convenience).

5. Stability analysis of the endemic equilibrium

Using perturbation theory, we perform the stability analysis of the symmetric system, where the endemic equilibrium and its
eigenvalues can be directly calculated. We use the method proposed by Domoshnitsky et al. [47], that reduces a class of IDE to the
corresponding ODE system as follows. If the elements of the kernel function in the integral are constant matrices or have the form

(t = 5)ke A sin(B(t - 5)), a4

where k is an integer non-negative number, and A, B real numbers, then a new corresponding autonomous ODE system can be
written. The generalization of this method is proved in [47] where the authors use Cauchy functions and using kernel functions for
the construction of the Cauchy matrix of an auxiliary ODE system.

Aiming at proving analytically that the endemic equilibrium is unstable after the bifurcation critical value ¢,, we select for the
kernel function P(s), functions of the form (14) and we demonstrate for two particular cases.
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Fig. 2. Maximum value of the real part of the eigenvalues of the endemic equilibrium for values of ¢ close to the Hopf Bifurcation (¢ = 0.032).
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Fig. 3. Bifurcation diagram where in (a) the bifurcation parameter ¢ varies between 0 and 3 and in (b) ¢ varies in the vicinity of ¢, = 0.032. The vertical axis
shows the maximum and minimum values for the total infected population log(I, + I, + I|; + I,) in logarithmic scale.
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5.1. Case (i): P(s) = cos(As)e ™™, A >0

With the function P(s) = cos(As)e™®* satisfying the necessary assumptions of the model, i.e., with P(0) = 1, P(c0) = 0 and
Jo~ e P(s)ds < oo, then,

t
G = / y1(s)cos(A(t — 5))e@HDE=9 g,
0

and,
ClO) =yI,(t) - (d +w)Ci(1) — A /0 t y1,(s)sen(A(t — s))e” @t D=9 g5, (15)
Defining
Ej(n = /0 t r1;(s)sen(A(t — s))e” @+ =g,
then,

E/(t) = —(@ + d)E;(t) + AC,(1). (16)
Therefore, using the method in [47] the IDE system (4) can be reduced to the corresponding ODE system, as shown in the system
of Egs. (17).
S't)=d-dS—BSU; + I, + I, + 1))
I/ = ~(d + I + BSU; + 1)
12'(t) =—(d+y),+pSU, + 1;,)
C/()=—-(d+w)C +yI — AE,
G/ (t)=—-(d+w)C, +yI, — AE, a7
E\'() = —(w + d)E,| + AC,
E)/(t) = (0 + d)E, + AC,
R, (1) = —=dRy — apR,(I5 + I}5) + oC; + AE;
R, () = —=dR, — a¢pRy(I| + I51) + wC, + AE,
I, ()= —(d+ DI +adR (I + I5)
L)' ()= —(d + 1) + apR,(I, + I).

5.1.1. Symmetric manifold - symmetry in the variables

Since the parameters are symmetric, the dynamic of the model will be also symmetric for symmetric initial conditions. Thus the
variables that represent the sub-populations will be equal for the respective class for different serotypes. Using the symmetry among
the serotypes, we reduce the whole system defining new variables as follow.

s=8

x=I =1,

c=C =G (18)
e=FE =E,

r=R; =R,

y=1p=1I.

Thus, the endemic equilibrium of the system will be the same equilibrium of the following associated reduced model

sSt)=d—ds—ps2(x+y)

xX'(H) = —(d +y)x + fs(x +y)

() = —(d + w)c + yx — Ae (19)
e(t) = —(d + w)e + Ac

r'(t) = —agpr(x + y) + wc — dr + Ae

Y @) =—(d +7p)y+adrix+y).

There is still a complexity of the direct calculation of the endemic equilibrium and its eigenvalues due to the parameter
dependency. Hence, we will use perturbation theory as an attempt to deal with this complexity as proposed by Billings et al. [41].
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It is important to note that the mortality rate d is small compared to the other parameters. Thus, we introduce another small
parameter u, with u being slightly larger than d, but still small enough to keep the other parameters of the system in order of =
However, d is of O(u).

Upon deflmng the birth rate x4 and the mortality rate d, the other parameters are re-scaled in relation to y, letting f = W ,a=2
{1)0

>

U
, 7 = 2, and hence, close enough to the original system (19). By setting the mortality parameter d = 0 (since d is of O(u),
havmg a negligible effect on the steady state) the model can be simplified, see equation system (20), and the endemic equilibrium
can be calculated analytically (in terms of the parameters) and the stability analysis can be carried out.

W=

s' =y — ps2(x +y)

X = —yx+ps(x+y)

¢/ =yx —wc — Ae

¢/ = —we + Ac (20)
r'=—adr(x +y) + wc + Ae

Y = —yy+agrix+y).

The qualitative analysis of this model is an interesting approach to our original system, but it is only valid for small values of

the mortality and birth rate. With this constraint, considering, x # 0 and y # 0, the endemic equilibrium of the system (20) is given
by

Eg=(J0 K@% N K 21
ST (2ﬂ0 2r’ 2(w + A242) 2009 2}’0) 1)

The stability analysis of the endemic equilibrium is performed with the linearization theory. The Jacobian matrix of the reduced
associated system (20) at the steady state Eg is given by

[_26  _n 0 0 0 _n]
70 u u
b _n To
Y0 2u 0 0 0 2u
0 L % _y 0 0
J(Eg) = “ “ (22)
s 0 N 0
_h @ _%dr  _n
0 2u " A 70 2u
To weu 1
L 0 2u 0 0 0 2u |

with the characteristic polynomial m(A) = mg + m A+ myA> + mzA3 + myA* + ms A> + mg A with the coefficients given by

2agpPo(w] + A% u?)

my = 2
i A’agpfou N Borw; N Bo(A%rg + 4agda (v + @)

T 3 Yok

a0¢ﬁ0,4 yéa)oaqﬁ(yo +3wg) + Zﬂowoyg(ZyO + 3w)
my = 2,2
% ZroH
6A2ﬂ o1y +3A%a0dyg + dagdho(ry + 4rewo + @)
2}/0
= 70_ 1Baypfyyy + 2A2y0(2ﬁ0 + agp) + 8aypfyw,)
3

2}/0

N 2A%y5 + 2fo1y + 12Bovg @0 + 4Borewy + aobro(rg + 6700 + 207)

270 1%

2a0f + o2y + wy) + 2A2}’S + 6ﬂ07§ + 8fyrowo + agdro(Bry + 4awy)

My == 2 2
Y H 275

Zygyz + 4Byvou* + 2approu’ + 4y wou?

ms = i
YoH

mg = 1.

Since the coefficients of the polynomial are of order O(1/u*) we redefine a polynomial M(4) = g*m(J). Thus, we apply the regular
perturbation theory, assuming that the solutions of the polynomial M(4) are of the form A = z + z, u + z, 4> + O(u?).
Substituting the solutions A in the polynomial M (1) = u*m(1) and equalizing the terms of the same order, we have

zo=0

10
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Z = _z% @3)
z;=0
and,
22 =—f
5 =- %1% [apd(ro — wo) + 4o @4)

2Zy = 0V bols

where v, = m [16A2ﬂ(y — Dy? — 1620 — (ad)*(y? + ldyw — 150°) + 8fad(y? — 0?)].
Thus, the (9(;4 ) approximation of the eigenvalues gives
- _20_¢ u<0 (25)
70
and,
1 .
Ayz = s [agd(vy — @g) + 4fywplu = (1 + Uoﬂz) Boi (26)
Y0®o

with the negative real part for w < y (using biological assumption).

The magnitude of the other eigenvalues can be determined by analysing the coefficients of the characteristic polynomial
Performing this analysis, it is possible to verify that the other solutions of the polynomial m(1) are of the order (9( ) Dividing
m(4) by the roots found 4, , 5 (see Eqgs. (25) and (26)), we find that the real root 1, has the form

—L(y +2w) + @(y + o)u + Ou) 27)
3u 3

while, the real part of the complex roots has the form
3
T+ 20+ L om+ ‘g +0u). 28)
Thus, the real part of the eigenvalue is negative since the term of order O(1) is negative.

While the assumption of symmetry of the parameters and variables lead to a significant system reduction, the bifurcation structure
cannot be seen in the symmetric manifold as shown numerically for the initial system. For that, the whole symmetric system must
be considered, without the assumption of symmetric variables, since the symmetry among the variables does not reflect the stability
of the whole system. In fact, it is the assumption of symmetric variables rather than the perturbation in the mortality term that
leads the stable dynamic to appear in the system. This statement is proved with numerical experiments for the symmetric system
(19), without the perturbation in the mortality term, where the eigenvalues of Jacobian matrix at the endemic equilibrium of the
system have always negative real part, independent of the value of the parameter ¢, see Figs. 4(a) to 4(f) in the Appendix A.

5.1.2. Symmetric system - symmetry only in the parameters
By using perturbation theory in the system (17), the new variables are defined as

s=5

x; =1;

¢ =G 29)
e, =F;

ri=R;

=1y

Yo =1y,

with the endemic equilibrium of initial system being the same as the equilibrium of the associated system

s’ =d —ds—Ps(x; +x, +y, + ;)

X (1) = —(d +7)x; + Bs(x; + ;)

Xy (0) = =(d +7)x; + Bs(xy + y2)

() = —(d + w)e; +7x; — Ae (30)
&y(1) = —(d + w)cy + yxy — Aey

€\ =—(d + w)e; + Ac,

eh(1) = —(d + w)ey + Acy

11
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r; (t) = —agri(x, + yp) + wc; —dr; + Ae;
r;(t) = —agry(x; + y) + wc, —dr, + Ae,
Y1) = —(d + )y + agry(x; +yp)
¥5(8) = ~(d + )y + adri(x3 + ).

Using the same re-scaling approach described above, we introduce the small parameter y, with d of O(x) and, the other

parameters of the system re-scaled in order of 1, letting g = b g = 20 4= 2 y = 2. We are again close enough to our

original system at the steady state point, with the mortality parameter d 20 (since d is of O(u)), simplifying the model near to the
equilibrium. The resulting local dynamics can be described by the following system

S = u—Ps(x; +x, +y; +¥2)
xj(1) = —yxy + fs(x; +yp)

x(t) = —yxy + fs(xy + )

(1) = —wc; +yx; — Ae 3D
(1) = —wcy +yxy — Aey

e;(l) =—we; + Acy

e;(t) = —w,e, + Acy

L (0) = —adri(xy + y2) + wc; + Aey
ry(0) = —adry(x; + y)) + 0cy + Aey
V(O = —yyy + agry(x; + 1)

Vo (0) = =y v + agri(x; + ).

Again, while the qualitatively analysis of this model is an interesting approximation of our original system, it is only valid for
small values of the mortality rate and different values of the birth rate, suggesting an attempt to the approximation of the value
of the endemic equilibrium, not including the mortality in the long time dynamic and, a possible estimation analysis of the Hopf
bifurcation structure for values of ¢.

The endemic equilibrium of the system (31), considering, x; # 0 and y; # 0, is given by

Eoo(Jo B2 oon o 1o o K (32)
4 260" 2vy" 21y’ 2(0)(2) + A22) 2(wé + A242) 2000 200" 27y 21

The stability of the endemic equilibrium is analysed with the linearization theory, and the Jacobian matrix of the reduced
associated system (31) at the steady state E, is given by

[_2%r _n _rno _r _n]
70 2u 2u 0 0 0 0 0 2u 2u
Bou 1 0 0 0 0 0 0 0 il 0
Yo 2u 2u
bou 0o - 9 0 0 0 0 0 0 L
%0 2u 2u
0 o 0 20 0 —A 0 0 0 0 0
" "
0 0 L 0o -2 9 —A 0 0 0 0
H H
JEH=| O 0 0 A 0 == 0 0 0 0 0 |. (33)
0 0 0 A 0 —% 0 0 0 0
0 0 Lo 2 0 A 0 2du 0 0 o
2u H 70 2u
0 - 0 0 2 0 A 0 adu o9
2u I Y0 2u
L9 0 0 0 0 0o Wk _noo
M 70 2u
0 0o 9 0 0 0o % 0 0 -
L 2u Y0 2u |

The characteristic polynomial n(2) is of order 11, which is very difficult to find all the roots. On the other hand, the characteristic
polynomial m(A) of the reduced model obtained through the assumption of symmetric variables is a particular case of the model
(31). Since in the reduced model there is no bifurcation structure, we will only consider the quotient polynomial % = r(4). Hence,
if a bifurcation structure exists, thus, it can be only found in the quotient polynomial (1) = ry+r A+ryA> + 7343 +r,4* +r5 47, where

2
1) 2
b A
ro = —aydro(— + —)
0 P70 P

12
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_ Bada(rg + @)  3agpA

ro=
! 242 2
Ny Y@y Alyy+3agdw,  Xdg +207)
r2:—a0¢A———3— -
Y0 H H 274
rym A - Bagp  2a9pwy 2ypwq + CU(Z)
2 Yo u?
aypu ¥+ 2w
Pp=—— =
Y0 H
rs=-—1.

With the coefficients of the polynomial being of order O(1/u?), we redefine the polynomial R(A) = u>r(4), and apply the regular
perturbation theory, assuming that the solutions of the polynomial R(4) are of the form A = zy + z, pt + zyu + O(u?).
Substituting the solutions A in the polynomial R(1) = x*r(1) and equalizing the terms of the same order, we have

25 = —ayp
¢
= - 34
z) o [vo — o] (34)
Zy = 201\ i .
- LIRS U I
where v = a°¢(4wg + 7 + oo )
Thus, the approximation of the @(u?) of the eigenvalues are given by
aP 2 .
Alp = 7 [vo—wol ) ux(d +0ou)Vagdi, (35)
Yo®o

with the positive real part, because w < y. Therefore, we showed that the endemic equilibrium is always unstable. That also can be
numerically verified for all values of ¢ > 0, with the eigenvalues of the whole system being always negative, except for a pair of
complex eigenvalues, which have positive real part, showing unstable dynamic near the endemic equilibrium.

Note that while the perturbation analysis allowed us to have an analytically result, it was not possible to show the bifurcation
structure obtained numerically for the initial system. We could, however, prove analytically the instability of the endemic
equilibrium, with the bifurcation only occurring outside of the symmetric manifold, while a small perturbation on the mortality
term shows an unstable steady s, and, thus, complex dynamics for the system.

5.2. Case (ii): P(t) = e

Of course this function satisfies the necessary assumptions of the model, such as, P(0) = 1, P(c0) = 0 and /Ow e~ 45 P(s)ds < 0.
Now, the ODE can be rewritten as
S't)=d-dS—BSU; + I, + I;5 + 1))
L' ==+ +pSU, + L)
L' ==+ +pSUy+ I}y)
C/)=-d+w)C +7yI
G/ ) =-(d+w)C,+7I, (36)
R,/ (1) = —dR; — adR|(I; + I1,) + &C,
R, (1) = —dR, — apRy(I| + L)) + ©C,
I,/ ()= —(d+ I +adR (I, + 1))
L)' () = —(d + DIy + apRy (I} + I)).

5.2.1. Symmetric manifold - symmetry in the variables
Using the proposed approach in [41] and symmetry between the serotypes, we reduce the whole system by defining the new
variables as

s=8=S8

x=I =1,

c=C =G, 37
r=R; =R,

y=1Ip=1Iy.

13
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Thus, the endemic equilibrium for the system will be the same equilibrium of the following associated reduced model

sSt)=d—ds—ps2(x+y)
X' (1) = ~(d +y)x + fs(x +y)
() =—(d +w)c+yx (38)
r(t) = —agr(x +y) + wc — dr
Y (@) = ~(d +p)y +apr(x + ).
We re-scale the parameters in relation to u, letting g = ﬁ—“, a=2 =2y =" 3ndin the sequence, we set the birth rate
u and the mortality rate d. Again, the assumption of d = 0 (f)ecause d is of (‘51(;4)) sirn”plifies the model near the equilibrium point.
Then, the resulting local dynamics can be reduced to the following associated system
s'=pu—ps2(x+y)
x' = —yx+ fs(x+y)
 =yx—wec (39
¥ = —agr(x + y) + wc
Y = —ry+agrix+y).
The endemic equilibrium of the system (39), considering, x # 0 and y # 0, is giving by

2 2 2
(7_0 L (I L (40)

Using the linearization theory to analyse the stability of the endemic equilibrium, the Jacobian matrix of the reduced associated
system (39) at the steady state Eg is given by

[ 26 _n0 0 0 1
% " "
b _n To
i) 2u 0 0 2u
E) = 0 10} @0 0 0 41
J(Eg) = i : (41)

0 _n @ _%dr 1
2u H 70 2u
Yo L _ Y

L 0 2u 0 70 2y |

And, the coefficients of the characteristic polynomial m(1) = mg + my A+ myA> + mz A3 + myA* + msA> are given by

2a0pPyw
my = ———
u
ﬂo}’gwo + 2“04’[30(}’3 + 27gwo)
m =— 7
YoM
2y + 05()4")73!4 +3(2p, + a0¢)y§am + dagpfo(wy + 21’
my = — 5
2ygm
23’3“’0 + dagphou’ + (6ﬂ0y§ + 4Byrowp + 3a0¢y§ + 200y wo) >
my = — 35
2yym
7o (o + @o)u + 2Py + agd)ron’
my = — 2 2
YoH
ms = —1.

Since the coefficients of the polynomial are of order (1/u?), we redefine a polynomial M(A) = u*m(4). Thus, we apply the
regular perturbation theory, assuming that the solutions of the polynomial M (4) are of the form A = z + z, u + zy > + O(u3).
Substituting the solutions A in the polynomial M (1) = u>m(1) and equalizing the terms of the same order we have

zo=0
z = 2% (42)
Y0
2, =0
and,
z(z) =—fy

14
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1
zZp=— 2o [Borowy + agP(vy — wp)] (43)

zy = vy Poi,

ﬂ2
where vy = z;(2f(vg — @) — agdpBwy + 7)) — 3y0moz% + i(2w0 +2y) —
Thus, the approximation of the ©(u?) of the eigenvalues are

Poxd
o (vo + 60p).

_ Lt @4
Y0
and,
Ay =-— <2y [Borowo + apd(yy — wo)]) £ (1 + ogu®)V/boi (45)

with the negative real part, since w < y.

The other eigenvalues can be determined by verifying their magnitude, by analysing the coefficients of the characteristic
polynomial. Performing this analysis, it is possible to verify that the other solutions of the polynomial m(4) are of the order (9( )
By dividing m(4) by the roots found 4, , 3 (see Egs. (44) and (45)), we see that the real part of the complex roots 4,5 is of the form

(o +ay)  2Pu + (Powo + agP)u

(46)
H Yo ®o

with the real part of the eigenvalue being negative, since the negative term is of order O(1), the positive term is of the order O(u).

The symmetry of the parameters and variables lead to a reduced system from which it is not possible to find the bifurcation
structure. We can, however, verify numerically that the eigenvalues of this reduced associated model are always negative, showing
a stable dynamic near the endemic equilibrium, that does not necessarily occur as previously seen numerically. Therefore, we have
to work with the whole system, without the assumption of symmetric variables (since the symmetry among the variables does not
reflect the stability of the whole system), but only with symmetry in the parameters.

As mentioned above, it is the assumption of the symmetry in the variables and not the perturbation in the mortality term that
makes the stable dynamic appear in the system. We can confirm this statement with numerical experiments of the stability of
the system (38), with symmetry in the variables and without the perturbation of the mortality term. It is possible to see that the
eigenvalues of Jacobian matrix at the endemic equilibrium of the system (38) have always negative real part, independent of the
size of the parameter ¢, see Figs. 5(a) to 5(f) in Appendix A.

5.2.2. Symmetric system - symmetry only in the parameters
By using perturbation theory in the system (36), the new variables are defined as,

s=8

x; =1;

¢ =C; 47)
ri=R;

=1y

ya=1p,.

The endemic equilibrium in the initial system will be the same as of the following associated system

s' () =d —ds— Bs(x; + x, + y| + )

X1 (1) = =(d +y)x; + Ps(x; + y7)

xy(1) = =(d +7)xy + Ps(x3 + y,)

(1) = —(d + w)ey +yx, (48)
(1) =—(d + o)y +7x,

r; (t) = —agr(x, + yp) + wc; —dr;

ry(0) = —ary(x; + y2) + wey — dry

Vi) = =(d + V)y; + adry(x; +yy)

Vo) = —(d + V)yy + adr(x3 + y2).

We re-scale the parameters in relation to y, letting g = —, a= a—o, w= 2,y =12 and in the sequence, we set the birth rate y
and, the mortality rate d. The constraint d = 0 (because d is of (9(;4)5 31mp11ﬂes the r}nodel near the equilibrium. Then, the resulting
local dynamics can be described by the following system

s'(0) = 1~ Bs(xy + x5+ y; + )
X () = —yxy + fs(xy + 1)

15
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x;(l) = —yxy + fs(xy + ¥5)
(1) = —wey +yx, (49)
cé(t) =—wcy + 7YX,
L (0) = —adr|(xy + y2) + ¢
(1) = —adry(x; + y2) + wc,
YO = —yy; + agry(x; +yp)
Vo (0) = —yy + agri(x; + ).
The endemic equilibrium of the system (49), considering, x; # 0 and y; # 0, is given by

i Y Y
Ey=(J0 K Yo Ko K 50)

280" 21y 27y 20 2w¢ 2a0d 2a0d 27y 2y
And, the Jacobian matrix of the reduced associated system (49) at the steady state E, is given by

[_2000 _n _no _n  _n
70 2u 2u 0 0 0 0 2u 2u
b _rno 0 0 0 0 0o L
70 2u 2u
L 0 o L o
Yo 2u 2u
0 o 0o - 0 0 0 0
H H
JEH=| O 0 o 0o -= 0 0 0 0 |, (51)
0 0 -L ® o _wk 5 _n
2u u Y0 2u
0 o 0 @ 0 _% g _N
2u H Y0 2u
0 0 o 0 0 wdu 0 _n
2u 70 2u
0 Lo 0 0 0 L )
| 2u 70 2u |

with the characteristic polynomial n(4) = ng +ny A + ny A2 + n3A3 + nyA* + ns A% + ng A% + n; A7 + ng A% + ny 4° and coefficients given by

2a§¢2[30a%
ny = _T
B ayBBowolrg@o + ad(3yo + Two)u’]
n =- o
= “0¢ﬁ07§€00(370 + 13wp) a§¢2(y§wo(yo + 3wy)) a§¢22ﬂo(y§ + 1200 + 1060%)l42
y=— - -
243 2you3 243
4ﬂ0yéa)(2) + 4a0¢yéa)(2) 2Oa(z)¢2ﬂ0yg + 76a(2)¢2ﬁ0y0a)0 + 28a§¢2ﬂ0w§
ny =-— -
dyiut 4}
agygqbz + 12(1(2);/34)20)0 + l3a§y§¢2wg + 2a0¢ﬂ0y§(y§ + 23y + 270)3)
drou?
H(18a3$* o2 + 28aZ fyrodwy + 4ag fop?w?)
ny =-—
2y3
4By 5o (ro + 2w0) + 4agy] pag(ro + 2w)
2733
_ 3aZysd* + 1302y P wg + 6@y PPl + 200 fort p(SyE + 267900 + 1207)
2rn
vowy 1 (Tagfored” +4agfod’ @)
"sETT AT 3
H IO
Bor’ + 8ﬂ0ygw0 + 6/303/3(0% + aoygq.’)(yg + 8ypwy + Swg)
roH?
50073 ¢ + 960 By b + 16a0Byrodal + advod* (137 + 247w, + 4a))
- 3
4)/0
20307 B> 2ypwg(vy + wy)  H(12a073 + 8agdPorowo + aid?ro(3ro + 2wp))
ng = — - -
v w %
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4Bo7 + 10Bov;wg + 2Borae?® + 2003 p(2¥5 + Srow + @)

ToH
4+ agp(4py + 4+ dydmy + 4 + 2 4+ 572(By + 2 + yla?
Yo T 2P4fy + agd)u 7o @o T 4v900(fy + agd)u Yo Bo + apd)u” + vy
ny; =—
P2l
272 + vowo + (By + ao)u?)
ng = —
$ YoH
ng = —1.

The characteristic polynomial of the reduced model obtained through the symmetry in the variables among the serotypes are

a particular case of the model (49). Since there is no bifurcation structure in the reduced model, we consider only the quotient
polynomial % =r(4).

If a bifurcation structure exists, that can be only found in the quotient polynomial r(1) = ry + r A + r,A> + r3A> + r, 4%, where

_ ayPromy
o= ",
u
_ ayP(yy + 3w)
2u
aPByo +2wp) | rowg
_ " 52
"2 2 2 (52)
+ o, 11
ry= Yo+ ® + ok
H Yo
ry=1

The coefficients of the polynomial are of order ©O(1/u?). We redefine the polynomial R(A) = u’r(4) and apply the regular
perturbation theory, assuming that the solutions of the polynomial R(A) are of the form A = zq + z, u + z, 4> + O(u>). By substituting
the solutions A in the polynomial R(4) = u?r(4) and equalize the terms of the same order, we have

25 = —ag¢
ayp
z; = ——[yy — @y (53)
1 4000 0~ ®@o
Zy = v\ api.
242
1 3y0+2 ¢ 570+3 . . .
where v, = Cr—— [agqﬁz - aéd)z(mTOw“) - 47“0(00 (ro — wo)(%) , thus, the approximation of the O(x’) of the eigenvalues are
given by
_ ayp 2 .
Mo=|——— o] | ux(+v,u")Vaydi, (54)
4ypwy

with the positive real part, since w < y.

The other eigenvalues can be determined by their magnitude, via the analysis of the coefficients of the characteristic polynomial,
showing that the other solutions of the polynomial r(1) are of the order (9(%). Dividing r(4) by the roots found 4, , (see Eq. (54)),
shows that the roots are real and of the form

+
dg = -2200 0 bl s Ly 2 2 fr + w0 - 06, (55)
H Yo @ H

Moreover, the roots are negative (with the positive term being smaller than the negative term of the eigenvalue), hence the endemic
equilibrium is always unstable. This can be easily confirmed numerically. On the other hand, the eigenvalues of the whole system are
always negative, except for a pair of complex eigenvalues that have positive real part, showing a unstable dynamic near the endemic
equilibrium. While it was not possible to show analytically the bifurcation structure, we could prove analytically the instability of
the endemic equilibrium, leading to complicated dynamic.

Remark 3. Note that, Case (ii) is the classical ODE system, assuming the immunity period being exponentially distributed, i.e. with
a constant temporary immunity cross-protection w, and the classical addition of the temporary immunity class as described in [32],
with different assumption on the disease enhancement process.

Remark 4. Billings at al. [41] used the same method for a similar ODE model, assuming symmetry among variables and parameters.
The authors have used regular perturbation to show analytically the value of the parameter ¢» where the Hopf bifurcation occurs. In
that case, bifurcation occurs in the symmetric manifold having the assumption for the ADE parameter ¢ as increasing transmissibility
in secondary infections and no temporary cross-immunity.

Remark 5. In this work, the enhancement parameter is assumed to act on the susceptibility of secondary infections, with additional
class for cross-protection which clearly showed a different and more complex dynamics with Hopf bifurcation and thus, the instability

of endemic equilibria occurring only out of symmetric manifold.
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6. Discussion and conclusions

In this paper we have investigated the symmetric case of the mathematical model proposed by Steindorf et al. [37], an integro-
differential equation system motivated by dengue fever epidemiology. The model includes two important biological features, the
temporary cross-immunity period (incorporated as a general form) and susceptibility enhancement, both occurring after a primary
infection.

In the previous work of Steindorf et al. [37], the analysis of the asymmetric model was carried out showing four equilibria,
the disease-free equilibrium, two boundary equilibria and the coexistence equilibrium, with the stability of each one of them being
analysed in detail, showing an important threshold value for invasion scenario of one strain and extinction of the other. In the
asymmetric case, the boundary equilibria can be stable, and thus, the most pathogenic strain, i.e. with higher transmission rate, will
be predominant, protecting the population from the another strain, while in the symmetric case studied here, that cannot occur.

For symmetric case, the disease either dies out or become prevalent with both strains coexisting, i.e, the boundary equilibria can
never be stable. The parameter representing susceptibility enhancement (¢) is an important parameter to described the dynamics
of disease, whether the coexistence of strains will persist or periodic outbreaks with coexistence of strains will occur. In detail, if ¢
is small, disease will persist with coexistence of strains. A supercritical Hopf bifurcation occurs at the threshold value, ¢,, leading
to periodic solutions. Finally, for larger ¢, the endemic equilibrium is unstable, with complex attractors up to chaotic behaviour
occurring. These findings are very important in dengue fever epidemiology, since the available incidence data resemble chaotic
dynamics as revealed by Aguiar et al. [48]. The complex dynamics of the system stabilizes for ¢ > 1.2, with only periodic solutions
observed.

It is important to mention that, close to the endemic equilibrium, the results for the symmetric case show a very similar dynamical
behaviour found in the asymmetric case, justifying the evaluation of the reduced system obtained by considering symmetry among
serotypes and allowing further analytical computations and results, such as the analytical proof of the instability of the endemic
equilibrium and the changes in the dynamics. Therefore, in the scenario that represents an endemic region, the study of the behaviour
of the disease could be accessed by both models. The limitation of the symmetric model, though, remains in the study of the invasion
and persistence of a new strain.

In this work, we have used a specific function for the kernel of the integral to first transform IDE into an ODE system. Then,
using perturbation theory, we have shown that the bifurcation and the instability occur outside of the symmetric manifold. That is,
under the assumption of symmetries in the variables, the dimension of the model could be reduced and represent the symmetric
part of the entire model, showing only stable dynamics. Using the perturbation theory in the whole model, the analytic form of the
endemic equilibrium is obtained when the mortality term is neglected. And by separating the symmetric manifold, it allows to show
the eigenvalues and the instability of the coexistence equilibrium out of the symmetric manifold. Although the Hopf bifurcation
could not be obtained due to the small perturbation in the mortality term.

Finally, using a method to transform IDEs into ODEs, as proposed by Domoshnitsky et al. [47], we observed that the choice
of the function ( which satisfies the epidemiological conditions and the specific kernel features) had no effect on the qualitative
behaviour of the system, when comparing the particular case (ODE case), by using the exponential distributed function for the
immunity period, with the more general case (IDE case) by using a general function. Nevertheless, future study can be developed
with generalizations for the function selection that explain the immunity phase.

While a rigorous analysis of such systems is required for true predictive power and more accurate disease control decision making,
the findings presented here should be taken into account when mathematical models applied to dengue fever epidemiology continue
to be developed in order to give insights on epidemic scenarios, in collaboration with public health authorities for disease control
measures.
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Fig. 4. The figures show the eigenvalues of the endemic equilibrium in the complex plane, for each value of ¢, for (19) system (with symmetry in the variables
and without the perturbation in the mortality term). The values used in the simulations are found on Table 1 with g = 180.

Appendix A. Complementary numerical simulations

A.1. Case (i): P(s) = cos(As)e ™™, A >0

Fig. 4 show the eigenvalues of Jacobian matrix at the endemic equilibrium of the system (19), with symmetry in the variables
and without the perturbation in the mortality term. The eigenvalues have always negative real part, independent of the size of the
parameter ¢.

A.2. Case (ii): P(t) = e

Fig. 5 show the eigenvalues of Jacobian matrix at the endemic equilibrium of the system (38), with symmetry in the variables
and without the perturbation in the mortality term. The eigenvalues have always negative real part, independent of the size of the
parameter ¢.

Appendix B. Table for numerical simulations

See Table 1.

Table 1
Parameter values used in the simulations.
Source: [37,40].

Parameter Meaning Value Unity Reference
d Mortality rate 0.015 y~! [49]

y Recovery rate 52 y~! [50,51]
w Cross immunity protection rate 2 y! [50]

B Infection rate (susceptible individuals) 40-200 - [37]1

a Reinfection rate (recovered 40-200 - [37]1

individuals from a primary infection)
] ADE factor 0-5 - [28]
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Fig. 5. Figures show the eigenvalues of the endemic equilibrium in the complex plane, for each value of ¢, at symmetric case, for symmetric system (38) (with
symmetry in the variables and without the perturbation in the mortality term). The values used in the simulations are found on Table 1 with g = 180.
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