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In this work, we study the formal connections between the non-linear Fokker-Planck Equation associated 
with the non-additive entropy and the Boltzmann Equation with the non-additive correlation functional. 
The collisional term following the q-algebra is adopted. In the derivation of the non-additive Fokker-
Planck Equation, two constraints are imposed on the final result: i) that the entropic index q is a 
characteristic parameter of the non-additive systems with a value that does not change with time, and 
ii) that for q → 1 a smooth transition for the standard Fokker-Planck Equation is obtained.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
The Fokker-Planck Equation (FPE) has been extensively used 
in many branches of Physics, describing the time evolution of 
the probability density for dynamic systems. The Non-linear FPE 
(NLFPE) appears in several phenomena, e.g., anomalous diffusion. 
Systems governed by the entropy Sq [1,2] have been associated 
with a particular NLFPE [3], where non-local effects give rise to 
a particular form of NLFPE, which has applications in the dynam-
ics of self-gravitating systems [4,5], overdamped systems [6] and 
super- and sub-diffusive transport regimes [7]. That equation was 
used to study granular medium [8], and the predictions presented 
in that work were experimentally proven to be correct [9]. In this 
work, FPE associated with the non-additive systems will be called 
non-additive FPE or simply qFPE.

In recent years, both FPE and NLFPE have found increasing in-
terest in High Energy Physics (HEP) because it is a tool to inves-
tigate the dynamics of heavy quarks in the Quark Gluon Plasma 
(QGP) [10,11]. The HEP data have evidenced the heavy-tailed mo-
mentum distributions that are described by the q-exponential 
function, and therefore the HEP is associated with the nonadditive 
entropy, Sq . The emergency of the nonextensive statistics in non-
Abelian Quantum Field Theory (QFT) has been associated with the 
thermofractal structures [12,13] resulting from the scaling proper-
ties of the field theory that are manifested in the renormalization 
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group equation [14]. As a consequence of the fractal structure, the 
QCD running-coupling is obtained by an analytical formula. The 
parameter q, that in the nonextensive statistics represents the en-
tropic index, can be calculated in terms of the QCD fundamental 
parameters, which are the number of colours, Nc , and the num-
ber of flavours, N f . Hereby, the qFPE might be a useful tool for 
describing the dynamics of quarks in the QGP.

In the present work, we study formal connections between the 
qFPE and the standard Boltzmann Equation endowed with a corre-
lation term proposed in Refs. [15,16]. The stationary solutions for 
the generalized equation are q-exponentials and are described by 
the Sq statistics. The origins of the new correlation term are asso-
ciated with the finite size of the system [17] and, mathematically, 
with the q-algebra [18].

The dynamics of complex systems following the non-additive 
entropy must necessarily be different from those following the 
Boltzmann statistics, and the main difference dwells in the col-
lisional term of the dynamical equation. As a consequence, the 
Fokker-Planck Equation must be modified, but one can expect that 
both the dynamical equation and the Fokker-Planck Equation re-
cover the correspondent equation for the Boltzmann statistics in 
the limit of q → 1.

Starting from the Boltzmann Equation, if f (x, p, t) is the prob-
ability density for a system over the phase-space, the Boltzmann 
Equation is given by

∂ f (p, t) = −∇p f (p, t) · F + C[ f ] , (1)

∂t
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where C[ f ] is the integral collision term, and

f (p, t) =
∫

d3xf (x,p, t) . (2)

Here, it is assumed that the density f (x, p, t) vanishes for |x| →
∞. In the following, the symbol t in the argument of the density 
will be omitted for convenience. In the absence of external force, 
F = 0, and the equation reduces to

∂ f (p)

∂t
= C[ f ] . (3)

For a quantum system, the collision term is expressed in terms 
of the transition matrix, M, as

C[ f (p)] = 1

2ωp

∫
d3 p′

2ωp′

∫
d3q

2ωq

∫
d3q′

2ωq′
|M|2×

δ(3)
(
(p′ − p) − (q − q′)

) (
h[ f (p), f (q)] − h[ f (p′), f (q′)]) ,

(4)

where, usually, one has

h[ f (p), f (q)] = f (p) f (q) . (5)

At the stationary state, the density will be described by an expo-
nential function. Initially, distribution functions of the form f ≡
f (β · p), with β = βxi + βyj + βzk will be considered.

The correlation term in Eq. (5) plays a central role in the deriva-
tion. Defining the transition rate, w(p, k) as

w(p,k) = 1

2ωp

1

2ωp′
1

2ωq′

∫
d3q

2ωq
|M|2 f (q) (6)

with k = p′ − p, it results1

C[ f (p)] =
∫

d3k [(w f )(p + k) − (w f )(p)] . (7)

Expanding the product (w f )(p) up to the second order, to satisfy 
the Pawula theorem [19], the usual Fokker-Planck Equation is ob-
tained.

For non-additive systems, the correlation function is given by

h[ f (p), f (q)]q = f (p) ⊗q f (q) , (8)

where the symbol ⊗q represents the q-product [18]. In Refs. [15,
16] the authors show that the q-exponential distribution can be 
obtained at the stationary state if, instead of Eq. (5), the collision 
term is expressed in terms of

h[ f (p), f (q)]q = [
f (p)1−q + f (q)1−q − 1

] 1
1−q . (9)

The term on the right-hand side of the equation above is the alge-
braic representation of the q-product, and it results in the regular 
product of functions when q → 1.

The main aspects related to the non-additive functional in 
Eq. (9) were discussed in Ref. [20], and in Ref. [17] it was shown 
that the origin of the correlation might be related with topologi-
cal characteristics of the phase-space. Because in the non-additive 
case the correlation term changes, it is necessary to derive the ex-
tended Fokker-Planck Equation for this case. This will be done in 
this work

It will be considered that k can be made sufficiently small. One 
can observe, from Eq. (8), that f (k) → 1 for k → 0. Using the first-
order approximation of the right-hand side of Eq. (9) it results

1 Notational remark: (w f )(a) = w(a) f (a). Wherever possible, the second argu-
ment, k, will be omitted in w and (w f ).
2

f (p) ⊗q f (k) = f (p) + f (p)qβ · k , (10)

where β ≡ ∂ f
∂k

∣∣
k=0 is the linear coefficient of the first order ap-

proximation of the function f (k). According to the rules of the 
q-algebra, if k is an infinitesimal vector, the q-product is2

f (p) ⊗q f (k) = f (p)

[
1 + β · k

1 + (1 − q)β · p

]
. (11)

Comparing the last two equations, it results in

f (p)q = f (p)

1 + (1 − q)β · p
. (12)

The group of transformations of thermofractals is isomorphic 
with the q-algebra [21], so its evolution is also described by 
Eq. (12). Moreover, due to the fractal structure with scaling in-
variance, it also follows that the product f (p) ⊗q f (k) = f (p + k). 
Here, we assume that this equation is valid in general, for all 
non-additive systems. From Eq. (10) and using the result above, 
it results that

f (p + k) − f (p) = ∂ f

∂p
· k = f (p)qβ · k , (13)

therefore

∂ f (p)

∂p
= f (p)qβ . (14)

The equation above, if understood in a proper way, is the cen-
tral point of the formal connection between the Boltzmann Equa-
tion and the non-additive Fokker-Planck Equation. Notice that, al-
ready in the Boltzmann equation, there is the introduction of the 
q-product in the place of the regular product. From an epistemo-
logical point of view, this is the necessary gap for going from the 
Boltzmann statistics to the non-additive statistics. However, the 
regular product plays a central role in the derivation of the FPE, 
so it is necessary to replace the q-product by the regular product. 
In doing so, the epistemological gap must be placed at another 
point, and Eq. (14) will be used for that. Here, Eq. (14) is to be un-
derstood as valid for any function f , and so it imposes constraints 
on the derivative operator that will be incorporated in the qFPE to 
be derived.

The correlation function in Eq. (8) can be written in the form of 
a regular product if one constrains the distribution f (p) to satisfy 
the constraint on the derivative given by Eq. (14), since if the latter 
equation is valid, the first one necessarily holds. Then, the collision 
term of the Boltzmann Equation assumes the same form for the 
non-additive systems as for the systems following the Boltzmann 
statistics, and the transition rate, w(p, k), can be written in the 
same way as in Eq. (6). For clarity, the symbol ∂̄/∂p will be used 
to identify the special derivative operator which satisfies the non-
additivity condition in Eq. (14). This symbol will be eliminated in 
favour of the standard derivative in the process to obtain the qFPE, 
and its formal structure will be described by the relations (23), 
below.

Expanding the product w f up to the second order, the terms 
depending on p + k result in

(w f )(p + k) − (w f )(p) =
∑

i

ki
∂̄

∂ pi
(w f )(p)+

1

2

∑
i, j

kik j
∂̄2

∂ pi∂ p j
(w f )(p) .

(15)

2 The q-calculus was introduced in Ref. [18], where the q-product is defined in 
accordance with the r.h.s. of Eq. (9) in the present paper. In Eq. (11), we use the 
dual derivative operator, defined by Eq. (20) in Ref. [18].
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Because only the transition rate depends on k, it is possible to 
integrate over d3k, obtaining

∂ f

∂t
− ∂̄

∂ pi

[
Ai f + ∂̄(Bij f )

∂ p j

]
= 0 , (16)

where

Ai =
∫

d3k w(p,k)ki , (17)

and

Bij = 1

2

∫
d3k w(p,k)kik j . (18)

The summation rule over repeated indexes is adopted in Eq. (16).
The result obtained in the last equation is, formally, the usual 

term for the standard Fokker-Planck Equation, unless by the use 
of the special derivatives. The objective of the present is to obtain 
the form of the Fokker-Planck Equation for non-additive systems 
in terms of the standard derivatives. This task is essentially differ-
ent from the one carried out in Ref. [22]. Here, the non-additive 
Fokker-Planck Equation will be derived from the properties of the 
correlation functional. The following constraints are imposed on 
the qFPE:

1. that the fundamental aspects of the non-additive systems can 
be completely incorporated into the mathematical description 
of the dynamics by imposing the relations of the derivatives of 
the distribution presented in Eq. (14);

2. that the parameter q is a well-defined number during the dif-
fusive process, that is, q is constant and unique for a given 
system;

3. that the generalized FPE smoothly recover the standard form 
of the Boltzmann statistics when q → 1.

It will be shown that the non-linear Fokker-Planck Equation pro-
posed in Ref. [3] is obtained from the Boltzmann Equation by 
solely assuming the non-additive correlation function and the q-
algebra.

To incorporate the deformed algebra in terms of the standard 
derivative operators, note that from Eq. (14) it results that

∂ f

∂ pi
= −βi f q = −βi f q−1 f , (19)

and hereby

∂

∂ p j

(
f 1−q ∂ f

∂ pi

)
= −βi

∂ f

∂ p j
. (20)

Considering that

f 1−q ∂ f

∂ pi
= 1

(2 − q)

∂ f 2−q

∂ pi
, (21)

we have

βi
∂ f

∂ p j
= − 1

(2 − q)

∂2 f 2−q

∂ pi∂ p j
. (22)

All constraints on the qFPE can be satisfied by noting that, near 
the stationary state, the solutions of the qFPE are expected to be 
of the q-exponential form. Then, all terms in the qFPE must return 
a function that has the same exponent, and from Eqs. (19) to (22)
it results that one can make the substitutions{

∂̄ f /∂ pi → ∂ f /∂ pi

∂̄2 f /(∂ pi∂ p j) → ∂2 f 2−q/(∂ pi∂ p j) .
(23)
3

With those substitutions, the qFPE will be

∂ f

∂t
− ∂

∂ pi

[
Ai f + ∂(Bij f 2−q)

∂ p j

]
= 0 . (24)

Observe that the equation above results in the standard FPE when 
q = 1, and all terms will contribute with the same value for q, 
because of the result obtained in Eq. (22).

If p ∼ 0 then Ai → γ pi and Bij → Dδi j , and the qFPE reduces 
to

∂ f

∂t
− γ

∂

∂p
· (p f ) − D

∂2 f 2−q

∂p2
= 0 . (25)

It is possible to show that the qFPE above has a stationary so-
lution of the form (for 1-dimensional cases)

f (p) = A [1 − (1 − q)β(p − pM)]
1

1−q , (26)

where pM is the centre of the distribution at the stationary regime. 
The qFPE can be generalized by using β = ∑

i βiei , where ei are 
unitary vectors. The general solution for the equation will be sim-
ilar to the one above.

For more complex cases, a stationary solution can be obtained 
only if the external force, F, in the Boltzmann Equation is not null. 
As an example, if F = a + bp, a general solution for the qFPE can 
be obtained in the form

f (p) = A
[

1 − (1 − q)β · (p − pM(t))2
] 1

1−q
, (27)

that represents a q-Gaussian function centered at pM(t) [8]. This 
solution presents an asymptotically stationary state for t → ∞.

To complete the derivation of the qFPE, it will be shown that 
Eq. (24) is the only equation that satisfies the constraints imposed 
initially. One could consider a general NLFPE of the form

∂ f a

∂t
= γ

∂ f b

∂p
+ D

∂2 f c

∂ p2
, (28)

for a, b, c > 0. Considering the second constraint we imposed for 
the derivation of the qFPE and the properties of the derivative op-
erations described by Eqs. (19)-(22), the constants a, b and c must 
satisfy the relation

a

1 − q
= b

1 − q
= c

1 − q
− 1 . (29)

These equalities imply that a = b and c = a + (1 − q). For a = 1, it 
results

∂ f

∂t
= γ

∂ f

∂ p
+ D

∂2 f 2−q

∂ p2
. (30)

The equation above is exactly that proposed in Ref. [3]. However, 
it is always possible to define q′ such that

1

1 − q′ = a

1 − q
, (31)

and from here one gets that

c

1 − q
= 2 − q′

1 − q′ , (32)

resulting in the same Fokker-Planck generalization as that in 
Eq. (30), but in terms of q′ instead of q, and f satisfying the q-
algebra with entropic index q′ . It is important to remind that the 
scale β changes also to β ′ = βa.

For the case a, b, c < 0, one also obtains a similar form of the 
generalised Fokker-Planck Equation but associated with a different 
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form of the q-exponential equation, according to the transforma-
tions discussed in Ref. [21]. In this case, non-integrable solutions 
might be found. This result shows that Eq. (24) is the only possible 
form for the Fokker-Planck Equation that satisfies the constraint 
defined in the present work.

Concluding, the present work reports the formal connections 
between the Boltzmann Equation generalized to include systems 
following the non-additive entropy Sq , and the non-linear Fokker-
Planck Equation proposed in Ref. [3]. The approach used here starts 
by considering the Boltzmann Equation with a collisional term that 
incorporates the q-algebra in the correlation functional. By con-
sidering the properties of the q-product and the fact that for a 
non-additive system the value of the entropic index q represents 
a well-defined quantity that remains unchanged during the dy-
namical evolution of that system, the generalized Fokker-Planck 
Equation is derived. It is shown that the only possible equation 
satisfying those constraints is the generalized Fokker-Planck Equa-
tion given by Eq. (24).

This work evidences some aspects of the qFPE, proposed in 
Ref. [3], by clarifying its relations with the Boltzmann Equation. 
The equation obtained has already been tested experimentally, 
since the work in Ref. [9] confirms the predictions done in Ref. [8]
by using Eq. (24). The result obtained here is of interest in any 
application of the dynamical evolution for systems that are non-
extensive, such as rock blasting [23], and fundamental aspects of 
dynamical systems [24–26].

With the increasing interest in the propagation of quarks in 
the QGP, the qFPE can be an important tool to model the quark 
interaction with the medium [11,27,28], and multiparticle produc-
tion [29–31]. The latter application will be considered in future 
works. In this particular domain, it is fundamental to reckon with 
the effects of finite quark masses, which leads to a set of cou-
pled equations to tackle the different particle species. This type of 
phenomenon has been recently addressed, in the context of the 
non-linear Fokker-Planck Equation, by the work in Ref. [32].

Both the nonlinear Fokker-Planck equation and the Boltzmann 
equation with non-local correlations are subjects of intense re-
search efforts, with applications to various branches of physics, 
including Astrophysics and High Energy Physics. The study of these 
two evolution equations and their respective applications has re-
mained, up to now, research areas largely independent of each 
other. It is, therefore, a remarkable achievement to establish a link 
between these active lines of inquiry. Although the present work 
has been motivated by and aimed at applications in high energy 
physics, the results obtained have a general and fundamental char-
acter that makes them relevant also for other areas of physics, 
particularly in connection with the study of complex systems.
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