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Summary

A method for construction of quantum-fields is presented by using concepts of non-
deterministic mathematics. In particular it is shown how non-determinidtic fields generate
quantum-fields.

§I. Generalities

1. In this paragraph we introduce the basic mathematical tools to be used in the
presente work. These ideas lying under the roof of the so-called non-deterministic math-
ematics have been developed by us together with students and collaborators since 1966
and their applications to physics are collected in a recent unpublished work, available in
typewritten form, entitled “Non-deterministic foundation of mechanics® [1]. In the present
paper we develop some ideas sketched therein connected with quantum-field theory. Our
aim here is to illustrate the methods of non-deterministic mathematics in an important
area of present day physics.

2. The basic philosophy of non-deterministic mathematies consists in looking to math-
ematics as a collection of sharply defined concepts and afterward trying to substitute them
by non-sharply defined ones.

For example, take the concept of function: we usually say tha.-t afunction f: X =Y
is defined in & point z € X and its value is & well defined point y € Y. The non-
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deterministic approach would say that f is defined "around z” and its value is “around
y", namely we look to non sharply defined quantities. The natural formalization of this idea
is to start from functions taking open sets of X into open setsof Y, instead of points into
points. Since 1966 this idea has been developed by us and today we can say that we have
a rather complete “calculus” on topological spaces with derivatives, integrals, differential
equations, etc. without auy compromise with metric or linear structures, namely, we only
need topological structures. For more precise information on part of this material one can
look at [2].

All this fits very well with our feelings about the world, Indeed, we have never a
“point” and so a particle always occupies a certain volume and consequently it is more
appropriate to represent it by a single open set. In the same way, instead of “instant of
time” we consider “interval of time”. Consequently, the motion of a particle can be repre-
sented by the association of open sets in a space X to open intervals in the real line, what
is formalized in a precise way by the concept of non-deterministic function. Afterwards
by the introduction of Gauss structures in X we can défine velocity, acceleration, etc.,
in general topological spaces and this culminates in the construction of a mechanics in
topological spaces without any appeal to metric or .linear structures. All this is discussed
in details in [1]. Some information can also be obtained from [2].

In this paper we only need the concept of non-deterministic fields, abbreviate n-fields,
which constitute a particular case of non-deterministic functions.

Let X bea topologic;.l space and V a family of open coverings of X, i.e., an
element o € V is a collection of subsets of X made up of open sets A € 0. For the
particular case when X is the set of real numbers R we allow some sets in o eV
to be reduced to single points or singletons as called by topologists. We use the notation
(X,V) toindicate a pair formed by a topological space X and a family V of collection
of subsets of X. When X is the set of real numbers with the usual topology we use the
notation [R,Vg] to recall that some elements of op € Vz might be singletons instead of
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open intervals, that is, any elemeat Ag € on is cither an open interval or a singleton.

Definition I: A n-field from the pair (X,V) into the pair [R, Vi]
¢ :(X,V)— [R,Va]

is:
a) a function
Sy: VoV

which associates to each collection ¢ € V a collection ogr € Vi;
b) for each o € V a function

®,:0 2 op=Py(o)

whichassociatestpeachset A€o aset Ap € op. We assume also that if A =0

" then Ag =0, where @ denotes the empty set.

Definition II: A n-field
®:(X,V)— R, Va]

is continuous if:
. 1) for any o,7 € V, with 7 > o, (where this notation means “r gefines o”, namely
any B € r is contained in some A € o), we have also

’

@v(r) > Q'v(a);

2)if r>0 and BEr, A€o wehave,if BCA,
8) fr(B) C fe(A), if both are either open sets or singletons.
b) f+(B) C fo(A) if fo(B) is a singleton and f,(A) is an open set.
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Definition III: A n-field
®:(X,V)—[R,Vg]

generates a usual function

¢:X—-R

if for any z € X and any neighborhood V[¢(z)] in R thereis 0 €V and A€o such
that

Vze A= ¢(z) € ,(A) and ¢,(A) C V[é(z)).

Intuitively this definition means that both “values” of ¢,(4) and ¢(z) are close to each

other, when z runsin X.
It can be shown that if @ is continuous then ¢ is continuous as well and also

that ¢ is uniquely defined by ®. Several theorems have been proved by A. Jensen [3]
showing when a given non-deterministic function generates a usual function and many

other important results in the area.

For our needs in this paper we have to introduce the i-dea of complex n-field. There
are two ways of doing that; the first one, which will be adopted in this work is defined as
follows: let [C,Vc] be a pair where C is the complex plane and V¢ is defined by

Voc€Vo=oc=0rQop

where op € Vg and

oc ={Ar xBp:Ap,Bgr € or}.

Let &, and ®; be n—fields as considered before such that
VoeV, &v(0)=2%v(s)=0cnp.

Now define
®:(X,V)—=[C, V]
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as follows:

VoeV, @v(o)=ov(o)xdv(c)=0r@ore€Vc

and for a given o0 €V,
VA€o, O,(A)=0,(A)x®,(A)Eoc=0rB0p€ Ve.

We denote @ by @ = (&#,,®;) calling &, its real part and &; its imaginary part.

The second point of view defines ¢ as a n-function
%:(X,V)—~[C,Vc]

where V¢ is now an arbitrary family of collections o¢, with oc made up of open sets
or singletons in C. However, this point of view will be not adopted here.

For both ways of introducing a complex n-field we can define some operations with
/

them, namely

a) addition of n—fields, where given @, and &®; complex n-fields we define
¢=%,+2,
by considering foreach o €V and A€o
$,(A) ={2€C:z2=2+22, 11 € P14(A), 22 € P2,(A)}

b) multiplication by a complex number @, in a similar way as for the addition.
With the operations a) and b) the notation

’

P =, +id;

has the usual meaning as a sum, namely ®;_is identified with the complex n-field (&,,0)
and ®; with (0, Qz) and

@ = (91,0)+ (0, 93) = (21, %3) = ¥; +ids.
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Besides the concepts defined above we shall use concepts of topology and functional
analysis without necessarily defining them and we refer the reader to standard books in

those areas.
§II. Construction of quantum fields

1. Among the several approaches to quantum field theory proposed by different au-
thors we choose the traditional one as considered by A.S. Wightman in [4]. In forthcoming
papers we shall deal with alternative ways of looking to the same question by |;sing in-
tegration of n—functions which corresponds to the use of Feynman integrals as done, for

instance in [5].

We start by recalling the axions of quantum field theory used by us in this paper. Let
I’ be a represention of dimension r of SU (2), the group of unitary transformations of the
complex plane of dimension 2, namely if A € SU (2) then A is & linear transformation
of det 1 taking a pair of complex numbers (21,22) into another pair of complex numbers
(w1,w;). Now, I'(4) will be a linear transformation of R", namely, associating to a
point £ € R" another point y € R". It is given by a matrix {T;;(A4)), 4,5 =1,...,r.
Let P, be the group SU(2) plus a translation, namely if A € P, then A takes the point
(21,22) into (aj,a;) + (w;,wy) where (a1,82) is a pair of complex numbers defined
by A. Usually we indicate A by (a,A), where A € SU(2) and a = (a1,a2). To
complete our group theoretical requirements we assume an unitary representation of B,
in the state vector space H of wave functions defining the states of the physical system
under consideration, where we intend to introduce a relativistic quantum field. To clarify
this last statement let us recall that H could be for instance defined as the set of square

summable complex valued functions ¥ defined in some Euclidian space R™ where in
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H the topology is given by the usual metric
din(ln, W)= ([ higas)t,  seR,
R'-

of a Hilbert space where ¥* is the complex conjugate of ¥. Now to each A € P, it is
. associated a transformation U(a,A) of H and this association is a homomorphism.
Consider now the set S(R*') of functions defined as follows: each f € S(R') is
a complex function of tl.xe spacetime R* with derivatives of all orders, such that for all
integer N >0 and z = (2,,22,23,24) € R, we have
115

s [o? 423 +2d +23)"F

The topology of S(R!') is given by the following sequence of norms, for integers
r,s>0: !

Ufllre = z Z '“:Plzknlf(‘)l

[ ¢
rgr KIS
where . !
‘ 2t = z:‘ .z:’.z:‘.z:‘

[kl = ks + ka + ks + ks
U=t +&+6+¢

_ ! f(=)
Difi=) = (0z22)"(072)'*(0z3)*(0z4 )

If instead of R' we want to consider cartesian products of R* the same expressions

above are also good with the pertinent adjustments. However in this work we use only
Rt
The set S(R') with the topology generated by this family of norms is called the

space of test functions.

2. A quantum field theory is given by a Hilbert space H of state function ¢, an
unitary representation of P, in H given by unitary linear operators U(a,A) acting
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on H defined by elements (a,4) € P, and linear vector-operators T(f) actingon H
defined by each element f € S(R'), satisfying the axioms:

I) The operators T(f) = (Ty(f),..., To(f)) with r components and their adjoints
T*(f) acton Yy € H as

T(fyo =Y I

i=1
and they have a common invariant domain 9 ¢ A, independent of f, densein H

containing a vacuum vector 4, such that
Ua, A)ge = ¥,
for all (a,A4) € P,.
1) For any f,g € S(R') we have
T(af + Bg) = oT(f) + BT(g)
with a,B complex numbers.

IIT) For any +,4; € H and for a given S € S(RY), (¢1,T(f)¥2) is continuous as
a function of f in the topology of S(R*).

IV) For a representation Uf(a, A) of 13,,, as indicated above, we have invariance of
N, ie, U(a, A2 C O and

TT(L(f)) = U(a, AYT(£)U~"(a, A)

where I'T is the transform of the operator T(f) to be explained below and L(f) is
defined by the action of the Lorentz transformation L on f, namely

L(f)z) = f(L™)(z —a))
8



and ' and L are related to each other as explained below.

Let us clarify in details the rather condensed form of this axiom, called the axiom of
relativistic covariance of the fields.

Call S the space S(R') and O(S) the set of all linear operators defined by
associating to each f € S a vector operator T(f) acting in the Hilbert space H. This
association must satisfy the conditions to be discussed now.

Call o a function associating to each f € § an operator T(f) such that:

1) If (L,a) is a Lorentz transformation plus a translation of R* we define for each
fes

Lf(z) = f(L7)(z - a))

and we call LS the space of all functions Lf on R* forall f € S. Then we assume
that to the function

r

a: 85— 0(S)

K

it is associated another function "
La: LS — O(LS)

and a function ' ]
L* : O(5) = O(LS)

such that the diagram
, s = o)

[s [t
LS a O(LS)
commutes.
2)If L' is another Lorentz transformation and (L',a’) is given with the translation



=y

S = 00 A_

e

Ls L os)

¥ [

s 2 owLs)

a', then:

is commutative.

3)If U is an unitary representation of P, and UH is the set of all states Uy for
¥ € H, the diagram i
SxB# = os)xH L H

11.)(0 v (1)
LSxUH =% ows)xvH * um

is commutative, where # takes the pair (T'(f),¢) into T(f)¥ € H whenever T(f)¥
is defined. By denoting L*T by I'T the commutativity of (1) means precisely that

UT(f)}$ = (TTYLS)U¢ 1)

which is the expression of the relativistic covariance of fields. In many circumstances
the use of the diagram (1) is much better than the expression (1'). Of course, as T(f )
is & vector operator this expression represents a system of equations depending on the

r-dimensional representation of P, if T f) has r components.

V) Let the supports of f,g € S(R') be separated by a spacelike interval in R,

namely .
f(z)g(z) =0 if (z—y)*20.
In this case we assume that T(f) and T(g) either commute or anticommnte, i.e.,

T(f): T(9))5 = [T(£), T*(g)}x =0
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where [,] stands for the usual Poission-brachet. This axiom is called axiom of locality.

Besides these axioms we usually:congider another one called completeness axiom,
stating that a certain algebra of operatorssef the type T(f) applied to the vacuum state
Yo gives & dense subset of H..However-we do not state this axiom here because a much
stronger form of it will be discussed later: 1= -

Finally the so called collision states will be studied in a forthcoming paper and will
not be considered here.

3. To study now the main question-of this paper, i.e., the construction of a quantum
field theory satisfying the axioms above:by:using n-fields we need several hypothesis and

consequently we assume the following: = :

I)In R* we consider a family V of open coverings with countably many coverings
and each covering ¢ € V has also countably many bounded open sets. In this way we
denote these coverings by 03;03,... and for each 0; we ennumerate its open sets as
A;j with the assumption that j > i, for reasons to be clarified later. We also choose the
indexing of o; in such a mu;lt;er that o;>0; if § 2> 4. Infew words, V isa totally

>

ordered set of open coverings of R*.

IT) Let r be a positive integer, r 2 1 and consider r n-fields, which will be always
assumed to be complex unless stated otherwise,

@ ((RLV)=[C, V], 1<isr

’

defined over the same pair (R!,V) with V- asinI).
For each @' we introduce a countable set of complex functions defined for each
A €op, k>1 and €21, €2 k:

diy:C.— 2% (Ase)
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with the only condition of being measurable relatively to the usual Lebesgue measure
on R*. For all the axioms, excepted the locality axiom, we do not need any additional
condition on d},, however for this axiom we have to put strong restriction on the functions
dis- We postpone the introduction of these conditions until we come to the discussion of
the locality axiom.

We denote

= u >
d {d‘l-l}v k 2 1’ 4 = k
and call the pair (#',d") a weighted n-field calling d* the weight of 3"

Let ), ... A, be complex numbers. We define

(@,d) = 3" A (&, &)

as follows:

$: i,\.@"

in the sense considered before and

€21,

d = {di} r>1 62

where

dre(2) =Y Mdif(z), z€C.

Therefore we have defined linear combination of weighted fields.

For all n—fields involved in this paper unless otherwise stated we shall assume the

following boundness condition:

(B): for any Axe € ox call My the least upper bound of the set |¥,,,(Ax¢)] in

the real line, then assume that the matrix

{ {Mie}ee
12



with Mgy = My is square summable, i.e., all rows and columns are square summable
sequences.

Now let us show how we associate to each f € S(R') a linear operator in H, the
Hilbert space of states of our system. !

As easily seen each f € S(R') is square summable and hence we can assume that
it belongs to the space of square summable complex valued functions on R*, where we
have an orthonormal ba.ge {vu), u21, s0that each f€ S(R') can be written as

f=Y auwps
>l
in the topology of that space.

Suppose now that we give r > 1 complex weighted n-fields (®‘,d') on (R*,V)
and if suppf is the support of f in RY, define for each A € o4, € > k, and each-
(®,d%) the function

.fkil(z) { T g:a..(di‘ ‘fﬂP-(’))z", T € Ay

= otherwise,
if AxeNsuppf# 0. Butif Ay Nsuppf =0 then fi{(z)=0 forall z € R".
Now define for the give f

)= iy [, fiads  €21)
the integral understood in the sense of Lebesgue.

From the intuitive point of view each d}, brings the value of ¢, at z into the
range of the n-field &' in Aze. When &' generx;tes an usual function A: R* — C, all
@s(z) will be taken to coincide with A(z) for each r € R*. In few words 'for the case of
a classical field everything is sharply defined at z as it will be discussed in more details
in the end of this paper. .

Let us now drop the restriction € 2> k and define

Au = Aue
du =(d)", 1<isgr,
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where the astherisk (+) denotes the conjugate of a complex number. Then

Tl‘t(! )= (Ti})‘
and
Ti(f) o= {Ti‘l(f)}k,b kal 21

is then a hermitian matrix where rows and columns are square summable. Indeed, for each
k,

. 1 2
SR < Y s ([ o) 1de) <

21 @1
< Y lsupay[?|Mael® < sup?jad| Y IMiel? < 400,
o1 * 01

due to the boundness condition (B).

We have called H the Hilbert space of the states of the system but really these
states are given by rays in H which is also separable, i.e., has a countable base {ex).
By a classical procedure in the theory of Hilbert spaces we can assume that {e;} is an
orthonormal base and represent each state of the system as

b= 2 baex
k21
in the topology of H, with {8} a square summable sequence according to the theorem
of Fisher-Riesz.
Then we define the action of

T(f) = {Ti(ee, k221

in H by looking to {bs}xp1 for a given ¥ € H as a column vector an applying
T(f) by matrix multiplication, row x column, what gives a new vector {b}}s>1 whose .

components are

b= Ti(Nh

21
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and consequently we can define

T =¥ = Y bies.
1

Observe that {4} might not be square summable and in this case we say that T%(f)
is not defined at 4. This is the case of non-bounded operators,
Finally, we define the vector linear operator

T(f) = (T'(f)-.-., TN

by r
T(fip =Y T(f)y

which is in general an unbounded operator in H.

Our task now for the rest of this paper is to show that the operators T(f) satisfy
the axioms of a quantum field theory as indicated before.

§III - The axioms of quantum-field theory

1. For most of the axioms we do not need any special restrictions on the weights d'
of the n-fields involved; however, for the axiom of locality we need to impose restrictions
on the weights d' related with the physical interpretation of this axiom leading in many
cases to philosophical discussions about our pmsiSthia of knowledge of reality in points
moving from each other with speed perhaps greater than light. |

Anotl;er remark is the following: for certain axioms the proof for a general number
r > 1 of n-fields is a straightforward extension of the proof for r = 1 and in this case,
for simplicity, we shall consider only this case of r = 1. Again, for the axiom of locality
the interpretation of the case r =1 is essentially different from that of the general case
and then both cases will be discussed separately.
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2. Axiom I. Considering r =1 we see that T*(f) is defined whenever T(f) is
and consequently it is enough to show that the domain of T(f) is dense in H. For
that, consider all € H having only finitely many coefficicnts different from zero in their
representations relatively to a base {ex} of H. As well known from the theory of Hilbert
spaces this set 0 is densein H and clearly T(f) is defined for ¥ € @ with value
T(f)¥ alsoin Q.

For what concerns the unitary representation U of }3. and the vacuum vector ,,
this is independent of the definition of T(f) and consequently we have to assume as given
from the beginning the vector v,, which depend on the nature of physical system under

consideration, and U satisfying the conditions:
UQc and Uy, = th,.

Later when ve discuss the completness axiom we shall give some informations about

the vacuum vector ,.
Axiom II. It is immediate from the definition of T(f).

Axiom IIL. It is enough to study the case r =1.
Let v;,v%; € H be arbitrarily selected and consider the functinal

F(f) = ($1,T(f)2)

defined on S(R*). To say that F(f) is continuous as a distribution on S(R*) it means
that for any £ > 0 there is a neighborhood of the origin in S(RY),

Ues(0) = { : lIfllr.. < 8}
with ¢ = max(r,s), such that

V f € Ups(0) = |F(f)] < e.
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Suppoge that
vi=) cipi and 2= bips

21 1
are selected as before with T'(f)y; defined, i.e., ||T(f)¢3] is finite. From this we have

Il = YO Tui(£)b;)? < +oo,
LI |

what implies
Yo IT () 1j] < 400, E=1,2,...
J

Recalling the expression of f;; we have

ITe; ()] = #’u)l./A z am(drj 0 o )2 ™dz| < 400,
' M om>1

what gives :
b3, T2l = | Y a3 Tej (b)) < +o0.
& J

Now when f — 0 in the topology of S(R*) considered before its Fourier coefficients

am also tend to zero and consequently as (¥, T(f)2) remains bounded we conclude
that

Tij(f)—0, kj>1.
Therefore
($1,T(f)y2) = 0

what proves axiom III.

Axiom IV. We shall use the approach of this axiom discussed in §II,2 with the

corresponding notations introduced therein. i
We start by discussing the case r = 1. Let ¢ € H be arbitrarily selected in the
domain of definition of T(f), with : !

Y= Zbgen.
&
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We get, for any (a, A) € B,,
U(a,A)(z) = Y _ bU(a, Aes
k

because U(a, A) is 8 continuous operator and also because it is unitary U(a, A)ex, k > 1,
is also an orthonormal base of H, or more properly of UH.
Now observe that because the determinant of the Lorentz transformation L is equal

to 1 and consequently the transformation (L,a) preserves the Lebesgue's measure, we

have, for each k, i > 1,
Tai(f) = Twi(LS) = (TT)ei(LS).

Furthermore if A;; € o; by the action of (L,a) this set is transformed in another
one denoted by LA;; and for a n-field ® we define the transformed n-field L® by
looking to the covering Lo; = {LA;;} and putting: ‘ .

{ LQLV = ﬁv, LV = {LG.‘}
L® 0, (LA;j) = ®,,(Aij)
Hence
TT(LA)V e, AW] = T (T Tiibi)U(a, Ades.
: ki
By another side we have

I Ula, A)T(f)¥] = U(a, 4) Y () Tuibides =
k s
=Y () Tubi)U(a, A)es,
k i

what proves axiom IV for r = 1.
For the case r > 1 we start using r, weighted n-fields (®',d"),(3?,d%),...,(3",d")

which we write as the r—components of a r-dimensional n-ficld

(2.d) = {(®,d)',... W(®,d)7}
18



where (®,d)f = (#,d"), 1 <i < r is chlled the i-component of (#,d). Given an element
(A,a) € B, and a r-dimensional representation T' of P, we denote by I'(A,a) its rxr

matrix
1<i<r

MAa) = FiAakis 255

and assume that the components of (®,d) transform accordingly to the formulas

M@0 = YT (4@, d),  15is,

=1

where T'j; (A, a) is the adjoint of the (i, j)}-clement of the matnx representing I'~). The
reason for this sort of contravariant approach in the definition of I‘(Q,d) will be clarified
as we proceed.

To show the validity of axiom IV we suppose as before that

/= E“W"

31
and define for each i =1,...,r and A,na € Om

fi () 22 Yar(diy 0 0 91)(2),7 € Aj,n 80d Ap . Nsuppf # 0.
o otherwise.

where d,, , is given by the weight o = {d}, )} of (#,d). Again as before we put, in

matrix form
1

f:,'.d:} ’ i=1,...,r

and

T(f) = )_ TSf).
=]

/!

Let us define T'T given by the representation I' of FP,. Call L the Lorentz

transformation given by the element (A,a) € B,. The base {p:)} changes into a new
base {Lyi} in LRY, with

Low(z) = pa(L™"(z ~ a))
19



and we define

Tfi a(z) { Y 27%ay(Tdl, , o Lips)(z), 7 € AL o ::1:1 A..,. Nsuppf # 0

where AL _ is the transform of Amn € m by L, namely a point z € AL , is given
by
y=LYz-a) yEApa.

By the definition of I'd}, , we have for 7 € AL ,

2052-*(1' noLer) = 22 “*(er'(“ “)d‘m noLpy =

}:r-'(A 0)22 a,,a;,,,,ow,,_z A, a)LfE,

Now we put

ITy(LS) = {;D—:z—

n;,ll) A,l...

rf.‘.'....d:}

which by the invariance of the integrals by the transformation 2 — y = L~(z —a) gives

PT}(LI)={m(A"J)/ (C T3 A )L, iz } =

= {Z;P;-‘(A,a)m—( s /A . f;'...au}

TTi(Lf) = Y T;(A,0)Ti(f)

and solving for Ti(f),
T:(f) = ) Tij(A,a)TT;(Lf).

J=1
Finally if U is the unitary representation of P, in H we have for each ¢ € H A
 taking in consideration the case r =1, '
U(Ti(£)¥) = )_Ti;(A,a)TTy(Lf)U¥
J=1
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which proves the axiom IV in the sense of the diagram (1) of §11,2 in the discussion of this
axiom. Observe that the maps @ and Lf of that diagram are given by

of) =T(f)

La(Lf) =TT(L).

Axiom V. This axiom needs special considerations and has to be adjusted to the spirit
of the non-deterministic analysis whose basic elements are open sets instead of points.
_ First of all there is a philosophical question involved here related to observation and
measurements of physical events. Indeed, suppose that a observation is made of a certain
event at a point P of coordinates (z,y,z) at the instant ¢ and another observation of
another event is made at P' with coordinates (z',y’,2') at an instant t'. How those
observers at P and P’ could tell each other abont their mensurements? According to
the theory of relativity this is possible through a signal travelling at a speed not greater
than the speed of light, what requires for a large distance between P and P’ that the
difference (¢ —¢') should not be too small. Consequently to say that a n-field ® has
values 3,(A) and &,(B) if A and B, as subsets of R*, are separated by a space-like
interval can not have any physical meaning from the point of view of observation and
measurement when we assume the possibility of commumication between two observers at
P and P’ as above through signals travelling at speed higher than the speed of light.

Secondly, due to those requirements from the theory of relativity, all we could do is
to assume to an observed value of @,(A) s non-obscrved value arbitrarily chosen for
&,(B), namely, we assume that a measurement of ®4(A) instantly defines a value for
&.(B) and this cleasly throws us right into the middle of the controversy related to the
celebrated Einstein - Rosen - P.odolsky paradoec.

The only alternative out of this battleground is the philosophical attitude of assuming
the existence of a physical event without necessarily compromising ourselves to effective
measurements of those events, if at least there are some ways of verification a posteriori of
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what we assumed before. For instance, suppose we leave a gas in a container located at a
point P at a certain temnperature T which we know will be kept constant. Then we move to
a far distant point P’ from P where we have another gas in a container whose temperature
we measure and is equal T’ at a certain instant t. Then we make the statement:“the
temperature of the gas at P ia T and that at P’ is T" at the same instant t"., This is
certainly a true statement eventhough we cannot measure the temperature at P. In this
case the value of T at P was known a priori and we can also modify this example to have a
verification a posteriori. For instance, if the temperature at P is not kept constant but all
the time registered in a certain apparatus together with the time we could state, being at
P’ “right now at time t measured in my clock at P the temperature of the gas at P is T™.
Of course, later we should move to P md‘v-exify if at the time t the registered temperature
was T or not. In any case we could decide if our original statement was true or false. If in
all cases it comes always true we would say that we discovered a law connecting t with T
at P by observations made at P’ far from P.

Now at this point the axiom of locality can be regarded as a criterion to decide how
to connect knowledge of an event at P with the knowledge of another event at P’ such that
the distance between P and P’ is a space-like distance. Indeed, we can use that axiom
to determine the value at P’ of a measurement made at P by selecting that value in such
a way that the axiom in question is verified. Of course, this attitude might clash ﬁth
the point of view of many physicists and philosophers of science who do not accept the
possibility of communication between two points in space through a signal travelling at
speed higher than light. However, in this paper we shall adopt that attitude because in
many cases it can actually be checked “a posteriori”. Mare precisely we shall adopt the
following philosophy: given a n-field

®:(X,V)—= [C, V],

with X = RY, if we know the value @,(A) foracertain 0 €V and A €0 andif
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B € o is et a space-distance from A then we shall assmme a value for &,(B) such that
the operators defined before satisfy the axiom of Jocality.

With all those facts discussed above in mind let us now introduce the notions needed
for our study of the axiom of locality under the philosophy of non-deterministic analysis.

Definition IV. Let V be an arbitrary family of open coverings of R*. We say that
two subsets A,B of R* are V—epace—fihe separated if:
a) Vz€ A, y€B wehave (z—y)? <0.
b)Vo €V and YVE€o wehave thatif ENA# 0 then ENB =0 and
vice-versa.

Similar definition for V-time-like separated.

As it is well known the locality axiom is tied up with the statistics of the particles
involved in the fields under consideration, in the sense that we have commutativity or
anti-commutativity depending on the fact that we are dealing with fermions or bosons
respectively. More precisely we can wx:ite '

[T(£), T(9)}+ = T(f)T(g) + (—1)*T(e)T(f) =0
where £ =0 for fermions and € =1 for bosons. _

" The definition IV above is consistent with the spirit of non-deterministic analysis in
the sense that if the space-like distance between A and B is very small in absolute value
_ our field might not be able to detect that separation.

Now taking in consideration our earlier discussion about the values of n-fields far
apart and measured simultaneously we introduce some hypothesis about the n-fields to be
used:

’

Hy) All n—fields involved have constant weights, namely, for (#,d), with
#: (R V)= [C,Vc)

d={d;}
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we have, foreach A;;€0,€V and z€C
d;j(z) = barycenter of &,,(A;;),

where by barycenter of ®,,(Ai;) we understand the barycenter of the rectangle in C
which represents the value of ®,, in the open set A;;. We denote this barycenter by

&.,(4;;).

Hn) Given any n-field
®: (R‘tV) = [C|VC]
and a function
. f:R'=C

we call &(f) the n-field such that:

Sv(f) = v
and Vo€V and A€o:

{ @ (f)(A) =P,(A) if ANsuppf#0
®.(f)(A)={0}  otherwise

Call &(f) the matrix whose elements are defined, under the hypothesis that (R, V)
is considered in §I1,3,1), as follow '

Lj21
i<

2.(5) = &..(f)(4;)
and
&;:(f) = &8s

Then we assume that if f,g € S(R*) and their supports are V-space-like separated

we have:
&()%(9) + 3(9)8(f) =0
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where + is used for fermions and - for bosons, where the n—field @ is considered as before,

namely
(¥, d) = {(®*,d),...,(¢",d")}.

Let us show that the locality axiom is satisfied with the n-field  under the hypothesis
H;, Hyr.

If T(f) and T(g) are the vector operators defined as before for f,g € S(R') with
supports V-space-like separated we have:

T(f)T(9) £ T(9)T(f) =
STOTOLT O,
In matrix notation we have:
T';(f)T’(y) £ Ti(g)T¥(f) = {2.: Ti(NTIH9) £ TL (DTN} e 1)
(ke21)
* As introduced before we have
f= Z.:a..tp.. and g= gb..w..

and

T::.(f) = ﬁ '/Ah fl,(z)dz, z € A, ’

TN = i . 27au(dl, 0paehe =2 "aude, (N AL
Therefore, expression (1) above becomes
T'(f)T%(9) £ TH(9)T*(f) =
= {327 o b 3 8oy ()AL B0, (9)(Ase) £ &2, (9X(Ara) o, (£) (A0}t

By Hy; we get that all terms in the “s” summation are zero and this clearly proves
that the locality axiom is satisfied.



Remarks.

1) Essentially what we have proved is that if the locality axiom is true for the n-field
involved it is also true for the. operators derived.from it, under hypothesis H; of
constant weights. The practical question is, of course, that of deciding if a given n—
field satisfies or not the locality axiom. This will depend on what conventions we make
for measurements in different points of RY, V-space-like-separated. One trivial case
is the following: fix a light cone with vertex in the initial location of the observer and

assume that for any Aka € o outside this cone we have:
@, (Aw,) = {0} i=1,...,r

As we can check without difficulty in this case the Poisson bracket for the n-fields
#(f) and &(g) isidentically zero and we cannot distinguish between fermions and bosons.
However, it is interesting to observe that contrary to the classical results stated in [4]) we
do not have the operators itzlentically zero. That is because we assume V-spacelike-
separation instead of the usual space-like-separation.

2) There iz a possibility that we can extend the validity of the locality axiom to the
general case where the weights of the n—fields involved are arbitrarily measurable
functions. Indeed, we could go from the case of constant weights to that when the
weights are step-functions and from that by limiting process get the case of measurable
functions. However, this project might depend on the theory of limiting n—fields which
is still in a very sketchy and primitive stage and consequently we believe that there is
still a long way ahead to obtain the desired result,

Finally for the completness axiom we prove the much stronger result below:

Theorem 1. There are vectors o, € H such that for any given ¢ > 0 and any
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6c H thereis f € S(R') such that
IT(f)s -0 <e
Proof. Let

- 0= ZQQ
[

and recall that for any ¢ € H and f € S(R')

v=) bher oand f=) aps
k k

we have
5 T(f)$ = Z}}__‘, Tas(£)b))er-
We have J
Tf) = ey e
with
frj { Eb" am(dij © Pm)(2)27™; for £ € Ayj mf suppf # 0
Then
Tis(f) = ga-;%}i, /. (g0 pmlim = T ambl
with )

" 2" .
e d d "
kj m(As;) A“( kj © Pm)d

which depend only on the n-field & and the sclected base for S(RY).
This gives
. STy = 3 am S AT =Y omBim
: J - I ™
where

B = )_ ALY
§
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which is a convergent series by using Schwartz inequality and recalling prt;peny 2)a) in
§2,2 of the n-field &.
Now select the b;, J =1,2,... such that all determinants

- 1<k<n
Iﬂhl'

1<m<n

for n=1,2,... are different from zero. That is easy to do by induction. Then call

hi=) ber
*

some particular state with the &, £ =1,2,... selected as above.
Take now an arbitrary number 5 > 0 and select p so that
»
D ciei=6li<n
=]

and

il Z( Z anﬂlm)ek" <95

k>p ma)
Now look to the linear system in apn,

P
(2) Zamﬂkm =Ck k=1,...,p

m=]
whose determinant is different from zero, as discussed above, which allows us to solve it

for a;,...,a,. Considering am, =0 for m > p we can write
»
/= Eakw
k=1
Finally with a proper choice for n we get
IT(fyou — 0l < e.

To end the discussion about the axioms we want to clarify the question of the vaccum
state ,.



As we observe so far the unitary representation U(a, A) of the Poincaré group has
been left completely unrestricted. Now we have to put some restriction on it in the following
WaY: a8 seen nbove_the vectors ), are selected only under the condition that the system
(2) is solvable for all p and this gwes in general a rather large set of vectors ¢. Then

we restrict U(a, A) in such a way that at least one of these vectors is invariant, namely,

U(av A)'bl = ¢i

for all (a,A) in the Poincaré group. As the vectors 4 depend only on the n-field &
and the base selected for S(R!) we ser that the unitary representation depends only on
these elements and, of course, on the base {e;] selected for the Hilbert space of the states
of the theory.

To conclude, there is enough room left in the theory for a proper selection of the
representation of the Poincaré groups and for the vacuum state. On top of that we can
also satisfy in most cases the spectral condition for U(a, 4).

»

§IV.
In this last paragraph of our paper we make some general comments and remarks to
indicate the direction of possible developments of the ideas discusased in this work.

1. We start by looking into the question of n-ficlds which generate usual fields. For
simplicity we restrict ourselves to the case of r =1.

Supo;e that the n-field

, &:(R\VV)—[C, V]

generates, in the sense defined in §I, 2, Def. III, an usual contimous functions

p:R = C.
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For each i > 1 let us define ||@y(0;)|| as the supremum of the diameters of the sets
®..(A;;) for j > 1, which is finite due to the boundness condition (B) of §l1, 3, II). As
& generates an usual function we have ™

lim [@v(o))] =0.

Now let z € R' be given and for each i > 1 call N(i,z) the set of integers j > 1
such that z € 4;; with A € a;. .

From the definition of the functions d;; we see that for each y € C we have, by
associating to each ¢ a j = minN(i, z),

Jim dij(y) = (7).
Consider any test function f € S(It')

f= ZakPk

k21

and

fi(2) =Y 2 *au(dijopu)x) z€Ai; and Ai;Neuppf #£0
£>1

and equal zero otherwise as seen before. Then we have
lim fij(z) = Y27t ae(=) = K(f)p(z)
21

where

K(f)= 22"‘41.

£>1
is 8 constant depending only on f. Therefore to each f € S(R') we can associate the
function K(f)p(z) which is equal to ¢(z) up to a constant dependingon f. Therefore,
we can regard o(z) as a classical field and all test functions are just equal to ¢(z) times
a constant. Of course the matrices T'(f) will have all terms T;;(f) changed accordingly
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and they provide a quantization of the classical field ¢(z) by operators acting on the
states ¥ € H. More precisely:

1
m(Aij) /Au K(I)elz)dz

namely the classical field K(f)p(z) is quantized by the operator

| Ti(p)=

T!(¢) = {T/ ()}

actingon Y € H.

2. As can be seen at [2] we can have the motion of particle defined by a non-
deterministic function and also equation of motion, etc. Then suppose that we give a
n—field ! |

& : (R V)~ |[C,Vc]

with weight d defining a quantum field theory as considered before and assume we
introduce particles in R* which will interact with ® accordingly to the equations of
motion introduoeci in [2]. Again to such particles we can associate a wave function ¢, as
discussed in details in [2] and we can define for each f € S(R*) the new state T(f)¥ which
in turn will provide a n-function representing a particle in R* in the non-deterministic
sense. Then it might be interesting to study the connection of motions of non-deterministic
particles in R* and actions of the operators T(f) on H.

3. Finally we could also look to the project of extending the present theory developed
in this palper to the case of n-fields defined in topological spaces in general. Here instead
of Lorentz invariance we have to use the idea of Gauss isomorphism as introduced in [1].
Unfortunately all those comments are rather vague without the knowledge of [1} and so .
we find advisable to come back to them after the eventual publication of [1] in a regular
journal.
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