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Summary 

A method for eonatruction of quantum-fields ia presented by using concepts of non­

deterministic mathematics. In particular it ia ahown bow non-determioifoc fields generate 

quantum-fields. 

§I. Generalities 

1. In this paragraph we introduce the basic mathematical tools to be used in the 

presente wc:rk. These ideas lying under the roof of the so-called non-deterministic math­

ematics have been developed by us together with studenta and collaborators since 1966 

and their applications to physics are collcdnl in a recent unpublished work, available in 

typewritten form, entitled "Non-deterministic foundation of mechanics" [l). In th~ present 

paper we develop aome ideas sketched therein connected with q~tum-field theory. Our 

aim here is to illustrate the methods of non-deterministic mathematics in an important 

area of present day physics. 

2. The basic philoeophy of non-deterministic matheml\tic:s consists in looking to math­

ematics as a collection of sharply defined concepts and aftenratd trying to substitute them 

by non-sharply defined ones. 

For example, b.ke the concept of function: we usually aay that a function / : X - Y 

is denned in a point z e X and its value ia a well defined point If E Y. The non-
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deterministic approach would say that / is defined •around z" and its ~ue is •around 

i,'', namely we look to non sharply defined quantities. The natural formalization of this idea 

is to start from £unctions taking open sets of X into open sets of Y, instead of points into 

points. Since 1966 this id~ has been developed by WI and toc:l"y we can say that we have 

a rather complete "calculus" on topologkal spaces with derivatives, integrals, differential 

equations, etc. without any compromise with metric or linear structures, namely, we only 

need topological structures. For more precise information on part of this material one can 

look at (2). 

All this fits very well with our feelings about the world. Indeed, we have never a 

•point" and so a particle always occupies a certain volume and consequently it is more 

appropriate to represent it by a single open set. In the same way, instead of "instant of 

. time" we consider "interval of time". Consequently, the motion of a particle can be repre-

11e11ted by the association of open sets in a space X to open intervals in the real line, what 

is formalized in a precise way by the concept of non-deterministic function. Afterwards 

by the introduction of G1ml!!I structures in X we cnn definr. velocity, acceleration, etc., 

in general topological spaces and this <'Ulminit1<'8 in the con11truction of a mechanics in -

topological spaces without any appeal to metric or linear st.nidures. All this is discussed 

in details in (1). Some information can also be obtained from (2). 

In this paper we only need the concept of non-deterministic fields, abbreviate n-fields, 

which constitute a particular case of non-deterministic functions. 

Let X be a topological &pace and V a family of open coverings of X, i.e., an 

element CT E V is a collection of subsets of X made up of open sets A E CT. Fbr the 

particular case when X is the set of real numbers R we allow some sets in CT E V 

to be reduced to single points or singletons as called by topologists. We use the notation 

(X, V) to indicate a pair formed by a topological space X and a family V of collection 

of subsets of X. When X is the set of real numbers with the usual topology we use the 

notation [R, VR) to recall that some eic-ments of "R E VR might be singletoru, instead of 
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open intervals, that ia, any element Aa e "a ia eiu.et an open imena1 or a aingleton. 

Definition I: An-field &om the pair (X, V) into the pair [R, Va) 

+ : (X, V) .... [R, Val 

ia: 

a) a function 

+v:V-tVa 

which associates to each collection "e V a collection "Re Va; 

b) for each " E V a function 

which associates to each set A e" a set Aa e "R• We Nl8UJDe also that if A= 0 

then An= 0, where 8 denotes the empty aet. 

Definition II: A n-field 

ia continuous if: 

1) for any IT1 T' EV, with T' > IT, (where this notation means "T ~es IT", namely 

any B e T is contained in aome A e IT). we have also 

2) if T > IT and B E T1 A E " we have, if B C A, 

a) /T'(B) C J,(A), if both are either o~ sets or aingletons. 

b) /T'(B) C J,(A) if J,(B) ia a singleton and /,(A) ia an Opell set. 
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I 
Deftnition DI: A n-field 

generates e. usual function 

if for any z e X and any neighborhood V(q,(z)] in R there is o e V and A e" such 

that 

Intuitively this definition means that both "V&luNi" of d>.(A) e.nd '(z) are cl011e to each 
other, when z runs in X. 

It can be shown that if ~ is continuous then " is continuous as well and also 

that 4, is uniquely defined by ~- Several theorems have been proved by A. Jensen (3) 
showing when a given non-deterministic function generates a usual function and many 

other important results in the area. 

For our needs in this paper we have to introduce the idea of complex n-field. There 

are two ways of doing that; the first one, which will be adopted in this work is defined u 

follows: let (C, Ve) be a pair where C is the complex plane and Ve is defined by 

where lTR E VR and 

Let ~ 1 and ~ 2 be n-fields as considered before such that 

Now define 

•: (X, V)-t (C, Ve] 
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u followa: 

and for a given " e V, 

We denote • by + = (+1,+2) calling •a ita real part and •2 ita imaginary part. 

The aecond point of view defines + aa a n-function 

• : (X, V) - (C, Ve) 

where Ve ia·now an arbitrary family of collections t1c, with t1c made up of open sets 

or singletons in C. However, this point 0£ view will be not adopted here. 

For both WBJI of introducing a complex n-field we can define some operations with 

them, namely I 

a) addition of n-fielda, where giYeD •• and • 2 complex n-fielda we define 

by considering for each a e V and A e a 

b) multiplication by a complex number o, in a similar way u b- the addition. 

With the operations a) and b) the notation 

has the usual meaning as a awn, namely •a. ia identified with the complex n-field (4'1,0) 

and 4'2 with (0,+2) and 

• = (+1,0)+ (0,+2) = (+.,+2) = •• +i+,. 
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Besides the mncepta defined alxm! we ,hall 111e conceptl of topology and functional 
analysis without necessarily defining them and we mer the reader to 1taudard books in 
those areas. 

§II. Construction or quantum fields 

1. Among the several approaches to quantum field theory proposed by different au­

thors we choose the traditional one as considered by A.S. Wightman in (4). In forthcoming 

papers we shall deal with alternative ways or looking to the same question by using in­
tegration of n-functions which corresponds to the use or Feynman integrals as done, for 

instance in (5]. 

We start by recalling the axions of quantum field theory used ht us in this paper. Let 
r be a rcpresention of dimension ,. of SU(2), the group of unitary transformations of the 
complex plane of dimension 2, namely if A E SU(2) then A is a linear transformation 
of det 1 talcing a pair of complex numbers ( z1, z2) into another pair of complex numbers 
(wi, w2). Now, r(A) will be a linear trl\llsformation of nr, namely, associating to a 
point 2: E Rr another point JI E Rr. It is given by a mRtrix {ri;(A)}, i,j = 1, ... , r. 
Let P. be the group SU(2) plus a translation, namely if A E P. then A talces the point 
(z1,z2) into (01,02) + (w1,w2) where (01,02) is a pair of complex numbers defined 
by .A. Usually we indicate A by (o,A), where A E SU(2) and o = (o1,o2 ). To 
complete our group theoretical requirements we assume l\n unitary representation of P. 
in the state vector space H of wave functions defining the states of the physical system 

under consideration, where we intend to introduce a relativistic quantum field. To clarify 
this last statement let us recall that H could be for instance defined as the set of square 
summable complex valued functiona tr defined in 110D1e Euclidian epace R• where in 
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H the topology i1 given by the '118ual nielric 

of a Hilbert space where (,• is the complex conjugate of '11. Now to each A e P0 it ia 

. usociated a transformation U(a, A) of H and this association is a homomorphism. 

Consider now the set S(R') of functions defined as follows: each / E S(R') is 

a complex function of the apacetime R' with derivatives of all orders, such that for all 

integer N ~ 0 and z = (z1,z2,zs,z4) ER\ we have 

lim 1/(:r)I = o. 
-=-oo [:rl + :ri + zl + :r!J-f 

The topology of S(R4) is given by the following aequence of norms, for integers 

r,a > 0: 

where 

U/llr,• = L L suplz'D1/(z)I 
• r ., 

l•IS• ltl.S• 

lkl = k1 + k2 + ks + k• 

Ill = ti + l2 + la, + t, 
D' :r _ ol'IJ(:r) 

/( ) - (8:r2)'1 (8z2)'2 {8za.)'•(8:r4)1• 

H instead of R' we want to consider cartesian products of R' the same expressions 

above are also good with the pertinent adjustments. However in this work we use only 

R'. 
The set S{R') with the topology generated by this family of norms is called the 

BP8a; of test functions. 

2. A quantum field theory ia giw:n by a Hilbert apace H of state £unction v,, an 

unitary representation of P0 in H given by unitary linear operatora U(a,A) acting 
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on H defined by elements (o,A) e P. and linear wetor-operaton T(/) acting on H 
defined by each element / E S(Jlf), satisfying the axiom1: 

I) The operators T{/) = (T1 (/}, ... 1 Tr(/)) with r components and their adjointa 
r{/) act on ,t, E H as 

r 

T(/)t/, = L ~(/)i/1 
i=I 

and they have a common invariant domain n C H, independent of /, dense in H 
containing a vacuum vector t/,. such that 

£or all (o,A) e P0 • 

II) For a.ny /,g E S(.R4) we have 

T(o/ +/Jg)= oT(/) + /JT(g) 

with o,/3 complex numbers. 

III) For any t/J1, 't/•2 E H and for a given / E S( R4 ), ( t{,1, T(/)""2) is continuous as 
a function of / in the topology or S(R4 ). 

IV) For a representation U(a, A) of P01 as indicated above, we have invariance or 
n, i.e., U(a,A)Sl C n and 

IT(L(/)) = U(a, A)T(f)U-1(a, A) 

where rT is the transform or the operator T(/) to be explained below and L(/) is 
defined by the action of the Lorentz transformation L on /, namdy 

L(/)(z) = /(L-1(z - a)) 
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and r and L are related to each other u explained below. 

Let ua clarify in details the rather condensed form of this axiom, called the axiom of 

relativistic covariaoce of the fields. 

Call S the space S( R') and 0( S) the aet of all linear operators defined by 

associating to each /ES a vector operator T(J) acting in the .Hilbert space H. This 

association must satisfy the conditions to be discuased now. 

Call a a function associating to each / e S an operator T(J) such that: 

1) If (L,a) is a Lorentz transformation plus a transl.ion of R' we define for each 

/ES 

and we call °LS the apace of all functiona LJ on R' for all /ES. Then we assume 

that to the function 

; 

it is associated another function 

and a function 

auch that the diagram 

commutes. 

. o: S.-+ O(S) 

Lo: LS-+ O(LS) 

s 0 
--+ 

2) If L' is another Loremz lransformailon and (L', a') is given with the translation 
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o', then: •.. ':"' 
II s - O(S) 

1£ 1£· 
, ; 

LS L O(LS) -a . ' ' 

1£' 1£~ . 
' . .. i: 

L'LS £'Lo O(L'LS) --
is commutative. 

3) 1£ U is an unitary representation of P. and UH is the eet of all states U t/, for 

tf, e H, the diagram 

SxH 

lLMU 
LSxUH Loxl --

O(S)xH L H 

!u (1) 

O(LS) x UH .. !:!.. UH 

is commutative, where P takes the pair (T(/), t/,) into T(/)t/, e H whenever T(/)t/, 

is defined. By denoting L•T by rT the commutativity of (1) means precisely that 

UT(/)"1 = (rT)(L/)Ut/, (l') -

which is the expression of the relativii;tie CO\"llrilUlce of fields. In many circumstances 

the use of the diagram (1) is much better than the expression (1'). Of COU111e, u T(/) 

is a vector operator this expression represents a system of equations depending on the 

r-dimensional representation of P. if T(/) has r components. 

V) Let the supports of f,g E S(R1) be separated by a spacelike interval in R1, 
namely 

/(:r).g(:r) = O if (z - u)2 ~ 0. 

In this case we assume that T(/) and T(g) either commute or anticommute, i.e., 

[T(f), T(g )J'f = [T(/), r(g)J'f = 0 
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where [, I stands for the usual Poission,bricliet. Thia axiom ia called axiom of locality. 

Besides these axioms we uaually,~der another one called completeness axiom, 

stating that a certain algebra of opera~ Lhe type T(/) applied to the VBCUum state 

t/,0 gives a dense subset of H. ,; However,we do not state this axiom here because a much 

stronger form of it will be discussed late!'; k , 

Finally the so called collision states -will be studied in a forthcoming paper and will 

not be considered here. 

3. To study now the main questiou-ofthia paper, i.e., the construction of a quantum 

field theory satisfying the axioms above;by.~using n-fields we need several hypothesis and 

consequently we assume the following: r,-i ; 

I) In R4 we consider a family V .:,of open coverings with countably many coverings 

and each covering u e V has also couata.bly many bounded open sets. In this way we 

denote these coveri~ by u1;u2, .. , and for eacli u; we ennumerate its open sets as 

A;J with the assumption tha.! j ~ i, for rCB80llll to be clarified later. We also choose the 

indexing of tr; in such a manner that u;-> tr; if j ~ i. In few words, V is a totally 

ordered set of open coverings of R4. -... 

Il) Let. r be a positive integer, r ~ 1 and CODBider r n-fields, which will be always 

assumed to be complex unlesa stated otherwise, 

defined over the same pair (R4 I vr wifh v-; as in I). 

For each ~• we introduce a countable set of complex functions defined for each 

Au e u1:, l: ~ 1 and l ~ 1, l ~ k: . -

11 



with the only condition of being measurable relatively to the usual Lebesgue measure 

on R'. For all the axioms, excepted the locality axiom, we do not need any additional 

condition on 4,, how~ for this axiom we have to put strong fflltriction on the functions · 

di,, We poBtpone the introduction of these condition11 until we come to the discu111ion of 

the locality axiom. 

We denote 

l~l 
k~l' l~lc 

and call the pair (•;,ct) a weighted n-lield calling ct the weight of+'. 

Let ..\1 • • • ..\r be complex numbers. We define 

r 

<~.d) = E~,c~•,d'> 
i•l 

as follows: 

in the sense considered bcf'orf" and 

where 
r 

dtt(z) = L~;41(z), z EC. 

Therefore we have defined linear combination oC weighted fields. 

For all n-fields involved in this paper unless otherwise 1tated we shall assume the 
following boundness condition: 

(B): for any A" E "' call Mu the least upper bound of the 1et l~ .. .,(A11)I in 
the real line, then assume that the matrix 
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with Mtt = M1:1 ia aquare 1ummable, i.e., all rows and colWDD11 are aquare summable 

sequences. 

Now let us show how we associate to each / e S(R4) a linear operator in H, the 

Hilbert apace of states of our system. 

As easily seen each / E S(R') ia square summable and hence we can assume that 

it belongs to the space of square summable complex valued functiona on R', where we 

have an orthonormal base {'w'a}, u?:: 1, so that each / e S(R4) can be written aa 

in the topology of that space. 

Suppose now that we give r ?:: 1 complex weighted n-fielda (1Ji1 ,ti) on (.R4, V) 

and if supp/ is the support of / in .R4; define for each A.tt E ut, t ?:: k, and each• 

(it', cfi) the function 

.
/1,(:r) { '.:_ 

0
Ea._ (4, o. ip.(z))2-•, z E Au 

otherwise, 

if Attn supp/ Y, e. But if At, n supp/= 8 then /l,(7) = 0 for all z ER'. 

Now define for the give / 

ti,(!)= c! ) / fl,(z)dz 
m ti ]A., (t ~ l:) 

the integral understood in the sense of LE-besgue. 

From the intuitive point of view each 4, brings the value of 'P• at z into the 

range of then-field ,ti in Au. When '!)i generates an usual function ~: W -1 C, all 

ip.(z) will be taken to coincide with ~(:r) for each z e .R4. In few words for the case of 

a classical field everything is sharply defined at :r as it will be discussed in more details 

in the end of this paper. 

Let ua now drop the restriction t ;::: k and define 

Att =Att 

er,,= (ffw)•, 1 Si Sr, 
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where the utberiak (•) denotm the conjugate of a t'Olllpla Dlllbber. Then 

and 

'I"(/)= {Tl,(/)}.,,, 

is then a hermitian matrix where rows and columns are square IUDlDlable. Indeed, for each 

E IT.,(1)12 S E m2(~ ) (1 II:,(%) I a)2 

S 
12::J 12::1 U A., 

SL I supa.l2IMu(2 ~ sup!la.l E (Mttl2 < +oo, 
12:;1 • 12:;1 

due to the boundness condition (B). 

We have called H the Hilbert space of the 11tRt.es o£ the sywtffll but really these 

states are given by rays in H which is also lleJ>al'ahlc, i.e., has a countable base {e,J. 
By a classical procedure in the theory of Hilbert spaces we can aaume that {et} is an 

orthonormal base and represent each state of the system aa 

in the topology of H, with { f>,} a square summable eequence according to the theorem 

o£ Fisher-Riesz. 

Then we define the action o£ 

7"(/) = {Tl,(l)}u, i,l? 1 

in H by looking to { bt} ic!:1 for a given tJ, e H 11s II column vector an applying 

T'(/) by matrix multiplication, row >< column, what giYCB a new Yeetor {b',Jt2:1 wh011e . 

components are 

6~ = L T:.(f)b. 
•c!:1 
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and comequently we can define 

Ti{/)t/, = t/,1 = L h~e1;. 
l~l 

Observe that {V1 } might not be square ■ummable and in thi■ cue we aay that Ti(/) 

is not defined at t/,. This ia the case of non-bounded opttaton. 

Finally, we define the vector linear operator 

T(/) = (T1 (/), •••• 7""(/)) 

by 
r 

T(/)"1 = L 7"(/)v, 
i•l 

which is in general an unbounded operator in H. 

Our task now for the rest of this paper is to show that the operators T(/) satisfy 

the axioms of a quantum field theory as indicated before. 

,' 

§III • The axioms of quantum-field theory 

1. For most of the axioms we do not need any spedal restrictions on the weights di 

of the n-fielda involved; however, for the axiom of locality we need to impose restrictions 

on the weights di related with the physical interpretation of this axiom leading in many 

cases to philosophical discussions about our possibilities of knowledge of reality in points 

moving from each other with speed perhaps greater than light. 
, 

Another remark is the following: for certain axioma the proof for a general number 

r 2! 1 of n-fields is a straightforward extension of the proof for r = 1 and in this case, 

for simplicity, we shall consider only this case of r = 1. Again, for the axiom of locality 

the interpretation of the case r = 1 ia essentially difl'erent from that of the general case 

and then both cues will be discuued separately. 
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2. Axiom I. Considering r = 1 we see that r(/) is defined whenever T(/) i1 

and consequently it is enough to show that the domain of T(/) is dense in H. For 

that, consider all v, E H having only finitely many ooeffidcnb different Crom zero iri their 

representations relatively to a base { e1-} of H. As well known from the theory of Hilbert 

spaces this set Sl is dense in H and clearly T(/) is defined for ,J, e Sl with value 

T(f ),J, also in n. 
For what concerns the unitary representation U of P. and the vacuum vector 'Po, 

this is independent of the definition of T(/) and consequently we have to assume as given 

Crom the beginning the vector v,0 , which depend on the nature of physical system under 

consideration, and U Batisfying the condition11: 

U O C Sl and UT/). = t/,0 • 

Later when Je discuss the completn~s nxiom 11•e shall giw ll<>me informations about 

the vacuum vector 1/,0 • 

Axiom Il. It is immediate Crom the definition of T(/). 

Axiom Ill. It is enough to study the case r = 1. 

Let V'1 , "'2 E H be ftl'bitrarily Belected and consider the functinal 

defined on S(.R4). To Bay that F(f) is continuous as a distribution on S(.R4) it means 

that for any £ > 0 there is a neighborhood of the origin in S(.R4), 

with "= max(r,a), such that 

u.,(O) = {/ : ll/llr, .. < 6} 

v f e u.,(o) * IF(f)I < e. 
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S~p~ ~ "i•· ,.11all 1. ,. 111, ·l 
1
.1, 

• , 1PJ = E Ct,V,1: 
• I ., ! h • ' ., l:~l . . ~ . .. .~ -- ~. .. 

are selected as before with T(/),J,, defined, i.e.! IIT(/)tJ,2 II is finite. From this we have 

IIT(l),J,,112 = L(LTt;(/)b;)2 < +oo, 
' i 

what implies 

L IT,;{/)1 lb; I < +oo, 1: - 1, 2, ... 
j 

Recalling the expression of /1:; we have 

what gives 

l(tJ,1, T(J}tp:z)I = I }:c,(}: Tt;(/)b;}I < +oo. 
' J 

Now when / -+ 0 in the topology of S(.R4) considered before its Fourier coefficients 

a. also tend to zero' and coosequenUy as ( 'Ph T{/)"'2) remaim bounded we conclude 

that 

T,;(/)-+ 0, l:,j ~ 1. 

Therefore 

( 'f/11, T(/)"'2) -+ 0 

what proves axiom III. 

Axib~ IV. We shall use the approach of this axiom discussed in §ll,2 with the 

~rresponding notations introduced therein. 

We start by discussing the case r - 1. Let v, e H be arbitrarily selected in the 

domain of definition of T(/), with 
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We get, for any (a, A) e P., 

· U(a,A)t/,(z) = L b,U(a,A)e, 

' 
because U(a,A) is a continuous operator and also because it is unitary U(a,A)et, k 2: 1, 

is also an orthonormal base of H, or more properly of lT H. 

Now obsen~ that because the determinant of the Lorentz transformation L is equal 

to 1 and consequently the transformation (L,a) preserves the Lebesgue's measure, we 

have, for each k, i 2: 1, 

T,;(/) = T,i(L/) = (1'7')1:;(L/). 

Furthermore if A;; E t1; by the ac-tion of (L,a) this 11Ct i11 transformed in another 

one denoted by LA;; and for a n-field + we dcfim• the tran11f'ormed n-fidd L+ by 

looking to the co,'tting IA;= {LA.;} and putting: 

{ 

L+Lv = +v, LV = {La;} 

LtL1r1(LA;;) = +1r,(A;;) 

Hence 

IT(L/)(U(o,A)tJ,] = L(LT,;b;)U(a,A)e,. 
' i 

By another side we have 

U(a,A)(T(/)TJ,) = U(a,A) })}:T,;b;)e, = 
' i 

= E<}:T,;b;)[T(n,A)ct, 
' i 

what proves axiom IV for r = 1. 

Forthecase r>l westartusing r, weightedn-fieJds (+1,d1),(+2 ,d2), ... ,(+r,,r) 

which we write as the r-component11 of a r-dimensionnl n-field 
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where (•,d)' e C•',d'), 1 Si~ r ia called the i-c:omponenl ol (•,d). Giftll mulement 

(A, a) e i'. and a r-dimensional repreaentation r ol 1'. 'ft df'Jlote by f(A, a) its r x r 

matrix 

l~i!!:r 
lSjSr 

and 1111Sume that the components or ( •, d) transform aa:ordingly to the formulas 

r 

rc•,"Y = Er;l(A,a)(•'.cr), 
i•J 

where r;l(A,a) is the adjoint or the (i,j)-element or the matrix tepffl!eDting r-1• The 

reaaon for this eort or contra'Variant approach in the definition of r(•,d) will be clarified 

as we proceed. 

To show the validity of axiom IV we suppose as before tha, 

and ddme for each i = 1, ... ,r and A..,,. e tr.., 

where Ji,..,
11 is given by ,he weight Jt = {«r .. ,11 } or (+ 11,«r). Again as before 1R! put, in 

matrix form 

i = 1, ... ,r 

. and 
r 

T(/) - ET,(/) . .-J 
Let UI define I'7' giffn by the repreaentation r o( P.. Call L the Lorentz 

transformation given by the element (A,a) E 1'.. The hue {cpt} changes into a new 

hue {L,1:} in LR', with 

L,1(%) = cp,1(L-1(% - a)) 
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'• I 

where A~ .• is the transform of A.,., .. E "• by L, namely a point z EA!;., .. is given 

by 

By the definition of rdL.,. -w have for z EA~ •• 

r 

Ea,r'(rd~ .• oLf,,) = Er'a,(Erji1(A,a)ct111,11 oL,,, -
' ' ... 

r r 

= Er;1(A,a) Er'a,t ..... oL,,, - Er;/(A,a)L/,!., ... 
i•l l i•I 

Now we put 

which by the invariance of the iokgrals by the transfonnatioo z - JI= L-1(z -a) gives 

or 
r 

IT;(LJ) = Er;1(A,o)T;(/) 
i•l 

and aolving for T;(/), 
r 

T;(/) = Er;;(A,a)I'T;(L/). 
;-1 

Finally if U is the unitary representation of P. in H we have for each v, E H, 

taking in c:oosideration the cue r ~ 1, 

r 

U(T;(/)y,) = Lr;;(A,a)rT;(L/)U¥' 
;-1 
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which ~ the axiom IV in the aense of the diagnan (1) ol §ll,2 in the di9CUllllion of thia 

axiom. Obeene that the mapi1 o and Lf ol that diagram are gi~ by 

o(/) = T(/) 

Lo{L/) = I'T(L/) .. 

Axiom V. This axiom needs special considerations and bu to be adjusted to the spirit 

of the non-deterministic analysis wb09e basic elements as,, open sets instead of points. 

Firat o{ all there is a philoeophical question in\'OIYed here related to obtervation and 

measurements of physical events. Indeed, suppose that a ohserfttion is made of a certain 

event at a point P of coordinates (:r:, y, .r) · at the instant f and another observation o{ 

anothereventismadeat P' withcoordinatct1 (:r:',lf',.r') at,minstant t' . Howthose 

observers at · P and P' could tell each othtt about their mMlflnmnents? According to 

the theory of relativity this is poaible through a signal traw.lling at a speed not greater 

than the speed of light, what requires for a la?g1! distance ht!tween P and P' that the 

difference (t - t') should not be too small. Consequently to say that a n-6eld + has 

"8luee +.,(A) and +.,(B) if A and B, as subsets of nt, are separated by a spaoe-like 

interval can not have any physical meaning from the point of 'fiew of obeenation and 

measurement when we assume the possibility of communication between two otiserven at 

P and P' as above through eignals travelling at speed higher than the speed of light. 

Secondly, due to those requirement■ from the theor,- of relatMty, all we could do i1 

to assume to an obsened ,,.Jue of +.,(A) a non-obeer9ed "8lue arbitraril7 cboeen for 

+.,(B), ntunely, we 11811\ttne that a mea■wement of +.,(A) imtanf.Jy defines a "8lue for 
, . . 

+.,(B) and this clearly throws u11 right into the middle of the c:onlnn'el'lly ~lated to the 

celebrated Eimlein - Rosen • Podolsky paradait. 

The only alternative out of this battleground ii the phil060phical attitude of assuming 

the existence of a physical event without nec:anrily compromising ounelYeS to effective 

measurements of thoee events, if at least there are eome wayw cA mfication a po■teriori of 
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what we assumed before. For ioatance, 1uppoae we leaw a gu in a container located at a 

point P at a certain temperature T which we know will be kept constant. Then we move to 

a far distant point P' from P where we have another gas in a container whose temperature 

we measure and is equal T' at a certain instant t. Then we make the statement:"the 

temperature of the gas at P aa T and that at P' is T' at the aame instant t". Tbi11 is 

certainly a true statement evenlhougb we cannot measure the temperature at P. In this 

cue the value o( T at P was known a priori and we can a1ao modify thia example to have a 

verification a pm&eriori. For imtance, if t.he temperature at P ia not kept constant but all 

&he time registered in a certain apparatus together with the time we a>uld state, being at 

P': "right now at time t. measured in my clock at P the temperature of the gas at P is T". - . 
Of course, later we should move to P and verify if at the time t the registered temperature 

was T OI' not. In any case we could decide if our original statement was true or false. H in 

all CllllC8 it comes always true we would say thai we discovered a law connecting t with T 

at P by observations made at P' far from P. 

Now at this point. the axiom of locality can be regarded u a criterion to decide how 

to connect. knowledge of an evem at P with the knowll'dgc of another event. a.t P' such tha.t -

the distance between P and P' is a space-like distance. Indeed, we can use that axiom 

to determine the value at P' of a measurement made at P by selecting tha.t value in such 

a wa.y that the axiom in question is verified. Of course, thi■ attitude might dash with 

the point of view ol many phyaiciau and philoeoph<'n of ecicnce who do not accept the 

pouibility of communication between two point.a in space through a signal travelling at 

1peed higher than light.. However, in this papa- we shall adopt that attitude becauae in 

many cases it. can actually be dlecked "a posteriori". More precisely we shall adopt the 

following phil060phy: given a n-field 

•: (X, V) - [C, Ve), 

with X = R', ii we know the value +.(A) for a cerwn " E V and A e t1 and if 
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B e " ia at a epace-distance from A then we shall usmne a ftlut lor •.(B) nm that 

the operators defined before satisfy the axiom cilocalit7. 

With all tboee facts dillCUBlled above in mind let m now introduce the notions needed 

for our study of the axiom of loeality ander the philoeophy of ~-detetministic anal)'aiL 

Definition IV. Let V be an arbitrary family of open COfflinp of at. We say that 

two 1111bsets A, B of at en V-epace-like separated if: 

a) Vs e A, r, e B we have (s -r,)2 < o. 
b) Ver e V and VE e " we haw that if En A :,& I then En B = I and 

vice-versa. 

Similar definition f'or V-time-like eeparated. 

As it is ~ell known the locality axiom is tied up with the statistic:a of the particles 

involved in the fields under consideration, in the eeme that we ha,e commutativitt or 

anti-commutativity depending on the fact that we en dealing with f'enmona or boaona 

~ ively. More precisely we can write 

(T(/),T(g))~ = T(J)T(g) + (-t)<T(g)T(/) = 0 

where ( = 0 for fermions and ( = 1 f'or boeons. 

The definition IV above is consistent with the spirit of ooo-detenninistic analysis in 

the sense that if' the space-like distance between A and B is very small in absolute value 

our field might not be able to detect that separation. 

Now taking in consideration our earlier discuasion about the values of n-fields f'ar 

apart and measured simultaneously 1te introduce B01De hypothesis about the n-fields to be 

used: 

. BI) All ~fields urmlffd have CObBtant weights, namely, for (•1 d)1 with 

•: (R', V) ➔ [C, Ve] 

d = {4';} 
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we haw.!, for each Ai; e "' e V and % E C 

where by barycenter of • •• (~;) we understand the barycenter of the rectangle in C 

which repiaenta the value of t., in the open let Ai;, We denote \bia barycenter by 

Ho) Given any n-field 

• : (R', V) - (C, Ve) 

and a function 

we call +(/) the n-tleld BUch that.: 

+v(/) = +v 

and V u E V and A E u: 

{
+.(/)(A)= t.(A) if An supp/~ I 
+.(/)(A)= {O} otherwise 

Call i(I) the matrix whme elements are defined, under &he hypothesis that (R', V) 

ia c:onaidered in §11,3,I), u follow 

and 

Then we usume that. if /,g E S(R') and their 1upporia are V--epace-lilce eeparated 

we ha\lle: 

i(f)i(,) ± i(, )i(/) = 0 
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where + ls used for lermiOIJS and - for bosom, where the n-field • is conaidfted u before, 

namely 

Let us show that the locality axiom is satisfied with the n-ficld • under the hypothesis 

Hi, Hn. 

If T(/) and T(g) are the vector operators defined u before (or f,g E S(Jtl) with 

supports V-space--like separated we ha-ve: 

T(/)T(g) :I: T(g )T(/) = 

L 'r(/)Tj(g) ± 'r(g)Tj(/). 
iJ 

In matrix notation we have: 

/ As introduced be£ore we ha~ 

• 
and 

or 

Therefore, expression (1) abcne becomes 

7"(/)T;(g) ± T'(g)T;(/) = 

• 

-

(k,t ~ 1) 

,:: (E2-< .. -•>o.b,,. L i.1 (/)(At.)i •• (g)(A.t) ± i •• (g)(At.)i •• (/)(A.t)h,t 

"·"' . 
By Hu we get that all terms in the ••" summation are zero and this clearly proves 

. that the locality axiom is satisfied. 
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Rernarb. 

1) F.uentially what we have proved is that i£ the locality axiom is true for the n-field 

involved it is also true for the. operators derived from it, under hypothesis H1 of 

constani weights. The practical question is, of courae, that of deciding if' a given n­

field satisfies or not the locality axiom. This will depend on what conventions we make 

for measurements in different points of' R', V -9pace-like--sepa:rated. One trivial case 

is the following: fix a light cone with vertex in the initial location of the observer and 

usume that f'or any A,. E tr1 outside this cone we have: 

i=l, ... ,r. 

As we can check without difficulty in this case the Poisson bracket for the n-fields 

+(/) and i(g) is identically zero· and we cannot distinguish bet-n fermions and bosons. 

However, it is interesting to observe that contrary to the classical results stated in (4) we 

do not have the operators identically zero. That is because we IUIIUille V -space-like-

9CJ)&l'ation instead of the usual space-like-separation. 

2) There is a possibility that we can extend the validity of the locality axiom to the 

general case where the weights of the n-fields involved are arbitrarily measurable 

functions. Indeed, we could go from the case of constant weights to that when the 

weights are step-functions and from that by limiting process get the case of' measurable 

functions. However, this project might depend on the theory of limiting n-fields which 

is still in a very sketchy and primitive stage and conaequently we beline that there is 

still a long way ahead to obtain the desired result. 

Finally for the compJeCnea axiom we prove the much stronger result below: 

Theorem 1. There are vectors t/J• e H such that for aoy gi-ven ~ > O and ~ 
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, e H there ia / e S(Jlf) IUch &ha& 

Proof. Let 

and recall that for any tf,. e H and / e S(R4) 

we have 

We have 

i 

with 

Then 

with 

and / = L Ot¥)t 
I: 

T(/)"1 = E<ET11(/)P,;)e1,. 
t ; 

2-"' 1 A:j = (A ·) {dt;"ocp.,.)d.,. 
m t1 A•J 

which depend only on the n-&eld ~ and the aelected bue for S(JlC). 
I 

This givea 

ET1:;(/)b; = Ea,,. EA:j6; = Ea.II,,_ 

' "' ; -
where 
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which ia a COD'ffl'gent eeriai by uaiog Schwarta inequality and recalling properly 2)a) in 

§2,2 of then-field ~ • . 
Now eeled &he h;, j = 1, 2,. • . 1uch that all determinant. 

for n = 1, 2,... are difl'erent from zero. That is easy to do by induction. Then call 

aome particular state with the 6,, k = 1, 2,... aelected as above. 

and 

(2) 

Take .now an arbitrary number r, > 0 and aelect p 10 that 

, 
u l:Ciei - ,u < ,, 
i•l 

II}) L a .. fl,m)e,H < r,. 
i>, ••l 

Now look to the lin"ar 1ystem io a., 
, 
Ea .. /J,.,. =c, 
••l 

k=l, ... ,p 

whose detenninam is different from zero, u wacu.ued above, which allmrs us to solve it 

for o1 , • .. , a,. Considering a .. = 0 {or m > p we can write 

Finally with a proper choice for 'I we get 

llT(J)tJ,, - ,u < t. 

To end the disc:u.ssioo about the axioms we want to clarify the question of the vaccum 

lta&.e 'P•• 
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A.a. we obsene so far the unitary representation U(a,A) o{ the Poincad group bu 

been left completely unrestricted. Now we ha~ to put tome restriction on it in the following 

way: as seen above. the vectors "11. are selected only under the condition that the system 

(2) is solvable for all p and this giws in general a rather large set o{ vectors "'•· Then 

we restrict U(a,A) in 8Ucb a way that at least one o{ theee vectors i1 invariant, namely, 

U(a,A)t/i• = ~• 

for all (a,A) in the Poincare group. As the vectors tJ,1 depend only on then-field + 
and the base selected for S(R') we lief' that the unitary n,,reitent.ation depends only on 

these elements and, of counie, on the base { e,} selectr.d for the Hilbert space of the 1tates 

of the theory. 

To conclude, there is enough room left in the theory for a proper ■election of the 

representation of the Poincare groups and for the "VaCUttm 1tate. On top of that we can 

also satisfy in most cases the spectra:1 condition for U(a,A). 

§IV. 

In thi1 last paragraph of our paper we make aome general comments and remarks to 

indicate the direction of possible developments of the ideas dillCWl9Ni in this work. 

1. We start by looking into the quf'.Stion of n-fields whkh genttate usual fields. For 

simplicity we restrict OUJ'IIE'lves to the cue of r = 1. 
I 

Supose that the n-field 

~: (_Rt, V) _. (C, Ve) 

generates, in the smse defined in §I, 2, Der. III, an usual continuous functions 
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For each i ~ 1 1d ua define U+v(17a)II as the aupremum of the diameter• of the aeta 

•• ,(~,) for j ~ 1, which iii finite due to the boundneu condition (B) of §II, 3, II). Aa 

• generates an usual function we have -

Now let z eat be given 1111d for each i ~ 1 call N(i,z) the eet of integers j 2: 1 

BUCh that z e A;; with A,; e a;. 

From the definition of the functiou d.;; we aee thai for each , e C we have, by 

associating to each I a j = minN(i,z), 

Consider any test function / e S(n4) 

and 

/;;(z) = Er•a,(d;; oip,)(r.) z e A;; and A;; n aupp/ ;. 8 ·~· and equal zero otherwise as seen before. Then we have 

where 

K(J)= Er'a• 
l:~J 

is a constant depending only on /. Therefore to t'.ach / e S(R') we can associate the 

function K(/)tp(z) which ia equal to <p(~) up to a constant depending on /. Therefore, 

we can regard 'P( z) as a classical field and all test functions are just equal to «p( z) times 

a conatant. Of coune the matrices T(/) will have all terms 7';J(/) changed accordingly 
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and they proride a quantization of the claaiw- Seld y,(z) br operaton acting on the 

states " e H. More precisely: 

. ~{('P) == (Al.·) f K(f)y,(z)dz 
m ,, JA,J 

namely the classical field K(f)ip(z) i, quantized by the operator 

acting on 'f/, e H. 

2. Aa can be aeen at (2) we can have the motion of particle defined by a non­

deterministic function and also equation of motion, etc. Then suppose that we give a 

n-field 

with weight d defining a quantum field theory as considered before and assume we 

introduce particles in nt which will interact with ~ accordingly to the equations of 

motion introduced in (2). Again to such particlea we CNl Ml!Odate a wave function v,, as 

discussed in details in (2] and we can define for each / E S( R4) the new state T(/)v, which 

in turn will provide a n-function representing a pMlicl«? in nt in the non-deterministic 

aense. Then it might be interesting to study the ronllf'C"tion of motions of non-determi,iistic 

particles in nt and actions of the operaton T(/) on H. 

3. Finally we could also look to the project of extmding the present theory dneloped 
, 

in this paper to the cue of n-fields defined in topologiCAI 8JlattS in general. Here instead 

of ~rentz inwri~ce we have to use the idea of Gau1111 iaomorpbism as introduced in (1). 

Unfortunately all th011e comments are rather vague without the knowledge of (1) and 110 

we find advisable to come back to them after the eventual publication of (1] in a regular 

journal. 
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