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ABSTRACT - We prove that if A:[a,b] .- L(X) i s such that for 

eve ry gEC ([a, b], X) the f'un c t i on 

t EC a , b J ..._.. c dA ( s) • g ( s) E X 
LS continuous (respcctively, regulated or of bounded variation 

[i.e, if AESVC0([a,b],L(X)) (respectively, AESVG
0
([a,b],L(X)) 

or AEBV([a,bJ,L(X))) - see §1 for the notations]) t h e n for any 

f: [a,bJ - X that is continuous (respectively, regulated or 

l 
t 
I 

i 

of bounded variation) every solution y: [a,bJ - X 

Stieltjes-integral equation 

of the 

y ( t ) _ x + r di\ ( s ) • y ( s ) 
a 

f(t) - f(a), a 5 t 5 b 

is continuous too (respectively, regulated or of bounded va­ 

riation). 

§1 - INTRODUCTION 

We follow the notations of [1] to [6] but for some small 
-37- 
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changes. 

X and Y always denote Banach spaces. L(X,Y) denotes the 

space of all l i ne a r continuous mappings u: X - Y. By Ix we 

denote the identical automorphism of X. 

We say that a function f: [a,b]-.. X is 1te.gula.te.d, we write 

fEG[a,b],X), if for every tE[a,b[ (tE]a,b]) there exists f(t+) 

(f(t-)). 

We say that a function A: [a,b) - L(X,Y) is li,UTlply Jtegu- 

.f..a,ad (li-imply col1-tutuoUli) , we wri te A€Gcr ( [a, b J , L (X, Y)) 

(AEC0([a,b],L(X,Y))),if for every xEX the function 

Ax: tE[a,b] t----- (Ax)(t) = A(t)xEY 

is regulated (continuous). 

I - If AEG0([a,b],L(X,Y)), for every tHa,b[ (t€Ja,b]) 

there exists A(t+)EL(X,Y) (A(t!)EL(X,Y)) such that for every 

xEX we have (Ax)(t+) =A(t+)x ((Ax)(t-) =A(t-!)x). See [3; p. 

176). 

A di,v,U.,ion. of an interval [a,b] is a finite sequence 

We write [d] =n and tid=sup1. lt--t. 1\; we denote by 
515n 1 1- 

D[a,bJ or simply by D the set of all divisions of [a,b]. We 

s ay that a <livision a is 6,(J!e.Jl than a division d if d::id. Given 

p o i n t s x,(xd)dED of a topological space E, we w r i t e x=limdEDxd 

if for every neighborhood V of x there exists a <lyED s uch 

that for d::i<ly we · have xci6V. The meaning of x= limtid-+Oxd is 

obvious. 
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We s ay t ha t f: (a, b J - X is a 6unctiott 06 bounded vtVLiation. 

we write fEBV([a,bJ,X), if we have V[f] <"" where 

with 

ldl 
}: ilf(t.)-f(t._1)~. i=l 1 1 

For asr<tsb we define VJr,t][f]=lims~/[s,t][fJ. 

II - Every function of bounded variation f is regulated 

and we have lim0rv]r,t][f] = o. See [1; p. 28 and 26]. 

We say that A: (a,b] - L(X,Y) is a 6uttctiott 06 bowided H­ 

m.ivaJU.atlon, we wri te AESV ( (a, b J, L (X, Y)) , if we have SV[A] <"" where 

with 

ldl } 
SVd[A] = sup{f f [A(t.)-A(t._1)Jx.lllx.6Xi,llxillsl • 

i=l 1. 1 1 1 • 

For A: [a,b] - L(X,Y) and f: [a,b] -- X we define the 

mt.VLi..OJt. mt.eg!Ull 

tdA(t)•f(t) 
a 

and the fU.emann-S-ti..eUj~ .uiteg!Ull. 

t dA ( t) • f ( t) , 
a 

respectively, by 

f
b ldl • • 
•dA(t)·f(t) = lim L [A(t

1
.)-A(t

1
._1)J•f(~1-), where ~-E]t._1·,t.[, 

a dED i""l 1 1 
1 



- 40 - 

and 

when these limits exist. 

III - If there exists 

tdA(t) •f(t) 
a 

and if A and f have no common points of discontinuity (for 

instance if A or f is continuous) t h c n there exists 

b b I dA ( t ) • f ( t ) = f . dA ( t ) . f ( t ) . 
a a 

See [2,p. 9]. 

IV - For A€SV([a,b],L(X,Y)) and f€G([a,bJ,X) (f€C([a,b],X)) 

there exists 

and we have 

ii t dA ( t) • f ( t ) II s sv [ A J ; f II • 
a 

See [2; p. 26 and 24]. 

We define 

SVG0([a,b],L(X,Y)) SV([a,b],L(X,Y))nG0([a,b],L(X,Y)) 

SVC0([a,bJ,L(X,Y)) = SV([a,b],L(X,Y))nC0([a,b],L(X,Y)) 
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V - Take A:[a,b] - L(X,Y). For every f€C([a,b],X), the 

function 

tE[a,b] i--+- JtdA(s)•f(s)EY 
a 

is regulated (respectively, continuous or of bounded variation) 

iff we have AESVG0([a,b], L(X,Y)) (respectively, 

AESVC0([a,b],L(X,Y)) or A€BV([a,b],L(X,Y))) · 

PROOF: See [5; Lemma 3.6) for the first two cases: the third 

one is easy to prove (by contradiction). 

VI -: Let AESVG0([a,b], L(X)) be s uch that there exists 

dED[a.bJ with sv
1 

[[AJ<l for i=l,2, ... ,id\. Then the 
ti-l'ti 

following properties are equivalent: 

i) For every xEX and fEG([a,bJ,X) there exists one and 

only one yEG([a,b],X) that satisfies the linear Stieltjes- 

0 

integral equation 

y(t) - x+ f:dA(s) •y(s) = f(t) - f(a), a:St:Sb 

ii) For every tE[a,b[ the operator Ix+A(+)-A(t) is inver­ 

t i b l.e (inL(X)). 

PROOF: see [4: Theorem 4.7) or [5; Thcorem 3.8]. 

RE~ARK 1 - The hipothesis of VI is satisfied for evVUj . 
AESV(Ta,b],L(X)) i f f X1c

0
(N) (i.e., X contains no subspace 

i s omo rph i c to c0(N)); see [7; p. 73]. 

From VI follow easily VII and VIII. 

VII - Le t AESVC0([a,b],L(X)) be s uch that there exists 
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dE~L , with sv3 [[AJ<l for i"'l,2, ... ,;<lJ. Then for ia,oJ ti-l'ti 
xEX and f€C([a,b].X) there e x i s t s one and only one y€C([a,b].X) 

that satisfies 

y{t) - x+ r dA(s) •y(s) 
a 

f(t) - f(a), astsb. 

VIII - For AEBV([a,b],L(X)) the following properties are 

equivalent: 

i) For every xEX and fEBV([a,bJ,X) there exists one and 

only one yEBV((a,b],X) that satisfies 

y(t) - x+ rdA(s) •y(s) = f(t) - f(a), 
a 

a s t s b 

ii) For every tE[a, b[ the ope r a t.o r IX + A(t+) - A(t) is in­ 

ve r t i bl e (in L (X)). 

A priori however it could happen that the equation in VI 

(respecti ve Iy , VI r or VIII) a<lmi ts a Ls o (non-bounded) solutions 

t h a t are non-regulated (respectively, non-continuous or of ncn 

bounded variation). The main result of this paper asserts that 

no such other solutions exist. 

THEOREM - If AESVG
0 
([a,b] ,L(X)) (respectively, AESVC0([a,b],L(X)) 

or AEBV([a,b],L(X))) and [(:;G([a,b],X) (respectively, fEC([a,b],X) 

or fEBV([a,bJ,X)) then for every s o l.u t i on y:[a,b] _.. X of the 

Stieltjes-integral equation 

(1) y ( t) - x + r dA ( s) • y ( s) 
a 

f(t)-f(a), as t s b 

we have y6G([a,b],X) (respectively, y6C([a,b].X) or yEBV([a,b],X)) 
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REMARX 2 - An analogous result is not t rue for linear Volterra 

Stieltjes-integral equations 

(2) y(t) + (dsK(t,s) •y(s) ,. f(t) - f(a), astsb 

even in the numerical case (i.e., X=lR). 

EXAMPLE: We take K(t,s) = X[ ((s); the integral in (2) exists 
a,t 

and is a rE:gulated functicm of t for every regulated function 

y. Howe ve r for any function g: [a,b] -m. that has a left 

limit g(t-) at every point tE]a,hJ we have 

rd
5
K(t,s)•g(s) 

a 
-g(t-). 

Hence for x = O and f = o any function y: r: a, b J - lR such that 

y(a) = 0 and y(t) = y (t-) for a< t s b, is a solution of (2) • 

REMARK 3 - If (2) has only one Ji.e.gula-te.d solution, we ignore if 

it can have further non-regulated solutions. 

i;:: - PROOF OF THE THEOREH 

In order to prove the THEOREM we need the following 

LEMMA - Let A.: (a,b] _ __.. L(X,Y) and f: (a,b] - X be such that 

there exists 

b I . dA ( s ) • f ( s ) EY • 
a 

Then for every tE(a,b] there exists 

r dA ( s) • f (s) 
a 
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1;,cl given 1::>0, there e x i s t.s a s t ep+f unc t i on fE: [a,b] -.. X such 

t h a t for every t6[a ,b], but for a fini te nurnber of points, we 

have 

( 3) ilf~dA(s)•f(s) -f:dA(s)•f (s ) ] :s; E. 
a a E 

PR00F: By the Cauchy criterion the existence of 

tdA(s)•f(s) 
a 

implies that g i ve n oO there e x i s t dEED[a,b] such that for every 

d=>d we have 
€ 

We define 

For tE[a,b], t;,,a, thereexistskE{l,2, .•• ,!dsl} such that 
E E] tEJtk-l'tk ; we consider two cases: 

a) t~- l < t:~ < t s t~ and b) tf _ 1 < t < t:~. 

a) We take the d i v i s i on d~"'dc:u{t}j[a,t] of [a,t] andtake 

any dtED[a,t] with dt=>d!, We complete the divisions d; and dt 

to d i v i s i on s a: and at of [a,bJ in s u ch a way that a~ and ;it 

are identical in [t,b) and dt=>d , dt=>d • 
E E E 

flence we have 
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I <l t I 
I I EA(t.)-A(t. 1JJ·f(n:) - jsl J J- J 

1at1 
I cAciJ.)-A(t. 1)J·fcii:) i=l J- J 

and since we have 

it follows (3) in the case a). In the case b) we have 

i.f:dA(s)•[f(s)-f (s)Jll 1a E 

J
b b II •dA(s)•[f(s)-f (x)] -J·dA(s)•[f(s)-fE(s)Jll 
a • E t 

J
b b 

s ~ • dA ( s ) • [ f ( s ) - f ( s ) J~ + II f · dA ( s ) • [ f ( s ) - f E ( s ) J II ; 
a E t 

by a) the fi rst summand is s ~ and the p r oo f that the second 
2 

s umrnan d is s½ is analogous to the proof given in a) ,Since (3) 

is obvious for t = a, we proved (3) for all tE[a,b] but for 

REMARK 4 - The following example 6uguu that unucr the hypothcsis 

of the Lemma we cannot as s u rc (3) for all points t€[a,b], even 

if A is bounded: we take X = 'y = H a Hi Iber t sµace and a: [a,b] --+ H 

such t ha t for ass<tsb we have (a(s)ln(t)) ,:.0 (forinstance, 

take H=t
2
([a,bJ) and a(x)'"X{s}); we take f=n, fixanelerrent 

e€H and define A: [a,b] - L(H) by A(t)x = (n(t) [x) e ; it is 

irnrnediate that for every t€[a,b] we have 
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t 
!·d:\;-;)·r(~; 11. 
ia 

However if we give a division d of [a,b) and take the s tep-func­ 

tion 

where t. 1 < ~: < t-, then we have 1- 1 1 

( 
j•1dA(s)·fe:(s) == \la(~iJPe, 
a 

i ,. 1, 2, ..• , I d I. 

REMARK 5 - Under the hypothesis of the Lemma the function 

tf[a,bJ i-- I(t) = rdA(s)•f(s) 
a 

may not be bounded even in the numerical case (X"" Y =1R) .Exern­ 

ple: we take [a,b]=[O,l] andu(O)=a(l)=O, a(t) =nifl-l<t ~ 
n 

s 1-n:1; for r s i there exists 
l J. do c s) • f c s) = o 
0 

but for l - l < t s l - _iI we have n n+ 

J;da(s)·f(s) n. 

COROLLARY 1 - Under the hypothesis of the Lemm.a, if A is bounded 

so is the function 

t€[ a , b J ._.... I ( t) r dA ( s ) • f ( s ) . 
a 
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Indeed, s i nce 

the function 

f LS bounded it follows immediatelly that 
c 

t € [ a , b J ___.. I ( t ) = J : dA ( s ) • f ( s ) c c a 

is b ounde d if A is bounded. The result follows from (3). 

C0R0LLARY 2 - Under the hypothesis of the Lemma, if 

A€G0([a,b].L(X,Y)) then I. is regulated. 

Inde e d , it is immcdiate that under the hypothesis the func- 

tion Ic is regulated; hence by (3) I is regulated too as a 

uniform limit of regulated functions (at the finite number of 

points s€[a,b] where we do not have (3) we define I (s) =I(s)). c 

I 
I 

l 

C0R0LLARY 3 - Under the hypothesis of the Lemma, if 
• a AEC ([a,b],L(X,Y)) then I is continuous. 

Indeed, in tnis case Ic is continuous and we have (3) at 

all point tE[a,bJ (since in the corresponding proof we replace 

Jt r • by 
a a 

h 
c c ence we may take tk-l s ~k s tk anii consider the two cases 

a) t;k:; t s t~ and 

Hence is continuous too as the uniform limit of the conti- 

nuous functions Ic, c>O. 

PR0POSITI0N 4 - Under the hypothesis of the Lemma, if 

AESV([a,b].L(X,Y)) and f is bounded we have [EBW([a,b],Y) = 

SV([a,b],L(lR,Y)). 

Indeed, given a division d of [a,b]and\.EJRwith \L\sl 1 1 
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we have (Cf. IV) 

ldl ldlfti 
I L >... [ I ( t. ) - I ( t · _ l) J8 = ~ 2 • dA ( s) • ,\. f ( s) j ssv [ A J II f ij • 
·-11 1 1 ·-1t 1 
l- 1- i-1 

:~ sn analogous way we prove the 

·,.(,POSITION S - Under the hypothesis of the Lemma, if 

·:: ,,\if[ a, b J, t (X, Y)) and f is bounded then we have ItBV([a,b],Y). 

i'POOF OF THE THEOREM: By Co r o Ll a r y l it follows that the in­ 

t e g r a l in (1) is bounded. If AESVG0([a,b],L(X)) 

f.\PSVC
0
([a,b],L(X))J it follows by Corollary 2 (Corollary 3) 

·~at the integral in (1) is a regulated (continuous) function 

,f t, hence the r e s u l t if f6G([a,bl,:'() (f8C([a,h],X)). If 

'FBV([a,bJ,L(X)) and y: [a,bJ - X satisfies (1), b y Corol­ 

l a r y 1 the integral in (1) is a bounded function of t, hence 

since f€BV((a,b],X) the solution y of (1) is bounded too. 

Hence by Proposition S the function 

tE[a,bJ ....._ J:c1A(s)•y(s)€X 
a 

is a function of bounded v a r i a t i on and so is then y by (1). 

RHlARK 6 - More generally let y: [a,b] -----4- X be a s o Lu t i o n of 

(l) : 

:1.) If A€G
0
([a,b],L(X)) and fEG([a,bJ,X) thcn y€G([a,b"J,X) 

' b) rf AEC
0
([a,b],L(X)) and f€C((a,b],X) then yEC([a,bJ,X) 

c) If AfSV([a,bJ,L(X)) and f€BW([a,b],X) then yEBW([a,bJ,X) 

In these cases however the integral in (1) may not be 

meaningful 1 for every y of the corresponding class (Cf. V of 
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i 1) nor do we have rcsults corresponding to VI, VII or VII T of § 1. 
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