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ABSTRACT - We prove that if A:[a,b]l — L(x) 1is such that

every g€C(fa,b],X) the function

t
t€fa,b] — J dA(s) g(s)€EX
a

- : variation
is continuous (respectively, regulated or of bounded

d a X
[i.e, if AESVC([a,b],L(X)) (respectively, AESVG (Ca,b],L(X))

or AEBV([a,b],L(X))) - see §1 for the notations]) then for any

f: [a,b] —= X that is continuous. (respectively, regulated or

of bounded variation) every solution y: [a,b] — X of the

Stieltjes-integral equation
t <b
y(t) -x-+J-dA(s)-y(s) = f£(t) = £(a), asts
a

is continuous too (respectively, regulated or of bounded va-

riation).

§1 - INTRODUCTION

We follow the notations of [1] to [6] but for some small
=3 7=
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changes.

X and Y always denote Banach spaces. L(X,Y) denotes the
space of all linear continuous mappings u: X — Y. By Iy we
denote the identical automorphism of X.

We say that a function f:[a,b] — X is regwlated, we write
f€Gla,b1,X), if for every t€la,b[ (t€la,b]l) there exists £(t+)
(£(t=)). .

We say that a function A: [a,b] — L(X,Y) is simply regu-
tated  (simply continuous), we write A€G®([a,b],L(X,Y))
(A€c®(ra,b1,L(X,Y))),if for every x€X the function

Ax: t€la,b]l +— (Ax)(t) = A(t)x€Y

is regulated (continuous).

I - If A€G([a,b],L(X,Y)), for every t€la,b[ (t€la,bl)
there exists A(t+)6L(X,Y) (A(t:)EL(X,Y)) such that for every
X€X we have (Ax)(t+) =A(tf)x ((Ax)(t-) =A(t2)x). See [3; p.
1767

A division of an interval [a,b] is a finite sequence

d: tO = a <t1 <tZ € nam . 2 b

We write |d| =n and Ad:suPlsi:nlti-ti-ll; we denote by
Dra, pj Or simply by D the set of all divisions of [a,bl. We
say that a division d is f4ner than a division d if d>d. Given
points K‘[xd}dED of a topological space E, wewrite x=limderd
1f for every neighborhood V of x there exists a dVGD such
that for dndv we have xdGV. The meaning of x=1'1mAd+0Xd is

obvious.
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We say that f: [a,b] — X is a function 04 bounded variation,

we write f€BV([a,b],X), if we have V[f] <= where
Vi£] ’v[a,b][f] = suPdGDVd[f]'

with
1dl
Vd[f] - _Zlﬂf(ti)-f(ti_l)l.
1:

For asr<tsb we define V]r,t][f] =lims#rv[s.t][f]

I1 - Every function of bounded variation f is regulated

and we have lim t][f]= 0. See [1; p. 28 and 261.

t+rv]r,
We say that A: [a,b] — L(X,Y) is a function of bounded se-

mivariation, we write AESV([a,b],L(X,Y)),if we have SV[A]l <= where

SVL[A]l = SV EAZL = supdGDSVd[A]

[a,b]

with
b x, Ix;ls1}-
SV4lAl =Sllp{l_thA(t:-l)-f’\(ti_l)]xilllxi plxlsip
i= :
For A: [a,b] — L(X,Y) and f: [a,b] — X we define the
intenion integnal

b
J'dA(t)'f(t)
a

and the Riemann-Stieltjes integral

b
J dA(t) +£(1),
a

respectively, by

b Il . .
L'd!\(t)-f(t) - éég izl[A(ti)-A(ti-l)J.f(Ei)' where £.€1t, ;,t;[,
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and
b Idl
J dA(t)-£(t) = Lim [ [A(t;)-A(t;_1)I-f(E;), where £,6Ct; |t ],
a Ad+0 i=1

when these limits exist.

ITI - If there exists
b
J-dA(t)~f(t)
a

and if A and f have no common points of discontinuity (for

instance if A or f is continuous) then there exists

b b
[ dA(t)-£(t) = [-dA(t)-f(t)-
a a

See {[2,p. 91,

IV - For A€SV([a,b],L(X,Y)) and feG(fa,b1,X) (feC(la,b]1,X))

there exists

j?dA(t)~f(t) [[bdA(t).f(t)]
a

Ja

and we have

b
ﬂf-dA(t)-f(t)H < SVLATf]] .
a

See [2; p. 26 and 247].

Wg define

SVGY(ra,b1,L(X,Y)) = SV([a,b],L(X,¥))nG’([a,b],L(X,Y))

svc(ra,bJ,L(X,Y)) = SV([a,b1,L(X,Y))nC%(Ca,bl,L(X,Y))
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V - Take A:[a,b] — L(X,Y). For every feC(lLa,b],X), the
function

t
téfa.bl +r— I dA(s)-£(s)EY
a

is regulated (respectively, continuous or of bounded variation)
iff we have AESVG®([a,b], L(X,Y)) (respectively.

A€sVC® ([a,b1,L(X,Y)) or AEBV([a,bl,L(X.Y))).

PROOF: See [5; Lemma 3.6] for the first two cases; the third

one is easy to prove (by contradiction).

VI - Let A€SVG°(fa,bl,L(X)) be such that there exists
i i = ....|d|. Then the
dED[a.b] with SV]ti_l,ti[[A]< 1 for i=1,2, |d]
following properties are equivalent:
L

i) For every x€X and f€G([a,b],X) there exists one and

only one y€G([a,b],X) that satisfies the linear Stieltjes-

integral equation
t
Y(t)-X*I'dA(s)-y(s) = f(t) - f(a), astsb
a

ii) For every t€[a,b[ the operator IX+A(‘)—A(t) is inver-
tible (in L(X)).
PROOF: see [4; Theorem 4.71 or [5; Theorem 3.81.
REMARK 1 - The hipothesis of VI is satisfied for eveny
AESV(Ta,bl,L(x)) iff X ¢c0(N) (i.&:, X cohtains no subspace
isomorphic to cy(N)); see (7; pe 731

From VI follow easily VII and VIII.

VII - Let Ae€svc’([a,b],L(X)) be such that there exists



16D Wi ‘ i=1,2,...,!d{. Th for
d""fu,b] ith Sv]ti-l’ti{[A] <1 for i=1,2, idj en _
x€X and f€C([a,b],X) there exists one and only one y€C([a,b],X)
that satisfies

t
y(t)-x#JdA(s)w(s) = £(t) - £(a), astsb.
a

VIIT - For A€BV([a,b],L(X)) the following properties are

equivalent:

i) For every x€X and fEBV([a,b],X) there exists one and

only one YEBV([a,b],X) that satisfies
t
y(t)-x+j-dA(s)-y(s) = f(t) - f(a), asts<b
a

ii) For every t€[a,b[ the operator I, +A(t+) -A(t) is in-
vertible (in L(X)).

A priori however it could happen that the equation in VI
(respectively, VIT or VIII) admits also (non-bounded) solutions
that are non-regulated (respectively, non-continuous or of ncn

bounded variation). The main result of this paper asserts that

no such other solutions exist.

THEOREM - If /\esvc"([a.b],L(_X)) (respectively , AesVCY ([a,b],L (X))
or AGB\/'([&,b],L(fX))) and [€G(fa,b],X) (respectively, f€C(fa,b],X)
or f€BV([a,b1,X)) then for every solution y:[a,b] — X of the

Stielt‘jes-integral equation
t

(1) y(t)-x*[-dA(s)-y(s) = f(t) - f£(a), astsb
a

we have yGG([a.,b],X) (respectively, y6C([a,b],X) or yE€EBV([a,b]1,X))
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REMARK 2 - An analogous result is not true for linear Volterra

Stieltjes-integral equations
e

@ v+ [-4K(e.s)y(s) = £(0) -E@),  asted
a

even in the numerical case (i.e., X =R).

EXAMPLE: We take K(t,s) =X, t[(s); the integral in (2) exists

and is a regulated functien of t for every regulated function

y. However for any function g: (a,b] —= R that has a left

limit g(t-) at every point t€la,b] we have

t
[Fak(e,s) g(s) = ~g(t)-
a

Hence for x =0 and £ =0 any function y: fa,b] —R such that
y(a) =0 and y(t) =y(t-) for a<t<b, is a solution of (2).

REMARK 3 - If (2) has only one regulated solution, we ignore 1€

it can have further non-regulated solutions.

52 - PROOF OF THE THEOREM

In order to prove the THEOREM we need the following

LEMMA - Let A: [a,b] —— L(X,Y) and f: [a,b] — X be such that

there exists

b
f-dA(s)-f(s)GY.
a

Then for every t€([a,b] there exists

t
I-dA(s)-f(s)
a
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1:d given €>0, there exists a step-function fez[a,b] — X such
that for every t€la,b], but for a finite number of points, we

have

t t

(3) I[-aats)£05) - [Fanes) e (o)1 5 e
a a

PRCOF: By the Cauchy criterion the existence of

. (b
f‘dA(s)-f(s)
a

implies that given £>0 there exist dCGD such that for every

[a,b]
d:dE we have

ld
Idl € 2
b L tACey) - Aty IT-£(n)) - RASICIRRICINERICHIIEE &

We define

Id_ |
£ = ]

X
i € €
1=] ]ti_l,ti]

£(€.).

For t€fa,b], t=a, there exists k€{1,2,...,|d_|} such that

tEJti_l,t;]; we consider two cases:

£ . £ € .
a) tyoq <Ek<tstk and b) tk_l<t<gk.

of [a,t] and take
£

t
a) We take the division de"dgu{t}‘[a.t]

seoo t
any dt(-?D{a ¢] With dt:d;. We complete the divisions d. and d

T - ; 5t =it
to divisions a; and dt of fa,b] in such a way that d€ and d

are identical in [t,b] and a;:de at:de.

Hence we have
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ldtl . ld;l . & .
I ] CA(t)-A(t, )31-€£(n;) - 1 CA(t) At DI £CEDN =
j=1 j j-1 j i=1
at
Iatl l El

- L TAG-AE PIEG) - L) TAGD-AGEL DI£C1 <7
1=

and since we have

laf .
& € € * «f (s)
.Y_l[A(ti)-A(ti—.l)].f(Ei) = L-dA(s) .

it follows (3) in the case a). In the case b) we have

t
IJ-dA(s)-[f(s)-fE(s)]“ =

a

b b
= “J.d_,\(s).'[f(s)_fe(x)] = I-dA(s)-[f(s)-fe(S)]“

a t

b b _
S 1[-an(s) 5005, ()] + 1 [-ar(s) LE)-E (L
a

by a) the first summand is s-‘Z:- and the proof that the second
summand is S% is analogous to the proof given in a).Since (3)

is obvious for t =a, we proved (3) for all t€fa,b] but for

B P VR
glv 9€Id€[

REMARK 4 - The following example sugests that under the hypothesis
of the Lemma we cannot assure (3) for all points t€fa,b], even
if A is bounded: we take X =Y =H a Hilbért space and a:(a,bl — H
such that for ass <t sb we have (a(s)|a(t)) =0 ‘ (for instance,
. take H=12([a,b]) and a(x) ’X{s}); we take f=a, fix an element
¢€H and define A: [a,b] — L(H) by A(t)x = (a(t)[x)e; it is

immediate that for every t€lfa,b] we have
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However if we give a division d of [a,b] and take the step-func-

tion

where L1 ¢ Ei <t;, then we have

&
I' dA(s)-£_(s) = lla(E;)Ize, ie1,2, 000 ld),
a

REMARK 5 - Under the hypothesis of the Lemma the function

t
t€la,b] — I(t) = I'dA(s)°f(S)
a

may not be bounded even in the numerical case (X =Y =R).Exem-
g 1
ple: we take [a,b]=(0,1] and a(0) =a(1) =0, a(t) =nifl “n ¢

< 1-—l~; for £=1 there exists
n+l

1
]'da(s)-f(s) = (0

\

. 1 1
but for 1 -ﬁ~<t < s have

t
J-da(_s)-f(s) =i
0

COROLLARY 1 - Under the hypothesis of the Lemma, if A is bounded

so is the function
) o

te€la,b] —= I(t) = j-dA(s)-f(s).
a



Indeed, since EC is bounded it follows immediatelly that
the function

t
t€fa,b] — Ie(t) ='[;dA(s)'fE(s)

is bounded if A is bounded. The result follows from (3) .

COROLLARY 2 - Under the hypothesis of the Lemma. if
A€G% ([a,b],L(X,Y)) then I is regulated.

Indeed, it is immediate that under the hypothesis the func-
tion IE is regulated; hence by (3) I is regulated too as a
uniform limit of regulated functions (at the Ein.ite number of

points s€la,b] where we do not have (3) we define I€(5)=I(5))-

COROLLARY 3 - Under the hypothesis of the Lemma, if
°
Aec’(ra,b1,L(X,Y)) then I is continuous.
Indeed, in tnis case I_ is continuous and we have (3) at

all point t€[a,b] (since in the corresponding proof we replace

t t
o
a a

hence we may take ti-l S €y sti and consider the two cases

a) g <t sti and b) ti-l Stsg).
Hence I is continuous too as the uniform limit of the conti-
nuous functions IE, €>0.

PROPOSITION 4 - Under the hypothesis of the Lemma, if
AESV([a,b],L(X,Y)) and f is bounded we have [EBW([a,bl,Y) =

= SV(la,b],L(R,Y)).

Indeed, given a division d of [a,blandX;ER with |Ai|51
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we have (Cf. IV)

ld| df .1
| I A 00ce)-1ce, ) = | ] ] dA(s) -x,£(s)]ssVIAT|£] .
i=1 =3¢,

i-1

‘7 an analogous way we prove the

<UPOSITION 5 - Under the hypothesis of the Lemma, if

“=3v(Ca,b],L(X,Y)) and f is bounded then we have 1€BV([a,b],Y).

PROOF OF THE THEOREM: By Corollary 1 it follows that the in-
tezral in (1) is bounded. If AESVG?(fa,bl,L(X))

(Aesve9(ra,b1,L(X))) it follows by Corollary 2 (Corollary 3)
rhat the integral in (1) is a regulated {continuous) function
f t, hence the result if feG(La,bl,Xx) (fec(Ca,by,X)). If
EBV(La,b],L(X)) and y: [a,b] — X satisfies (1), by Corol-
tary 1 the integral in (1) is a bounded function of t, hence
since f€BV([fa,b],X) the solution y of (1) is bounded too.

Hence by Proposition 5 the function
t
t€la,b] — J~dA(s)-y(s)€X
a

is a function of bounded variation and so is then y by (1).

REMARK 6 - More generally let y: fa,b] — X be a solution of

¢

T
y

*

a) 1f A6G°([a,b],L(X)) and f€G(ra,b],X) then y€G(La,b1,X)

b) If A€?(fa,b],L(X)) and f€C({a,b],X) then y&C(La,b1,X)

c) If AESV([a,b1,L(X)) and fEBW([a,b1,X) then y€BW([a,b],X)
In these cases however the integral in (1) may not be

meaningfull for every y of the corresponding class (Cf.V of
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§1) nor do we have results corresponding to VI, VII or VIIT of §l.
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