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CHARACTERJZATION OF THE INTENSITY FOR A CLASS OF 
POINT PROCESSES 

JOSE CARLOS SIMON DE MIRANDA 

ABSTRACT. For point processes that satisfy P{N(ti.) = n} :S K&lti.l", for 
n?; 2, or more generally that satisfy EN(t!.) = P{N(ti.) = l}+o(ti.), we have 
established the relationship between the existence of the Radon-Nikodym de­
rivatiVl! of the expectation measure and that of the single occurrence intensity. 
For such processes the intensity and the single occurrence intensity are equal 
a.e.[l]. For point processes that satisfy E(flr,:, 1 N)(flr,:,1 tl.;) = P{N(ti.i) = 
1, 1 :Si :Sm}+ o1,n;,,:,, a. (A) we have shown that the existence of the joint 
single occurrence intensity implies that of the Radon-Nikodym derivative of 
product measures, i.e., of product densities. Under some asumptions on the 
form of the product densities we have established the reciprocal implication, 
namely the existence of the joint single -occurrence intensity, and, in both cases 
we have the equality of these quantities. The uniformity of infinitesimals o is 
shown to be related not only to the Riemann integrability of the joint single 
occurrence intensity and to the essential Riemann integrability of the product 
densities but also to the continuity of the single occurrence intensity and to 
the essential continuity of the intensity. 

1. INTRODUCTION 

In this article we study the single occurrence intensity (from now on referred to 
as s.o. intensity) of point processes on the real line. By s.o. intensity we mean 
the limit of the ratio of the probability of occurrence of exactly one event in an 
interval of the real line by the length of this interval as this length goes to zero. 
It is usual, see Brillinger (1977), to assume that point processes under study sat­
isfy P{N(A) = n} :::S K61Aln for n 2: 1. Here we assume less than this. As a 
matter of fact we will only assume that EN(A) = P{N(A) = l} + Ot_;). (I AI) and, 
as a particular case, the former power relation for n > 1 which contrary to the 
case n ~ 1 allows unbounded s.o. intensity functions to occur. Similar structures 
for joint probabilities are assumed for the study of joint single occurrence intensi­
ties (briefly joint s.o. intensities). We have established the relationship between 
the existence of the s.o. intensity and that of the Radon-Nikodym derivative of 
the expectation measure in Theorem 3.1 and that among uniform boundedness of 
infinitesimals and the Riemann integrability of the joint s.o. intensities and conti­
nuity of the s.o. intensity. Conditions on the Radon-Nikodym derivative of moment 
measures, i.e., product densities, that ensure the existence of joint s.o. intensities 
are given. For point. processes that satisfy the former probability assumptions we 
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2 JOSE CARLOS SIMON DE MIRANDA 

have characterized a.e.[l) , their intesnity and drawn conclusions about their product 
densities. 

In this section we will present some definitions, assumptions and notation. In 
section 2 we show that the infinitesimals associated to the power law assumption on 
the probability of event occurrence are uniformly bounded. In section 3 we prove 
the main results and in section 4 we present a conclusion. 

We will work with Lebesgue measurable functions, h : Rm -+ JR that are 
bounded over bounded Rm-intervals or, equivalently, that are Lebesgue integrable 
and bounded over bounded JR.m. intervals. We will call this class of fundions cm. 
We will denote by c" the class of Lebesgue integrable functions over bounded Rm. 
intervals. The class of Riemann integrable functions h : IR.m -+ lR over bounded 
IR.m-intervals will be denoted by 'R_m. Since all Riemann integrable functions over 
bounded intervals are bounded over these intervals, we have 'Rm C .cm. 

Lebesgue measure on IR'" will be simply denoted by l independently of the 
dimension m. When it is necessary or to emphasize dimension, we will write l,,.. 
Functions that only differ over zero measure subsets of their common domain or 
of a common extension of their domains are naturally considered identical. All 
functions that we consider are assumed to be measurable. 

We denote by N(A) the number of events of a certain sort that occur in a 
Borel set A C m. If A = (o,.B), we write N(o,.B] instead of N((o,,8]) . We also 
denote by N the integer valued function defined by the equalities N(t) = N(O, t], 
if t > 0, N(O) = 0 and N(t) = -N(t, O] if t < 0. Clearly N(o, OJ = N(fJ) - N(o}. 
Let { · · · , T-2 :S r_ 1 :S To :S T1 $ r2 :S • · · } denote the times at which the events 
occur. Then N(t) = n, if and only if Tn-l $ t < r,.. 

Provided probabilities of the form 

P(N(o1,.Bi] = n1, .,. ,N(ok,.8t) = nt) 

are defined and consistent, for all k E JN" = {1,2, •. . }, and all n1, .. . ,nt non­
negative integers, we can define an appropriate probability space (n, A, P), such 
that there exists a measurable mapping from this space into ( Dl2 , B Rz), the set 
of sequences of real numbers, that is, of events in time, defining then a stochastic 
point proc.ess that will also be called N. 

Define dN(t) = N(t + dt)- N(t) . A basic assumption is that there exist bound• 
edly finite measures Mt such that 

E{dN(ti) · · ·dN(t1.)} = Ah(dtt, ... ,dt1.), 

that is, E(TT~=I N) = M,.. We emphasize that from now on all the point processes 
that we consider are assumed to have boundedly finite expectation measures. 

It is usual to deal with integrals of the fonn 

I f;?(t)dN(t) = L cp(Tj), 
J 

Suppose that f;?;, I $ i $ k, are (essentially) bounded measurable functions with 
compact support. Then 
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We will assume that there exists a positive real nwuber 6 and a constant K6 > 0 

such that for all intervals A C JR with length l.11 < c5, all integers n > 1 and all 
t E JR, not only the relation 

(1) 

holds, but also the limit 

(2) lim 
1
!

1
P{N(.6.)=l}=pN(t) 

IA!-O.IEA u 

exists uniformly in t. Inequality (1) implies that 

P{N(.6.) > l} :S Kl~= 1.iW) = O(l.6.12
). 

Notice that if inequality (1) were valid for n = 1 then we would have P{N(.6.) = 

l}/j.6.j :S K6 and hence, if it would exist, PN(t) would be a bounded function on 
JR. Notice also that (2) implies that Vx E JR, P{N({x}) = 1} = 0, otherwise there 
would exist t E JR for which the limit PN(t) would be infinite. 

Due to uniformity, relation (2) is equivalent to 

P{N(.6.) = 1} = PN(t)l.6.I + 01.A(l.6.I), 

for an infinitesimal o1,c,.(z) with the following properties: 
Ve> 0 36 > 0 Vt E JR V.6. C IR, t E .6., (0 < j.6.j < 6) ..... 101,A(l.6.l)I :S ~1.6.I and 
o1,,i,(O) = 0, 
that is, 
Yr::> 0 36 > 0 (0 < z < 6)...... sup jo1,,i,(z)j :S ~z < r::z and o1,,i,(O) = 0. 

tEn.acm. 
tE.6 ,l~ l=z 

The quantity sup !01,.0.(z) j = o(z) is a non-negative infinitesimal indepen-
tER . .o.c1t 
lE4 IA ! -_. 

dent oft and .6.. In this sense, we also write jo1,.o.(l.6.l) j :S o( j.6. j) and say that 01,,i, 
is a uniformly bounded infinitesimal. 

More generally we may substitute 

(3) 

by (1). 
For the easy of notation, we will write o1 instead of Ot,A· 

We say that PN(t) is the s.o. intensity of events at time t. 
We remark that, in general, s.o. intensity is not Khinchin-Leadbetter intensity, 

which is given by 

. () 
1
. P{N((t.t+h])>l} 

IN+ t = 1m h . ,.,o 
The next proposition shows that, for point processes under (3) , they are essen­

tially the same object. 

Proposition 1.1. For puinl process that satisfy relation (3), we have : {i} there 

exists PN a.e.[l]; {ii) there exists iN+ a.e.[l] and {iii) PN = iN+ a.e. [£]. 

Proof Since EN is boundedly finite , ]If defined by M(t) = EN([O, t]) fort 2': 0 and 
M(t) = -EN([t, OJ) fort < 0, is a real-valued monotone non-decreasing function 
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defined on the whole line. Thus, the limit M'{t) = lim,._0 AJ(t+~-M(t) exists 
a .e.[lj. Now, whenever M'(t) exists, the limit lim1A1-o,1eA EZft> exists and it is 
equal to M'(t). Thus the latter limit exists a.e.[fl. Observe that 

PN(t) = lim P{N(t:.) = I} < lim P{N(t:.) ~ l} = iN(t) 
IAl-0,IEA [Al - IAl-0,IEA IA! 

< lim EN(t:.) = lim P{N(t:.) = 1} + Jim Ot,a(t:.) = PN(t) 
- IAl-0,tEA [Al IAl-0,IEti [Al ltil-0,IEti [Al 

implies that the three limits exist whenever one of them exists and, in this situation, 
they are equal. 

Now, since limit.1-o,tet. E['11> exists a.e.[l] we have that PN exists a .e.[l] , iN 
exists a.e.[t] and PN(t) = iN(t) a.e.(l). Also notice that the existence of iN(t) 
implies that there exists iN+(t) and iN+(t) = iN(t) . This completes the proof. ■ 

In particular, we see that {t I 3iN+(t) /\ iN+(t) i- PN(t)} c {t I 3iN+(t) I\ 
~iN(t)} C {t I ~N(t)} = {t I ~M'(t)}, which is a set of zero Lebesgue measure. 

Suppose now that there exists a positive rea.l number d and a constant k&,m 
such that for all intervals A1 , ..• , A.,. of the real line with lengths O < [A;[ < 6, 
l s; i s; m, all integers n; ~ l and all vectors (t1, . . . , tn) E JR"' with t; f. t; for 
ii- j, 1 s; is; m, 1 s; j s; m, both properties below are valid: 

i=l 

and for A= (!Ad, . .. , Ill.ml) E (JR~r , t; E A;, 1 $ i $ m, there exists the limit 

(5) Jim ,,..!-P{N(li.;) = 1, 1 s; is; m} = p,,.(t1, ... , tm), .-.-o Il [A;I 
i=l 

uniformly in t = (t1, ... , tm) -
Observe that for m = I the symbol ti. has two different meanings, the interval 

and the length, but this will be of no haem. 
The limit above measures the intensity of the joint occurrence of events in the 

distinct instants t1, ... , tm. We will call it the joint single occurrence intensity of 
order m (for short, joint intensity). Relation (5) impli!'S that 

m 

(6) P{N{ti.;) = 1, 1 $ i ~ m} = Pm(t1, .,. , t"') II l~il + o,.n:.. A,(ti.) 
i=l 

for o1.n;:, A, (A) an infinitesimal such that 

sup lo m {z)I = o(z), 
tieft>rl -t'IK .nr.:.1 A;CR- t, n .O.,; 
'Eil!'!., 1 A.9 ,t4,1. lc a, .l~"'°S'" a• l 

where z =- (z1, . .. , z.,,) E (IR~)"', is a.nother infinitesimal which is independent of 

t E IRm - em and n:1 ti.; C m_m which satisfies :(A) -+ 0 when A .....,. 0. 

Illti.d 
i=l 
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We denote by t:"' the set 

{(ti, ... , t,,.) E lR"'!t; = ti for some i ;f j}. 

Similarly to what is done for m = l we may assume that 

"' m 
(7) E(Il N)(Il A;)= P{N(A;) = I, I :s; i :s; m} "t" o = (A) 

i:::l i=l t\~1 ~i 

m 

with lo ... (A)I :s; o(A) where o(A)/ TT IA;I --+ o as A-..... o. 
t';Q, L>, i=l . 

Again, for the easy of notation, we write o1 instead of o ... 
t,IT .i., 

; .... 1 

We can also define cumulants for N(t); and in particular, we define the limit 
covariance, for u # v, by 

)" Cov (N, N)(A1 X A2) 

l~o /A1/IA2/ · 

For finite point processes, Janossy densities and product moment densities are 
related (see Daley and Vere-Jones, 1988). The latter will be shown to coincide a.e. 
[£] with joint s.o. intensities for some classes of processes. 

We refer to Daley and Vere-Jones (1988) for further information on point pro­
cesses. 

2. POINT PROCESSES AND INFINITESIMALS 

In this section we prove some pr~liminary results, some of which will be used in 
section 3. 

Proposition 2.1. Under conditions (1) and (2), we have 

P{N(A) = I} :s; E{N(A)} :s; P{N(l).) = 1} + O(ll).12 ), 

P{N(l).) = I} - A :s; Var{N(A)} :s; P{N(l).) = l} + B, 

where A and B are O([l)./ 2) whenever sup PN(t) is finite. 
!Ell. 

Therefore we can write 

and 

Proof For all A such that /!).I< min{6, I} we have 

Since 

E{N(A)} = P{N(A) = l} + LiP{N(l).) = j} :s; 
1:2:2 

::,; P{N(A) = I} +K6 LilA/1 . 

j:2:2 



6 JOSE CARLOS SIMON DE MIRANDA 

Lil£W = LLIAlj = I;OAll:LIAlj) = 
;~2 k<!2i~k lt~'.I i<!O 

L IAl"(I/(1 - IAI)) = I ~1:, L IAII: = 1Al
2 

( 1 _
1
IAI) 

2

' 
k~2 lt~O 

and lim1A1-o(l/(l - IAl)2
) = 1, it follows that 

P{N(A) = l} :5 E{N(A)} ~ P{N(A) = l} + O(IAl2). 

Then, 

E{N(A)} = P{N(A) = l} + °'(IAI). 
From P{N(A) =I}= PN(t)IAl+°'(IAI), it follows that E{N(A)} = PN(t)IAI+ 

o, ( IA!) and the first part of the proof is complete. We notice that the latter ot ( IAI) 
which appears in the expression for the expectation of N(A) is bounded in modulus 
by an infinitesimal independent of t and A, since it is a sum of that related to 
the probability P{N(A) = 1}, which bears this property, and an infinitesimal 
independent oft and A, namely O(IAl2 ). 

Now, to estimate the variance, observe that 

~ P{N(A) = l} + Kd Li2 fi~,.ji. 
J<!2 " 

Let /(z) be the analytic function over the disc lzl < 1, defined by /(z) 
I:;,.~2 zn+2

• Thus, /(z) = z4/(l-z) and 

.!:__ f(z) = 12z
2 + 2(4 - 3z)z

3
• 

dz2 (1 - z) (1 - z)3 

Moreover, 

iP c£l iP 
-f(z) = - ~ z"+2 = ~ -z"+2 = °"'(n + 2)(n + l)z". dz2 dz2 L., L., dz2 L., 

n~2 n2!2 n~2 

Therefore, for O :5 z < 1 get 

and write 

E{N(i~.)2} :5 P{N(A) =I}+ K6 ::2 /(z)lzslAI = 

'- P{N(A) = 1} 12IAl
2 

2(4 - 3IAl)IAl
3 

+ 1 - !Al + (1 - !Al)3 • 

Since, when IAI --+ O, 12/(1 - IAI) --+ 12 and 2(4 - 31Al)/(I - 1Al)3 --. 8, we 
obtain 
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Then 

Var{N(A)} $ P{N(il) = l} + 0(16-12) + O(IAl3
) - (PN(t)llll + o1(1A1))2 

$ P{N(l!.) = l} + O(IAl2
). 

It is also true that 

Var{N(l!.)} = E{N(A)2
} - (E{N(A)} )2 2: P{N(A) = l} - (PN(t)IAI + o,(IAl))2 

2: P{N(A) = l} - (suppN(t)IAI + o(l.lll))2 = P{N(.ll) = 1} - O(IAl2
). 

tEA 

Combining the two inequalities we have proved the second part of the Proposi­
tion, and immediately, 

Var{N(A)} = PN(t)IAI + Dt(IAI). 

• 
These 0 1 = Dt,A may depend on t and A but their absolute values are bounded 

by other o's which are independent of t. 

Proposition 2.2. Under the hypotheses (4) and (5) we have, form 2: 1, 

P{N(.ll;) = l, IS ism} SE {;g N(.ll;)} 

$ P{N(.ll;) = 1, I $ i Sm}+ k6,m {fi (i _ ~.ll;j Y -1} jJ j.ll;I. 

Proof Let n = (n1 , ••• , nm) E Jl'llm, Jl'II* = Jl'II - {O}. Then 

E {fi N(.ll;)} = L ((ft n;)P{N(.ll;) = n;, 1 $ i $ m}) 
i=l nE(IN")"' i=l 

S P{N(.ll;) = 1, l Si Sm}+ L (ft n;) k6,m ft JA;I"• 
nE(IN " )M-{(J, ... ,l)} i=l i=l 

n> m 

= P{N(.ll;) = 1, 1 Si Sm}+ L ka.m II n;J.ll,t' - k;;.m II J.ll; j. 
nE (l'l•J- i=l i=l 

Now, 

nE~)' .. fi n; l.ll,I"; = TI c~. nd.ll; I"·) = Di ( ,.ll, I C -1
IA; lr). 

Therefore, 

E {fi N(A;)} $ P{N(A;) = 1, I$ i $ m}+k6.m TI JA;I (fi (i _ IJA;I) 

2 

- 1) 

• 
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Proposition 2.3. If N satisfies (4) and (5) then there is an infinitesimal o;(A) = 
o:,n::, .6., (A) !Uch that 

E (rt N(A1)) = Pm(t) g IA;I + o;(A), 

o•(A) 
and for which o• = sup o;,n .6., satisfies -m-- -+ 0 when A -+ 0. 

1•n .0,., TI IA;I 
i=l 

Proof We will use the notation PN = P1, k6 = k6.1, t = (t1, .. . ,tm), A 
(IA1I, ... , IAml), 

For all m 2: 1, by Proposition {2.2) 

P{N(A,) = 1, 1::; i::; m} ~ E (fi N(A,)) 

~ P{N(A;) = 1, 1 ~ i ~ m} + K6,m fl IA;J {fi ( 1 _ 1IA;I) 
2 
-1}. 

From (6), 

E (ft N(A;)) ~ Pm(t) ft JA;J + 01(A) + K6,m ft IA,I {ft (1-~A;j)
2 

- 1}. 
t=l 1=1 1::e:l 1::s;l 

Now, 

Thus, there is an infinitesimal oj{A) = o;,n.:., .6., such that 

E (;g N(A;)) = Pm(t) g IA;J + o;(A), 

with o• = sup o1.n .6.; that satisfies ~(A) -+ 0 when A-+ O. 
t.n.6., n IA;I 

i=l 

■ 

From now on we understand the joint s.o. intensity Pm, m ~ 1, as being the 
function that 8SSOciates to each point t E !Rm - E:'", for which the joint intensity 
defining limit exists, the value of this limit, that is, Pm(t) as given by equation (5) 
without necessity of this limit being uniform. 
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Theorem 2.1. Let em = {x = (xi, ... , Xm) E Rmjx; = xi for some pair i,j, i # 

j}, <p an E (5
1 

dN(t,) )-integrable function over lR.m - em, Pm the m-th order 

joint s.o. intensity and Pl = PN the s.o. intensity function of point process N that 
satisfies (7). Then, if Pm E ?", m?: 1, we have 

L"'-£"' <pE (TI dN(t,)) = L--£"' 'PPm TI dt; . 

We observe that this theorem shows that if the s.o. intensity function or the 
joint intensity Pm is a.e.ll] defined and it is Lebesgue-integrable over bounded IRm-

intervals, then it is also the Radon-Nikodym derivative of E (fi N) with respect 
t=l 

to f. 

Proof We remind the following results. (See Rudin, 1981). Letµ be a real Borel 
measure on IRm, Dµ(x) = Jim µ(En)/f(En) where {En}nelN is any sequence of ,._00 
Borel sets that shrink nicely to x, Cn .x the set of all open cubes C E IRm, x E C, 
whose edges are parallel to the coordinate axes and have length less than 1/n. We 
have: 
(i) Ifµ~ 0 and for all x E JR.m lim sup (µ(C)/l(C)) < oo thenµ« t 

n-00 cecn . .r 

(ii)µ« t if and only if Dµ(x) exists a.e.ll] and VEE BJR'" µ(E) = j(Dµ)dl. In 
E 

this case, Dµ = dµ/dl a.e.ll]. 
m 

Let us apply these results forµ= E TI N . The existence of Pm(X), Pm(x) E IR, 
i=l 

m 
for all x E IR, implies that Jim sup (µ(C) / l(C)) < oo. Since E IJ N ~ 0, 

n-oc. CE:Cn . ..: i=l 
m m 

from (i) we have E TI N « l. On the other hand, E ll N « l implies the 
i=l i=l 

m 
existence of dE TI N/dl and (ii) guarantees not only the existence of Dµ but also 

i=l 

Dµ = dE IT N/dl a.e.[l]. 
i=l 

Now, a.e.[l], if we choose a sequence of ]Rm intervals { ( TI C.;)j };elN that shrinks 
i=l 

E TT N(( fi .<l,),) 
nicely to ;i;, we have Dµ.(x) = limj-oc ,-, ,- , = 11m(z). In this way we 

l (( 0 .<l,),) 
•=l 

m 
finally obtain Pm= dE Il N/df a.e.[l]. ■ 

i=l 

3. CHARACTER1ZATION OF THE INTENSITY 

Initially we observe that , as a consequence of Theorem 2.1, if the limit that 
defines the joint intensity Pm (m ?: 1) exists and if the joint intesity function (or 

s.o. intensity) belongs to?", then it is the Radon-Nikokym derivative of E TI N , 
i=l 

that is, Pm = dE TI N/dl a.e.[f]. An important question is if there exists some 
i=l 
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kind of reciprocal statement, that is, under what conditions could we say that if 
the Radon-Nikodym derivative exists, then it will be the joint intensity p.,.. This 
question leads us to propose Theorems 3.1, 3.2, 3.3 and 3.4 as well as Corollaries 
3.1, 3.2 and 3.3. We recall Lebesgue's differentiation theorems for Rand IR.m. 

Proposition 3.1 (Lebesgue's differentiation theorem for R). Let / be Lebesgue 
z d\P 

integrable on lR and let \P(x) = f f(y)dy. Then we have -d = / o.e.[lj. 
-oo X 

Proposition 3.2 (Lebesgue's differentiation theorem for JR.m). Let f be Lebesgue 
integmble on ]Rm. Let Q(x, r) be a hypercube with center x ond edge 2r > 0. Then 

lim l(Qt )) { f(y)dy = f(x) a.e.(l]. •-O x,r }Q(z,r) 

If we substitute B(x, r) for Q(x, r) we still obtain a theorem but, if we substitute 
an arbitrary ]Rm-interval that contains x, R(x) for Q(x, r) and take the limit as the 
diameters tend to zer~ we will not obtain a true statement (See Fernandez, 1976). 

Definition 1. We say that a measurable function f ; A C Rm -, IR, l(Rm - A) = 
0 euentially belongs to ,em, equivalently, f is essentially bounded over bounded 
interval.&, when there is a set D, l(D) = 0 such that the function j; m.m -+ R. 
defined by iliRn•-D = /IRM-D and ilv = 0. belongs to t:,m. We will denote such 
fact by f E ess t:,m and we will call ess l!" the set of essentiall'JI bounded functions 
over bounded intervals. 

Definition 2. We will say that the functicm f ; A C Rm -, lR is essentially 
continuous on A when there is a set D, l(D) = 0 such that fL-t-D is a continuous 
function. The set of essentially ccmtinuous functions will be called essem. 

For example, the function/: JRm-+ IR, /((r) = {l}, !(Rm -«r) = {0}, is a 
function that is not continuo\18 at any point; for all A, set with non-void interior, 
it is not Riemann-integrable over this set since its discontinuity points contains 
the interior of A, which being non-void and open, has measure greater than zero. 
Meanwhile this function is essentially continuous since l((Qm) = 0 and over Rm-Gr 
it is identically 0. It is also Lebesgue-integrable over all measurable A. 

Theorem 3.1 below gives us a ~characterization" of the s.o. intensity PN = 
Pt understood as its defining limit, without the necessity of uniformity, for point 
processes that satisfy (1) or more generally (3). We have written the quotation 
marks because the characterization is still dependent on some hypothesis that N 
must fulfill. 

Theorem 3.1. (Characterization of the s.o. intensity). Let N be a point 
processes that satisfy (3) and EN be its expectation measure. Then we have the 
equioolences: 

(i) The s.o. intensity functicm PN exists and is a function in Z1 
if and only 

if the Radon-Nikodym derivative dEN /dl exists. In this situation we have 
PN = dEN/dl a.e. [£}. 

(ii) PN E ess.C1 if and onl'JI if dEN/dl. E ess.C1 . 

. ~ dEN 
Proof (1) By Theorem 2.1 , 3p,V A p.-., Et:, -+ 3ci't = PN a.e.[l]. 
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For all t E R, using (3), we compute the defining limit PN(t): 

observe that, for all N satisfying (1), we have 

P{N(A) = l} ~ EN(A) ~ P{N(A) = l} + LJiiW = P{N(A) =I}+ 0(16.12 ) 

122 

and so EN(A) = P{N(Ll) =I}+ 01(1.lll)-
dEN % 

Let / = dl' ,p(x) = J f(y)dy, Ll = la, bl, a < b, h1 = b - t and h~ = t - a. 
C 

Thus, 

Now, 

;p(t + h1) - r;,(t - h2) 
h1 +h2 

where, by Lebesgue differentiation theorem, 01 is an infinitesimal a.e.[l] (this means 
that the set of t's such that OJ is not an infinitesimal has zero Lebesgue measure). 

Since O ~ h,';:h
2 
~ 1 and O ~ h,':-\

2 
~ 1, we have 

dEN 
Thus, PN(t) = dl a.e.[l]. 

(ii) lf d!J" E ess.C1, then there is Di, t(Di) = 0 such that for the set R- D1 we 

dEN. . . dEN 
have that di IS bounded over bounded sets m R- D1. Smee dl = PN a.e.[l), 

dEN 
3D2, l(D2) = 0 such that di= PN over (R - D1) - D2. 

Let D = D1 U D2, l(D) = 0. 

Thus, PN defined by PNIR-D = ~; IR-D and PNID = 0 is such that PN E .C1
, 

since '":{ IR-D is integrable and bounded over bounded intervals. Thus, PN E 

ess _cl. 
dEN dEN 

Analogously (di= PN a.e.[l] A PN E ess.C1
) --, di E ess.C1. ■ 
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Note that essC1 is pot contained in ess.C 1 since f(x) = I/x for x ,f- 0, f(0) = 0 
is such that f E essC1 and f ¢ ess.C1• 

Since all point processes that we consider have boundedly finite expectation 
measure, we have the following 

Corollary 3.1. (Characterization of the intensity). Let N be a point processes 
that satisfy (9) and EN be its expectation measure. Then we have the equivalences: 

-1 
(i) The intensity function iN+ exists and is a function in l, if and only if 

the Radon-Nikodym derivative dEN/dl exists. In this situation we have 
iN+ = dEN/df a.e. fl}. 

(ii) iN+ E ess .C1 if and only if dEN/dl E ess .C1 . 

Proof Direct consequence of Proposition 1.1 and Theorem 3.1. ■ 

For point processes that do not satisfy (3) it may occur that PN(t) and iN+(t) 
are different and both differ from the Radon-Nikodym derivative of the expectation 
measure. As an example, let N be a homogeneous Poisson process with intensity 
A> 0 and then form the new process •N defined by, Vw E O,Vt E IR, •N..,({t}) = 
2N..,( {t} ). For this process we have, for all t E lR, 

Jim P{ •N(t:.) = 1} = 0 < Jim P{•N(A) 2: I} 
1a1-o,tea 11::.1 1a1-o.tea 

= lim P{N(t:.) > l} =A< Jim 
1a1-o,1eA 11::.1 1a1-o,1ea 

Jim 2E(N(t:.)) = 2.X, 
1a1-o.tea lt:.1 

that is, for all t E JR, 

11::.1 
E(•N(t:.)) 

11::.1 

. dE(•N) 
0 = P-N(t) < l•N+(t) = ,\ < ~ = 2A. 

= 

This example shows the opposite situation to that of point processes under (3), 
namely, the single occurrence intensity, the intensity and the Radon-Nikodym de­
rivative of the expectation measure are nowhere equal. 

Theorem 3.2. Let N be a point process that satisfy 

E (fi N(A;)) = Pm(l) fl li::.; I + Ot,[l a, (A), 

with o• == sup Ot.[l a. that satisfies :• (t:.) ..... 0 when t:. -+ 0. Then we have 
,.n a, I1 IA,1 

i=l I 

(i) If Pm E .C"' then Pm E 'R.m, for all m 2: 1. 

(ii) If Pl E .C1 then P1 E C(lR, JR) the set of continuous functions from lR to JR. 

Proof See de Miranda (2003), Theorems 3.1 and 3.2. 
m 

(i) The measureµ = E IT N is under the hypothesis of Theorem 3.1 where h = Pm 
i=l 

and Oa.b = o ,.. , so that we conclude Pm E 'R.m. 
t.[l lti. ,j -~, 
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(ii) If m = 1 we can also apply Theorem 3.2 and conclude P1 E C(R, JR). ■ 

Definition 3. We will say that the function f ; A C rn_m -+ ffi. is essentially 
Riemann integrable on A when there is a set D, i(D) = 0 and a Junction c: D-+ JR 
such that f; A -+ JR, defined by J(x) = f(x), for all x E A - D and f(x) = c(x) 
for x E D, is Riemann integroble on A. The set of essentially Riemann integrable 
functions will be called ess'R,m. 

Corollary 3.2. Under the hypothesis of Theorem 3.2 we have: 
(i)/f p.., E t:,m then (dE n:1 N)/di E ess'R.m. 
(ii) lfp1 E ! 1 (equivalently if 4lJf- E ! 1} then d~ E essC(JR,R) . 

Proof Direct consequence of Theorems 2.1 and 3.2. • 
Theorem 3.3. Let N be a point process that satisfies (4) or, in a more geneml 
way, that satisfies 

P{N(A;) = 1, I :5 i :5 m} = En N (fi A;)- Ot (n IA;I), i.e. (7). 

Let f = dE fl N/df be the Radon-Nikodym derivative of E fl N. If f is essentially 
i=l ~= l 

continuous on JR"', that is, :3D C JRm, t(D) = 0, such that /\JR••-D is continuous, 
then there exists Pm : JRm - D -. R , m-th order joint s.o. intensity of N , and 
Pm= f over Rm - D. So, Pm E essem. 
Proof Lett E (Rm - fm} - D. 

Pm(t) = P{N(A;} = 1, I < i < m} 

tE fl 6i 
••l 

IA,. 1-0 
1:$i:fm 

lim 
lE fl 4 ._ ·-· · .0. .. 1-0 
l :S i ~'" 

m 

Il \A;\ 
l=l 

Eil N U1 A;) 
m 

TI \.6.,I 
i=l 

Since f is essentially continuous, 

lim 
tE ii' A , 

~-1 
IA, 1--0 
1s•s-

Vt E ]Rm - D Ve > 0 36 > 0 Vx E Rm - D llx - t ll < 6--+ Hf(x) - /(t) ll < e. 

Thus, when diam (Il:,1 A,)< 6, 

(f(t) - e)i (fi .6., - D) :s /fi ~ .-D /di :5 (/(t) + e)i (fi .6.; - D) . 
·-• 

Then, 
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and so, PN(t) = /(t) ■ 

Lemma 3.1. Let f : Rm -+ JR be essentially Riemann- integrable on bounded 
intervals of !Rm. Then f i., essentially continuous on !Rm. 

Proof Let z = (z1, ... 'Zm) E JR.m, 1 = (1, . .. ' 1) E 7lm, n:., (z; , %;+1l = (z, z + 1) 
and write 1Rm = (Ure:1L-(Z, z + l))U(U.e71:-8(z, z + 1)). Clearly, l (Uze7L••8(z, z + 1)) = 
0. 

Since / is essentially Riemann-integrable on each (z, z + 1) we have that Vz E 
7lm3j. : {z,z + 1) -+ R, j. a Riemann-integrable function, 3D., l(D.) = 
0, /lc,.z+l)-D, = J.lt,.z.;.1) - D,· 

Now, for all z E 7lm, since j, is Riemann-integrable, the set formed by its 
descontinuity points, Dz, is such that i(D,) = 0. So 

/lc,,,+1)-(D,uli.) = i.l(,,HI)-(D,u.D,) 
is continuous and, consequently, the function 

/l(Rn• -U,ez•• (D,ub,J)-u,.z"' B(z.r+l) 

is continuous, i.e., / is essentially continuous. 
■ 

Corollary 3.3. Let N be a point process that satisfy {7) . If f = d(ETI:, N)/dl. 
is essentially Riemann-integroble on bounded intervals o/Ill"' then there exists DC 
:nr, t(D) = 0, P= = f on Illm - D. 

Proof Direct consequence of Lemma 3.1 and Theorem 3.3. ■ 

Once again, we observe that for a point process that satisfies (3) or (7), form 2:: 1, 
if the limit for Pm exists and Pm E c", (if this limit is uniform and Pm E t:,m we 

m 
directly have Pm E 7?.'") then Pm is the Radon-Nikodym derivative of E TIN, 

i=I m 
Pm= dE TI N/dl a.e.[l] . On the other hand, form> 1, for a point process that 

1=1 

satisfies (7), if the derivative dE fl N/dt exists, it is not clear that Pm will also 
i=l 

exist. We can not use Lebesgue differentiation theorem for m 2:: 2 as we have done 
form= l on Theorem 3.1 because the Pm limit to be calculated is a limit that uses 
IR.m-interva.ls that contain :i;. Thus, in case that m ~ 2, the veracity of the searched 
reciprocal proposition will depend on the form of the Radon-Nikodym derivative. 
Theorem 3.3 shows that for the essentially continuous functions class the referred 
reciprocal holds for any point process that satisfy (7) . We observe that it is crucial, 
in case m ~ 2, to have the existence of Pm assured. Thus, we propose the following 
theorem: 

Theorem 3.4. If a point process satisfies to condition (7) and Pm , the joint s.o. 

intensity function exists, then dE fl N/dl exists and Pm = dE fl N/dl a.e.[i}. 
i=l 1•1 

m 
In particular, dE TI N/dt E esst:,m i/ and only if Pm E es,st:,m . 

i=l 
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Observe that we can have dE TT N/dt E (C" - ess.Cm), situation under which 
i=l 

the same occurs to Pm and in if Pm E r.m, under uniformity condition, we directly 
have Pm E 'Rm. 

Proof By hypothesis, the existence of Pm : JR.m - £m -+ JR. is already a.s.5ured, 
that is, the defining limit of Pm exists for all points t of ]Rm - £m. The existence 

n 
of dE TI N/dl is guaranteed by Theorem 2.1. Since the Pm limit exists, we can 

i=l 
calculate it through any path. We will calculate it using hypercubes with center t, 
since for such path we can use the Lebesgue's differentiation theorem for JR.m. 

Then, 

Pm(t) Jim 
•e Ii .o., 

P{N(A;) = 1, 1 :5 i :5 m} 
Jim 

El11 N cul ~i) 
i-1 

1.0.,;l-n 
lS~Sm. 

m 

TI I~;! 
i=l 

E IT N(Q(t,r)) 
Jim 

reQ(t.r) 
,-o 

i=l 

l(Q(t,r)) 
m 

dE TIN 
~£1 

(t) a.e.[l]. 

Jim 
tEQ(t . r) 

·-" 

4. CONCLUSION 

te TI ~~ ·-• 1.0,-.1--0 
1Si.:$m 

m 
TI IA;! 
i=l 

JQ(t,r/dE Dl N/df.)df. 

l(Q(t,r)) 

• 

In this work we obtained the following results. For a point process that satisfies 
(3) or (7), form 2'. I, if the limit for Pm exists, Pm E -e", then Pm is the Radon-

m m 
Nikodym derivative of E TI N i.e., Pm = dE TI N/dl a.e.(t]. Moreover if the 

i=l i=l 
uniform limit for Pm exists and Pm E .cm we directly have Pm E 'Rm and for m = 1 
in addition we have that PN = Pl is continuous. 

Also, for point process that satisfy (7), if the Radon-Nikodym derivative of 
m 

E TI N exists and it is essentially continuous, then Pm also exists and both are 
i=l 

equal a.e.[l). 
If the point process satisfies (7) and the defining limit of Pm exists. then 

m m 
the Radon-Nikodym derivative of E TI N , dE TI N/dl exists and we have Pm = 

i=l i=l 

dE IT N/df. a.e.[l]. Note that v;e don't have nec.-essarily Pm E r,m , or better. 
i=l 

Pm E 'R,m since we may not have the uniformity of the limit Pm· 
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