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have characterized a.e.[¢], their intesnity and drawn conclusions about their product
densities.

In this section we will present some definitions, assumptions and notation. In
section 2 we show that the infinitesimals associated to the power law assumption on
the probability of event occurrence are uniformly bounded. In section 3 we prove
the main results and in section 4 we present a conclusion.

We will work with Lebesgue measurable functions, A : R™ — R that are
bounded over bounded IR™-intervals or, equivalently, that are Lebesgue integrable
and bounded over bounded IR™- intervals. We will call this class of funciions £™.
We will denote by L™ the class of Lebesgue integrable functions over bounded R™-
intervals. The class of Riemann integrable functions h : R™ — IR over bounded
RR™-intervals will be denoted by R™. Since all Riemann integrable functions over
bounded intervals are bounded over these intervals, we have R™ C L™.

Lebesgue measure on IR™ will be simply denoted by ¢ independently of the
dimension m. When it is necessary or to emphasize dimension, we will write £,,.
Functions that only differ over zero measure subsets of their common domain or
of a common extension of their domains are naturally considered identical. All
functions that we consider are assumed to be measurable.

We denote by N(A) the number of events of a certain sort that occur in a
Borel set A C R. If A = (a,f], we write N{a, 8] instead of N{(a,]). We also
denote by N the integer valued function defined by the equalities N(t) = N(0,1],
if1 > 0,N(0) = 0 and N(t) = —N(¢,0] if t < 0. Clearly N(a,8} = N(8) - N(a).
Let {--+, 72 €73 €7 €7 <72 £} denote the times at which the events
occur. Then N(t) =n, ifand only if ,_y <t < 7.

Provided probabilities of the form

P(N(alyﬂl.] = n;,...,N(ak,ﬁk] = nk)

are defined and consistent, for all k € IN* = {1,2,...}, and all ny,...,nx non-
negative integers, we can define an appropriate probability space (£, A, P), such
that there exists a measurable mapping from this space into (IR? ,Brz), the set
of sequences of real numbers, that is, of events in time, defining then a stochastic
point process that will also be called N.

Define dN(t) = N(t+dt) — N(t). A basic assumption is that there exist bound-
edly finite measures Mj such that

E{dN(t;)-- -dN(tk)} = ]\[k(dtt, oo dty),

that is, E (n:";x N) = Mj. We emphasize that from now on all the point processes
that we consider are assumed to have boundedly finite expectation measures.
It is usual to deal with integrals of the form

[owane =3 otry).
J

Suppose that ¢;,1 < i < k, are (essentially) bounded measurable functions with
compact support. Then

E{ [ewant)... / w(tk)dzv(tk)} = [ i) eren )bttt .. 1.
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We will assume that there exists a positive real number ¢ and a constant K5 > 0
such that for all intervals A C IR with length |A| < 4, all integers n > 1 and all
t € IR, not only the relation

(1) P{N(A) = n} < KslA]"
holds, but also the limit

2) !

|A|1]»3lteA[—A_IP{N(A) =1} =pn(t)
exists uniformly in ¢. Inequality (1) implies that

P{N(A) > 1} < K5(D_ IAP) = O(1A]%).
iz2
Notice that if inequality (1) were valid for n = 1 then we would have P{N(A) =
1}/|A] € K5 and hence, if it would exist, px(t) would be a bounded function on
IR. Notice also that (2) implies that Vz € IR, P{N({z}) = 1} = 0, otherwise there
would exist ¢ € R for which the limit py(t) would be infinite.
Due to uniformity, relation (2) is equivalent to

P{N(A) =1} = pn(D)IA] + 0r.a(|A]),

for an infinitesimal o, A (2) with the following properties:
Ye>036>0vte RVAC Rt €A, (0<]A] <8) — loga(lA])] < £1A] and

ot.A(O) =0,

that is.

Ve>036>0 (0<z<d)— sup |oa(2z)] < §2z<ezando,a(0)=0.
teM.ACHR

e JA|=2
The quantity sup Jo;,a(z)| = o(z) is & non-negative infinitesimal indepen-
teR.ACR

tEA |Aj=x

dent of t and A. In this sense, we also write |0y a(|A])] € o(|A]) and say that oy A
is a uniformly bounded infinitesimal.
More generally we may substitute

) EN(A) = P{N(A) =1} + o, a(|B))
by (1).

For the easy of notation, we will write o, instead of oy,a.

We say that pn(t) is the s.0. intensity of events at time ¢.
We remark that, in general, s.0. intensity is not Khinchin-Leadbetter intensity,
which is given by
>
ivall) = l,{fg P{N((t.t: h]) > 1}.
The next proposition shows that, for point processes under (3}, they are essen-
tially the same object.

Proposition 1.1. For poinl process that satisfy relation (8), we have : (i) there
exists py e.e.[fl; (i) there exists iny a.e.[f] and (i) py = ins a.e. [{].

Proof Since EN is boundedly finite, Af defined by Af(t) = EN([0.4]) fort > 0 and
M(t) = —EN([t,0]) for t < 0, is a real-valued monotone non-decreasing function
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defined on the whole line. Thus, the limit M'(t) = limy_o MUIRI=M(O g
a.e.[f]. Now, whenever M'(t) exists, the limit limja .0 ten —‘%(Iél exists and it is
equal to M’(t). Thus the latter limit exists a.e.[f]. Observe that

= & P{N{A) =1} ] P{N(A) 21} _.
PN = i T A S 1 ea ~jap oW

m EN(A)= § P{N(A)=1)} ji WNGY)
~lal—0tea  |A| |A|—0teA |4} jal~0tea  [A]

= pn(t)

implies that the three limits exist whenever one of them exists and, in this situation,
they are equal.

Now, since lim|a|—0,tea %& exists a.e.[f] we have that py exists a.e.[f], iy
exists a.e.[f] and pn(t) = in(t) ae.[f]. Also notice that the existence of in(t)
implies that there exists {x..(f) and in4 (t) = in(t). This completes the proof. =

In particular, we see that {t | Jin,(t) Aine(t) # pa(t)} C {t | Jin,(t) A
Zin(t)} C {t| Bin(t)} = {t | BM’(t)}, which is a set of zero Lebesgue measure.

Suppose now that there exists a positive real number 4 and a constant kg,
such that for all intervals A,...,A,, of the real line with lengths 0 < Al < 6,
1 €4 < m, all integers n; > 1 and all vectors (t;,...,2,) € R™ with ¢; # t; for
i# j,1<i<m,1<j<m,both properties below are valid:

(4) if (n1,...,nm} # (1,...,1) then P{N(A) =m;,1<i<m} < k,y,mﬁIA,-l"‘

=1
and forA = (JA1),...,[An]) € (RL)™, & € A;, 1 <4 < m, there exists the limit
(5) Jim ot P(N(A) = 1,1 i < m} = pltis. . ),
i
i=1

uniformly in ¢ = (¢y,...,t,).

Observe that for m = 1 the symbol A has two different meanings, the interval
and the length, but this will be of no harm.

The limit above measures the intensity of the joint occurrence of events in the
distinct instants ty,...,2,. We will call it the joint single occurrence intensity of
order m {for short, joint intensity). Relation (5) implies that

6)  P{N(A)=1,1<i<m}=pm(ts, .- tm) [[ 181l + 0117, .(A)
i=1

for 0, 7, a.(A) an infinitesimal such that

su ] Z))=olz
:el\"‘-t'".ﬂ?‘_‘ A;CR™ ! t.ﬁ A-( ) (@),
rEfIL) Ayt aylwa; 1<iCm )

where z = (21,...,2,) € (IR])™, is another infinitesimal which is independent of
t€ R™ — £™ and []7., A; C R™ which satisfies gl — 0 when A — 0.

m

El [A
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We denote by £€™ the set
{(t1,...,tm) € R™|t; = t; for some i # j}.
Similarly to what is done for m = I we may assume that

(7 EIIM([Ta) = PIVA) =11 <i<m} +o

o o @

i=1 i=1

. (B)] < o() where o(A)/ 110 —0as A 0.
i i=1

with [0 m
t. 11

iml N
Again, for the easy of notation, we write o; instead of o ﬁ A

t,

i=1
We can also define cumulants for N(t); and in particular, we define the limit
covariance, for u # v, by

n(uo) = im SN x Ba)

a-0 181]182]

For finite point processes, Janossy densities and product moment densities are
related (see Daley and Vere-Jones, 1988). The latter will be shown to coincide a.e.
[£] with joint s.o. intensities for some classes of processes.

We refer to Daley and Vere-Jones (1988) for further information on point pro-
cesses.

2. POINT PROCESSES AND INFINITESIMALS

In this section we prove some pr‘eliminary results, some of which will be used in
section 3.

Proposition 2.1. Under conditions (1) and (2), we have
P{N(A) = 1} < E{N(A)} £ P{N(A) = 1} + O(|AP),
P{N(A) =1} - A < Var{N(A)} < P{N(A) = 1} + B,
where A and B are O(|A?) whenever 212 pn(t) is finite.

Therefore we can write

E{N(A)} = pn(D|A] + o, (|A])

and
Var{N(A)} = pn()]A] + o (1A]).
Proof For all A such that |A] < min{4, 1} we have

E{N(A)} = P{N(A) =1} + ) jP{N(A)=j} <

222
<P{N(A)=1}+Ks y_jlAP.
i22

Since
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DoAlAF=Y"3"1Ap =Y (Al Y jar) =

322 k2232k k>2 320
Al? 1 \?
A1/ - 1aD) = ! A = A|2(_) ,
St/ - s = g Siar =1t (i

and limjay_o(1/(1 - |A)?) = 1, it follows that

P{N(A) =1} < E{N(A)} < P{N(A) = 1} + O(]A]%).
Then,

E{N(A)} = P{N(A) = 1} + a,(|A)).

From P{N(A) = 1} = pn(t)]A]+0:(|A]), it follows that E{N{A)} = pn (t)|A|+
04(JAl) and the first part of the proof is complete. We notice that the latter ot (1A])
which appears in the expression for the expectation of N(A) is bounded in modulus
by an infinitesimal independent of ¢ and A, since it is a sum of that related to
the probability P{N(A) = 1}, which bears this property, and an infinitesimal

independent of t and A, namely O(JA[?).
Now, to estimate the variance, observe that

E{N(A)’} = P{N(A) =1} + Y _j*P{N(A) = j)
i>2

<P{N(A) =1} + K, ) 1AV

i>2

Let f(2) be the analytic function over the disc |z| < 1, defined by f(z) =

2n>2 2"*2, Thus, f(z) = z*/(1 — 2) and

_ 122 2(4 - 3z)23
Ef(’) TU-a T T@-ep

Moreover,

d? &2 : & .
a;f(z)=zz—2nz>;2 +2 = Pk "2 = Z(n+2)(n+l)z .

n>2 n>2
Therefore, for 0 € z < 1 get

AT = Y n D+ 12> Fonte
n22 n>2
and write

B{N(A} S PIN(8) = 1} + Ko f(2)limiar =

121412 2(4 - 3JADIAR

=PINA) =D+ TR s A

Since, when |A| — 0, 12/(1 — ]Al) — 12 and 2(4 - 3|AD/(1 - |A])® — 8, we

obtain
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E{N(A)®} < P{N(A) = 1} + O(1A]%) + O(jAP).
Then
Var{N(A)} < P{N(A) =1} + O(|AP) + O(|AP) - (px(t)|A] + o (JA]))
< P{N(A) =1} + O(JAP).
It is also true that
Var{N(A)} = E{N(A)’} - (E{N(A)})* > P{N(A) =1} ~ (pn(t)|A] + 0, (]A]))
> P{N(A)=1}- (félAPsz(t)lAI +0(1Al))2 = P{N(A) =1} - O(|AP).

Combining the two inequalities we have proved the second part of the Proposi-
tion, and immediately,

Var{N(A)} = pn (t)IA] + o, (|A]).

These o, = 0o may depend on ¢ and A but their absolute values are bounded
by other ¢'s which are independent of t.

Proposition 2.2. Under the hypotheses (4) and (5) we have, form > 1,

P{N(Aj)=1,1<i<m}< E{ﬁ N(Ai)}
=1

2 m
SP{N(A)=1,1<i<m}+ksm {H(l—;}.ﬁl) —1}HlAi|~

i=1 =1

Proof Let n = (n;,...,n,) € N, IN* =N — {0}. Then

E{ﬁN(Ai)} = Z ((ﬁ"i)P{N(Ai) =n;,l1<i< m})

ne(IN* ) i=1

<P{N(A)=1,1<i<m}+ Z (Hn.) kamHIA ™
1)

Re(IN)™ - {(1,..

=P{N(A)=11<i<m}+ > k&mHnilAil""—kd.mHIAil-

ne(N*)™ i=1 i=1
Now,
m m m 2
> A = H( > nitAfr*-) I (m | ( A |) )
ne(IN*)" i=1 =1 \n.€N* i=1
Therefore,
m m m 2
E {H N(A.—)} < P{N(8;) =1,1 <i < mp+ksm [ [ 1A] (H (1_‘7') - 1)
i=1 =1 =1 *
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Proposition 2.3. If N satisfies ({) and (5) then there is an infinitesimal o} (A) =
o,n.. a, (D) such that

E (H N(Ao) = pn® [ 10l +05(2),
i=1 i=1

and for which o* = sup o‘ 1o satisfies — Zla) — 0 when A — 0.
S H 1A

Proof We will use the notation py = p1, ks = ks, t = (t1,.. s lm), A =

(1A, -+ |Am]).
For all m > 1, by Proposition (2.2)

P{N(Ax)=ly IS'Sm}SE(ﬁN(Al))

i=1

m m 2
SP{N(A,-)=1,15i5m}+Ka.mH|A"]{H( |Al) 1}'

i=1 i=1
From (6),
m iy 1 2
(HN(A )) <pm(t)E|A|+o,(A)+Kam£lAf{E(1 ) _1}'
Now,

m 2 I
sup Iot(A)+meH!AI{H(1-1|A,—I) _1}|

tER™—E™ =] i=1
m 2
< o(A) +K5,,.H|A [ {H (1 —1|A7|) - 1} = o'(A).
i=1 i=1 ?
1 m 2
Hm —,-?1—-(4)- lim ,:(A) + Kgm lim {H (;) - 1} =0.
AS0 I__Il 1A A—0 n A AS0 1A

Thus, there is an infinitesimal o} (A) = %N, o such that

(HNA))—pm t)HlAtm(A)

i1

O(A)
i iad

i=1

— 0 when A — 0. =

with o® = sup 0] A, that satisfies
tfla

From now on we understand the joint s.o. intensity p,, m > 1, as being the
function that associates to each point t € IR™ — £™, for which the joint intensity
defining limit exists, the value of this limit, that is, p(t) as given by equation (5)
without necessity of this limit being uniform.
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Theorem 2.1. Let £™ = {z = (x1,..., %) € R™|z; = z; for some pair i, 3,1 #
m

i}, v an E(H dN(t,)) -integrable function over R™ - £™, p,, the m-th order
i=1

joint s.o0. intensity and py = py the s.0. intensity function of point process N that
satisfies (7). Then, if pn €L, m > 1, we have

i m
/,R g P ( HdN(t,)) = /]R o ngdti _

=1

We observe that this theorem shows that if the s.0. intensity function or the
Joint intensity py, is a.e.[£] defined and it is Lebesgue-integrable over bounded R™-

m
intervals, then it is also the Radon-Nikodym derivative of E { [] N) with respect

i=1
to £.
Proof We remind the following results. (See Rudin, 1981). Let s be a real Borel
measure on R™, Du(x) = nl]rgo t{En)/¢(Ey,) where {Ep}nen is any sequence of
Borel sets that shrink nicely to z, C, . the set of all open cubes C € R™, z € C,
whose edges are parallel to the coordinate axes and have length less than 1/n. We

have:
(i)Ifu>0and forallz € R™ lim sup (u(C)/4(C)) < oo then p < ¢

nor

(ii) p < £ if and only if Dp(z) exists a.e[f] and VE € Bpw p(E) = [(Dp)de. In
E
this case, Dy = dp/df a.e.[f]. .
Let us apply these results for g = E [] N. The existence of p,(z), pm(z) € R,

i=1

m
for all z € IR, implies that lim sup (u(C)/€(C)) < oc. Since E[[ N > 0,
NS CECh

=1

from (i) we have E ﬁlN < £. On the other hand, E ﬁlN < £ implies the
i= i=
existence of dE 'ﬁx N/d£ and (ii) guarantees not only the existence of Dy but also
Du=dE f]l N/;[ aeld.
Now, a.;[l], if we choose a sequence of R™ intervals { (_ﬁl A;); }iew that shrinks
=

ET NGl A,) )
nicely 1o z, we have Du(z) = limj__o, =" = p,,(). In this way we
acfia
m
finally obtain p,, = dE [] N/d¢ a.e.[d]. [
=1

3. CHARACTERIZATION OF THE INTENSITY

Initially we observe that, as a consequence of Theorem 2.1, if the limit that

defines the joint intensity pm {m > 1) exists and if the joint intesity function (or
m

s.0. intensity) belongs to £, then it is the Radon-Nikokym derivative of E I N.
i=1

m
that is, pm = dE [[ N/d¢ a.e.[f]. An important question is if there exists some
i=1
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For all t € R, using (3), we compute the defining limit py(2):

P{N(A)=1} . EN(A)-ofa]) .. EN(A)
1Al = lim 1Al - = lim 3

1A =0 jal—o

)= I

|A| =0

observe that, for all N satisfying (1), we have

P{N(A) =1} < EN(A) < P{N(A) =1} + Y _jlAF = P{N(A) = 1} + O(jAP)
7>2

and so EN(A) = P{N(A) = 1} + o, (JA]).

Let f = ds_',’;l’ wlz) = _Zf(y)dy, A=labl,a<b hy=b—tandhy=1t-a.
Thus,
Pt +m) = ot~ hy)

pn(t) = :1?:{33 hy + ha
Now,
PUHm) = plt=ha) _ glth) o) M plt=ha) = o) h
hi + ke hy hl +h2 ~hy hy + ko
= GO+ b))+ U0 + ol -ha))

+ 0i(~h2)

1)+ (i) "2 mih)

where, by Lebesgue differentiation theorem, o, is an infinitesimal a.e.[¢] (this means
that the set of t's such that o; is not an infinitesimal has zero Lebesgue measure).
h
Smce0<h—+hL2<]and0§ FfE < 1, we have
(i +ha) — ot — ko)
1i
et hi+ ha

hy—u

= f(t)+ 0 a.e.[f].

dEN
Thus, py(t) = TR a.e.[f].

(1) If % € ess L1, then there is Dy, &(D,) = 0 such that for the set R — D; we

have that dEN is bounded over bounded sets in IR — D;. Since dglN = pn a.e.[f],

14
3D, [(Dz) = 0 such that @ = pN Over (R - Dl) — Ds.
Let D = D, U Dy, £(D) =

Thus, pn defined by pn|r-p = WIR p and pn|p = 0 is such that gy € L7,

since dE—]n_ p is integrable and bounded over bounded intervals. Thus, py €
L.
s dEN

N i
5T, € essL’. »

Analogously (d—tN =pn a.eff] A py €essLl) —
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Note that essC? is not contained in essC! since flz)=1/zforz #£0, f0)=0
is such that f € essC! and f ¢ essC!.

Since all point processes that we consider have boundedly finite expectation
measure, we have the following

Corollary 3.1. (Characterization of the intensity). Let N be a point processes
that satisfy (8) and EN be its expectation measure. Then we have the equivalences:

(i) The intenstty function iy, exists and is a function in ok if and only if
the Radon-Nikodym derivative dEN/d¢ exists. In this situation we have
iny =dEN/dC a.e. [E).

(ii) in4 € essL! if and only if dEN/d¢ € ess L1,

Proof Direct consequence of Proposition 1.1 and Theorem 3.1. =

For point processes that do not satisfy (3) it may occur that py(t) and iy, (2)
are different and both differ from the Radon-Nikodym derivative of the expectation
measure. As an example, let V be a homogeneous Poisson process with intensity
A > 0 and then form the new process *N defined by, Yw € Q,Vt € IR, xN,({t}) =
2N, ({t}). For this process we have, for all t € R,

PLN(A) =1} _ | PEN(A) 21} _

|Al—0teA |A| - |Aj=0.teA |A} =

1 P{N(A) > 1} e, . E(xN(A))
|a}—~0,teA |A] T 7 T lalbotea |4

b 2BWV@) _

lal~o.tea  |A]

that is, for all t € IR,

) dE(xN
0=p.n(t) <ins(t) =A< ‘(i’; )

This example shows the opposite situation to that of point processes under (3),
namely, the single occurrence intensity, the intensity and the Radon-Nikodym de-
rivative of the expectation measure are nowhere equal.

=2\

Theorem 3.2. Let N be a point process that satisfy

B (H N(A.-)) = () [] 1841 + 01,7 4. (8),
f=1

=1

: *(A
with 0® = sup o,y a, that satisfies :, (4) — 0 when A — 0. Then we have
t.JT A, n IA:I

i=1 '
(i) If pm EE_’_" then p,, € R™, for allm > 1.
(it) If py € LY then py € C(R,IR) the set of continuous functions from R to R.
Proof See de Miranda (2003), Theorems 3.1 and 3.2.
m

(i) The measure u = E [] N is under the hypothesis of Theorem 3.1 where h = pp,
i=1
and 0, = o, B (as so that we conclude p,, € R™.

(38
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(ii) If m = 1 we can also apply Theorem 3.2 and conclude p; € C(R, R). n

Definition 3. We will say that the function f : A C R™ — R is essentially
Riemann integrable on A when there is a set D, (D) = 0 and a functionc: D - R
such that f : A — IR, defined by f(z) = f(z), forallz € A— D and f(z) = c(z)
for z € D, is Riemann integrable on A. The set of essentially Riemann integrable
Sfunctions will be called essR™.

Corollary 3.2. Under the hypothesis of Theorem 3.2 we have:

()If prm € L™ then (dET[=, N)/df € essR™.

(if) If py € LT (equivalently if 4EN. ¢ T) then 4EX ¢ essC(RR, R).

Proof Direct consequence of Theorems 2.1 and 3.2. [ ]

Theorem 3.3. Let N be a point process that satisfies (4) or, in a more general
way, that salisfies

P{N(A)=1,1<i<m}= EHN<HA,) (Hmd), ie. (7).
=1 i=1 i=1
Let f =dE H N/d¢ be the Radon-Nikodym derivative of E H N. If f is essentially

continuous on lR , that is, 3D C R™, ¢(D) = 0, such that f lmm D 18 continuous.
then there erists pm R™ - D — R, m-th order joint s.0. intensity of N, and
= f over R™ — D. So, pp € essC™.

Proof Lette (IR™ - &™)—-D

P{N(A)=1,1<i<m)

I
=

Pm(t)

!.. m
‘E.I;ll A H IAII
18,10 i=1
1<i<m
m m
E_HN(H A,.) fﬁ A‘__Dfdl
— lim l=1m—'=1._ - 111.,1 o=
‘Eiﬂl & n IAzi 'Eigl A H 'A!I
A0 =1 18, | =0 i=1
1<i<m 1€iEm

Since f is essentially continuous,
VEER™-D Ve>0 3>0 Ve R™-D |lz—t]|l <éd— [ f(z)— ft)l <e.
Thus, when diam ([T~ A,) < 6,

_ . _ 4 mAi—D .
(f(t) -}t (EA. D) < /‘iA‘-DfdlS(f(t)+s) (];Il )

Then,
fﬁ L
lim '=:n = f(t)
le‘EIA l(H Ai _ D)
13, [ =1 i=1
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and so, py(t) = f(1) L]

Lemma 3.1. Let f : R™ — IR be essentially Riemann- integrable on bounded
intervals of R™. Then f is essentially continuous on R™.

Proof Let z = (z1,...,zn) ER™, 1= (1,...,1) € Z™, [I s (2i: 2i42) = (2,2 + 1)
and write R™ = (Uzezm (2,2 + 1))U(Uzezm 0z, 2z + 1)). Clearly, £ (Uzezm9(z,z + 1)) =
0.

Since f is essentially Riemagmintegrable on each (2,2 + 1) we have that Vz €
Z™3f, : (z,z+1) — R, f. a Riemann-integrable function, 3D,, &D;) =
0, flz.2+1)-0, = filzz+1)-D.

Now, for all 2z € Z_"‘, since f; is Rigmann-integrable, the set formed by its
descontinuity points, D,, is such that (D;) = 0. So

f|(z.z+1)—(D.u5.) = f‘l(z.z+1)—(D;Uf).)
is continuous and, consequently, the function

.ﬂ(lRf"-u,e;m(D.u[),))—u,ezm B(z.z+1)
is continuous, i.e., f is essentially continuous.
-

Corollary 3.3. Let N be a point process that satisfy (7). If f = d(ET]~, N)/d¢
18 essentially Riemann-integrable on bounded intervals of R™ then there exists D C
R™, (D) =0, ppn=f on R™ - D.

Proof Direct consequence of Lemma 3.1 and Theorem 3.3. =

Once again, we observe that for a point process that satisfies (3) or (7), form > 1,
if the limit for p,, exists and p,, € fm, (if this limit is uniform and p,, € L™ we

m
directly have p,, € R™) then p,, is the Radon-Nikodym derivative of E [] N,
i=1
m
Pm = dE [] N/df a.e.[f]. On the other hand, for m > 1, for a point process that
i=1

satisfies (7), if the derivative dE ﬁ N/d¢ exists, it is not clear that p,, will also

exist. We can not use Lebesgue dilﬂ'érentiation theorem for m > 2 as we have done
for m = 1 on Theorem 3.1 because the p,, limit to be calculated is & limit that uses
IR™-intervals that contain x. Thus, in case that m > 2, the veracity of the searched
reciprocal proposition will depend on the form of the Radon-Nikodym derivative.
Theorem 3.3 shows that for the essentially continuous functions class the referred
reciprocal holds for any point process that satisfy (7). We observe that it is crucial,
in case m 2 2, to have the existence of p,, assured. Thus, we propose the following
theorem:

Theorem 3.4. If a point process satzsﬁes to condition (7) and pm , the joint s.o.
intensity function exists, then dE H N/d¢ ezists and p, = dE n N/d? a.e.ft].

In particular, dE H N/dE € essL™ if and only if pm € ess L™,
i=1
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Observe that we can have dE ]'[ N/dte (L™ - ess £™), situation under which

the same occurs to p,, and in if pm € L™, under uniformity condition, we directly
have p,, € R™.

Proof By hypothesis, the existence of p,;, : R™ — £™ — IR is already assured,
that is, the defining limit of p,, exists for all points t of R™ — £™. The existence

of dF ]'[ N/d¢ is guaranteed by Theorem 2.1. Since the p,, limit exists, we can
calculate it through any path. We will calculate it using hypercubes with center ¢,

since for such path we can use the Lebesgue’s differentiation theorem for R™.
Then,

m m
, Efiw (n A,-)
i) = <1< Pl e
pm(t) = lim P{N(A') = 1, 1gig m} lnn l—lm i=1
:eﬁA _H|Ai| :enl.x IT 1A
'1A< 'Z'.: =1 1310 i=1
EIL V@) Jowr)dE 1‘11 N/de)de
= lim = = } i=
edin  HQELT) | reshn Q™)
dETI N
_ i=1
= —a (t) a.e.[q].
a

4. CONCLUSION

In this work we obtained the following results. For a point process that satisfies

(3) or (7), for m > 1, if the Iimit for p,, exists, p,,, € ", then p,, is the Radon-
m

Nikodym derivative of E [[ N ie., pm = dE H N/d€ a.e.[f]. Moreover if the

i=1
uniform limit for p,, exists and p,, € L™ we d1rect1y have p,, € R™ and form =1

in addition we have that py = p; is continuous.
Also, for point process that satisfy (7). if the Radon-Nikodym derivative of
m

E ] N exists and it is essentially continuous, then p, also exists and both are
=1

equal a.e.[f].
If the point process satisfies (7) and the deﬁmng limit of p,, exists, then

the Radon-Nikodym derivative of E H N, dE H N/d£ exists and we have p,, =

dE H N/df a.e[f]. Note that we don't have necessarily pm € L™, or better.

Pm E R’" since we may not have the uniformity of the limit pp,.



16 JOSE CARLOS SIMON DE MIRANDA

REFERENCES

Brillinger, D.R. (1977). Comparative Aspects of the Study of Ordinary Time Series
and of Point Processes. In Developments in Statistics, ed. P.R. Krishnaiah, Vol. 1,
33-133. Academic Press.

Daley, D.J. and Vere-Jones, D. (1988). An Introduction to the Theory of Point
Processes. New Youk: Springer.

de Miranda, J.C.8. {2003). On the Estimation of the Intensity of Point Processes
via Wavelets. Ph.D. Dissertation, IME-USP, Sao Paulo (in Portuguese).

de Miranda, J.C.S. (2003). Neglecting Higher Order Infinitesimals and The Study
of Some Measures. Preprint.

Fernandez, P.J. (1976). Measure and Integration. Rio de Janeiro: Impa.

Rudin, W. (1981). Real and Complex Analysis. Tata, Mc Graw-Hill Publishing Co.

UNIVERSIDADE DE SA0 PAULO
E-mail address: simon@ime.usp.br



2004-01

2004-02
2004-03
2004-04

2004-05
2004-06

2004-07
2004-08

2004-09
2004-10
2004-11
2004-12
2004-13
2004-14
2004-15
2004-16

2004-17

TRABALHOS DO DEPARTAMENTO DE MATEMATICA
TITULOS PUBLICADOS

ASSEM, L, COELHO. F.U., LANZILOTTA, M., SMITH, D.and
TREPODE, SONIA Algebras determined by their left and
right parts. 34p.

FUTORNY, V., MOLEV, A. and OVSIENKO, S. Harish-Chandra
Modules for Yangians. 29p.

COX, B. L. and FUTORNY, V. Intermediate Wakimoto modules for
affine sifn+1, C). 35p.

GRISHKOV, A. N. and ZAVARNITSINE, A. V. Maximal subloops
of simple Moufang loops. 43p.

GREEN, E.L. and MARCOS, E. §-Koszul Algebras. 15p.

GORODSKI, C. Taut Representantions of compact simple lie
groups. 16p. '

ASPERTI, A.C. and VALERIO, B.C. Ruled helicoidal surfaces in a
3-dimensional space form. 9p.

ASSEM, L, CASTONGUAY, D., MARCOS, EN. and TREPODE,
S. Strongly simply connected schurian algebras and
multiplicative bases. 26p.

RODRIGUES, A AM., MIRANDA FILHO, R.C. and SOUZA, E.G.
Definability and Invariance in First Order Structures. 15p.

GIAMBRUNO, A. and MILIES, C. P. Free groups and involutions
in the unit group of a group algebra. 5p.

RAO, S. ESWARA and FUTORNY, V. Classification of integrable
modules for affine lie superalgebras. 20p.

GRISHKOV, A. N. and ZAVARNITSINE, A. V. Groups with
triality. 22p.

BUSTAMANTE, J. C. and CASTONGUAY, D. Fundamental
groups and presentations of algebras. 10p.

FERNANDES, SM. and MARCOS, EN. On the Fundamental
Derivation of a Finite Dimensional Algebra. 15p.

CARRION, H.; GALINDO, P. and LOURENCO, M.L. Banach
spaces whose bounded sets are bounding in the bidual. 10p.

KOSZMIDER, P. Projections in weakly compactly generated
Banach spaces and Chang’s conjecture. 15p.

KOSZMIDER, P. On a problem of Rolewicz about Banach spaces
that admit support sets. 19p.



2004-18
2004-19
2004-20
2004-21

2004-22

2004-23
2004-24
2004-25
2004-26
2004-27
2004-28
2004-29

2004-30
2004-31
2004-32
2005-01
2005-02

2005-03

GOODAIRE, E.G., MILIES, C.P. and PARMENTER, M.M. Central
units in alternative loop rings. 8p.

GIAMBRUNO, A. and MILIES, C. P. Free groups and involutions
in the unit group of a group algebra. 5p.

CARRION, H. Entire Functions on /;. 16p.

SHESTAKOV, 1. and ZHUKAVETS, N. Universal multiplicative
envelope of free Malcev superalgebra on one odd generator.
28p.

ASSEM, 1, BUSTAMANTE, J.C., CASTONGUAY, D. and
NOVOA, C. A note on the fundamental group of a one-
point extension. 6p.

BAHTURIN, Y. A, SHESTAKOV, L P. and ZAICEV, M . V.
Gradings on Simple Jordan and Lie Algebras. 25p.

DOKUCHAEV. M., KIRICHENKO. V. and MILIES, C. P. Engel
subgroups of triangular matrices over local rings. 16p.

ADVINCULA, F. H. and MARCOS, E. N,, Stratifications of
algebras with radical square zero. 7p.

ADVINCULA, F. H. and MARCOS, E. N., Algebras which are
standardly stratified in all orders. 8p.

DOKUCHAERV, M. A, KIRICHENKO, V. V., ZELENSKY, A. V.
and ZHURAVLEYV, V. N. Gorenstein matrices. 22p.
PEREIRA, A. L. and PEREIRA, M. C. An extension of the method

of rapidly oscillating solutions. 15p.

DOKUCHAEV, M. and EXEL, R. Associativity of crossed products
by partial actions, enveloping actions and partial
representations. 24p.

FUTORNY, V. and USTIMENKO, V. Small world semiplanes with
generalised Schubert cells. 10p.

FERRAZ, R. A. and MILIES, C. P. Idempotents in group algebras
and minimal abelian codes. 11p.

CRISTO, O. B. and MILIES, C. P. Symmetric elements under
oriented involutions in group rings. 12p.

PEREIRA, A. L. and PEREIRA, M. C. Generic simplicity for the
solutions of a nonlinear plate equation. 22p.

ARAGONA, J. Colombeau generalized functions on quasi-regular
sets. 25p.

PEREIRA. A. L. Global attractor and nonhomogeneous equilibria for
a non local evolution equation in an unbounded domain.
26p.



2005-04

2005-05
. 2005-06
2005-07
2005-08
2005-09
2005-10
2005-11

2005-12
2005-13

SHESTAKOV, 1. and ZHUKAVETS, N. Malcev Poisson
superalgebra of free Malcev superalgebra on one odd
generator. 19p.

SHESTAKOV, 1. and ZHUKAVETS, N. Speciality of Malcev
superalgebras on one odd generator. 15p.

BILLIG, Y., FUTORNY, V. and MOLEV, A. Verma modules for
Yangians. 18p.

GORODSKI, C. Jacobi fields on normal homogeneous Riemannian
manifolds. 6p.

GRISHKOV, A. Notes on simple Lie algebras over a field of
characteristic 2. 7p.

MIRANDA, J. C. S. and MORETTIN, P. A. Estimation of the
density of point processes on IR™ via wavelets. 15p.
KASHUBA, 1, OVSIENKO, S. and SHESTAKOV, I Jordan

algebras versus associative algebras. 35p.

IWAK]I, E., JESPERS, E. and JURIAANS, S. O. The hypercentre of
the unit group of an integral group ring. 11p.

FUTORNY, V. and OVSIENKO, S. Theory of Galois algebras. 54p.

MIRANDA, J. C. S. Characterization of the intensity for a class of
point processes. 16p.

Nota: Os titulos publicados nos Relat6rios Técnicos dos anos de 1980 a 2002 estilo & disposi¢do no
Departamento de Matemitica do IME-USP.

Cidade Universitéria “Armando de Salles Oliveira”

Rua do Matiio, 1010 - Cidade Universitéria

Caixa Postal 66281 - CEP 05315-970





