UNIVERSIDADE DE SAO PAULO

Instituto de Ciéncias Matematicas e de Computacao
ISSN 0103-2577

A FREDHOLM-TYPE THEOREM FOR LINEAR INTEGRAL
EQUATIONS OF STIELTJES TYPE

R. BIANCONI
M. FEDERSON

N° 318

NOTAS DO ICMC

SERIE MATEMATICA

Sao Carlos — SP
Jun./2007

o™ / 2005

sysno 1746904

DATA [ [

ICMC - SBAB







A FREDHOLM-TYPE THEOREM FOR LINEAR INTEGRAL
EQUATIONS OF STIELTJES TYPE

R. BIANCONI AND M. FEDERSON

Resumo

Nés consideramos equacdes integrais lineares de Fredholm e Volterra

20~ [ b)) dals) =10, 1€ o]

m(t)—/ ot s)(s)dg(s) = £ (), t€lab],

no contexto da integral de Henstock-Kurzweil e provamos resultados sobre existéncia e uni-
cidade de solucdes. Mais precisamente, nos consideramos as equacoes acima no sentido de
Henstock-Kurzweil e estabelecemos um teorema do tipo Alternativa de Fredholm para a
primeira equagao e um teorema sobre existéncia e unicidade para a segunda equagdo cuja
solucao é dada explicitamente.






A FREDHOLM-TYPE THEOREM FOR LINEAR INTEGRAL
EQUATIONS OF STIELTJES TYPE

R. BIANCONI AND M. FEDERSON

ABSTRACT. We consider the linear integral equations of Fredholm and Volterra

g
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in the frame of the Henstock-Kurzweil integral and we prove results on the existence and
uniqueness of solutions. More precisely, we consider the above equations in the sense of
Henstock-Kurzweil and we state a Fredholm Alternative theorem for the first equation and
an existence and uniqueness result for the second equation for which the solution is given
explicitly.

1. INTRODUCTION

The aim of this paper is mainly to disseminate C. S. Honig’s results and ideas on the theory
of linear integral equations and the theory of Henstock-Kurzweil non-absolute integration.
Because many of Honig’'s works are not easily available for the public, we collect facts and
proofs of the theory developed by him so that the presentation of them in the present paper
is as self-contained as possible. In addition, we add some new results which generalized
Honig’s ideas.

We consider the following Fredholm and Volterra linear integral equations

uw—/hw»mwmmﬂzfm,temﬂ, 1)

and
Mﬂ—/oﬁwﬂwwmw=f@,t€hﬂ, 2)

in the frame of the Henstock-Kurzweil integral and prove a Fredholm Alternative theorem
for (1) (see Theorem 5.2) and an existence and uniqueness theorem for (2) for which the
solution is given explicitly (see Theorem 6.1).
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integral equations, Henstock-Kurzweil integral, Riemann-Stieltjes integral, Fredholm Alternative, existence,

uniqueness.
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2 R. BIANCONI AND M. FEDERSON

Let g : [a,b] = R be an element of a certain subspace of the space of continuous functions
from [a, 0] to R. Let K,([a,b], R) denote the space of all functions f : [a,b] = R such that
the integral faf)f(s)dg(s) exists in the sense of Henstock-Kurzweil (see [9], [10] and [15]).
It is known that even when g(s) = s, an element of K,([a,b],R) can not only have many
points of discontinuities, but it can also be of unbounded variation. Indeed, the space of
Henstock-Kurzweil integrals encompasses Riemann, Lebesgue and Newton’s integrals.

In the present paper, we prove a Fredholm Alternative theorem for equation (1), that is,
we prove that

e cither equation (1) has a unique solution x; € K,([a,b],R) and (1) has a resolvent
with similar integral representation,

e or the corresponding homogeneous equation admits non-trivial solutions in Ky([a, 0], R)
(see Theorem 5.2 in the sequel).

For equation (2) we prove that

e for every f € K ([a,b],R), equation (2) admits a unique solution zy € Ky([a,b],R)
and the resolvent of (2) is given by Neumann series (Theorem 6L )

Although the above results are proved in the case where a, z and f are real-valued, the
auxiliary theory developed throughout this paper is presented in a general abstract space
context,.

The main obstacle encountered in obtaining the above results is the fact that the normed
space of Henstock-Kurzweil integrable functions is not complete (it is ultrabornological how-
ever - see [8]). Therefore one can not apply usual fixed point theorems in order to obtain
existence results. Such difficulty was faced by the authors in [3] and by Hénig in [11] when
existence and uniqueness results were proved for the non-Stieltjes-type integral equations

b
x(t)—/a(t,s)x(s)ds=f(t), t € [a,b],

and ,
z(t)—/a(t,s)x(s)ds:f(t), t € la,b],

in a general Henstock-Kurzweil integral setting.

The obstacle mentioned above can be overcome if some ideas due to Honig are applied
([11]). See [3] and [5], for instance. In the present paper, we adapt such ideas to the Stieltjes
case. The crucial point is

e to obtain representation theorems which, together with integration by parts and
substitution formulas will enable us to transform integral equations in the Henstock-
Kurzweil sense into integral equations with respect to the usual Riemann-Stieltjes
integral.

Then we apply the Fredholm Alternative for the Riemann-Stieltjes integral (proved in (3],
Theorems 2.4 and 2.5) and a result on the existence and uniqueness of a solution of a
Volterra-Stieltjes integral equation (proved in [12], Theorems 3.8 and 3.4) in order to obtain
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results on existence and uniqueness of solutions of these Stieltjes-type integral equations.
As a consequence, we obtain a Fredholm Alternative for equation (1), which is presented
in Section 5. We also get an existence and uniqueness result for equation (2), which is
presented in Section 6. The other sections are organized as follows. Section 2 is devoted
to the fundamental theory of the Riemann-Stieltjes integral in Banach spaces, where we
present basic results, representation theorems and the Fredholm Alternative. In Section 3,
we give some basic definitions of the Henstock-Kurzweil integration theory. In Section 4, we
present auxiliary results for the Henstock-Kurzweil integral such as the fundamental theorem
of calculus and a substitution formula.

2. THE RIEMANN-STIELTJES INTEGRAL IN BANACH SPACES

9 1. Functions of bounded B-variation, of bounded semi-variation and of bounded
variation. A bilinear triple (we write BT') is a set of three vector spaces E, I and G, where
F and G are normed spaces with a bilinear mapping B : £ x FF — G. Forz € I and
y € F, we write 2y = B (z,y) and we denote the BT by (E, F,G)y or simply by (E, F,G).
A topological BT is a BT (E, F,G) where E is also a normed space and B is continuous. We
suppose that ||B]] < 1.

If E and F are normed spaces, then we denote by L (£, F) the space of all linear continuous
functions from E to F. We write E' = L (E,R) and L (E) = L (E, E), where R denotes the
real line.

Throughout this paper, X, Y and Z will always denote Banach spaces.

Example 2.1. As an ezample of a BT we can consider E = L(X,Y), F = L(Z,X),
G =L(ZY) and B(v,u) = vou. In particular, when Z =R, we have E = L(X,Y),
F=X,G=Y and B(u,z) = u(z); when X =R, we have E =Y, F' = Y', G =R and
B(y,y) = (y,y'); when X = Z =R, we haove E=G =Y, I =R and B(y,\) = Ay.

Given a BT (E, F,G)s, for every x € E, we define

lzl|5 = sup {||B(z, y)|l; llyll <1}

and
Ep = {z € B ||zl < o0}
When we endow Bz with the norm || - ||, we say that the topological BT (Es, F,G) is
associated to the BT (E, F,G).
Let E be a vector space and I'z be a set of seminorms defined on £ such that py,...,pm €

I'p implies
sup[p1, - - -, Pm) € Te

Then I'p defines a topology on £ and the sets

V,,,E:{:L'EE;p(x)<5}, pelg >0,
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form a basis of neighborhoods of 0. The sets zy -+ Vpe form a basis of the neighborhood of
To € £. Moreover, when endowed with this topology, E is called a locally convex space (see
[13], p. 3, 4).

Example 2.2. Every normed or seminormed space E is a locally convez space.

For other examples, the reader may want to consult [5].

Let [a,b] be a compact interval of R. Any finite set of closed non-overlapping subintervals
[ti—1,t;] of [a,b] such that the union of all intervals [ti—1,ti] equals [a,b] is called a division
of [a,b]. In this case we write d = (t;) € Dia ), where Dy, ) denotes the set of all divisions of
[a,b]. By |d| we mean the number of subintervals in which [a, 8] is divided through a given
de D[a,b]~

Given a BT (E, F,G), and a function « : [a, b] — E, for every division d = (t;) € Do)
we define

|d]
SBu(e) = SBjaga(a) =sup < ||> o (t:) —a(tio)]yl| v € F, flusll < 1
i=1
and
SB(a) = SBpy (a) =sup {SBy(a); d € Diay}-
Then SB(a) is the B-variation of o on [a,b]. We say that « is a function of bounded
B-variation whenever SB () < co. When this is the case, we write o € SB ([a, 0], E).

The following properties are not difficult to prove:

(SB1) SB([a,b], E) is a vector space and the mapping o € SB ([a, 0], E) — SB(a) € R,
Is a seminorm;

(SB2) Given a € SB([a,b], E), the function ¢ € [a, b] — SB. (o) € Ry is monotonically
1nC1‘eEL5111g;

(SB3) Given a € SB ([a,b], E) and ¢ € ]a, bl, SBluu) (@) < SBia,q (@) + SBey) (@)

Consider the BT (L (X,Y), X,Y). In this case we replace SB ([a,0],L(X,Y)) and SB (a)
by SV ([a,0], L (X,Y)) and SV (a) respectively. Any element of SV ([a,b], L(X,Y)) is
called a function of bounded semi-variation.

Given a function a : [a,b] — E, F a normed space, and d = (t:) € Djay), we define

|d]

Vi(@) = Vajan (@) = ) lla(t:) — o (tiy)]|
i=1

and the variation of a is given by
V(a) = Vigy (o) = sup {Vi(a); d e Doy} -

If V(f) < oo, then «a is called a function of bounded variation. In this case, we write
a € BV ([a,0], E). We also have

BV ([a,b], L (E,F)) C SV ([a,b], L (E, F))
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and
SV ([a,b], L (E,R)) = BV ([a, 0], E).

Remark 2.1. Consider « BT (E, F,G). The definition of variation of a function o : [a,b] =
E, where E is a normed space, can also be considered as a particular case of the B-variation
of o in two different ways.
e Let E=F,G=R orG=C and B(2',z) = (z,2"). By the definition of the norm
in E = F', we have
||

Va(@) = D lla(t) - a i)

|d]
= sup <[> (walt) —a(tia))|; 2 € F |lzll <15 = SBafa).
i=1
Thus when we consider the BT (Y',Y,R), we write BV («) and BV ([a,b],Y") instead
of SB () and SB ([a,b],Y") respectively.
e Let F=F',G=R orG=C and B(z,2') = (z,2'). By the Hahn-Banach Theorem,

we have

lov (t3) — a (i)l = sup {l{a (t) = @ (tim1) . 2D} 27 € B, llaill < 1}

and hence
|dl
Vala) = > lla(t:) —a(t-i)l
=1
Jdl
= sup{ |D (a(t) —a(ti1), o] 2t € B, flaill <10 = SBa(a).
i=1

Given ¢ € [a, ], we define the spaces
BV, ([a,b],X) ={f € BV ([a,0], X); f (c) =0}

and
SV, ([a,b], L (X,Y)) = {a € SV ([a,b],L(X,Y)); a (ei=1k:

Such spaces are complete when endowed, respectively, with the norm given by the variation
V (f) and the norm given by the semi-variation SV (a). See [17], for instance.

The following properties are not difficult to prove:

(V1) Every function a € BV ([a,0], E) is bounded and ||a(t)|] < |le(a)| + Viag(a).

(V2) Given a € BV ([a,0], E) and ¢ € Ja, b[, we have Vi (@) = Viaqg (@) + Viey) ().

The next results are borrowed from [14]. We include the proofs here, since this reference
is not easily available. Lemmas 2.1 and 2.2 below are respectively Theorems 1.2.7 and 1.2.8
from [14].
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Lemma 2.1. Let a € BV ([a,b], X). Then
(i) For all t €a,b], there ewists a(t—) = ligl a(t —e).
(i) For allt € [a,b], there ewists a(t+) = “{{} a(t+e¢).

Proof. We will prove (i). The proof of (ii) follows analogously.
Consider a strictly increasing sequence {t,} in [a, t[ converging to . Then

ZHa ) = atio)]| € Vieg(e), for all n.

Hence
le@ ) — ati-)|] £ Vieg(e).

Then {a(t,)} is a Cauchy sequence, since

la(tm) = alta)|| < Z la(ts) — alti)l < e,

i=n+1
for sufficiently large m,n. The limit a(t—) of {a(t,)} is independent of the choice of {6}
and we finish the proof. O

Lemma 2.2. Let oo € BV ([a, 0], X). For every t € [a,b], let v(t) = Vie,g(a). Then
(1) v(t+) —v(t) = lla(t+) — a@®)]], t € [a, b[.
(it) v(t) —v(t=) = [la(t) — a(t-)|, t €]a,b].

Proof. By property (SB2), v is monotonically increasing and hence v(t+) and v(t—) exist.
By Lemma 2.1, a(t+) and a(t—) also exist. We will prove (i). The proof of (ii) follows
analogously.
Suppose s > t. Then property (V2) implies Vi) (@) = Viey (@) + Vi () . Therefore
la(s) = a(Bl] < Viug(0) = Vaug(@) — Viey(a) and hence (i) — a(2)]| £ o(ts) — v(o)
Conversely, given d € Diay, let vy(t) = Vy(a). Then for every € > 0, there exists § > 0
such that v({ 4+ o) —v(i+) < € and ||a(t + o) — a(t+)|| < € and there exists d : a = to <t <
- <tp =1 <lpy1 =1+ 0 such that v(t + o) — vy(t + o) < € whenever 0 < o < 6. Then

v(t+0)—v(t) < vlt+0)+e—vyt) = |lalt+0) - a(t)||+¢
< la(t+) = a(®)|| + 2¢
and hence v(t+) — v(t) < [la(t+) — a(t)||. This completes the proof. O

Let o € BV ([a,0],X). Since [|a(t)| < ||af (a)|l + Via,y, then Lemma 2.2 implies that the
sets

{telotfllath) —a@®ll 2e}  and  {t€la,0]; [la(t) - alt-)|| > &}
are finite for every € > 0. Thus we have the next result which can be found in [14] (Propo-
sition 1.2.10 there).
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Proposition 2.1. Let o € BV ([a,b], X). Then the set of points of discontinuity of a is
countable (and all discontinuities are of the first kind).

Let us define
BV;*([a, 0], X) = {a € BV,([a,b], X); a(t+) = a(t), t € Ja, b[}.

A proof that BV.*([a, b], X) with the variation norm is complete can be found in [14], The-
orem [.2.11. We reproduce it next.

Theorem 2.1. BV;([a,b], X) is a Banach space when endowed with the variation norm.

Proof. For every t € Ja, b], we have [|a(t)|| < [Ja(a)|| + V(e) = V(). Hence the mappings

T, : o € BV ([a,b], X) — aft) € X
and
T, : o€ BV,([a,b], X) = a(t+) € X

are continuous. Therefore BV."([a,b], X) is a closed subspace of BV,([a,b], X), since it is
given by the continuous mappings 7; and Tyy, t €]a,b], and the result follows from the fact
that BV, ([a,b], X) is a Banach space with the variation norm. O

Given u € L(X, Z') and z € Z, we denote an element of X’ by z o u which is given by
(2 ou, ) = (2,u(x)), g € X.

We have |(z o u,z)| = [(z,u(@))| < ||zl lu(@)I < ll2[ lu]l |zl
We denote by u* € L(Y', X') the adjoint or transposed operator of u € L(X,Y) which is
defined by

(z,u* () = (z),v), z€X yeY.
Then
You=u'(y), yeY
since (y' ow) (z) = (v, u(z)) = (u*(y'),z) for every z € X.
Next we present [14], Proposition 1.3.5 and the corollary that follows it.
Proposition 2.2. Given a function o : [a,b] = L(X,Z"). Then

(i) SV (a) =sup{V(z0a);z € Z, ||z|| < 1};
(ii) a € SV([a,b), L(X, Z")) if and only if zoa € BV ([a,b], X"), for every z € Z.
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Proof. In order to prove (i), it is enough to observe that, if d = (t;) € Diq ), then

|d]
SVy(a) = sup Z[a(ti) —a(tiz))zi||; z e X, |zl €1
1=1
1
= sup{ sup Z(z, [a(ts) — a(ti1)]@:)|; = € X, ||l < 1

ll=ll<1 |52
|d|

sup sup Z(wi,z oa(t) —zoa(ti-1)); ;€ X, ||z <1
[lz[I<1

I

i=1
= sup{Vy(zoa); z€ Z, ||z < 1}.

Now we will prove (ii). By (i), if & € SV([a,b], L(X,Z")), then z0a € BV ([a,b], X'),
z € Z. The converse follows by the uniform boundedness principle. Indeed. Let us define
P = {(d,x); d € D)y = (21,...,2)q), i € X, |lz;]| < 1}. Then for each (d,z) € D, we
define Fy, € Z' by
ld|
Fue(2) = (z,[alt) - alti)]e), z€Z
i=1
Then the set {Fy; (d,z) € D} C Z' is simply bounded on Z, since |Fu.(2)] < Vy(zoa) <
V(zo0a), for all (d,2) € D, and all z € Z. Therefore by uniform boundedness principle,
there exists M > 0 such that ||Fy,|| < M, (d,z) € D, that is for all (d,z) € D, we have
sup {|Fu.(2)]; 2 € Z, ||z]| <1} < M. Hence SV (a) < M. O

Corollary 2.1. Suppose a € SV ([a,b], L(X,Z")). Then
(i) For every t €]a,b], there exists a(t—) € L(X, Z') in the sense that

lim (zoa)(t—¢) =zoa(t-), z € Z;

E—)0+

(ii) For every t € [a,b], there exists a(t+) € L(X, Z') in the sense that

(g

lilgl (zoa)(t+e)=zoa(t+), z€ 7.
+

Proof. We will prove (i). The proof of (ii) follows analogously.
We may suppose, without loss of generality, that a(a) = 0. By Lemma 2.1 (i) and
Proposition 2.2 (ii), given z € Z, there exists
T, = lim(zoa)(t—¢) e X'

E-—>O+

Then the mapping T : z € Z — T, € X' is linear. It is also continuous, since ||z o a(t)]
|z 0 a(a)|| + Viay(2 o ). Besides, Proposition 2.2 (i) implies [[(z o a)(t —¢)|| < V(zoa
[|2]|SV (). Hence ||T|| < SV ().

| <
) <
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Let ‘T be the transposed mapping of T', that is, ‘T : v € X — 'Ta € Z' is defined by
(z,'Tz) = (T,,z), where z € Z. Then 'T € L(X,Z') and |'T|| = ||T] < SV(a). Also
‘T = a(t—) in the sense of (i), since for every x € X, we have

(zo'T,z) = {(z, *Tz) = (T,,z) = ( 111(1)1 (zoa)(t—¢),z) = lim ((zoa)(t —€), )
el

e—04

and we finished the proof. O
In view of Corollary 2.1, we define the space
SV*(la,b], L(X, Z")) = {a € SV,([a,b], L(X,Z")); zoa € BV*([a,b],X"), z € Z}

which is complete when equipped with the semi-variation norm. This result can be found in
[14], Theorem 1.3.7. We include it here.

Theorem 2.2. SV;*([a,b], L(X, Z")) is a Banach space with the semi-variation norm.
Proof. By Theorem 2.2 (i), for every z € Z, the mapping
F,:a€ SVy([a,b], L(X,Z") — zoa e BV,([a,b], X')

is continuous. By Theorem 2.1, BV;"([a,b], X’) is a closed subspace of BV,([a,b], X') and
therefore SV, ([a,b], L(X, Z")) = N{(F2)~"(BVa([a,b], X')); z € Z} is a closed subspace of
the Banach space SV, ([a,b], L(X, Z')) which implies the result. O

9.9. Riemann-Stieltjes integration. For the next results we need the concept of the
Riemann-Stieltjes integral which we define by means of tagged divisions.

A tagged division of [a, b] is any set of pairs (§;,;) such that (t:) € Dy and & € [ti—1, ]
for every i. In this case we write d = (&, t:) € T Dy, where T'Dygp) denotes the set of all
tagged divisions of [a, b]. Any subset of a tagged division of [a,b] is a tagged partial division
of [a,b] and, in this case, we write d € TP Diqp).

A gauge of a set E C [a,b] is any function ¢ : £ — ]0,00[. Given a gauge § of [a,b], we
say that d = (&, t;) € TPDyay is 6-fine, if [ti1, ] C {t € [a,0]; |t — &) < 6(&)} for every 4,
that is,

& € [tio1,ts) Cl& — 6(&), & + (&), i=1,2,...[d|

Now we will define the Riemann-Stieltjes integrals by means of tagged divisions d = (&)
of [a,b] and constant gauges ¢ (i.e., there is a §o > 0 such that § (£) = o for every & € [a, b]).

Let (E, F,G) be a BT. Any function a : [a,0] — E is said to be Riemann integrable with
respect to a function f : [a,b] — F'if there exists an I € G such that for every € > 0, there
is a constant gauge ¢ of [a, b] such that for every 5-fine d = (&;,t;) € T Djay),

|d|

Z [ (t:) — a(tiz)] f (&) — 1| <e.

=1

In this case, we write [ = f: da (t) f(2).
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By Ry ([a,0], E) we mean the space of all functions a : [a,b] — E which are Riemann
integrable with respect to f : [a,b] — F.

Analogously we say that f : [a,b] — F is Riemann integrable with respect to o : [a,0] — E
if there exists an / € G such that for every € > 0, there is a constant gauge & of [a, b] such
that for every d-fine d = (&, ;) € T Dy,

d

doal@)f (k) - f )] - I <

i=1
Then R* ([a, 0], I") denotes the space of all functions f : [a,b] — F which are Riemann
integrable with respect to a given «: [a,b] — E with integral I = f: a(t)df (t).

The integrals fab do(t) f(t) and fab a (t) df (t) defined above are known as Riemann-Stieltjes
integrals.

Consider the BT (E,F,G) with E =Y’ = L(V;R), F = L(X,Y), G = X' = L(X,R)
and B (y',u) = y'owu, forally’ € Y and u € L (X,Y). We will use the identification

/ dy (t) o K (t,8) = /L K (t,s) dy(t),

where y ¢ [a,0] — Y', K : [c,d] x [a,b] = L(X,Y) and K (t,s)" denotes the adjoint of
K (t,s) € L(X,Y).

2.3. Some properties. Let £ be a normed space. By C ([a,b], E) we mean the space of
all continuous functions from [a, b] to £ endowed with the usual supremum norm, |- We
define
Cu (.8, B) = {f € C (a,8] , E); f (a) = 0}
The next result is well-known. It gives the Integration by Parts Formula for the Riemann-
Stieltjes integrals. For a proof of it, see for instance [13] or [7], Theorem 2.5.

Theorem 2.3 (Integration by Parts). Let (E,F,G) be a BT. If either a € SB ([a, 0], E)
and f € C([a,0],F), or a € C([a,b],FE) and f € BV ([a,0], F), then o € Ry([a,b], E),
[ € R*([a,b], F) and the Integration by Parts Formula

)

[ o) F0=a®) 7 ®) - a0 - [awao

a

holds.

The assertions in the next remark follow by the Integration by Parts Formula and some
easy computation.

Remark 2.2. Suppose (E, F,G) is a BT and o € SB ([a, 0], E). If we define

b
Fulf) = / da(t)f(t),  feC(ab],F),

Ja

then Fy € L(C([a, 0], F),G) and ||F,|| < SB(a). In particular we have
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o IfE=F and G = C or R as in Remark 2.1, then given o € BV ([a,b], I'), there
erists
14

Fo(f) = /)(f('t),da(t)) = lim Y (f(&),a(t) —alti)), € C(la,0], F),

Ad—0
1=1

where d = (&,1;) € TDyoy and Ad = max{t; — t;i_1; 1 = 1,2,...,|d|}. Also Fy, €
C(la,b], F') and || Fall < V(a).

If a € SV([a,b], L(X Y)), then for every f € C ([a b], X) there ewists the Riemann-
Stieltjes zm‘eqmlf da (t) f (t). Furthermore I, ( j da(t) f (t), f € C([a,0],X),
is such that F, € L (C ([ b],X),Y) and || Ful| S SV( /).

The next theorem says that all operators in L(C([a,b], X),Y)) can be represented by
functions of bounded semi-variation. The version we present here is a special case of [13],
Theorem 1.5.1. In particular, it will be shown later that if Y = Z', then L(C([a,b], X),Y))
can be represented by functions of bounded semi-variation which are right continuous.

Theorem 2.4. The mapping
a € SVy([a,b], L(X,Y)) — Fy € L(C([a,b], X),Y)

where Fy(f) = fbd )f(t), for f € C([a,b)],Y), is an isometry (i.e., || Fol| = SV(a)) of the
first Banach space om‘o the second. We also have a(t)r = Fa(Xjaq2), T € X, where Xja,y
stands for the characteristic function of la,t].

We proceed with the presentation of results borrowed from [14] with their proofs.
In the sequel, we assume that ¢ is some point in the interval [a, b].
Given a € BV ([a,b],Y"), let us define an auxiliary function @ : [a, b] = Y’ by

0, t =a,
a(t) =< alt+)—ala), tela,b] (3)
a(b) —ala), t=0b

The next result, which can be found in [14], Theorem 1.2.12, will be useful to prove that the
operators of C([a,b],Y)" can be represented by elements of BV,([a,b],Y").

Lemma 2.3. Let o € BV ([a,b],Y"). Then
(i) @ € BV ([a,0],Y") and V(@) < V(a);
(ii) For every f € C([a, b],Y), F=(f) = Fa(f)-

Proof. Let us prove (i). By the definition of @, @(a) = 0 and @ is right continuous at ¢ € Ja, b[.
Hence @ € BV,"([a,b],Y"). It remains to prove that V(@) < V().

We can suppose, without loss of generality, that a(a) = 0. Then given ¢ > 0 and d =
(t;) € Diay), there exist s; €lti—,taf, 1 = L,2,... ,|d| — 1, such that a(si+) = a(s:) (by
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Proposition 2.1) and ||a(t;+) — a(s;)|| < €. Therefore

(k) ~alti)ll < llatte) = alsdl + llals) ~ alsc)l + laltor+) = a5l
< lla(s:) = afsi-1)ll + 2e.

If we consider d' = (s;) witha =55 <51 < ... < Sjdj-1 < Sjq| = b, then

| |d] |d|

D llait) ~ )l £ 3 llads) = asi-o)ll + Y 22

and hence Vy(@) < Vi () +2|d]e < V() +2|dJe. Thus Vy(@) < V(a) (since € is independent
of the choice of d) and then V(@) < V(a).
Now we will prove (ii). By definition, we have
|d]

b
F) = [ 450, dm) = Jim S {(6, 500 - a(tier).

where & € [t;—1,¢;]. We may suppose, without loss of generality, that a(a) = 0 and then
Proposition 2.1 implies @(t) = a(t), for all ¢ € [a, b] but a countable subset. Then if we take
the points ; of the division d = (¢;) € Diq,p) in the complement of that countable subset, we
obtain (ii). O

The next representation theorem can be found in [14], Theorem 1.2.13.
Theorem 2.5. The mapping
a € BVy([a,b],Y") = F, € C([a,b],Y)
is an 1sometry (i.e., ||[Fy|| = V(a)) of the first Banach space onto the second.

Proof. 1t is clear that the mapping is linear and ||F,| < V(a). We will prove that the
mapping is one-to-one, that is, o # 0 implies F}, # 0. It is enough to show that there exists
J € C([a,b],Y) such that F,(f) # 0.

If ar(b) # 0, then there exists yo € Y such that (yo, (b)) = 1. If we take f(t) = v, then

Fal) = [ {on,daft)) = (o, 0(0) = 1.

If cr(b) # 0, let to € Ja, b] be such that a(ty) # 0 and consider yo € ¥ such that (Yo, a(to)) = 1.
Define

0, t <t
Ja(®) = < nlt—to)ye, to <t <tp+ .
Yo, to—f—%StSb

Then f, € C([a,0],Y) and || fu]] = |lvoll, 7 € N, which implies

Fulfa) = / " 1t = t0) (yo, dar(8)) + [ oo dato),

to to+%
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where the second integral equals (yo, a(to + 2)) which converges to (yo, a(to+)) =1 and the
norm of the first integral is bounded by Hy0||V[t0,to+%](a) which converges to 0.

Now we will prove that the mapping is onto and it is an isometry. It suffices to show
that for every F € C([a,b],Y), there exists an o € BV ([a,0],Y") such that F' = F, and
V() < ||F]||. Then by Lemma 2.3, the same applies to @ given by (3).

Since C([a,b],Y) is a subspace of the space B([a,b],Y) of bounded functions from [a, 0]
to Y, then the Hahn-Banach Theorem implies F' € C([a,b],Y)" admits a linear continuous
extension F € B([a,b],Y) such that |F|| = [|F]].

If for all s € [a,b], s # ¢, we define 1(t) = 1 for a < ¢ < s, Ys(t) = 0 for s <t < b,
and 1, = 0, then given y € Y and ¢ € [a,b], yiy € B([a,8],Y") and this function takes only
two values: 0 and y. The mapping y € ¥ F(yy;) € R is linear and continuous because
|F(y)| < [|F||llyll. Therefore there exists one and only one element a(t) € Y’ such that
Flyp) = (y,at), y €Y.

We assert that a € BV ([a,b],Y") and V(a) < ||F|. Indeed, given d = (t;) € Dy, We

have
|d|

Vala) = la(ti) — alti-l]
1=l

jd
= sup{ | (i alt) —alt-)|s v €Y lull <1

1=1
1

= Sup _F— Z’.(/i(wti - ¢Li—1) < HFH’

lly:ll<1 P
since || T ye(uby, —th,_)ll < 1. Also, given f € C([a, b],Y), we have F(f) = [,(f(¢), da(t)),
that is, F, = F. Indeed because for & € [ti_1, ], we have

|d]

LY@, datt)) = lim S "(f(&), alt) — alti1)

Ad—0 =
1d
= Al(lerO—F ; f(ﬁz)(lﬂtl - wti—l) = F(j)’

since limag—o Ziﬂl F(&) (W, — ty;_,) = f, where the limit is taken in the space B([a,b],Y)
of bounded functions from [a,b] to Y. Also

|d] |d]
=3 FE W = i) = sup (F(s) =D [Eu(s) = s (I]) < walf),
i=1 aS5% i=1
where wq(f) is the oscillation of f with respect to d and converges to 0 as Ad — 0. O

Remark 2.3. Theorem 2.5 also holds for BV,([a,b],Y"), ¢ € [a, ], instead of BV,([a, b], Y").
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The next two results are also borrowed from [14] (see respectively Theorem I1.3.8 and
Corollary 1.3.9 there).

Theorem 2.6. The mapping
a € SV ([a,b], L(X, Z") — F, € L(C([a,b], X), Z")
is a linear isometry (i.e., ||F,|| = SV (a)) of the first Banach space onto the second.

Proof. The mapping is clearly linear. Also ||F,|| < SV (a) by Remark 2.2.

Let us prove that the mapping is injective. If o # 0, there exists ¢y €]a,b] such that
a(to) # 0. Hence there exists z € Z such that z o a(ty) # 0, where z o a(t) € X’. Therefore
zoa € BV ([a,b],X") and z o a # 0. By Theorem 2.5, F,oo # 0, where Flop is the element
of C([a,b], X)" defined by z o a. Thus there exists f € C([a,b], X) such that Fie(f) # 0.
On the other hand,

b b
RMﬁ=/Ummwawwg/mmﬂm:@mu»

and hence Fy,(f) # 0, that is, F, # 0.

Now we will show that given I € L(C([a,b], X), Z'), there exists o € SV,*([a, 0], L(X, Z"))
such that F' = F, and SV (a) < || F|].

For every z € Z, we have zo F € C([a,b], X)" and ||z0 F|| < ||z|| || F||. Then Theorem 2.5
implies that there is one and only one element a, € BV,*([a, 0], X') such that z 0 F = P
that is, for every f € C([a,b], X), we have

b

@oﬂﬁdz/kﬂw@%u»

a
and V(a,) = ||z o F||.
We assert that a.,4.,(t) = @z, (t) + a.,(t), t € [a,0]. Indeed, we have (z + z)o F =
210 F + z3 0 F and hence for every f € C([a,b], X)', we have

) b
/<ﬂwﬂ%ﬁam>:/kﬂwﬂma+amu»

and then the uniqueness of the representation in Theorem 2.5 implies (i). In a similar way,
one proves that ay.(f) = Aa,(t). Then for ¢ € [a,0] and » € X, we define a(t)z € R? by
(a(t)z)z = (z,a.(t)) and hence the mapping z € Z s (a(t)z)z = (z,0a.(t)) € R is linear.
It is also continuous, since [la(t)z| = sup {|{(z,a.(t))]; z € Z, ||z|| < 1} and |(z, a,(t))] <
lalllo= (@)1 < llallV (@) = flall |z o £ < [l#]| | Pl [12]] and hence [la(t)a] < ] |].

We have a € L(X, Z'), since the mapping z € X — a(t)z € Z' is linear and la@)]] < |I1F||
(by the last inequality).

We also assert that o € SV;*([a, 0], L(X, Z')) and SV (a) < | F||. Indeed, by the definition
of a, we have z o = o, € BV,*([a, b], X') for every z € Z. Hence by Proposition 2.2 (i)

SV(a) =sup{V(zea); z € Z, ||z < 1} =sup{V(e.); 2 € Z, 2] <1} < ||F,

)
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since V(o) = ||z o F|| < ||| || F|l.
Finally F' = F,, since for every z € Z, we have z0 F' = F,, = Foq = z 0 F, and then
20 F = 20 Fa' [:|

The next result is a consequence of Theorem 2.6 with Z = Y.

Corollary 2.2. For every Fy € L(C([a,b],X),Y), there exists one and only one a €
SV ([a,b], L(X,Y")) such that F' = F,.

Remark 2.4. Under the hypotheses of Corollary 2.2, we write ap = a. Note that the
mapping F — ap may not be onto if Y"' #Y.

By Corollary 2.1, if a € SV ([a,b], L(X, Z")), then for every ¢ € [a, b, there exists one and
only one element a(t+) € L(X, Z') such that for every » € X and every z € Z, we have

hm( (t +¢e)z, z) = (a(t+)z, 2).

If we define ™ (t) = a(t+), a <t < b, and at(a) = a(a), then o™ is a function of bounded
semi-variation (md we write at e SV*(la,b), L(X, Z")). Moreover for every f € C([a, 0], X),
we have f da™(t) f j da(t)f(t) and ||F.]| = SV (a™).

The next result follows from Thcorem 2.6 and [1], Satz 10.

Theorem 2.7. The mapping
a € SV (]a,b], L(X, Z") = Fo € L(C([a, 0], X), Z')
is a linear isometry (i.e., |Fal|| = SV () of the first Banach space onto the second.
Similarly as in Corollary 2.2, we have

Corollary 2.3. For every F, € L(C([a,0],X),Y), there exists one and only one a €
SV+(]a, b], L(X, Y") such that F = F,.

Let Sfo(]n b], L(X,Y)) dcnote the space of functions a € S\/+j(]a b], L(X,Y")) such
that a(a) € L(X,Y) and f s)zds € Y, for all t € [a,0] and z € X. Let xa be the
characteristic function of a set A C [a,b]. The next theorem completes Corollary 2.3 and
characterizes the image of the mapping F — ap. It is borrowed from [11] (Theorem 1.4
there).

Theorem 2.8. The mapping
ac 5v+-f(]a, b, L(X,Y)) = Fa € L(C([a, b], X),Y),

where Fyu( f da(t)f(t), is an isomem (i.e., ||Fall = SV (a)) of the first Banach space
onto the second Furfhermoref s)zds = —Fu(giz) and a(a)z = —Fa(Xay2), where for
t € [a,b] and z € X, we define gm( )= (s—a)z, if a < s < t, and geuls ) = (t —a)z, if
t<s<hb.



16 R. BIANCONI AND M. FEDERSON

Proof. Given F' € L(C([a, 0], X),Y), let a be the corresponding element by Corollary 2.3. We
assert that o € va+ f([a, b), L(X,Y)). Indeed. Since 9z € C([a,b],X), then F(g,,) €Y.
But

Flg.) :/abda(s)gm(s) - —/aba(s)dgl,x(s) = —/ala(s)xds,

where we applied the Integration by Parts Formula (Theorem 2.10) to get the second equality

(with a(b) = 0 and g,,(a) = 0). Similarly, one can prove that F(x(unz) = —a(a)z € Y.
The functions g, , and x(,5)% form a total subset of C([a, b], X). Since SVLJFI( Ja,b), L(X,Y))

is a closed subset of SV,"(]a,b], L(X,Y")), it follows that the isometry is onto. O

Now, let us denote by SV, ([a,b], L(X,)) be the set of all a € SV (Ja, b, L(X, V)
such that a(a+) = a(a) instead of a(a) € L(X,Y). The next two results are respectively
Theorems 1.5 and 1.6 from [11].

Theorem 2.9. The mapping
a€ SV ([e,0), L(X, V) = F, € L(Cu([a, b], X), Y)
is an isometry of the first Banach space onto the second.

Proof. At first, we will prove that the mapping is one-to-one. Let o be such that Fof=10,
for every f € Cu([a,b], X). Then for every t € [a,0], x € X and y € Y, we have

0= (Fulgia)ot) = = [ fa(s)s,yhds

Hence o = 0, since by hypothesis a(s+) = a(s), for every s € [a, [.

Now we will prove that the mapping is onto. Given o € SV;r f(]a, b), L(X,Y)), let us
define a,(a) = a(a+) and a,(t) = a(t), if a < ¢t < b. Then o, € SV, f([a,, b], L(X,Y")), since
aqo(a+) = aq(a). Also, for every f € Cy([a,b], X), we have F,, (f) = Fo(f).

The isometry follows from Theorem 2.8. O

The notation below is going to be used in the next theorem.
Given a function « : [¢,d] X [a,b] = L(X,Y"), we write a!(s) = a,(t) = a(t, s) and we
consider the following properties:
(C7): Fora<s<bandz € X, the function ¢ € [c, d] — as(t)z € Y is continuous,
(C?): Fora < s <bandz e X, the function ¢ € [c,d] = [ a(t,o)zdo € Y is
continuous, and for € X (and s = a), the function ¢ € [¢,d] = a,(t)z € YV is

continuous,
(SV*): Fort € [c,d], a' € SV ([a,b], L(X,Y)) and SV¥(at) := sup SV (a') < co.
c<t<d
If moreover a(t,b) = 0 for all ¢ € [c, d], then we write (SV}*) instead of (SVw).
(SV,H™): Fort € [e,d), at € SV, ([0, 4], L(X,V)) and SV¥(a) == sup SV(at) <
e<t<d
0. o
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We write a € C7SV¥([c,d] x [a,0], L(X,Y)) if « satisfies (C7) and (SV*). Analo-

gously, a € C7SV([c,d] x [a,b], L(X,Y)) if a satisfies (C7) and (SV;'). We write o €
Cosv;H (e, d) x [a,b], L(X, V) if a satisfies (C”) and (SV;™/").

The next theorem is borrowed from [11], Theorem 1.6.

Theorem 2.10. The mapping
a e CoSVH " (le,d] x [a,b], L(X,Y)) = Fa € L(C([a, 1], X), C(lc,d], Y),

where (Fo f)(t) = f“b dsa(t,s)f(s), ¢ <t < d, is an isometry (i.e., ||Fo|l = SV*(a)) of the
first Banach space onto the second. Besides [} a(t,0)zdo = —Fa(gs)(t), a < s < b and
a(t,a)x = —Fo(Xayz)(t)-
Proof. ;From [13], Theorem 1.5.10 and the remark that follows it ([13], p. 49-52), specialized
for the Riemann-Stieltjes integral, the mapping
a € C7SVE([c, d] % [a,b], L(X,Y)) = Fu € L(Culla,b], X),C([c,d],Y))

is an isometry. Reciprocally, given F' € L(C,([a, b, X), C(lc,d],Y)) and t € [c, d], Theorem
2.9 implies the continuous mapping f e C([a,b], X) — (Ff)(t) €Y can be represented by
an ot € SV,)JFJ (la, 0], L(X,Y)). The proof is complete. O

We call any subset A C X relatively compact if the closure of A in X is compact. We
denote by K (X,Y) the subspace of compact linear operators in L(X,Y). In particular,
we write K (X) = K (X, X). We conclude this section of auxiliary results mentioning the

Fredholm Alternative for the Riemann-Stieltjes integral. For a proof of it, see [12] or 3],
Theorems 2.4 and 2.5.

Theorem 2.11. Suppose K € C° (SVy)" ([a,b] x [a,b], L (X)). Given t € [a,b], let
K (t,s0)" 2’ =lim K (t,s)" 2’

slso
for every sq € la,b] and every x' € X'. Suppose the mapping
K®:te(a,b) — K°(t) =K' e SVy([a,b], L (X))
belongs to C ([a, ], SVa ([a,b], K (X))). Given X €R, A # 0, consider the integral equations

/\m(t)—/abds[((t,s)m(s):f(t), tefal], (4)
i) = /u'b 0K (4,5)u(s) = 0, ¢€ab], (5)
/\y(S)—/abK(?f,S)*dy(t)Zg(S)v s € [a,b], (6)
Mz (s) — /ab K(ts)dz(t) =0, s€[ab]. (7)

Then the Fredholm Alternative holds for these equations, that is,
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(i) either for every f € C ([a,b],X), equation (4) has ezactly one solution and the same
applies to equation (6),
(ii) or equation (5) has non-trivial solutions and the same applies to equation (7).

If (ii) holds, then equation (4) (respectively equation (6)) admits a solution if and only if
jab f(t)dz(t) = 0 for every solution z of equation (7) (respectively fabu(t) dg (t) = 0 for
every solution u of equation (5)) and the space of solutions of (5) has finite dimension equal
to that of the space of solutions of (7) which equals the codimension of (A — Fy)C([a, ], X)
in C([a, 0], X) and the codimension of (\I — (Fx)*)BV, ([a,0], X") in BV,*([a,d], X").

3. GAUGE INTEGRALS IN BANACH SPACES

3.1. Definitions and terminology. In this section, we consider functions o : [a,b] —
L(X,Y)and f:[a,b] = X.

We say that a is Kurzweil f-integrable (or Kurzweil integrable with respect to f), if there
exists I € ¥ such that for every e > 0, there is a gauge § of [a, b] such that for every d-fine
d= (fia tz) = T‘D[Q,l)])

|d|
Za (&) [f @) = f-)] - I|| <e
i=1
In this case, we write I = (K) fab a(t)df (t) and a € K; ([a,0], L (X,Y)).

Analogously, we say that f is Kurzweil a—integrable (or Kurzweil integrable with respect

to o), if there exists / € Y such that given € > 0, there is a gauge § of [a, b] such that

|d]

dYolalt) —ati)f(&) - I| <e,

=1

whenever d = (§;,t;) € T'Dy,y) is 0-fine. In this case, we write I = (K) fab da(t) f (t) and
feK*(a,b],X).

If the gauge ¢ in the definition of o € K ([a, b], L (X,Y)) is a constant function, then we
obtain the Riemann-Stieltjes integral faboa(t) df (t) and we write o € Ry ([a,0], L (X,Y)).
Similarly, when we consider only constant gauges d in the definition of f € K%([a, 0] , X),
we obtain the Riemann-Stieltjes integral fab da (t) f (t) and we write f € R ([a,b], X).

The vector integral of Henstock is more restrictive than that of Kurzweil in a general
Banach space context. We define it in the sequel.

We say that o is Henstock f-integrable (or Henstock variationally integrable with respect
to f), if there exists a function A; : [a,0] = YV (called the associate function of ) such that
for every € > 0, there is a gauge ¢ of [a, b] such that for every o-fine d = (&;,t;) € T D}y,

1d

' llow (&) [f (t) — f (tim1)] = [Af () — Ap (t20)]]] < €.
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We write a € Hy ([a,b], L (X,Y)) in this case.

In an analogous way we define the Henstock a-integrability of f : [a,b] — X and we write
f € H*([a,b],X) in this case (see [6]).

Clearly H; ([a,b],L (X,Y)) € K;(ja,0],L(X,Y)) and H*([a,b],X) C K°*([a,b], X
If we identify the isomorphic spaces L(R,R) and R, then all the spaces K ([a,b], L (R)
K; ([a,b],R), Hy ([a,b], L (R)) and Hy ([a,b], R) can also be identified, since Iy ([a, 0], R)
H; ([a,b],R) (see, for instance, [16], for a proof of this fact).

Given f : [a,b] = X and o € Kj([a,0],L(X,Y)), we define the indefinite integral
ay : la,b] = Y of a with respect to [ by

).
),

i

a,(t):(K)/ sl i, £zl

If in addition a € H; ([a,0], L (X,Y)), then a; (t) = Ay (t) — Ay (a) for every t € [a, 0]
In an analogous way, given a : [a,b] = L (X,Y’), we define the indefinite integral f* :
[a,b] = Y of f with respect to a by

J

() = () / da(s) f(s), telab],

for every f € K ([a,b],X).

In particular, when o () = ¢, then instead of K ([a,0], X), R* ([a,0],X), H® ([a, 0], X
and fo we write, respectively, K ([a,b],X), R([a,b],X), H ([a,], X) and £, that is, )?(t) =
(K) fat f (s) ds, for every t € [a,b].

We proceed so as to define the equivalence classes of Kurzweil and of Henstock integrable
functions.

Let m denote the Lebesgue measure. A function f : [a,b] — X satisfies the Strong Lusin
Condition and we write f € SL ([a,b],X) if given ¢ > 0 and B C [a,b] with m (B) = 0,
there is a gauge d of B such that for every é-fine d = (&, ;) € TPDjgy) with & € B for all 7,

we have
|d|

Z \f (@) — f (ta)ll <&

If we denote by AC ([a,b],X) the space of all absolutely continuous functions from [a, 0]
to X, then we have

AC ([, 4], X) € SL ([a,0], X) € C ([a, 4], X) .

In SL ([a,b],X), we consider the usual supremum norm, [ - ||s, induced from C ([a,b], X).
Given f € SL([a,b],X) and a € Hy ([a,b], L (X,Y)), let B : [a,0] = L(X, Y) be such
that 8 = a m-almost everywhere. Then 8 € H; ([a,b], L (X,Y)) and Bf (t) = @p(t); for
every ¢ € [a,b]. See [6] (the corollary after Theorem 5 there) for a proof of this fact. An
analogous result holds when we replace Hy ([a,b], L (X,Y)) by Kj ([a,b], L (X,Y)).
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Suppose f € SL([a,0],X). Two functions 8, € Ky ([a,0],L (X,Y)) are called equiv-
alent if and only if §; = @;. We denote by Ky ([a,0], L (X,Y)) and Hj ([a,b], L (X,Y))
respectively the spaces of all equivalence classes of functions of K ([a,b], L (X,Y)) and of
Hy ([a,0], L (X,Y)) and we endow these spaces with the Aleziewicz norm

) [ a6 ()] te e bJ} — (&l

where we recall that || - ||o is the usual supremum norm.

ol = sup {

3.2. Some properties. In this section, we mention several properties of the gauge integrals
of Kurzweil and of Henstock. As it should be expected, both Kurzweil and Henstock vector
integrals are linear, additive over non-overlapping intervals and invariant with respect to
changes on sets of Lebesgue measure zero.

The result that follows is known as the Saks-Henstock Lemma and it is useful in many
situations. For a proof of it, see [17], Proposition 16, for instance. A similar lemma also
holds if we replace K ([a,0], L (X,Y)) by Ry ([a,b], L (X,Y)).

Lemma 3.1 (Saks-Henstock Lemma). Given f : [a,b] — X, let o € K[ ([a,b],L(X,Y))
that is, for every e > 0, there is a gauge § of [a, ] such that

|d]

b
Y @1 ) - ] - (1) [ a@d )] <e,

1=1

whenever d = (&;,t;) € TDjay is 6-fine. Then for every §-fine d' = (G4 87) € TPDpy;

ld/| &
> {(K)/S a(t)df (t) —a(G)[f (s5) - f(Sj—l)]} <E.

ge=2] J—

The next result is the Fundamental Theorem of Calculus for the Henstock integral. The
proof follows standard steps (see [16], p. 43, for instance) adapted to Banach space-valued
functions.

Theorem 3.1 (Fundamental Theorem of Calculus). If F € C ([a,b], X) and there exists the
derivative F' (t) = f (1), for every t € [a,0], then f € H ([a,b], X) and

(K)/ f(s)ds=F(t) = F(a), telab].

The next two versions of the Fundamental Theorem of Calculus for Henstock vector inte-
grals can be found in [6], respectively Theorems 1 and 2 there.

Theorem 3.2. If f € SL([a,b],X) and A € SL([a,b],Y) are both differentiable and o -
[a,0] = L(X,Y) is such that A'(t) = a(t) f' () for m-almost every t € [a,b], then o €
Hy (le,8], L(X,Y)) and A = &,.
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Theorem 3.3. If f € SL ([a,b], X) is differentiable and oo € Hy ([a,b], L (X,Y)) is bounded,
then a; € SL([a,0],Y) and there exists the derivative (ap) (t) = a(t) f' (t) for m-almost
every t € [a,b].

Corollary 3.1. Suppose [ € SL([a,b],X) is differentiable and non-constant on any non-
degenerate subinterval of [a,b] and o € Hy ([a,b], L (X,Y)) is bounded and such that ay = 0.
Then o = 0 m-almost everywhere.

The next result is a particular case of [7], Theorem 2.2.
Theorem 3.4. If f € C ([a,0],X) and o € Ky ([a,b], L (X,Y)), then ay € C([a,0],Y).

For the Henstock vector integral we have the following analogue of Theorem 3.4. A proof
of this result can be found in [6], Theorem 7.

Theorem 3.5. If f € SL([a,0],X) and o € Hy ([a,],L(X,Y)), then ay € SL([a,b],Y).
The next result follows from Theorem 3.5. A proof of it can be found in [5], Theorem 5.

Theorem 3.6. Suppose f € SL ([a,b], X) is non-constant on any non-degenerate subinterval
of [a,b]. Then the mapping

a € Hy ([a,b], L(X,Y)) = ay € Cu([a,b], X)
is an isometry (i.e., ||ayll, = llell4 ;) onto a dense subspace of Cy ([a,b], X).

The next result gives us a substitution formula for Kurzweil vector integrals. It also holds
for the Riemann-Stieltjes integral instead. For a proof of it, see [4], Theorem 11.

Theorem 3.7. Let a € SV ([a,0],L(X,Y)), f : [a,b] = Z, f € K;([a,b],L(Z,X))
and g(t) = Br(t) = ['B(s)df(s), t € [a,b). Then a € Ky(la,b), L(X,Y) if and only if
af € K;([a,0],L(Z,Y)). In this case, we have

) | "o B df (1) = / el ) = / er { / L B(S)df(S)} 8)

a

and

“(K) [ awow a ] <isv@+la@ sy, )

Using Theorems 3.4 and 2.3, we have the next corollary whose proof can be found in [4],
Corollary 8.

Corollary 3.2. Ifa € SV ([a,b], L (X,Y)), f € C([a,0], W), B € Ky ([a,0],L (W, X)) and
g(t) = B;(t) = f:ﬁ(s)df(s), t € [a,0], then af € Ky ([a,b], L (W,Y)) and (8) and (9) hold.
By E ([a,b],L (X,Y)) we mean the space of all step functions from [a,b] to L (X,Y),
that is, a[a,b] — L(X,Y) belongs to E ([a,b], L (X,Y)) if and only if there is a division
d = (t;) € Djay and there are numbers ay, @y, ..., Qg such that a(t) = Z'ﬂl QiX[tior i (1)
for every t € [a, b[.
For a proof of the next proposition, see [5], Theorem 8.




22 R. BIANCONI AND M. FEDERSON

Proposition 3.1. Let f € SL([a,b],X) be differentiable and non-constant on any non-
degenerate subinterval of [a,b]. Then the spaces C ([a,b], L (X,Y)) and E ([a,b], L (X,Y))
are dense in Ky ([a,b], L (X,Y)) in the Aleziewicz norm || Yla g

4. AUXILIARY RESULTS

In this section we prove auxiliary results concerning vector gauge integrals which will be
useful in the next section. We start by giving a representation theorem which says that the
elements of K,([a, b], L(R, X))" can be represented by functions of bounded variation which
are continuous to the right.

Theorem 4.1. Given g € SL([a,b],R) differentiable and non-constant in any non-degenerate
subinterval of [a,b], then the mapping

a € BVt (la,0], X') = Hy, € K,y ([a,b], L(R, X)),

where Hy o(f) = (K) faba(s)f(s)dg(s), is an z'sometry (i.e., [|[Hagll = V(a)) onto and, for
every t € [a,b] and every z € L(R, X), we have f :rdg( ) = Ho g (Xjag)-

Proof. The mapping is clearly linear.

We assert that the mapping is one-to-one. Indeed. Given p € [a,b] and = € L(R, X), we
define a function f,; : [a,0] = L(R, X) by f,.(s) =z if s €]a, p], and by f,.(s) =0 other—
wise. Then Theorem 2.3 implies f,, € R,([a,b], L(R X)). Also Hoy(foe) = [P a(s)adg(s
Since for each z € L(R,X), the function a(-)z : [a,0] — L(R) is such that a()x E
Ry(la, 0], L(R)) C Ky([a,b], L(R)) = H,([a,b], L(R)) then by the Fundamental Theorem
of Calculus (Theorem 3.2), there exists d, ((K) [/ a(s)zdg(s)) = a(p)zg'(p) for m-almost
every p € [a, ).

If o # 0, then there exist 7 € [a,b] and T € L(R, X) such that a(p)T # 0. Besides, we can
suppose without loss of generality that ¢'(p) # 0 by the invariance of the integral over sets of
Lebesgue measure zero. Indeed. From [6], we have (K) ) [P a(s)zdg(s) = (K) [P a(s)zg'(s),
for every p € [a,b]. In fact the 1nteg1a1 above is in the Riemann- Smeltjcs sense. Thelc-

fore we have, in particular, fp s)Tdg(s fp 5)Zg'(s) and hence d, (fp s)Zdg(s )

a(p)zg'(p) # 0. Thus Hy o(f5e) = fa ( )Tdg(s) is non-constant and hence H, ,(f5,) # 0
and the mapping is one-to-one.

Since SV/([a, 0], L(X,R)) = BV([a,b], X"), it follows from Corollary 3.2 that | Hall <
V().

Let f € Ky([a,b], L(R, X)) and H € K,([a,d], L(R, X))’ and define I;T(]Tg) = —H(f). By
Theorem 3. 6, there is a unique continuous extension of H to C, ([a, b], X) which we still
denote by H. This new operator, H, , belongs to C, ([a b, X)'. If a represents H, then
Theorem 2.9 implies H ( fg fb da(s fg s) and || H|| = V(a). Moreover

o b _ b b
H(f)=—H(.fg)=—/ o(s)df,(s) = / da(s)f(s) = () / a(s) f(5)dg(s),

a
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where we applied Theorem 2.3 and Corollary 3.2 to obtain respectively the last two equalities.
Since by definition || f||, = ||f4ll, then ||[H|| = ||[H|| = V() and the result follows. O

Let g € SL([a,b], Z). Given a function a : [c,d] x [a,b] — L(X,Y"), if a satisfies the
properties (C7) and (SV," J ), where
(5;’) For a < s < b and z € L(Z, X), the function ¢ € [¢,d] — [’ a(t,0)zdg(o) €
Y is continuous, and for z € L(Z,X) (and s = a), the function t € [c,d] —
a(t,a)zg'(a) € Y is continuous,

and, as before,
(SVH ™) Fort € [e,d], of € SV, ((a, ], L(X,¥)) and SV¥(a) == sup SV (o) <
o0, c<t<d
then we write a € égSVbJr / “([e, d] x [a,b], L(X, V). If, in addition, we consider only func-
tions of bounded variation in property (SV, +fu’), then we write a € (?é’BVbJr f"([c, d] x
[a,b], L(X,Y)) instead of o € C(’SVJr “(le,d] % [a, 0], L(X,Y)).

Notice that in the particular case when Y = R, the spaces 5;’BVI)+ / “(l¢, d]x[a, b], L(X,Y))
and C7 BV ([c, d] x[a, b], L(X,Y")) can be identified and then we write simply 5;BV,)“([C, d] x
[a, b], X).

The proof of the next result follows the steps of the proof of Theorem 4.1. However instead
of Theorem 2.9, one should apply Theorem 2.10.

Theorem 4.2. Let g € SL([a,b],R) be differentiable and non-constant in any non-degenerate
subinterval of [a,b]. Then the mapping

a € C~*f’BVb+'“'([c d] x [a,b], X') — Ha,y € L(Ky([a, b], L(R, X)), C([c, d], R)),

where (Hq 4(8))(t) = (K)f a(t, s)B(s)dg(s) for eacht € [c,d), is an isometry (i.e., || Ha,qll =
V(a)) onto and, for every s € [a,b], every t € [a,b] and every x € L(R, X), we have

fas a(t,o)zdg(o) = (Ha,g(X[a,S]CU))(t)-

Using Proposition 3.1, the next result follows easily.

Corollary 4.1. Under the hypotheses of Theorem 4.2, for every s € [a,b], every t € [a,b)]
and every 8 € Ky([a, 0], L(R, X)), we have [2a(t,o)B(0)dg(o) = (Ha gk Xina ) J(E)-

Let g € SL(a,b],R). We say that an operator H € L(K([a, b], L(R)), C([a,b],R)) is
causal if given f € K,([a,0], L(R)) = K,([a,0],R) and t € [a, b], then f|n = 0 implies
H(f)|@wy = 0, where h|4 denotes the restriction of a function h to a subset A of its domain.

We proceed as to show that in fact the isometry in Theorem 4.2 is onto over the space of
causal operators, provided «af(t,s) = 0 for s > t. We need the next lemma.

Lemma 4.1. Let a € égSVbHu([a, b] % [a,b], L(X, Y)), g € SL([a,b], Z) be differentiable
and non-constant in any non-degenerate subinterval of [a,b], and B € Ky([a, 0], L(Z,X)).
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Then the mapping
L

t € a,b] - (K) / a(t, 5)B(s)dg(s) € ¥

a

18 continuous.

Proof. Since E([a,b], L(Z,X)) is || - ||,~dense in K,([a,b], L(Z, X)) by Proposition 3.1, it is
enough to prove the result for every step function 8 : [a,b] — L(Z, X).
Let v € L(Z, X). We assert that the mapping

ot

te[ab] = (K) / alt, s)zdg(s) € V

a
is continuous. Indeed. Given € > 0 and p > 0, we have

13

1) [ oo+ psyedgts) = (1) |

a

a(t+ p,s)zdg(s) + (K) /L ' a(t+ p, s)zdg(s),

where (K) [!a(t + p, s)zdg(s) converges to (K) [Faf(t, s)zdg(s) as p — 0 by condition (ég”)
for a.

Let ¢ be the gauge of [a, b] from the definition of (K) f: a(t, s)xzdg(s) and suppose (&, [t, t+
pl) € TPDyay is 6-fine (that is, € € [t,¢ + p] and p < 6(€)). Then

i) [ ate+ psywints)| <

=

() [ at+ p,9)adg(s) = o+ p, el + o) - g(t)JH |

+ llalt + p, E)zlg(t + p) — gl < &+ SV (@)= ll9(t + p) — g(t)],

where we applied the Saks-Henstock Lemma (Lemma 3.1) to the first summand. Then from
the continuity of g, the mapping

t €la,b] — (K) /ta/(t, s)zdg(s) € Y

is right continuous and, in an analogous way, one can prove the left continuity. d

Theorem 4.3. Let a : [a,0] x [a,0] — L(R) be such that a(t,s) = 0, for all s > t, and

let g € SL([a,b],R) be differentiable and non-constant in any non-degenerate subinterval of
[a,0]. Then the mapping

a € CIBV;H(la, 0] x [a,b], L(R)) = Ha, € L(K,([a,b], L(R)), C([a, b], R)),

where (Hq 4(f))(t) = (K) fab a(t, s)f(s)dg(s) for eacht € [c,d], is an isometry (i.c., ||H

agll =
V(a)) onto the subspace of causal operators.
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Proof. By Theorem 4.2, it is enough to show that the mapping is onto.

If a: [a,b] x [a,b] = L(R) satisfies (C’;’) and (SV, Ju “) and moreover a(t, s) = 0, for all
s > t, then Lemma 4.1 implies H, 4 is causal.

Reciprocally if H € L(K,([a,b], L(R)), C([a,b],R)) is causal, then Theorem 4.2 implies
there is a unique o € égBVbﬂ “([a, b] x [a b), L(R)) such that H = H, 4. From the causality
of H= H,,, wehave 0 = (Hy4(xp42)) (¢) ft a(t,0)zdg(o), for all t € [a,b] and z € L(R).
Besides a!(-)x € Ry([a, b], L(R)) C Ky([a,0], L(R)) = H,([a,b], L(R)) and then Corollary 3.1
implies a(t, s) = 0, for all s > ¢. O

The next lemma will be employed in the proof of the theorem following it. For a proof of
the lemma, see [9] for instance.

Lemma 4.2 (Straddle Lemma). Suppose f, F : [a,0] = X are such that F' (§) = f (£), for
all € € [a,b]. Then given € > 0, there exists 6 (§) > 0 such that

|F ()= F(s) = fE -9l <elt—s),
whenever € — 6 (§) < s <<t <E+0(E).

When ¢(s) = s, Theorem 4.4 below is, in fact, a particular case of [3], Theorems 3.6 and
3.7. The proof we give here is merely an adaptation of those theorems in [3] so that we can
obtain results concerning integral equations of Stieltjes-type characterized by the presence
of a function ¢ (in equations (1) and (2), for instance).

Theorem 4.4. Let a € (ngV;f"([c, d] x [a,b], X"), g € SL([a,b],R) be differentiable and
non-constant in any non-degenerate subinterval of [a,b], and K, : [c,d] X [a,b] — X' be
such that K,(t,s)z = [ a(t,0)zdg(o), for each v € L(R, X). Then K, € G SV ([a, b] %
la,b], X"). Besides, we have

b b
/ ds <, (t,s)B(s) = / al(t, s)B(s)dg(s)
for every function 8 € C([a,b], L(R, X)) and all t € [c,d]. Suppose, in addition, that al e
SV ([a,b], K(X,R)), for every t € [c,d]. Then the mapping
Ky :t€le,dlm— Ky(t,-) € SV.(la, b], X")
1S continuous.

Proof. Since « fulfills condition (53’), then K, (-, s) fulfills condition (C), for each s € [a, b].
Let 2 € L(R, X) and d = (s;) € Djg)- Then

|d| |d|

> [Ka(s0) = Ky(sim)] || = Z[/;““’p)mg(p)] :\.

i=1 =1

b
/ a(t, p)zdg(p)

< V(a)llzl flg(b) — g(alll
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and hence K} = Ky(t,-) € SV([a,b], X"), for each ¢ € [c, d].
Note that, for every t € [c,d] and every € L(R, X), the function K,(¢, )z is continuous
on [a, 0], since it is an indefinite integral (see Theorem 3.4).
We assert that K¢ € C([c, d], SVu([a, 0], X')). Indeed. Let ¢y € [¢,d] and d = (s;) € Dy
Then
14

HK; - [(;0” =SV (ng - I(to = ) |S;u|F<1 Z Kt (.to (s;) — (KL Ifto) (Si—l)] | ==
Z i=i
|d| - Py
= s |5 [/ att. st~ [ttt -
d,||z||<1 i=1 LV/si-1 v 8i—1

= sup || K,(t b)x — K,(to, b)z||

d, [lz]|<1

= sup | [a(t,p)adg(p) — [ alto, p)ada(p)

d,llzll<t 1]/ a
which tends to zero as t — ty, since Ky(-,s) € C?([c,d], X’), for each s € [a,b] and, in
particular, K,(-,0) € C?([c, d], X').

Let f € C([a b], L(R, X)), t € [¢,d] and v = Eg. In accordance with Theorem 3.1 and
Corollary 3.7, o' € K,([a, b], L(R)) and

b b b
<m/a%wwww=/w@mw=—/¢w%»m» (10)

a

where we applied Theorem 2.3 to obtain the last equality. Since K,(t, s)z = [ at(p)zdg(p)

with K,(t,-) € SV ([a,b], X’) for each t € [c,d], then Theorem 2.3 implies the Riemann-

Stieltjes integral fab dsKy(t, s)B(s) exists for each ¢ € [c,d] and each B € C([a, 0], L(R, X)).
We also assert that

/ds[(g(t,s)ﬁ(s):(f()/ o!(s)8(s)dg(s), (11)

for every ¢ € [c,d] and every B € C([a,b], L(R, X)). Indeed. It is enough to prove that (11)
holds when (3 is a step function. Hence we need to show that for every ¢ € [c, d] and every
z € L(R, X),

/ 4K, (t, 8)z = (K) / ol mdals), (12)

Since of(-)z € Ry([a,b], L(R)) by Theorem 2.3 and R,([a,b], L(R)) C Ky([a,b], L(R)) =
Hy([a,b], L(R)), it follows from the Fundamental Theorem of Calculus (Theorem 3.3) that
there exists d; ([ o(p)zdg(p)) = a*(s)xg'(s) m-almost everywhere on [a,b]. Therefore given

€ [c,d] and = € L(R, X), we have d,K,(t,s)z = d, (Ky(t, 8)x) = dy (f) ot(p)zdg(p)) =
at(s)zg'(s) for m-almost every s € [a,b]. Then from the invariance of the integral over sets
of m-measure zero, we obtain

b b
/ ds Ky(t, s)x = (K)/ al(s)zg'(s)ds. (13)

a
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Now we will prove that fab al(s)zg'(s)ds = j at(s)xzdg(s) which, together with (13), im-
plies (12). Given e > 0, t € [c d] and T € L(R /\) let §; and dy be constant gauges of [a, U]
from the definitions of j (s)zdg(s) and f zg'(s)ds respectively. Given & € [a, b], let

03(€) > 0 be such that

l9(v) — g(s) = g'(€)(v — s)| <e(v—s) (14)

whenever £ — §3(€) < s < € < v < £+ 83(€) (see Lemma 4.2) and let §(§) = min{d;(§); i =
1,2,3}. Then for every d-fine d = (&, s;) € T'Djq), we have

/'b ot (s)zdg(s) - / {(s)ag'(s)ds|| <

7 Q

|d|

b
< |/ ot(shadg(s )= elEdw o) ~ ool +

|d| |d|

Za 51 . _JSzl Za le(] gz i Si— 1)

|d|

b
Za (&)zg' (&) (s si_l)—/ al(s)zg'(s)ds|| <

Ja

|d|

<e+§:V Ml lg(ss) = g(siz1) — 9(&)(si — si-1)| + € < 26 + V(') ||zlle(b - a),
where we apphed the integrability with respect to g of a*(+)z, the integrability of a*(-)zg'()
and (14). The result follows easily. g

For a proof of the next theorem, see [12], Theorems 3.8 and 3.4.

Theorem 4.5. Let K € C°SV*([a,b] x [a,b], L(X)). Suppose there is a division d = (s;) €
Do) such that
sup {S‘/{Si_l,L]([(t); te [si_l,si]} <1, i=1,2,...,]|d,

where SVis,_, y(K") denotes the semi-variation of the function K (t,-) in the interval [s;_1,t].
Then the following properties are equivalent:

(i) for everyt € [a,b], the operator I — K (t+,1) is invertible, where I denotes the identity

in L(X);
(ii) for every h € C([a,b], X), the mapping

y(t) — / K (L s)y(s) = h(e), ¢ € [a0]

admits a unique solution y, € C([a,b], X).
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Let X € C?°SV*([a,b] % [a,b],L(X)). We say that a function R € C7SV*([a,b] x

[a,b], L(X)) such that R(t,s) = Iy, for all s > t, is a resolvent of K, whenever R satis-
fies the equation

t
R(t,s)—[,\'-i-/dT[((t,T)OR(T,S)ZO, a<s<t<h.

The next result can be found in [2] or in [12], Theorem 3.9.

Theorem 4.6. Given K € C?SV*([a,b] x [a,b], L(X)), it there is a division d = (s;) € Dijay)
such that

sup {SV[si_l,t](K‘); te [si_l,si]} <1, i=1,2,...,]d|,

then K has resolvent given by the Neumann series.
Theorem 4.7 below and its proof are borrowed from [11], Theorem 3.1.

Theorem 4.7. Let E be a normed space and F be a Banach space such that F C E with
continuous immersion. Let H € L(E, F') be such that for every f € E, the equation t—Hz =
[ admits one and only one solution vy € E. Then the mapping f € E +— nF € B us
bicontinuous. If in addition the Neumann series [ + H + H?> + H* + ... = (I — H)™!
converges in L(F), then it also converges in L(E).

Proof. For every g € F, the equation y — Hy = ¢ has one and only one solution Yg € F
and the mapping g € F' — y, € F is bicontinuous. Indeed. Since F' C FE, the equation
y — Hy = g with g € I has one and only one solution by hypothesis. But since H(E) C F,
we have Hy, € F. Hence y, = Hy, + g € F. On the other hand, the mapping y € F —
g=y—Hy, € Fis a continuous injection and therefore the closed graph theorem implies its
inverse g € I'— y, € I is continuous.

The equation * — Hz = f, with z, f € E, is equivalent to the equation y — Hy = g, with
g=Hfandy =2z~ f. The mapping f € E+ g= Hf € E is continuous. By the previous
paragraph, the mapping Hf € F — yy; € E is also continuous. Thus the composed
mapping f € £ — yg; € E is continuous and so is the mapping f € E — yuy+ f € E.
The first part of the theorem follows from y; = Ty — f, that is, 2y = yus + f.

It remains to show the second part. Let (I — H)~! = I+ H + H?*+ H®+ ... be convergent
in L(F). Since H € L(E, F) and the immersion F' C E is continuous, then the series is also
convergent in L(E). Also, if a Neumann series is convergent in some L(Z) (Z not necessarily
complete), then it converges to (I — H)~!. O

5. THE FREDHOLM ALTERNATIVE FOR THE KURZWEIL- HENSTOCK-STIELTJIES
INTEGRAL

In this and the next section, we write 5;’BVb+“([a, b] x [a, b], R) instead of Cj”;’BV})Jr“([a, b] x
[a, 0], L(R)).
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Theorem 5.1. Given g € SL([a,b],R) differentiable and non-constant in any non-degenerate
subinterval of [a,b] and H € L(K,([a,],R),C([a,b],R)), let a € égBV,f“([a, b] % [a,b], R)
be the corresponding kernel by Theorem 4.2 (i.e., H = H,4). Suppose H is such that for
each f € Ky([a,b],R), the linear Fredholm-Stieltjes integral equation in the sense of the
Henstock-Kurzweil integral

z(t) — (K) / a(t,s)z(s)dg(s) = f(t), t € la,b], (15)

(i.e., the equation v — H(x) = f) admits a unique solution x; € K([a,b],R). Then there
exists a unique kernel p € CgBVf“([a,, b] x [a,b],R) and, for each f € K,([a,b],R),

5 0= 10— () [ p(t:9)F)dgls) telal].

Proof. This proof follows the steps of the proof of [11], Theorem 3.2 adapted to the Stieltjes
case.

If in Theorem 4.7 we take E = K,([a,b],R) and F = C([a,b],R), then (I — H)™' €
L(K,([a,b],R)). If we define ] — R = (I — H)™', then R = (I H)~! belongs to
L(K,([a,b],R),C([a,b],R)) and it can be represented by a kernel C’gBVbJ"“‘([a,, b] x
[a,0], R) (by Theorem 4.2). O

Theorem 5.2. Let g € SL([a,b],R) be differentiable and non-constant in any non-degenerate
subinterval of [a,0), f € Ky([a,b],R) and a € CJBV,*"([a,b] x [a,b],R). Consider the linear
integral Fredholm-Henstock- Kurzweil-Stieltjes integral

v (1) - (K) /'ba (t,s)x(s)dg(s) = F (1),  telab], (16)
and its corresponding homogen(elous equation
u (t) — (K) /b a(t,s)u(s)dg(s) =0, t € [a,b]. (17)
Consider also the following integ;jal equations
v - [ [ / o (t, o) dy (t)] dglo) =w(s), selab], (18)
and s ,
z(s) — / [/ a(t,o)dz (t)] dg(o) =0, s € [a,b]. (19)
Then S

(i) either for each f € Ky([a,0],R), equation (16) admits a unique solution r; €
K,([a,b],R) given by

2 (1) = £(8) — () / ot,s) f(s)dg(s),  t€lad],

¢ [(l,b]
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where the kernel p € éng,f“([a, b] x [a,b],R) is uniquely determined, and for each
w € C([a,b],R), equation (18) admits a unique solution y, € C([a,b],R);

(ii) or equation (17) admits non-trivial solutions in K,([a,b],R). In this case, equation
(16) admits a solution if and only if for each solution z € C([a,b],R) of (19),

/ab {(K) /aba<t,s>f(s)dg(s)} dz(t) =
<r68’p. /ab [(K) /aba(t, S)u(s)dg(g)} dw(t) :0>.

Analogously, equation (18) admits a solution if and only if for each solution u €
K,([a,b],R) of (17), we have

b b
/ [(K)/ a(t, s)u(s)dg(s)] dw(t) = 0.
Proof. Let h(t) = (K) f: a(t,s)f(s)dg(s) and v =z — f. Then v(t) = (K) f alt, s)z(s)dg(s)
and, by Theorem 4.2, h,v € C([a,b],R). Thus equation (16) is equivalent to the following
equation

b

v = () [ als)y()dsls) =h(t),  telt] (20)

Let Ky : [a,0] X [a,b] — L(R) be such that K,(t,s)z = [ a'(o)zdg(o) for every = € R.
According to Theorem 4.4, K, satisfies conditions (C") nd (SV“). Moreover the mapping

K¢ it € [a,b] = K,(t,-) € SVa([a,b], L(R))

1s continuous and we have

b b
/ ds K, (t, s)v(s) = (K)/ at(s)v(s)dg(s).

Therefore (20) is equivalent to

v(t) —/ do K, (8 8)u(8) = B(t), t € [a,b], (21)

and by the Fredholm Alternative for the Riemann-Stieltjes integral (Theorem 2.11), either
h € C([a,b],R) and equation (21) admits one and only one solution which implies that for
each [ € Ky([a, b], R), equation (16) admits a unique solution, or the homogeneous equation
corresponding to (21) (respectively (16)) admits a non-trivial solution. In the second case, the
adjoint (/)" equals K,. Then equation (16) (respectively equation (18)) admits a solution
(not necessarily in K([a,b], R)) if and only if for each solution z € C([a,b],R) of (19), we

have fab {(K) fab alt, s)f(s)dg(s)} dz(t) = 0 (respectively for each solution u € K,([a, ], R)

of (17), we have fab {(K) fab alt, s)u(s)dg(s)] dw(t) = 0).
The missing part of assertion (i) follows easily from Theorem 5.1. O
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6. THE LINEAR INTEGRAL EQUATION OF VOLTERRA-HENSTOCK-KURZWEIL-STIELTJES

Theorem 6.1. Let g € SL([a,b],R) be differentiable and non-constant in any non-degenerate
subinterval of [a,b], f € K,y([a,b],R) and o € 5;’BV,)+“'([a, b] x [a, b], R) such that a(t, s) = 0,
for s > t. Then the linear integral equation of Volterra-Stieltjes in the sense of the Henstock-
Kurzweil integral

z (t) — (K) / a(t,s)z(s)dg(s)=f(t), te€]la,b], (22)
= [avt]

admits one and only one solution x; € Kgy([a,b],R). Furthermore, the operator Ha, €

L(K,([a,b],R), C([a, ], R)) given by (Ha,f) (t) = (K) f(f) alt,s)f(s)dg(s), for each t € [a, ],

is causal as well as the bijection f — x; which can be writlen as

L

ri(0)= 1) = () [ olt,90(6)g(s),  telad] (23
where p € 55BTQ+7"([C, d] x [a,b],R) and p(t,s) = 0 for s > t, and the Neumann series
I—H,y=1+Huy+ (Hayg)? + (Hay)® + ... converges in L(K,([a,b],R)).

Proof. Let vy = x — f and h(t) = (K)jab a(t,s)f(s)dg(s). Both functions y and h are
continuous, since h = Hay(Xayf) and y = Hay(Xag?) (see Corollary 4.1) with Xf,nf
and X[ in K([a,b],R) and Ha, € L(K,y([a,b],R), C([a, 0], R)) (see Theorem 4.3). Then
equation (22) is equivalent to the following equation

't

y () — (K) / a(t,s)y(s)dg(s)=h(t), te€la,b]. (24)

Ja

Let K, : [a,b] X [a,b] = R be such that Ky(t,s)z = [ a'(o)zdg (o), for every « € R. Then
by Theorem 4.4, we have

/ ds Ky(ts sjyls) = (K) ‘/.‘CYL(S)’U(S)dQ(S)-

Thus equation (24) is equivalent to the following equation

y (t) — / ds I, (t, s)y(s) = h(t), t€]la,b]. (25)

By Theorem 4.4, K, € C°BV*([a,b] X [a,b],R) and since a(t,s) = 0 for s > t, then
Ky(t,s) = 0 for s > t. Thus, according to Theorem 4.5, in order to prove that given
h € C([a,b],R), equation (25) has one and only one solution y, € C(la,b],R) and the
operator h > y, is causal, it is enough to show that

(i) there exists a division d = (s;) € Diay) such that sup {SVs,_, 4 ((K,y)"); ¢ € [si-1, si} <
1,i=1,2,...,|d|
(i) for each t € [a, b], the operator I — Ky(t+,1) is invertible.
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Proof of (ii). By the continuity of g, given £ € [a,b] and € > 0 with ¢ < 1/2V*(«), there
exists §(&) > 0 such that |g(t) — g(€)] <e¢, for all t € [a,b] with 0 < |t — €| < §(€)/2. Then

o
/t a(t+ o, s)zdg(s)

which tends to zero as o goes to zero. It follows that K, (t+,t) is invertible.

Proof of (i). Let us consider the gauge ¢ of [a, b] defined as above and let d = (&, s;) €
T Doy be é-fine. Given i € {1,2,...,|d|} and t € [s;_1, 5], let d; = (r7) be a division of
[si—1,t]. Then

[1Ky(t +0,t)z]| = S V¥a)lzllg(t+ o) — g(t)]

<

> E) () = (Kp) (7]

J

[ amsto

> [ atoledlo)
g
|z,

< V¥a)|z;] 1g(t) — g(si-)| < V*(a)|ajle < ==

2
Hence BVj,,_, 4((K,)") < 1/2 and (i) follows.

Finally, the assertion about the Neumann series for the resolvent of equation (25) in
L(C([a,b],R)) follows from Theorem 4.6. Besides, the operator F, given by (Fx,y) (t) =
fat ds Iy (t, 5)y(s) is causal as well as (Ff,)". Therefore (I — F,\/g)_1 is also causal. By
Theorem 4.7, the same applies to the resolvent of equation (25) in L(K,([a,b],R)). Thus
from the fact that Fi, = H, 4 (see Theorems 4.4 and 4.3), the operator I—H, , = (I—Hy,,y) ™}
is causal. O

Remark 6.1. Given g € SL([a,b],R) differentiable and non-constant in any non-degenerate
subinterval of [a,b], let Rg([a, b, X)a be the space, endowed with the Aleviewicz norm, of
the equivalence classes of functions f : [a,b] — X which are improper Riemann-Stieltjes
integrable with respect to g and have a finite number of singularities. Also, let Ly ,(la,b], X) 4
be the space, endowed with the Alexiewicz norm, of all equivalence classes of functions f :
[a,b] = X which are Bochner integrable with respect to g (i.e., in the Stieltjes sense) with
finite integral. Then Theorems 5.2 and 6.1 hold for R%([a,b], X)a or Ly 4([a,b], X) instead
of Kg([a’ b, X).
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