





where Z, = (Y, X,), B = (B1,-..,3,), @ = (a1,...,q,), a = (/,0) and b = (£,1),
with & = (e},u,)’, 1 = 1,...,n, are independent and identically distributed (iid) with ¢ ~
El,(0,1,; f); and p = ¢ + 1. Thus, standard properties of elliptical distributions imply that

(14) z: o~ Elp(a+bzzalp;f)1
that is, Z; has a density given by

(1.5) filzii0,2.) = f((zi — ) (2 = ) = f((J|zi - a ‘.bzi”g)v

where [|t]? =t't,t e RP, y; =a+ bz, i=1,...,n.

Meodel (1.3) under normality has been considered by Robert and Kubokawa (1994). See
also Lieftinck-Koeijers (1938). Both papers consider calibration studies in the ordinary
(nonmeasurement erros present) regression setting. It has been considered more recently by
Kimura (1992) in the context of comparative calibration. Sece also Bolfarine and Galea-Rojas
(1995). Notice that the model specified by (1.4) implies that the dispersion matrix of ¢ is
considered to be the identity pxp matrix. As in Mak (1982), a more general model can be
obtained by considering a general known (positive definite) dipersion matrix. However, this
more general situation can be reduced to the situation specified in (1.2)-(1.4) by transforming
the original variables. The variables z;, 7 = 1,...,n, are considered to be fixed parameters,
or incidental parameters, since their number increase with the sample size. Patefield (1976)
has shown in the case of normal models and ¢ = | that the asymptotic covariance matrix
of the maximum likelihood estimators of a and B does not coincide with the inverse of the
Fisher information matrix corresponding to the parameters & and #. Thus alternative ap-
proaches have to be pursued to obtain the asymptotic covariance matrix in such models.
The approach pursued in this paper consists in replacing z; by "estimates” %, = ;(z;,#),
t=1,...,n, which can be obtained by maximizing (1.5) with respect to z;,i =1,...,n, for
fixed 8. General conditions under which the maximum likelihood estimator of @ is consis-
tent and asymptotically normal are established in Mak (1982). Following Mak (1982), we
establish conditions under the model (1.3) so that the maximum likelihood estimators are
consistent and asymptotically normal. An explicit expression is obtained for the asymptotic
covariance matrix of the maximum likelihood estimators, which allows obtaining asymptotic
relative efficiencies of the maximum likelihood estimators with respect to the generalized
least squares estimator. As the studies show, those estimators can be highly inefficient un-
der nonnormality. A special case of the elliptical model (1.1) is the Student -t distribution
with v degrees of freedom. in which case, ¢ ~ El,(0,1,; ) where the density f is such that

(1.6) f(u) = k(p,v)p**(v + u)~t2, -y >0,
where k(p, v) = [[(v + p)/2)/T[v/2]%xP/? is the normalizing constant.
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In Section 2 the notation and some preliminary results due mainly to Mak (1982) are pre-
sented. Section 3 is devoted to the elliptical functional models. Using the results presented
in Section 2, general conditions are established under which the maximum likelihood estima-
tors are consistent and asymptotically normal. An expression is obtained for the asymptotic
relative efficiency of the maximum likelihood estimator with respect to the generalized least
squares estimator. Section 4 is dedicated to the Student-t distribution. Asymptotic normal-
ity and consistency of the maximum likelihood estimator are stablished and the asymptotic
relative efficiency with the generalized least squares estimator derived. As shown, the gener-
alized least squares estimator can be higly inefficient, specially for small degrees of freedom.
Several properties (which extends existing ones) of the elliptical distributions required to
prove the main results are considered in the Appendix.

2. Notation and preliminary results

Let Z,,...,Z,, independent p-dimensional random vectors with log-likelihood function
given by
(2.1) Y- log fi(z:;0, ),
=1
where f,(2:;8, ;) is the density of Z;, i = 1,...,n, 8 = (th,...,6,Y € ®© C R?” and z, €
X; C R, i = 1.....n, the vector of incidental parameters. Suppose that 8, € ® and
Zp € &, i = 1,...,n, where 8y and zy,...,Z.0, denote the true parameter values. The

expected values are taken with respect to 8y and z;, i = 1,...,n, which will be denoted
by Eo[.] = E[.|80,Z10....,2n0]. For each i and given 8, let z; = ,(z,8), be an estimator
(possibly depending on 8) of z;, with a possibilty being the conditional maximum likelihood
estimator, obtained by maximizing (2.1) with respect to z; for fixed #. Thus, replacing z;
for &; in (2.1) we obtain

(2.2) 3" log fi(zi; 0, %) = 3 hi(z;0).
i=1 i=1
We also define the following derivatives:
gy _ Ohi(z8) .
(2.3) i0,(2:;0) = o8, J=1...,p
hi(z;0) .
; i10) = ———— k=1,...,
(2‘4) on.,a,(zno) anagk 1] .]y P ®
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and
(2.5) qion0, (2 0) = qio, (2:;0)qi0,(2:;0), J,k=1,...,p.
Morever, let E;[A.(8)] be the pxp random matrix with entry (j, k) given by
(2.6) n! E EO[qioka, (Z.'; 9)]» hk=1,...,p

=1

In Mak (1982), Section 2, general conditions are established under which (2.2) has a max-
imum 8, = 8(z,,....2,), which converges in probability to some & in the interior of ©,
where 8, maximizes the function

(2.7) P(8) = n~' Y Eolhi(Z,;0)],
1=1
and
(2:8) VA(Va(81))7 3 (Bo[An(8:1)])(8n — 1) — Np(0, L),
where "4" means convergence in distribution, with
—— = i Bh.(Z.,O) dh.(Z.,B)
(2.9) V.(0)=n ; Cov| 9, o6, 1,

a pxp matrix, where, as pointed out before, the expected values are taken with respect to the
true values 8; and z,0, ¢ = 1,...,n. It is also noted in Mak (1982) that in some situations
it is possible to obtain estimators &; so that 6, depends only on 8, (is independent of z,0),
that is, there exists a function g(.) such that 8, = g(8o). If g is one to one then, a consistent
estimator of 8, is given by 8, = g~'(8,).

3. The elliptical functional model
In this section, asymptotic properties of the maximum likelihood estimator of the struc-
tural parameter 8 are studied under the elliptical functional model defined in (1.2)-(1.4),

where the true value of @ is denoted by 8, = (a}, 8;,)’. From (1.5) it follows that the log-
likelihood function corresponding to the observed z,...,2,, is given by

(3.1) Zn:logf.(z.-;o.x.') =) log f(|lz: —a — bazi||*),

=1



for some function f(u), u > 0 such that f;° r»~! f(r?)dr < co, which guarantees that f(x'x),

X € RP is a p-dimensional spherical density. Morever, suppose that the function f satisfies
the following conditions:

(C.1) f € C and is decreasing in (0, c0);
(C.2) g2 r**3 f(r?)dr < oc, which guaratees finite fourth moments.

The following notation will be used in the sequel. For any function (can be a matrix)
® = §(0) we denote by &, the function evaluated at 8, that is, o = $(8). Morever, let

b

b,=m, B, =bb], B;=1,-B,
and consider the random vectors
(3.2) R, =B,(Z —a—-bzy), r=b\R,
and _
(3.3) T, = By(Z, — a — bzy) = By(Z, — a).

Note that R; = R,(#) and T; = T,(8), { = l,...,n, are orthogonal, for cach 8 € ©® and
according to Lemma A.1, (i), it follows that
(T, Rl % Elyy(Cl(a0 — a) + (bo — b)z,}, CC"),

with C = [B}, B}, which is a singular elliptical distribution. Particularly, for & = 8, it
follows that L
(T, Ri)' ¥ Ely(0, CoCy),

from where it follows (see Lemma A.1, (ii)) that

(4) (Re) % (raim)-

where (e}, u;) ~ EL(0,1,; f), and I, Q; and Q; are as defined in Lemma A.1 with p; = g,

pr = 1l and "v £ W meaning that v and w are identically distributed. The conditional
maximum likelihood estimator of z;, ¢t = 1,...,n is considered next. The proof follows
directly from (3.1) and (2.2).

Lemma 3.1. Consider the model defined by (1.2)-(1.4) with Condition (C.1) satisfied. Thus.

the conditional mazimum likelihood estimator of z; given 8 can be written as
b’
.’E.‘ = —“(Z. - a)
[Ibi[?
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(3.5) hi(2i; 0) = log f(IIT:lI?),
where T; is as defined in (3.3),1=1,...,n
Considering 8 = («,8) = (a1,.--,0q,B1,.--,5;) € O, Wy(u) = f'(u)/f(u) and

Ag(u) = Wy(u)Wi(u) — Wi(u)?, where g = f', u > 0, it follows from ( ), (24), (2.5)
and (3.5) that

3IIT II2

(3.:6) qie.(2:;8) = W (|| T:|%) S L SR
g 2 AT r?IIT.II‘ 2, P|IT2
(3.7 qiore, (23 8) = A, ([ITI1P)( o AR | 521 5 R Wl Ll e )
and
F] T ) T 2
(3.8) din0,(21.6) = WHIITIP) (5 I ” yelexls “ ” )

Lhk=1,...,2q, where §, = a,,j=1,...,q,0;4, = 35, 7 = 1,...,q. Moreover, straightfor-
ward but lengthy algebraic manipulations show that

NP _ ey ONTE |
= =2(d;T,)z; i, =2d; )
aa, -2(d;T.), 28, (d;T)zio — ||b||(d Ir Ba;Bas 2dJB2dk
IT:|? _ TP 2
d’B.d;)r, d'b,)d.T
oy, = Gadar ™+ [(€4Bsdr ¢ ||bu( sPald;
T} T, ||z 4ryp Tio .
i h+ d’'B-.d A b'D ,k T.
3930 oo b+ Jf(eBadlr + [EEBDG
b'D K)Try — T'D T; d’'B,d;)r?
PP T = [G(TIDAT) + e Bad)r
with D;x = d,d}, D(j,k) = D;x + Dy; and d; = (§},0) € R?, p = ¢ + 1, where §; =
(0,...,0,1,0,....0) € R", j = 1....,q, that is, a g-dimensional vector of zeroes with one

in the j-th position.

To prove the main results. the following assumptions are required:



(C.3) There are positive constants a; and b; such that
Wiu)| <ay and [Wp(u)l <by uw>0;

(C.4) For each 8 € ©° (the interior of @), there exists § > 0 and functions d,(z;) and dig;(z,)
such that

thi(z:, 0)] < di(z,)
and
|gis,e, (201 0)] < dunj(z4),
for all 0 € V(8,6) = {6;]10 - 6)| < &) C ©°, and
limsupn™' Y~ Ey[d(Z,)] < o, limsupn™' Y Eolds (Z)] < .
=1 1=1
1, k=1,...,2q;
(C.5) There exists v > 0 such that

Eo[[W(lleal®)llell|ua]1**7] < oo;

(C.6) The sequence {z,} ,¢ > 1, is such that there exists A > 0 such that

sup |z;| = M < oo;
i>1

(C.7) Given € > 0, there exists § > 0 such that

Iimsup n-ll Z EU[S“P{QWL&(ZI: 0) “a -3 00” < 6} - qlokol(z':a”)” <,
=1

k,l=1,...,2q. The same is true when sup is replaced by inf.

The lemma presented next will be usefull in proving the main results in the paper. The
notation @ indicates the Kronecker product.

Lemma 3.2. Consider the functional model (1.2)-(1.4) salisfying Conditions (C.1)-(C.2).
Thus, the matrices Eq[An(80)] and V,.(8y) defined in (2.6) and (2.9). respectively, are such
that | _
Ioy
Eo[An(80)] = 2C; (- 0 I
. o To SD+ Tl

7

E_L)@B';u ’
Cy



and

Va0 = SOl (3, 53y ) @B
where
XA
A 10 x 0 B =] Iq = UL 12!
-z“ Z » e
o _ BolWillerdP)atlle:]*)lle: ]
sk EW2([ledPlledd?]
1 2
By = E[Wj(lleal)allled”) = —leal)] + - Bl s(ller]Pa(ller|)ler 1)
and

2
Cy = Eo[Wy(lleal|)] + EEOIAJ(HGIHZ)HCHP],
with a(||e1]|*) = Eo[ufles] and (€], u1)" ~ EL(0,L,; f).
Proof. From (3.7), and using the fact that (see Lemma A.1 and (3.4))

(o) £ (HakQm)
Tio P'Q'lel !
it follows that

Evliage, (Z:: 80)] = 2{2Eo[A (([|Tool*)(TioD; Tio)] + (d; Bodi) Eo| Wy (| Tiol )]}

Moreover, sinuce the functions W and A; are continuous functions, it follows from Lemma
A.l in the Appendix that

A (I TwlP)TuDTio) 2 As(llen]?) (e QID,I'Q}e1)

and

Wr(ITWll?) £ Wi(llesll?).

Since ||e;]|? is independent of u'? 4 e1/|lei]], then from Lemma A.2 and properties of the
elliptical distributions, it follows that

EU[qunu (Znoﬂ)l = d'B20dk){EU[”, ”el” ]+ EO[AI(”eluz)“elll ]}

In a similar way, using the fact that E[r,y|T.) = 0, since (ri, Tj)' ~ % El,4.1(0, Bo), where
P

1 0
Bo= (0 Bzu) ’
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it can be shown that
Eo[gia,5,(2Zi; 00)] = zio Eo[giara, (Z;; 80)).
Now, from (3.7) and from the fact that Efrio]Ti) = 0, it follows that

Eolgious, (Zii 00)) = 77 Eolgiaya, (Z:; 00)] + ”—b?W{QE(.[A/(||T,-0||2)(T10D,,¢T.0)r,-20]

Hd;Baode) Eo[Wy(|| ool [*)r%) — Eo[Wi (1Tl I*)(T},D,e To0)]}.
The continuity of the functions Wy and Ay in conjunction with Lemma A.1 imply that
Ay(ITllP)(TioD i Tio)rly £ Ay(]lea| ) (e} QiTD 4 I'Q) ey Ju?.

Wy (Tl ?)r? £ W (lleg[?)u?
and
Wi(lIT:ol P)(TioD e Tio) £ Wy(lled]2)(e}QiT D' Qley).

From the above results and Lemma A.3, it follows tha;.t

3 5
Eol9i0.6,(Z:300)] = £% Eo[giasa, (Zi; 80)] + i—=(d; Baodi) By.
[1bo] 2

Morever, since d; = (§/,0), where
bgk = d;Bgodk = %Bwsk,
which is the (j, k)-th entry of the matrix

o B
Bm_l’_”bo”" Ihk=1,...,q.

Thus, the matrix Eo[A.(8,)] follows from the above results and from (2.6).

Similarly, (3.8), Lemmas A.1 and A.2 and the fact that the distribution of (rio, TYy) is
symmetric (in relation to the orign), imply that the entry of the matrix V. (0s) defined in
(2.9) is given by

4 .
Eo[gior.a,(Zii 60)] = q—bkao[”f(llenllz)llenllzl,
E(][qia..ﬂ, (Z,‘: 00)] = IlOE(][an.,.a,(zi; 00)]

and
Eolqis0,(Zi;00)] = 1% Eolqias.a, (Z:: 80)] + ‘HI:T”#?kEo(”'f(Ilenll')ﬂ(”elllz)lle:”’]'
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which are based un the fact that

(3.9) Eolqia,(Zi;80)] = Eolgis,(Z:;80)} = 0.

It can be shown that By = 0 for the normal, Student-t and generalized Studen-t models
and we conjecture that this is also valid for all distribution in the elliptical family. The main
results of the paper are presented in the sequel. The first important result shows that 0,
(defined in Section 2) coincides with the true value 0, under some special conditions.

Theorem 3.1. Suppose that Cy <0, By =0 and that Conditions '(C'. 1)-(C.3) are satisfied.
Thus, B, is a local mazimum of the function Y(0) = n~" Eo[T%, hi(Z:;0)], where hi(zi;0) =
log f(IITH*). e =1.....n.

Proof. For any 8 € @ it follows from (3.6) that

Giay(2:38) = —2W (| T )(dT.)
and
; i

.;0 = Gia,\Zi; 0~
9.5,(2:9) = ¢ [z 0)zi0 T

Wi(IIT PN Ty, J=1,-..0q
For 8 € V(0,,6), o > 0, it follows that

||z, — a = bzl < ||z, — a0 = bozil| + 6(1 + |ziol) = do(z:)
implying that
IIT|| = {|Ba(z: — a — bzw)l| < Vgdu(z:)
and
Iril < do(zi)-
Thus, Condition (C.3) and the Cauchy-Schwarz's inequality imply that

Iqia,(zi; 9)] < Qﬁa!dﬂ(zi)s i=1...,4q
and
Iqsa,(zi;9)| = Qﬁal(du(zl)lliul o dg(z‘), i=L...,q9
Defining
1:(0) = Eo[hi(Zi; 8)],

the above inequalities, Condition (C.2) and the Dominated Convergence Theorem permits
to write

d,(0)
30,

= EU[qiﬂj(Z:; a)]a
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7 =1,...,2¢q. Thus, frgm (3.9), it follows that 8, is a critical point of the function ,(8)

(),
i= 1,‘..,n, and, accordingly, a critical point of (). On the other hand, Condition (C.3)
and the Cauchy-Schwarz’s inequality imply that

|Giarar, (20 0)| < dqcpdi(2,) + 2qay,
Gias, (i: 0)| < Hges(di(z)|zl + d3(z:)) + 2qay(|zio] + 2du(z.))
and
gigus, (265 0)| < dgeg(do(z)|ziol + d3(2:))? +2qa5(zh) + 4lzioldo(zi) + 4di(z,)),

5 k=1,...,q, where ¢; = ay{ay + b;). Thus, Condition (C.2) and the Dominated Conver-
gence Theorem imply that
8*4i(6)

56,09,

i k=1,...,2q, with ¢); € C® (see Condition (C.1)), i = 1,...,n. Moreover, the matrix of
second derivatives of the function ;(8) at 8, is given by

l 1’,’0
2C; (::.o 2+ TTC, ) 8 Bao,

= Eylqis,0,(Z:;9)],

where By is as in Lemma 3.2. Accordingly, the matrix of second derivatives of §(8), namely,
Eo[An(0o)], is as given in Lemma 3.2, with By = 0. In the following it is shown that the
eigenvilues of the matrix Eo[A,(fy)] are all negative and consequently 8, is a local maximum
of the function (8). As such, the eigenvalues of the matrix

(1
Po_(fo 52)

are given by \i = 1+ 82 F /(1 4+ 52)% - 452, i = 1,2, which are all positives, with 57, =
S2 — z2. On the other hand, it follows that

|B30 . 6Iq| = |lq - 'ﬂoﬂ:’ - ‘5Iq|

L
o P LB
=10 = 0L = 2 = (o)1 = Bol:
where
_ boll? Y :
(3-10) = 1B 8 Be= g

11



Since By is a symmetric and idempotentent matrix with rank one, it follows that the eigen-
values of the matrix By are 7y = 1 and 72 = ... = 9, = 0, so that the eigenvaluesof the
matrix Bjy are given by & = ﬂB::—IF and §; = ... = § = L. Thus, the eigenvalues of the
matrix Ey[A,(0)] = 2C(Po ® Bjo) are all negative, since Cy; < 0.

The result presented next shows that the maximum likelihood estimator 8, obtained by
solving simultaneously the 2¢ equations

n

(3.11) Zq.-a)(z,-;a) =0

i=1
and
(3.12) Zn;flia,(zi:o) =0.
j=1,...,q, are ronsistent and asymp—totica]ly normal.
Theorem 3.2. Consider the model given in (1.2)-(1.4) satifying Conditions (C 1)-(C.7)

with C; < 0 and By = 0. Then, the mazimum likelhood esttmator 6, = (an,ﬂ ) of g,

obtained by solving cquations (3.11) and (3.12) is such that 0, 5 8 and is asymptotically
normally distributed with mean vector 8y and covariance matriz given by

EWA(lledfD)leil?] (AG22 K5 ~Kz) o
9CHSL) —K3, K

where A = ||by|?, K = AS?, + A; and

R =

1
By = W(Iq + BoBo).

Proof. Under the elliptical functional model satisfying Conditions (C.1)-(C.7), it can be
shown, by using the Cauchy-Schwarz’s inequality that the regularity conditions defined in
Mak (1982), Section 2, are satisfied. Thus, it follows that maximum likelihood estimator
which follows by solving equations (3.11) and (3.12) is a consistent estimator of 8y, asymp-
totically normally distributed with covariance matrix following from (2.7) and given by

. = (Eo[An(00)]) 7" Va(Bo)(Eo[An(8)])F,

where , from Lemma 3.2, under the assumption that By =0,

To

4 . 1
Vil = L0Vl (5, g0y 5y ) @B
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and

1 S0 ;&
-1 _ T ] -1
(EolAnlbol)™ = 37 53, (Z, ")ess
Ay and Cy are as given in Lemma 3.2.
In the case of ¢ = 1, the generalized least squares estimator (Sprent, 1966. Gleser, 1985),
is obtained by minimizing the function Qcla,B,x) = T, €¢;, where ¢ = z, — a — br,,
x = (r1,...,Za) and is given by,

A SYY—SXX+\/(SYY—Sxx)2+4S§Y
BaLs = 3 )
25xy

where Syy = ¥ (Yi=Y)*/n, Sxy = L (Xi=X)(Y;-Y)/nand Sxx = T (Xi=X)*n.
The following result presents the asymptotic relative~etﬁciency €issdn Of the generalized
least squares estimator with respect to the estimator 8, which is obtained by solving equa-
tions (3.11)~(3.12) for the case of ¢ = 1. It depends on the following condition:

(C.8) The sequence {z;}i5; is such that z = ¥, z;/n — p and Yrizi—)n oo,

Corollary 3.1. Under the assumptions considered in Theorem 3.2, Condition (C.8) and
g =1, it follows that

6 5 = BIVHDA) Aot 14,
Parsidn = (25 Az +6(k+ 1)
where § is as in (A.1) and
é”(o) _ l

K =
(¢'(0))?

Proof. From Theorem 3.2 in Arellano-Valle et al. (1996), it follows, as n — oo, that

Vi(BaLs — Be) —- N(0,0%.),
where

2 6 .
(313) UGLS = W—),‘(_\O't:+6(ﬁ+ l))
Moreover, from Theorem 3.2 and Slutsky Theorem, it follows that

\/I_l(l;n - lju) _1" *V(O»U:l)i
13



where
EU[W!(f’ ‘31]
( :I)

‘Thus, the result follows from (3.13) and (3.14) and from the fact that €harsin = o¥ [l s

(3.14) i = (Ao, + 4y).

4. The multivariate Student-t functional model
In this section we consider that
(4.1) & 8 4,(0,1,;0),

i = 1,...,n, with the density function given in (1.6). After some algebraic manipulations
(see Section A.1 in the Appendix. with A = v, 1V, = W7,), it follows that

v+ ledl?

Wiled?) = = el alfen) = L0

and
u+p(

As([leal?) v+ fled]®)?

where (€}, 1) ~ 1,(0,L,; ). p = q + 1, with e, the q-dimensional vector as defined in (1.2).
Moreover, it can be shown that

Eo(Wy(lle:l*)] = ;_” j” EalWi(lles|P)lleall?) = - 3222 jf;
2 T 2(le 1) e 2] = 7 (v +p)? v+p
Eo[Wi(lled|)lleall) = P L el lledl?] = 2(u+q)(u+q+2)
1 v 2
B lledPallled] = 322 Bl Padledlielf] = 1o SAE

and
v+p

2(V+q)('f+q 2)’

Eo[As({ledPa(ller]*)len] )] =

from where it follows that

v+q+2 1 v+p
4.2 = — = d = e —————)
(12) Ar=rgmy Bi=t ad G e
Thus, from Lemma 3.2, it follows that
(v + p)? ( 1 T )
4.3 V.(0y)= —————— | - ® B:
i )= v+ +2) \20 52+ epAs ”
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and

__V_+P_(1 fo)
(44) Eo[An(00)] = —~ To+2lz st)®Buw,

where By is as given in Lemma 3.2. It can also be shown that By = 0and C; < 0 in the

case where ¢; 2 t,(0,I,; A, v), that is, ¢ follows the generalized Student-t distribution (see
(A.2) in the Appendix), i = I,...,n. After some algebraic manipulations, it can be shown
that the maximum likelhood estimator of § = (a’, §')’ is obtained by iteractively solving
equations (3.11)-(3.12), which in the case of a Student-t functional model can be written as

(4.5) Z,,—:ﬁri—”a(“im;ﬁ)=(g)

1=}

since
diay (2:30) = (v + p)(v + [IT.[[")7(dT.)

and

ke

Ik ™

where r; and T; are as in (3.2) and (3.3), respectively. Bolfarine and Arellano-Valle (1994)
consider the EM algorithm for obtaining the maximum likelihood estimator of @ under the
above Sudent-t From (4.3) and (4.4), it follows

i, (zi:0) = (v + p)(v + ||Tull*) '} Ti(zi0 +

Theorem 4.1. Consider the model defined by (1.3) and (4.1) and with Condition (C.6)
satisfied. Thus, for v > 4, the mazimum likelihood estimator 8, = (&;,ﬁ;)’ of Oy = (e}, B,),
which is obtained by solving equation ({.5) is consitent and asymplotically normal with mean
8, and covariance matriz given by

_r+qg+2 1 A(SL) + Kz —Kzy

"= T, (sg,)z( “Kzo K )®B‘“”

where A = ||bol|?, K = AS2, + Ay, Ay as defined in (4.2) and
1
Bow=——(I,+ !
40 ”bo“z( q ﬂUB:))
Proof. Ordinary algebraic manipulations show that the Conditions (C.1)-(C.7) are satisfied

for the Student-t model defined in (1.6) (sce also (A.2) in the Appendix). Thus, thegesult
follows from (4.3), (4.4) and Theorem 3.2.
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Corollary 4.2. U'nder the assumption given in Theorem {.1 and Condition (C.8) it follows
that

(v -2)(v+3), A0 + 5

v—4
| -3 P
(4.6) ®hGLsbn viv+1) (AU;:: + %li) i

which implies that 3a is more efficient than BGLS-

Proof. The proof of (1.6) follows directly from Corollary 3.1, (4.2), by taking « + 1 =
(v =2)/(v — 1) and § = vf(v — 2). Moreover, notice that
(v —2)(v+3) v+3 v

<1, < )
viv+1) ~ wd v—1"v-—-4

from where it follows that €3orsn < 1, which concludes the proof.
Notice from Corollary 4.1 that e; 5 can be very low for v close to four.
Appendix

In this appendix, properties of the elliptical distributions are presented, which are used
in the proofs of the main results of the paper. Some of the results presented seem to be
extensions of existing results in the literature. Let X ~ El,(0,L,), to denote the fact that
the vector X is distributed according to the spherical distribution, meaning that X 4 rx,
for allT € O, = {A(pxp); AA’ = I}, namely, the group of p-dimensional orthogonal matri-
ces. As considered in the Introduction, we also use the notation El,(0,L,), or El,(0,1; f)
(EL(0.1,;8)), to indicate situations where X has density function f(t't) (characteristic
function $(tt’)), t € RP. Moreover, if X ~ El,(0,1,; 4), then E[X] = 0 and Cov[X] = ¢I,,

whenever existing, where.

d¢(u)

Ou lu=o-

(A.1) § = -2¢'(0), where ¢'(0)=

Lemma A.1. Let X = (X1.XY%) ~ EL(0,1,), where py + p2 = p and p; is the dimention
of Xi, i = 1,2. Let Y = (Y},Y}) be the 2pzl-dimensional random vector defined by
Y, = A X, i = |,2 where A and A, are symmetric malrices such that A, + A; = I, and
rank(A;)} = 1#(A;) = pi. t = 1,2, so that A, and A, are idempotent orthogonal matrices.
Thus,

(1) Y ~ E1,,(0,A), where

A = bdiag(Ay, Ag) = (%‘ i )
2
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and "bdiag” denotes a block diagonal matriz;

(i) There ezists T' € O, such that:

(v2) * (raix)
Y, rex, /)

where Q; = [I,, 0] (pyzp-dimensional) and Q: =[0 L] (p2tp-dimensional), with L, the

pi-dimensional identity matriz.
Proof.
(1) Let

°=(x)

a 2px2p dimensional matrix. Thus, Y = CX ~ E15(0,CC'), according to Fang et al.,

(1990), where CC’ = bdiag(A,, A;), since A; = A} i=1,2and AJA, = A,A, =0.

(ii) Since A, and A; = I, — A, are idempotent matrices, there exists I’ € O, such

that

FA,I' = Q[Q; which implies that A; = r'QQr, i = 1,2, where Q, = [T, 0] and

Q:; =[0 I,,]. The previous results in conjunction with X £ I'X, implies that

(Yl) _ (Alx) _ (F' ':Qarx) o (F’Q',X,)
Y./ \A X/ \I'Q,Q,I'X roix. /-
A important consequence of the previous lemma is stated next.

Corollary A.1. For any continuous function 9(.), it follows that

9(Y1,Y3) £ g(I'Q; X,, T'Q, X, ).

Lemma A.2. Let X = (X}, X})' ~ El,(0,1,), with P[X = 0] = 0. Then,
() Xa|X, & Xu|||IX2[]?, and are elliptically distributed;
(i) If W = g(||X||*), A is a pzp symmetric matriz and E{lW]IX|]*) < <. then

E[WX'AX] = p~' tr[A]E[WV||X|3.
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Proof. The proof of (i) can be seen in Fang et al. (1990). For proving (ii), it sufficies to
use the fact that X £ RU. where R £ IX|} is independent of U £ X/IIX]| and

E[U'AU| = p~'tr[Al.

A.1. The generalized Student-t distribution

Let X ~ 1,(0,I,; A, v) an spherical p-variate Student-t dlstrlbutlon with density f,(x'x),
x € R”?, where

(A.2) Sou) = k(v p)X2 (A + u) 42y >0,

A\ v > 0, where k(v.p) is as in (1.6). For A = v, the usual Student-t distribution with
v degrees of freedom (see Arellano-Valle and Bolfarine, 1995) follows. Moreover, let X =
(X4, X5) ~ t,(0,L: A, v), where X, is p,-dimensional, i = 1,2, with p; 4+ p; = p. We now
define the function Wi(u) = fi(u)/fp(u), u > 0, with f, the function given in (A.2). Some
properties of 1V,(J|X|]?) with X ~ ¢(0,1,; A, v) are considered in Arellano-Valle and Bolfarine
(1994). In the following we consider properties of the random variable W, (]|X|[?), where X,
is a g-dimensional subvector of X, with 1 < ¢ < p, and f, corresponding to the (marginal)
density of X,.

Lemma A.3. Consider the generalized Student-t distribution with density given by (A.2).
Thus,

(i) Wo(u) = ==2(A+ )", w20

(it) Wp(u) = Z2Wo(u), w20, 1<q<p,

and

(i) Wy(u) = Zﬁﬁyﬂ’:(u). >0, 1< gq< p, where W, is the derivative of W, and
Wo(u) = fi(w)/ [y(n).

Lemma A.4. Let X = (X].X}) ~ 1,(0,,; A, v), with X; of dimension p;, i = 1,2 and
pr+p2=p. Thus,

(1) XolXy ~ 1,00, 1, N + |IX v + po);

i) Var[Xo X, = XLy 4 p > 2
{

vtp1—2

The proof of (ii) can be found in Arellano-Valle and Bolfarine (1995). The next result follows
by using the previous lemmas, after straightforward but length algebraic manipulations.
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Lemma A.5. Under the assumptions considered in Lemma A.4, with py = q and p, = |, it
follows that

(1) EIW,(IIX\[?)] = — Lzl

2 A(v+q)?

(2) EW,(IIX: )XY = — 3222

2v4q?

(3) EWZ(IX|)IXal1) = (—(Tﬂ—,

(4) EIWI(IXPIXa ) = §piletl

2 Alvta)(v+q+2)

(5) EW,(IX]1)X7] = -4 ;522

(6) E[W2(IXa|P)IX,2X3] = 1

4 (v+q)(v+g-2)
and

(1) EIW(IX)IX|? X3] = £

2(u+_q)u(t:h37’ with PV; us in Lemmma A.3.
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