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Summary 

In this paper, functional models with no replications are investigated within the dass of 
the elliptical distributions. Emphasis is placed on the special case of tht> Stu<lent-t distri­
bution. !\lain results emcompases consistency and asymptotic normality of the maximum 
likelihood estimators. Due to the presence of incidental parameters, standard maximum 
likelihood methodology can not be used to obtain the main results, which require extensiun~ 
of some existing results related to elliptical distributions. Asymptotic relative efficiencies are 
reported which show that the generalized least squares estimator (Sprent, 1966) can be highly 
inefficient when compared with the maximum likelihood estimator under nonnormality. 

1. Introduction 

Most of the studies reported in the literature about inference on functional models are 
related to the normal distributions. Among others, important references are Sprcnt (1966). 
Patefiel<l (1976), Mak (1982). Gieser (1985) and Cheng and Vann Ness (1991). As is well 
known, the p-variate normal distribution is a member of the p-variate elliptical family of 
distributions which is denoted by El,(µ, :E; f) (Fang et al., 1990), whereµ is the location 
vector, :E is a positive definite dispersion matrix and the density ha.,; the form 

(1.1) 

z E 'R-', for some function j( u) ~ 0, u ~ 0. In this paper, we consider the multi-univariate 
model 

(1.2) Yi = a+ /Jx; + e,. 

with 

which we write as 

(1.3) Z, =(~;)=a+ b'x, +t., 



where Z, = (Y:,X,)', fJ = (B1, ... ,;3q)', a= (a1, ... ,aq)', a= (a',O)' and b = (,8',l)', 
with t; = (e:, u,)', i = l, .... n, are independent and identically distributed (iid) with t1 ~ 
Elp(O, Ip;/); and p = 'I + l. Thus, standard properties of elliptical distributions imply that 

( 1.4) 

that is, Z; has a density gi,·en by 

( 1.5) 

where lltll2 = t't, t E 'R..P, 11; =a+ b'x;, i = 1, ... , n. 
l\todel (1.3) under normality has been considered by Robert and Kubokawa (1994). See 

also Lieftinck-Koeijrrs ( l!JSS). Both papers consider calibration studies in the ordinary 
( no11measuremc11t nros present) regressiou setting. It has been considered more recently by 
Kimura ( I 9!12) i11 t Ill' rn11tcxt uf comparative t:,tlihratiun. See also Bolfarine and Galea-Rojas 
(1995). Notice that the modt:I specified by (1.4) implies that the dispersion matrix of t 1 is 
considered to be the identity pxp matrix. As in Mak (1982), a more general model can be 
obtained by considering a general known (positive definite) dipersion matrix. However, this 
more general situation can be reduced to the situation specified in ( 1.2)-( 1.4) by transforming 
the original variables. The variables x;, i = l 1 ••• , n, are considered to be fixed parameters, 
or incidental parameters, since their number increase with the sample size. Patefield (1976) 
has shown in the case of normal models and q = l that the asymptotic covariance matrix 
of the maximum likelihood estimators of a and (3 does not coincide with the inverse of the 
Fisher information matrix corresponcling to the parameters a and (3. Thus alternative ap­
proaches have to be pursued to ohtain the asymptotic covariance matrix in such models. 
The approach pursued in this paper consists in replacing x; by "estimates" i; = i;(z,, 6), 
i = I, ... , n, which can be obtained by maximizing (1.5) with respect to x;, i = 1, ... , n, for 
fixed 9. General conditions under which the maximum likelihood estimator of 9 is consis­
tent and asymptotically normal are established in Mak (1982). Following Mak ( 1982), we 
establish conditions under the model (l.3) so that the maximum likelihood estimators are 
consistent and asymptotically normal. An explicit expression is obtained for the asymptotic 
covariance matrix of the maximum likelihood estimators, which allows obtaining asymptotic 
relative efficiencies of the maximum likelihood estimators with respect to the generalized 
least squares estimator. As the studies show, those estimators can be highly inefficient. un­
der non normality. A ~pecial case of the elliptical model ( I. l) is the Student -t distribution 
with v degrees of freedom. in which case, t 1 ~ Elp(O, Ip; fl where the density f is such that 

( 1.6) 

where k(p, v) = f[lv + p)/2]/r[v/2],rP/l is the normalizing constant. 
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In Section 2 the notation and some preliminary results due mainly to l'\lak ( 1982) are pre­
sented. Section 3 is devoted to the elliptical functional models. Using the results presented 
in Section 2, general conditions are established under which the maximum likelihood estima­
tors are consistent and asymptotically normal. An expression is obtained for the asymptotic 
relative efficiency of the maximum likelihood estimator with respect to the generalized least 
squares estimator. Section 4 is dedicated to the Student-t distribution. Asymptotic normal­
ity and consistency of the maximum likelihood estimator are stablished and the asymptotic 
relative efficiency with the generalized least squares estimator derived. As shown, the gener­
alized least squares estimator can he higly inefficient, specially for small degrees of freedom. 
Severa.I properties ( which extends existing ones) of the elliptical distributions required to 
prove the ma.in results are considered in the Appendix. 

2. Notation and preliminary results 

Let Z1 , •• . , Z,., independent p-dimensional random vectors with log-likelihood functiop 
given by 

n 

(2.1} L log/i(z;;8,x;), 
i:I 

where f,(z;;l,x;) is the density of Z,, i = l, ... ,n, fJ = (81,---,B,,)' E C3 C 'R" and x, E 
X; C 'R., i = l. ... , n. the \'ector of incidental parameters. Suppose that So E 9 and 
x,0 E X;, i = l, ...• n, where 80 and x 10 , • • • , x,.o, denote the true parametf"r values. The 
expected values are taken with respect to 80 and x,0 , i = l, ... , n, which will he denoted 
by Eo[.] = E(.l80 ,x10 , ••. ,x,.0 ]. For each i and given 8, let i; = i;(z,,8), be an estimator 
(possibly depending on I) of x;, with a possibilty being the conditional maximum likelihood 
estimator, obtained by maximizing (2.1) with respect to x, for fixed I. Thus, replacing x; 
for .i; in (2.1) we obtain 

" n 
(2.2) L log f;(z;; 8, i,) = L h,(z,; 8). 

i:1 i=I 

We also define the following derivatives: 

(2.3) 4 8h,( z,; 9) . l 
q;,,(z;;u) = ao; ' J = ' ... ,p, 

(2.4) • 
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and 

(2.5) 

Morever, let Eu!An(8)] be the pxp random matrix with entry (j, k) given by 

(2.6) 
n 

n-• L Eolq;s.s,(z;; 8)), j, k = l, ... ,p. 
i=l 

In Mak ( l!.182), Section 2, general conditions are established under which (2.2) has a max­

imum Bn = 8(z1, ••.• Zn), which converges in probability to some 81 in the interior of 0, 
where 81 maximizes the function 

n 

(2.7) i/i(B) = n- 1 L Eolh;(Z;; 8)], 
i=I 

and 

(2.8) 

where "..!." means convergence in distribution, with 

(2.9) V (8) 
= _1 ~ c 

1
ah;(Z;; 8) ah;(Z;; 8)

1 n n ~ ov 80. ' a0 , 
·•=l 1 k 

a pxp matrix, where, as pointed out before, the expected values are taken with respect to the 
true values 80 and x,0 , i = l, ... , n. It is also noted in Mak ( 1982) that in some situations 
it is possible to obtain estimators x; so that 61 depends only on Bo (is independent of Xio), 
that is, there exists a function g(.) such that 01 = g(00 ). If g is one to one then, a consistent 

estimator of lo is given by Bn = g-1(6n), 

3. The elliptical functional model 

In this section, asymptotic properties of the maximum likelihood estimator of the struc­
tural parameter 6 are studied under the elliptical functional model defined in (1.2)-(l.4), 
where the true value of 8 is denoted by 80 = (o:~,/fu)'. From {l.5) it follows that the log­
likelihood function corresponding lo the observed z1, ••. , z,., is given by 

~ n 

(3. l) L log f,(z,; 8, x;) = }Jog f(IJz; - a - hxdl 2
), 

i=l 
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for some function /(u), u 2:: 0 such that fa"'° rP-1/(r1 )dr < 00 1 which guarantees that /(x'x), 
X E 'R,P is a p-dimensional spherical density. Morever, suppose that the function f satisfies 
the following conditions: 

(C.l) f E c<2
> and is decreasing in (0, oo ); 

(C.2) Jo"° rP+
3 /(r2)dr < oo, which guaratces finite fourth moments. 

The following notation will be used in the sequel. For any function (can be a matrix) 

~ = ~(8) we denote by ~o the function evaluated at 80 , that is, 4>0 = 4>(80 ). Morever, let 

b 
h1 = llbll' B1 = bib;, B2 = I,, - B1 

and consider the random \"ectors 

(3.2) 

and 

(3.3) 

Note that R; = R,(8) and T; = T,(8), i = l, ... , n, are orthogonal, for rach 6 E 0 and 
according to Lemma A. l, (i), it follows that 

(T:,R:J' iJ:! E12p(C[(a0 - a)+ (b0 - b)x,0J,CC'), 

with C = [B;, B~]', which is a singular elliptical distribution. Particularly, for 6 = 60 , it 
follows that 

(T:0 , R:0 )' iJ:! £l2,,(0, CoC~), 

from where it follows (see Lemma A.I, (ii)) that 

(3.4) ( T;o) ~ ( r:Q:e1), 
R;o r Q7U1 

where (e~.u1)' ~ Elp(O,I,,;f), and r, Q1 and Q2 are as defined in Lemma A.l with p1 = q, 

P2 = 1 and "v 4 w" meaning that v and w are identically distributed. The conditional 
maximum likelihood estimator of x;, i = l, ... , n is considered next. The proof follows 
directly from (3.1) and (2.2). 

Lemma 3.1. Consider thf model defined by (1.2)-( LI) ,vith Condition (('. I) satisfied. Thus. 
the conditional maximum likelihood estimator of x, given 6 can be written as 

b' 
i; = llbll2 (Z; - a) 
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i = l, ... ,n, and 

(3.5) 

where T; is as defined in (;l.;J}, i = 1, ... , n. 

Considering 8 = («,{{)' == (o1 , ••• ,o9 ,/31, ... ,/39 )' E 0, W1(u) = J'(u)//(u) and 
A1(u) = W,(u)W1(u) - Jr1(u)2

, where g = f', u ~ 0, it follows from (2.3), (2.4), (2.5) 
and (3.5) that 

(3.6) k = 1, ... ,2q, 

and 

(3.8) . (z BJ= w2(IIT ll2)(ollTdl
2
)(ollT;ll

2
) q,s •. s, •· I • [)(Jic o8; , 

j, k = l, .. . , 2q, where 01 = o 1 , j = 1, .. . , q, 8i+q = Pi, j = 1, ... , q. Moreover, straightfor­
ward but lengthy algebraic manipulations show that 

' 

DIIT,112 . d' a11Tdl 2 
• , 2 , a21IT;ll2 

, 
-ac;;-=-2( ,T,), ~=-2(d;T;)x;u-llbll(d,T.)r;, OO:jOCXk =2d;B2dk, 

ollT;ll 2 a211Tdl2 2 ( , 2 , , oa,o/3k = aa,oa1r X;o + 11h11 d;B2dk)r, + 11h11 (d;hdd1r T;, 

ollTl D2IIT;jJ2 
2 4.r;o ' 2x;o ' . 

ofJ;f)f31r = 8a;oa1r -';o+ llhll(d;B2dk)r,+ llbllh1D(1,k)T; 

+
11
: 112 b~D(j,k)T,r; -

11
: 112 (T:D,1rT;) + ll:ll2(d:B2di:),}, 

with D;1r = d,d~, D(j,k) = D1 1r + D1r, an<l d; = ('5;,0)' E 'R,P, p = q + 1, where 6; = 
(0, ... , 0, l, 0, .... O)' E 'R-1 , j = 1 .... , q, that is, a q-dimensional vector of zeroes with one 
in the j-th position. 

To prove the main results. the following assumptions are required: 
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(C.3) There are positin! constants a1 and b1 such that 

IW1(u)I $ a, and IWr(u)I $ b1. u;::: O; 

(C.4) For each 8 E 0° (the interior of 0), there exists 6 > 0 and functions d,(z;) and d;1,;;(z,) 
such that 

lh;(Z;, 9)1 $ d;(z;) 

and 

lq;s.,,(z,; 9)1 $ d,k;(z;), 

for all 9 E V(9,6) = {9; 119- 911 < 6} C e 0 , and 

n n 

lim sup n-1 L Eo[df(Z;)] < oc, lirn sup 11-
1 L E0 [dfk,(Z, )] < :,o. 

i=t i=1 

j,k = 1, ... ,2q; 

(C .. 5) There exists -y > 0 such that 

(C.6) The sequence {x;} , i ~ l, is such that there exists M > 0 such that 

sup lx;I = Ill < oo; 
j~\ 

(C.7) Given f > 0, there exists 6 > 0 such that 

n 

lim sup n-• 1 L Eu[ sup{ q,,.,1(z,: 9): 119 - Ball < 6} - q,s.s, (z,: Bu )JI < t., 
i=I 

k, I= l, . .. , 2q. The same is true when sup is rE>placed hy inf. 

The lemma presented next will he useful! in proving the main results in lhe paper. The 
notation 0 indicates the Kronecker product. 

Lemma 3.2. Consider the f11nctional model (1.2}-(LI} satisfying Con,litinns (C.l}-(C.2}. 
Thus, the matrices E0 [An(80 )] allll Vn(9o) defined in (2.6) and (2.9), rrsp1rli1wly, a,·r .<uf'h 
that 

( 
l .i:u ) Ea(An(Bu)I = 2c, - S'!. + I !!..t. 0 8111 

Xo r iit;;Wc, 
• 
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and 

where 

and 

1 n 1 n B I /Joffo 
io = -I::x;o, ~ = -I:x;0 , 30 = q - llboll2 , 

n i=I n •=I 

-\ _ EolWJ(lle1ll2)a(lle11l2)lle1ll2) 
· 

1 
- EolWJ(lledl2)lledl 2

) ' 

81 = Eu[ll'1(lle1ll2Ha(lledl2
) - !lle1ll2)J + ~Eu[~1(lle1ll2)a(lle11i2)lle11!2) 

q q 

·) 

Ci= EulH'1(lie,ll2)] + =Eo[~1(Jle,i11)lle1l[2
], 

q 

with a{lle1112) = Eu[u1ie.J a11d (e;,ui)' ~ El,,(O,l,,;f). 

Proof. From (3.7), and using the fact that (see Lemma A.l and (3.4)) 

( r;o) 4 ( b;0;~~u1), 
T;o r Q,e1 

it follows that 

Moreover, since the functions ir1 and c.1 are continuous functions, it follows from Lemma 

A.1 in the Appendix that 

~,(IIT,uii2HT:uo,kTio) 4 ~1(1ie1il2}(e;Q1rD,kr'Q;ei) 

and 
W1(IIT,ull1) 4 lV1(11e11!2). 

Since lle1112 is iudependent of u(q) 4 ei/lledl, then from Lemma A.2 and properties of the 
elliptical distributions, it follows that 

Eu[q;,.,,,, (Z,; 110)] = '.1(d:B20dk){ Eu[ll'1(11e11!2)] + ~Eo[Ll1(lle1IJ2)11e11!21}. 
q 

In a similar way, using the fact that E[r;ulT,u] = 0, since (r;u, T:0 )
1 ~ El,,+1(0, Bo), where 

, . ( I 
Bo= 0 
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• 
it can be shown that 

Eo[%.a, (Zi; Bo)] = x;oEo[q;,,.,,, (Zi; 80 )]. 

Now, from (3. 7) and from the fact that E[r;0 IT;0 ] == 0, it follows that 

2 Eo[q;a.11, (Z;; Bo)J = T~oEo[qi,,.01 (Zi; Bo)J + llboll 2 { 2Eo[t-1{11T;ull2)(T;0 D,k T,o)r~0 J 

+(d1B20dk)Eo[ll'1(IIT;oll2)r~0]- Eo[W1(IIT,oll2HT:0 D,kTiu))}. 
The continuity of the functions W1 and t., in conjunction with Lemma A. I imply that 

~,(IIT,oll2HT:0Dj1tT;u)r~o 4 ~1(lle,ll2)(e;Q,rDj,.rQ;ei)u:. 

W1(IIT;ull7)r~0 ~ \V1(lle,ll2)u! 
and 

W1(1lT;oll2HT:oo,k T;o) 1=_ w,(lle1il2)(e;Q,r1D;1tr'Q;et). 
From the above results and Lemma· A.3, it follows t.hat 

Morever, since d; = (.r;.o)', where 

bJ,. = d;B20d,. = cf,B3061,, 

which is the (j, k)-th entry of the matrix 

Thus, the matrix Eo(A,.(80 )) follows from the above results and from (2.6). 
Similarly, (3.8), Lemmas A.I and A.2 and the fact that the distribution of (r;0 , T:0 )' is 

symmetric (in relation to the orign), imply that the entry of the matrix V ,.(80 ) defined in 
(2.9) is given by 

and 

Eo[qiP•.P~(~;; Bo_JI_ = r~1Eu[q;"•-<>,(Z,; 8o)I + qlliol/2 b1kEo{H}(lle1 il1)n(lle1ll1)lle1ll2), 
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which arc lia:;cd un the fact that 
• 

(3.9) 

It can be shown that 81 = 0 for the normal, Student-t and generalized Studen-t models 

and we conjecture that this is also valid for all distribution in the elliptical family. The main 

results of the paper are presented in the sequel. The first important result shows that 91 

(defined in Section 2) coincides with the true value 80 under some special conditions. 

Theorem 3.1. Suppose that Ci< 0, B1 = 0 and that Conditions (C.1)-(C.S} are satisfied. 

Thus, Bo i.s a local ma.rim um of the function ifJ(6) = n- 1 EolL:':1 h;(Z;; 6)1, where hi(z;; 8) = 
logf(IIT,!11). i =I .... , n. 

Proof. for auy 6 E 0 it follows from (3.6) that 

and 

q;o,(z,; 6) = q, ... ,(z;; 9)xi0 - ll~II W1(IIT;il2)(d~T;)r;, j = l, ... , q. 

For 8 E V(Bo, b ), b > 0, it follows that 

llz, - a - b.i:,ull ~ llz, - ao - box;oll + 6(1 + jx;ol) = do(z;) 

implying that 

and 
hi :S d0 (z;). 

Thus, Condition (C.3) and the Cauchy-Schwarz's inequality imply that 

and 

Defining 

the abon• inequalities, Condition (C.2) and the Dominated Convergence Theorem permits 

to write 
iNi(B) ao-:- = Eu(q.s,(Z,;6)1, 

1 
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• 

j = • l,. :. , 2q. Thus, frQm (3.9), jt follows that 80 is a critical point of the function ~•;(8), 
i = 1, •.. , n, and, accordingly, a critical point of ~(8). On the other hand, Condition (C.3) 
a11d the Cauchy-Schwarz's inequality imply that 

• lq;,.k,.,(z,;8)1 :S 4qc1d~(z,) + "2qa1, 

• 
and 

lq;p1p,(z,; 8)1 :S 4qc1(do(z;)lx;ol + di(zi))2 + .2qa1(x~0 + 4lx;o[do(z;) + -td~(z,)), 

j, k = l, ... , q, where CJ = a 1(a J + b1 ). Thus, Condition (C.2) and the Dominatrcl Conver­
gence Theorem imply that 

82ip;( S) 
ao.,,,ao) . = Eo[<Ji8k8, (Z;; 8)1, 

j, k = l, ... , 2q, with 'Pi E C(l) (see Condition (C.l)), i = l, ... , 11. Moreover, the matrix of « 
second derivatives of the functio~ ,/.,;(8) at 80 is given by 

2c, ( 
1
_ 2 +X;ol !!.L.) 0 830, x,o X;0 jjojj'I 01 . 

where B30 is as in Lemma 3.2. Accordingly, the matrix of second derivatives of ,7,, ( 8), namely, 
Eo[A,.(80 )), is as given in Lemma 3.2, with 81 = 0. In the following it is shown that the 
eigenv!lues of the matrix £ 0 (A,.(80 )) are all negative and consequently So is a local maximum 
of the function t/)(8). As such, the eigenvalues of the matrix 

Po= (;
0 

1~) 
are given by A; = 1 + ~ =i= J(l + S~)1 - 45'~"'' i = l, 2, which are all positives, with S~"' = 
~ - .f~. On tlie other hand, it follows that 

IBJO - hlql = llq - ,~~!12 -hlql 

- I( _ h)T _ /Jnffo I - (II/Joll
2

) 11 I _BI 
- l .a.q llboll2 - llboll1 1 

q 
O 

• 

• 
where 

(3.10) 
llbolJ2 B /Joffo 

"'( = II/Joll2 ( 1 - h) anti u = 11/Jolll. " 
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Since B 0 is a symmetric and idempotentent matrix with rank one, it follows that the eigen-
values of 1 he matrix B0 ari> , 1 = 1 and , 2 = ... = ')'q = 0, so that the eigenvalues~£ the 
matrix B30 are given by 81 = N and c52 = ... = c59 = 1. Thus, the eigenvalues of the 

matrix Eu[An(Bo)] = 2C1{Po 0 830) are all negative, since Ci< 0. • - . 
The result pr<'sented next shows that the maximum likelihood estimator On obtained by 

solving simultaneously the 2q equations 

(:J. l 1) 

and 

(:l.12) 

n 

L qia,(Z;; 8) = 0 
i=I 

n 

L'li.a,(z;;O) = 0. 
i=I 

j = l, ... , q, are consistent and asymptotically normal. 

Theorem 3.2. Consider the model given in (1.2}-{1.4} satijying Conditions (C.1)-(C. 7) 

with Ci < 0 and B1 = 0. Then, the maximum likelhood estimator Bn = (a~J(y of B0 , 

obtained liy .sofoing 1q1tations (3.11} and (3.12) is such that Dn .!. 00 and is asymptotically 
normally disfrih11/rd with mean v~ctor B0 and covariance matrix given by 

En= E[WJ(lle1ll2)lle1ll2] (il(S~:r:)2 + l(i~ -Kio) B 
qCJ(S2J2 -Kio K 0 ◄o, • 

11•h11'1' il = llh11ll2. I{= o.S~:r: + t\1 fllld 

Proof. Uuder tlw rlliptical functional model satisfying Conditions (C.1)-(C.7), it can be 
shown, hy using the Cauchy-Schwarz's inequality that the regularity conditions defined in 
Mak (1982). Section 2. are satisfied. Thus, it follows that maximum likelihood estimator 
which follows by solving equations (3.11) and {3.12) is a consistent estimator of B0 , asymp­
totically normally distributed with c:ovariance matrix following from (2. 7) and given by 

'En = (Eo[An(Ou)l)- 1V n(Oo)(Eu[An(Oo)])-1
, 

where , from L1·mma :l.'.l. umler the assumption that B1 = 0, 

12 
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and 

(Eo[An(Bo)lr' = 2c:s~., ( :t -:o) 0 Bid. 

A1 and Ci are as given in Lemma 3.2. 
In th~ case of q = 1, the generalized least squares estimator (Sprent, l!J66. Gieser, l!J85), 

is obtained by minimizing the function Qc;(o,/J,x) = E~=• £.f;, whne f; = z, - a - br., 
x = (x1 , ••• ,.rn)' and is given by, 

where Syy = I:~1 (l';- Y) 2 
/ n, Sxy = I:~1 (X;- .t)(};- f)/11 an<l Sxx = [.'::_1 (.'\.;- .t)2 /u. 

The following result presents the asymptotic relative efficiency c/J· ,:; uf the 0crenernlizctl GLS,,_,n 

least squares estimator with respect to the estimator Pn which is obtained by solving equa­
tions (3.11)-(3.12) for the case of q = 1. It depends on the following condition: 

(C.8) The sequence {x;};~ 1 is such that i = Z:::::':,, 1 x;/n--+ /land E~1(x; -i-)2/n-+ u;.r. 
Corollary 3.1. l'nder the assumptions considered i11 Theorem 3.2, Condition (C.B) a11d 
q = l, it follows that 

• 
Eo[WJ(e;)e~] ~u;., + A1 

ePai.s.P .. = CJS (..lu;z+S(11:+l)), 

where S is as in (A.1) and 
4>"(0) 

":c: (4>'(0))2 - l. 

Proof: From Theorem 3.2 in Arellano-Valle et al. (1996), it follows, as n-, oo, that 

where 

(3.13). 

Moreover, from Theorem 3.2 and Slutsky Theorem, it follows that 

./n(tJn - 1Ju)--=--. N{O,uf,), 
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where 

(3.1") 

Thus, I.lie result follows from ('.l.13) and (3.14) and from the fact that en .. = ul,/u'/:;is• 
JJGLS,#Jn 

4. The multivariate Student-t functional model 

In this section we ronsider I hat 

( 4.1) 

i = l, ... ,u, with the density function given in (1.6). After some algebraic manipulations 

(see Section,\. l in the Appendix. with A= v, 11'1 = Wp), it follows that 

and 

~1(lle1!12) = 
11 ~ p(v + lle1U2)-1

, 

where (e~, u 1 )' ~ lp(O,lp; 11) , p = q + 1, with e 1 the q-climensional vector as defined in (1.2). 
Moreover, it c,111 lie shown that 

2 lv+p q11+p 
Eo[W1(lledl )] = ---, Eo[W1(lledl2)lle1ii2] = ----, 

2v+q 211+q 

Eu[WJ(lle,W)lle11l2] = i(v+~;(::):+2)' En[D.1(lle11!2)lle11!2I = ~(11+q~::q+2)' 

Eu[W1(lle1ll2)n(lle1ll2)] = -t,:; ~ 2 ' Eu[IV}(lle1ll2)a(lle11!2)1le1ll2l = ! (11 + ~;(: :): _ '. 

Eu[D.1(l1e,!12)a(l!e1ll2)1!e1!11] =~(II+ q~:: q _ 2), 

from when~ it follows that. 

( 4.2) C ---
1 11+p 

B1=0 an<l 
J- 2v+q+2 

Tims, rrom Ll'llllllil :1.2. it follows that 

(4.3) Vn(Bo) = (II+ p)i ( ! 
(v+q)(v+q+2) Xo 

io ) 50 + t A ® B:io 
.r ~ / 
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and 

(4.4) II+ p ( l io) Eo(A,.(9o)] = -
2 

- so ® BJO, II+ q + Xo z 

where B30 is as given in Lemma 3.2. It can also be shown that 81 = 0 and C1 < 0 in tlic 
case where f; ~ tp(O, Ip; A, 11), that is, f; follows the generalized Student-t distribution (see 
(A.2) in the Appendix), i = I, ... , n. After some algebraic manipulations, it can be st.own 
that the maximum likelhood estimator of 9 = (a', /J')' is obtained by iteractivrly solving 
equations (3.11)-(3.12), which in the ca.:;e of a Student-t f1111dioua!"111odc-l ran lie writ.tc-11 .is 

( 4.5) 

smce 

and 

qip,(Zi: 8) = (v + p)(v + IIT,112)-1djT;(x;o + ll~II ), 

where r; and T; are as in (3.2) and (3.3), respectively. Bolfarine and Arella110-Valle (1994) 
consider the EM algorithm for obtaining the maximum likelihood estimator of 8 under the 
above Sudent-t From (4 .3) and (4.-t), it follows 

Theorem 4.1. Consider the modd defined by (J.:J) and {,1.1} and with Condition {n.6) - _, 
satisfied. Thus, for 11 > 4, the maximum likelihood estimator 8,. = (a~, P,.)' of Bo= (a~, p;1)

1
, 

which is obtained by solving equation (.1.5) is consitent and asymptotically normal with mean 
80 and covariance matriz given by 

where A= llholl2
, /( = .QS~s- + A1, A1 as defined in {.1.2) and 

l 
B◄o = llholl2 (l1 + /Jo/fu). 

Proof. Ordinary algebraic manipulations show that the Conditions ( C. l)-( C. 7) are satisfied 
for the Student-t model defined in (l.6) (see also (A .:!) in the Appendix) . Thus, llw,r<'Sult 
follows from (-l.3), (4.4) and Theorem 3.2. 
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Corollary 4.2. f 1111frr th,· assumplion given in Thcorr.m 4, 1 and Condition (C.8} it follows 
that 

(4.6) 

which implies 1'1nl Jn is more rfficient than Sais. 

Proof. The proof of (-1.6) follows directly from Corollary 3.1, (4.2), by taking ,c + 1 = 
(v - 2)/(,, - •I) and 8 = v/(v - 2). Moreover, notice that 

(v-2}(v+3) < l 
v(v + 1) - ' 

d v+3< II an - - -­
v-1 - 11-4' 

from wlwre it follows that f.'Jais,Pn ~ 1, which concludes the proof. 

NoticC' from Corollary ·l.l that e~aLs,J .. can be very low for v close to four. 

Appendix 

In I his ap1w11dix. proprrtif's of the elliptical 1listrib11tions are presented, which are used 
in the proofs of the main results of the paper. Some of the results presented seem to be 
ext1·11sious of C'Xi:-;ting results in the literature. Let X ~ El,,(O, I,), to denote the fact that 

the Vf'ctor X is ,listribut.ed according to t,he spherical distribution, meaning that X 4 rx, 
for all r E OP= {A(pxp); AA'= I,,}, namely, the group of p-dimensional orthogonal matri­
ces. As considered in the Introduction, we also use the notation El,,(O, I,,), or El,,(O, I,,;/) 
(Elr(D. I,,; 9) ), t.o indicate situations where X has density function /(t't) ( characteristic 
function q',(tt')), t E 'R,P. ~loreover, if X ~ El,,(0,1,,;ef,), then E[X) = 0 and Cov[XJ = 61,,, 
whenever C'Xisting, where. 

(A.l) 6 = -24>'(0), 
, 8q',( u) 

where ef, (0) = ~lu=O· 

Lemma A.l. Ld X = (X;.x;)' ~ El,,(O,I,,), where p1 + P2 = p and p; is the dimention 

of X;, i = I, 2. Let Y = (Y\, Y~)' be the 2pxl-dimensional 1·andom vector defined by 
Y; = A;X, i = I, 2 where A 1 and A2 are symmetric matrices such that A 1 + A2 = I,, and 
rnnk(A;) = lr(A;) = ,,,. i = 1,2, ~o that A 1 and A2 are idempotent orthogonal matrices. 
Tims, 

(i} Y ~ E12p(O, A), w/11 re 

A = bdiag(Ai, A 2 ) = ( ~1 :J , 
16 



and "bdiag" denotes a block diagonal matrix; 

{ii) There exists r E Op such that: 

(y•) .!. (r'Q;X2) 
Y2 - r'Q\X1 ' 

where Q, = (IP, 0) (p,xp-dimensional) and Q2 = (0 l1>1) (P2i;p-dimensional) 1 with Ip; the 
p;-dimensional identity matrix. 

Proof. 

(i) Let 

a 2px2p dimensional matrix. Thus, Y = CX ~ El2p(O, CC'), according to Fang et al., 
(1990), where CC'= bdiag(A.,A2 ), since Ai= A~, i = l,2 and A,A2 = A 2 A 1 = o. 
(ii) Since A 1 and A2 = I, - A 1 are idempotent matrices, there exists r E Op such that rA;r' = Q:Q; which implies that A; = r'Q:Q,r, i = 1,2, where Q 1 = [Ip, OJ and 
Q2 = (0 ~]- The previous results in conjunction with X 4 rx, implies that 

A important consequence of the previous lemma is stated next. 

Corollary A.I. For any continuous function g(.), it follows that 

Lemma A.2. Let X = (X~,X;)' ~ Elp(O,lp), with P(X = 0) = 0. Then, 

(i} X, IX2 4 X1 IIIX2112. and are elliptically distributed; 

(ii} ff W = g(IIXll2), A is a pxp symmetric matrix and E(IWIIIXW] < oc. then 

E(WX' AX] = p- 1 lr(A]E(ll'IIXWJ. 
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Proof. Th<' proof of (i) can he seen in Fang et al. ( 1990). For proving (ii), it sufficies to 

11se the fact that X ~ RU. where R ~ IIXII is independent of U ~ X/IIXII and 

E[U'AUJ = p- 1tr[A]. 

A.1. The generalized Student-t distribution 

Let X ~ / p( 0, Ip;,\, v) an spherical p•variate Student-t distribution with density / 7,(',cx), 
x ER", where 

(A.2) 

,\, v > 0, where k(v. p) is as in ( l.6). For ,\ = v, the usual Student-t distribution with 
v degrees of freedom (see Arellano-Valle and Bolfarine, 1995) follows. Moreover, let X = 
(X\,X;)' ~ 1,,(O,l,,:,\.v), where X, is p;-climensional, i = 1,2, with p1 +p2 = p. We now 
define tlw fu11rtio11 W,,(1t) = J;(u)/fp(u), u 2::: 0, with fp the function given in (A.2). Some 
properties of IF,,(IIXW) with X ~ t(O, Ip;,\, v) are considered in Arellano-Valle and Bolfarine 
( 1!)94 ). 111 the following we consider properties of the random variable Wp(IIX1112), where X1 
is a q-<limensional subvcctor of X, with l $ q < p, and / 9 corresponding to the (marginal) 

density of X1 . 

Lemma A.3. ( ,'onsidfr lht gt>neralized Student-I distribution with density given by (A.!!). 
Thus, 

(i) Wp(u) = - ~(,\ + u)-i, ll;::: 0; 

(ii) W,,(11) = ~IV9(u). 11;::: 0. l $ q < p, 

and 

(iii) w;(u) = :.! 1;:9
12 W;(ll). 11 ::: 0, l $ q < p, where w; is the derivative of Wp and 

W9(u) = J;(u)/ / 9(11). 

Lemma A.4. ld X = (X;.X~)' ~ t,,(O,lp;,\,v), with X; of dimension p;, i = 1,2 and 

Pi + /12 = 71 . Tl,11.s, 

( '·) V [XIX] HIIX,11'1 
II 111" 2 • I = v+r1 - ~ 1'> • II+ Pi > 2. 

The proof of (ii) can lH' fo1111d in Arella110-Valle and Bolfarine (1995). The next result follows 
by using the• pwvious lemmas, after straightforward hut length algebraic manipulations. 
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Lemma A.5. Under the assumptions considered in lemma A.,I, with p1 = q and 711 = 1, it 
follows that 

(1) E(W,(11Xdl2)] = -½~\:::J; 
(2) E(W,(IIX1ll2HIX1ll2] = -½~, 

rs) E(w;c11x, 112)11x11111 = L1 .. ~~~m:H,. 
(~) E(W~(IIX1ll2HIX1ll2) = L1 .. .:J11:~1q+2) 

(5) E(W,(IIX,112).\'i] = -L~~'.:2· 

(6) E[W;(llX1ll2)IIX1112 XJ] = ! 1,,+~;~~:-:-~l 
and 

(7) E[W~(IIX,ll2)1lX1ll2XiJ = ½(v+q)(;;
9

_ 21 , with W~ as in Lemma A . .J'. 
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