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Quantum spin Hall effect in a disordered hexagonal SixGe1−x alloy
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We show that the SixGe1−x random alloys in the honeycomb monolayer structure are nontrivial topological
insulators with the same topological classification Z2 = 1 as pristine silicene and germanene. The application of
an external electric field decreases the band gap up to its closure at a critical value of the field, |Ec|. For absolute
values of the field larger than |Ec| the band gap increases again, and the systems are now trivial insulators.
Thus, similarly to what happens for zinc-blend SixGe1−x alloys, these materials will bring new possibilities in
the design of devices, such as band gap and mobility engineering, with the added feature that they will exhibit a
quantum spin Hall effect due to the gap generated by the spin-orbit coupling.
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Considerable progress has been made to have a complete
understanding of the electronic properties of graphene. It
has attracted attention of the scientific community due to
its potential to be used in nanodevices.1 Graphene2–4 is a
truly two-dimensional (2D) planar material, with a honeycomb
crystal lattice. Their valence and conduction bands, in the
absence of spin-orbit coupling (SOC), cross at the Fermi level
in a conical shape, with a linear energy-momentum dispersion
relation at two �k points (K and K ′) of the Brillouin zone, the
Dirac points. Kane and Mele5 have shown that a single layer
of graphene could exhibit quantum spin Hall effect (QSHE)
due to the SOC opening a small gap. However, the size of the
gap would not allow the observation of the QSHE at realistic
temperatures.6,7

Recently, a new material, named silicene,8–13 has been
synthesized. It shares the same structure with graphene,
but with two important differences:14–18 (i) the honeycomb
structure is buckled and (ii) it has a relatively larger SOC and,
thus, a larger spin-orbit band gap. As a result, this material
could be a possible candidate for the observation of the QSHE
as proposed by Kane and Mele.19–21

Besides silicene, Liu et al.22 have recently shown that ger-
manene as well could display a QSH effect at experimentally
accessible temperatures. Moreover, the buckling structure of
these hexagonal materials brings out a new feature when
compared to graphene, which is the possibility to tune the
band gap by the application of an electric field perpendicular
to the atomic layer.16,18,23 Even more interestingly, for absolute
values of the electric field smaller than a critical value |Ec|,
the system behaves as a Z2 = 1 topological insulator (TI),
whereas for absolute values greater than |Ec|, the system is
an ordinary band insulator. The overall behavior of the band
gap, observed for both silicene and germanene, as a function
of the external electric field, is a W-shaped function, with
the band gap closing at |Ec|. The only difference between
these materials is the value of |Ec|, which is connected to
the strength of the SOC, which is larger in germanene than
in silicene, resulting also in a larger band gap in the former
(28 meV) than in the latter (1.95 meV).

If we consider zinc-blend (ZB) bulk materials, the possibil-
ity of mixing Si and Ge to optimize the material properties has
been already a reality for many years, since SixGe1−x forms a

random alloy which has been used in a variety of devices.24,25

Thus, there is also the possibility of employing SixGe1−x alloy
monolayers with 2D honeycomb geometry in new devices that
present quantum spin Hall effect, with the added feature of
band gap engineering.

In this Rapid Communication we show that a truly
disordered SixGe1−x alloy monolayer with 2D honeycomb
geometry, for any value of x, is a nontrivial insulator with
the same topological classification as silicene and germanene.
This statement is based on two results: (i) The band gap
never closes as x is increased from x = 0 (germanene) to
x = 1 (silicene). Thus, the adiabatic continuity argument26–31

guarantees that the disordered SiGe alloy has the same
topological classification as silicene and germanene. (ii) The
application of an electric field perpendicular to the SixGe1−x

monolayer leads to a W-shaped behavior for the band gap,
as observed in silicene and germanene,16 indicating that the
disordered alloys are Z2 = 1 TIs.

The electronic structure simulations were performed within
the density functional theory (DFT) framework32,33 as imple-
mented in the OpenMX code.34 For the exchange-correlation
functional we used the GGA-PBE approximation.35 The
spin-orbit interaction was included via a norm-conserving
fully relativistic j -dependent pseudopotential scheme, in the
noncollinear DFT formalism.36 All the systems investigated
were fully relaxed until the residual forces on the atoms were
smaller than 0.001 eV/Å.

In order to simulate the disordered SiGe alloy in a realisti-
cally way using supercells, we employ the special quasirandom
structure (SQS) model proposed by Wei et al.,37 considering
up to the third-nearest neighbors of each atom. This method
provides a simple way to determine, via first-principles calcu-
lations, the local atomic structure and the electronic properties
of a random alloy. It was successfully applied to SixGe1−x

bulk alloys.38 We used supercells containing 98 atoms of
Si and Ge randomly distributed in a honeycomb structure.
In our simulations we study the following concentrations
of the hexagonal SixGe1−x alloy: x = 18.4%, x = 26.5%,
x = 50.0%, and x = 73.5%, besides the pure x = 0% and
x = 100% configurations. In Fig. 1(a) we present a schematic
view of the geometry of the disordered SixGe1−x , illustrated for
the particular case of x = 50%. It is well known that the lattice
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FIG. 1. (Color online) (a) Ball-and-stick model of the disordered
SixGe1−x 2D hexagonal alloy, for x = 0.5, generated with the SQS
procedure. We also show in the right panel the buckling height, �,
and the direction of the applied electric field. (b) Deviation of the
alloy equilibrium lattice parameter from linearity, �a0(x), as defined
in the text. (c) Average bond lengths for the Si-Si (squares), Si-Ge
(diamonds), and Ge-Ge (triangles) bonds.

parameter of the ZB SixGe1−x , as a function of x, has a small
deviation from linearity.38 To calculate such a deviation for the
honeycomb lattice, we first relaxed the supercell and obtained
in this way the equilibrium lattice parameter a

eq

0 (x), for
each composition. We then calculated this deviation, �a0(x),
defined as �a0(x) = [xaSi

0 + (1 − x)aGe
0 ] − a

eq

0 (x), where aSi
0

(aGe
0 ) is the lattice parameter for the bulk silicene (germanene).

In Fig. 1(b) we present our results for �a0(x). The results are
similar to the zinc-blend SixGe1−x alloy, indicating also a
negative bowing of the lattice parameter.38 In Fig. 1(c) we plot
the average bond lengths as a function of x, for the Si-Si, Si-Ge,
and Ge-Ge bonds. As can be seen, the behavior is also very
similar to what is obtained for the 3D bulk alloy, indicating
that this system is closer to the Pauling rather than the Vegard
limit.38 The final geometric parameter we analyzed is the
buckling height, �, as shown in Fig. 1(a). For pure silicene
(germanene) we obtained � = 0.49 Å (� = 0.71 Å), and for
the alloys we obtained the values 0.66 Å, 0.61 Å, and 0.56 Å,
for x = 26.5%, x = 50.0%, and x = 73.5%, respectively.

We also calculate the alloy formation energy, �E(x),
defined as �E(x) = ESixGe1−x

− [xESi + (1 − x)EGe], where
ESixGe1−x

, ESi , and EGe are the total energies per atom for
the SixGe1−x alloy, silicene, and germanene, respectively. As
can be seen from Table I, the values are about four times
larger than for the ZB alloy.38 An important parameter is
the critical temperature [Tc(x)] for the decomposition of the
alloy. A simple way to estimate Tc(x) is to equate �E(x) to
Tc(x)�S(x), where �S(x) is defined using an equation similar

TABLE I. Alloy formation energy, �E(x), in meV/atom, and
the critical decomposition temperature Tc(x), in K. x is the Si
composition.

x �E(x) Tc(x)

0.265 13.06 262
0.50 17.58 294
0.735 12.71 255

to the one used for �E(x), with the energy replaced by the
entropy. If we only consider the configuration entropy, we
have that �S(x) = −kB[x log10(x) + (1 − x) log10(1 − x)],
and from this we can obtain the critical decomposition
temperatures, as shown in Table I. As can be seen, even
though the temperatures are higher than for the ZB alloy, they
are in a range such that the disordered alloy will be stable
against decomposition, specially if one considers the growth
temperatures.

In Fig. 2 we show the geometries and the calculated
electronic band structures39–41 of the SixGe1−x alloys for
x = 26.5%, x = 50%, and x = 73.5%. The band structures
for all concentrations are similar to the bands of pristine
silicene and germanene. The only difference is the band gap43

at the K point, (�K ), which shows a steady decrease from
pristine germanene (�Ge

K = 25.5 meV) to pristine silicene
(�Si

K = 1.95 meV), as x is varied from x = 0 to x = 1 [see
Fig. 3(a)]. This is shown in detail in Fig. 3(b), where we present
the band structures41 around the K point as a function of x.
In Fig. 3(a) we also present, besides the band gap, the bowing
�g(x) = [x�Si

K + (1 − x)�Ge
K ] − �K (x). As can be seen, the

band gap for the alloy presents a small negative bowing.44

FIG. 2. (Color online) Calculated electronic band structure and
geometry of the hexagonal SixGe1−x random alloy for (a) x = 26.5%,
(b) x = 50%, and (c) x = 73.5%.
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FIG. 3. (Color online) (a) Band gap, �K , and bowing, �g(x), at
the K point, as function of the concentration, x, of silicon atoms.
The error bars were obtained by performing 30 SQS realizations for
each concentration (Ref. 41). (b) Band structure (Ref. 41) around
the K point as a function of x. We also present results for x =
18.4%, besides x = 0%, x = 26.5%, x = 50.0%, x = 73.5%, and
x = 100%.

We have thus shown that, going from germanene to
silicene, which are both Z2 = 1 TIs, passing through the
disordered alloys, the band gap never closes. According to
the adiabatic continuity argument for the band transformation,
which has been used to identify 2D and 3D TIs,26–31 if the
Hamiltonian of a system is adiabatically transformed into
another, the topological classification of the two systems
can only change if the band gap closes. Thus, if the band
structure of a set of systems can be smoothly changed
without closing the gap, all these systems must share the
same topological classification. For the SixGe1−x alloy, for
example, the adiabatic transformation of the band structure
can be realized by changing the concentration x. Therefore, we
claim that all the SixGe1−x disordered alloys fall into the same
topological class of pristine silicene and germanene, which
is a Z2 = 1 TI. This result is far from trivial. For example,
an ordered Si0.5Ge0.5 alloy has a gap of 7 meV, but is not a
topological insulator, as shown in the Supplemental Material.42

Moreover, a non-SQS disordered Si0.5Ge0.5 alloy can have a
zero gap (see Supplemental Material42). Thus, it is not simply
any mixing of Si and Ge that will result in a TI.

Silicene and germanene undergo a topological phase
transition, from a Z2 = 1 topological insulator to a trivial band
insulator, as an externally applied electric field is changed.
This is manifested as a W-shaped behavior of the band gap
as a function of the electric field.16 Since the random alloy
shares the same topological class as silicene and germanene,
they should display a similar behavior. In Fig. 4 we show the

FIG. 4. (Color online) Energy band gap, �K , at the K point, for
the SixGe1−x alloy, as a function of an applied electric field. The
results are sown for five concentrations, x. The arrows below the
curves indicate the position of the critical electric field Ec, where
there is a quantum topological phase transition from a topological
insulator to a band insulator. The error bars shown at these points were
obtained by performing 30 SQS realizations for each concentration.

band gap as function of the external electrical field for silicene,
germanene, and the SixGe1−x alloy.

We can see that, independently of the concentration of
silicon, the behavior of the band gap as a function of the
electric field is the same. For example, for x = 50% without
an electric field, the system presents a gap of approximately
10.25 meV. When the field is increased to |Ec| = 1.0 V/nm,
as happens for both silicene and germanene, the band gap tends
to close. In fact, the alloy band gaps from Fig. 4 do not go to
zero because of finite-size effects. As shown in Fig. 5 for the
Si0.265Ge0.735 alloy, as the size of the supercell increases the
band gap decreases, going to zero asymptotically for an infinite
system. A similar behavior is observed for other values of x.
For absolute values of the electric field larger than |Ec|, the
energy band gap increases again. This feature is present in all

L
-1.28

FIG. 5. (Color online) Minimum energy band gap, �K min, at
the critical electric field value |Ec|, for the Si0.265Ge0.735 alloy, as
a function of the supercell size.
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alloys that we have investigated.45 Thus, we have shown that
random SixGe1−x alloys behave exactly like pristine silicene
and germanene,16 being a topological insulator for absolute
values of an external electric field smaller than |Ec| and a
trivial insulator for values larger than |Ec|.

In conclusion, we have shown that truly random SixGe1−x

alloys are nontrivial topological insulators, with the same
topological classification (Z2 = 1) as pristine silicene and
germanene. It is important to note that not any mixing of
Si and Ge will lead to TIs. Only truly disordered systems
seems to present such a behavior. Moreover, only in the limit
of very large (infinite) systems is the W-shaped behavior
identical to the pristine Si and Ge. This seems to imply that

one needs large systems to recover, in an average way, the
homogeneity of the system to guarantee that for any x the
disordered SixGe1−x is a truly TI. Similarly to the case for ZB
SixGe1−x alloys, this brings new opportunities to design new
devices, where parameters such as band gap and mobility can
be tuned by changing the value of x, with the important added
feature that they will also present the quantum spin Hall effect.
Moreover, the band gap can be further tuned by an externally
applied electric field, with the systems keeping their nontrivial
topological characteristics up to a critical value |Ec|.
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