





1. INTRODUCTION

The problem of testing the association between a response variable y and a covariate
z when the variable z is observed instead of the true variable z, has been the subject
of several papers in the statistical literature (Lagakos, 1988, Tosteson and Tsiatis,
1988). Suppose that the null hypothesis of no association can be tested by using the
statistic Q, when measurement error is not present. When z can not be observed
directly due to measurement error, a naive statistics Q; is obtained by replacing the
unobserved variable z by z, in a test which would be used only if z were observed.
The asymptotic relative efficiency can be used to evaluate the efficiency loss by
using Q. instead of Q,, which we denote by ARE(Q:, @), when considering local
alternatives to the null hypothesis.

Tosteson and Tsiatis (1988) compared the local power of the optimal score test,
the naive scorc test and the test obtained when is z is really observed, assuming
several error structures. The maximum likelihood estimators are not necessary to
evaluate the expression of the score test statistic and thus make it considerably
easier to be obtained than the Wald test statistic.

It is well known that in generalized linear models the naive estimator is incon-
sistent when the covariate z is observed with error (Fuller, 1987, Stefanski, 1985).
Several methods that can be used to produce estimators with reduced bias, has
been reviewed by Carroll (1989). Stefanski (1985) proposed an estimator based on
first order bias correction of the naive estimator which is valid for situations dealing
with small measurement errors. Stefanski and Carroll (1990) compared the Wald
test that follows from Stefanski (1985) correction approach under an additive error
structure with the Wald test based on the naive estimator.

Lagakos (1988) studied the behavior of three types of naive statistics: Wald tests
for linear models, likelihood ratio tests for logistic regression models and score tests
for Cox proportional regression models. Several error structures are considered and
the joint distribution of y and =z is taken in an arbitrary way. An important result
is shown by Lagakos (1988) and also by Tosteson and Tsiatis (1989) for score tests
in generalized linear models. The asymptotic relative efficiency of the naive score
test with respect to the score test based on the true covariate z equals the square of
the correlation coeflicient between z and z.

This paper is concerned with the properties of Wald test statistics for testing the
association between z and y in a particular class of generalized linear models, usually
called the Tweedie class of models (Jgrgensen, 1987), with a log-linear mean. An
additive error structure is considered and the joint distribution of = and z is normal.
The corrected score estimator (Nakamura, 1990) and its asymptotic variance can be
obtained for this class of models. We recall that most of the approaches considered
for estimation in measurement error models produces only approximately unbiased
estimates, with no formal theoretical justification. Nakamura’s corrected score along
with the conditional score of Stefanski and Carroll (1987) are probably the only
approaches able to generate consistent and asymptotically normal estimators in
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such models without making assumptions concerning the true covariate z. The
asymptotic local power of the corrected Wald statistic is compared with the naive
Wald statistic.

Section 2 introduces the Tweedie class of models and the Wald tests of interest.
In Section 3, under the assumptions considered in Section 2, the asymptotic bias
of the naive estimator is obtained. It behaves like the bias of the naive estimator
for the standard linear regression model with measurement error (Fuller, 1987). In
Section 4, the asymptotic properties of the three tests are considered. It is shown
that the asymptotic relative efficiency of the naive Wald statistic with respect to the
true Wald statistic (2 observed) equals the square of the correlation between z and z,
as also obtained by Lagakos (1988) and Tosteson and Tsiatis (1988) for other types
of tests. On the other hand, the asymptotic relative efficiency of the naive Wald
statistic with respect to the Wald statistic based on the corrected score is equal to
one. Similar asymptotic results are obtained by Stefanski and Carroll (1990) for the
asymptotic relative efficiency of the Wald statistics based on the naive estimator
and on Stefanki (1985) corrected estimator. In order to evaluate the behavior of
the Wald statistics for small sample sizes, Section 5 presents results of a small scale
Monte Carlo study. A numerical example in Section 6 illustrates the results obtained
in the previous scctions.

2. MODEL FORMULATION AND THE WALD TEST

Suppose that given z, y follows a generalized linear model so that
w(8'Z) = Efylz} = % and Varlylz] = ¢V (n), (2.1)

with V(i) = p?, p € R — (0,1), where & = (a,B) is the vector of unknown pa-
rameters, Z = (1,z)', ¢ > 0 is the dispersion parameter and V(u) is the variance
function. This class of models is known as the Tweedie models with log-linear mean,
which can be summarized in Table 1 that follows.

Details on the properties of the elements of this class of distributions can be found
in Jergensen (1987).

* In this paper, situations where z can not be recorded directly are considered.
That is, the observed data are (z,,11),...,(2n,¥a), with

z; = z; +ug, (2.2)

where u;, the measurement error associated with the true value z;, has normal
distribution with zero mean and variance o2, i = 1,...,n. The variance o? is
assumed known or a consistent is available. The measurement error u; is independent
of z; and y;, and the true covariate z; has a normal distribution with mean 4 and
variance 0%, i = 1,...,n. The following notation is considered in this context:

X=(1Lz),v=(0,1),y = (¥1,.. -, ¥n)s 2= (21,...,2a) and X = (21,...,2,)"
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Table 1 - Tweedie class of models

Distribution p
Extreme stable p<0
Normal p=10
Poisson p=1
Compound Poisson 1< p<2
Gamma p=2
Positive stable 2<p<y
Inverse Gaussian p=3
Positive stable p>3

The main interest is on testing the hypothesis Hp : § = 0, based on a sample of
size n. Let 6 = (a, B) be the true parameter value and 8¢ = (a,0)' be the parameter
value under the null hypothesis. The generalized linear model theory (McCullagh
and Nelder, 1089) establishes the following form for the score function

U(8;y,2z) = y_1i(6'2,)Z,,
i1=1
where

1(6'Z;) = gme'zi)vw'z.-)}-' {v: — n(0'2:)},

with fi(.) = dp(.), the first derivative of the function p. It follows, for the class of
models (2.1), that

1(0'Z;) = %CU-P)GIZ.‘{M | eO'Z.'}.

Given an estimator b = (&, B)' such that under Hp, n‘“(é —6,) ~h N(0,X), and
3.(8) a consistent estimator of X, the Wald statistic for testing Hy : § = 0 is
constructed in the usual way, that is,

a

Q= b of el o (2.3)
(V'E,(8)v)'/?
The null hypothesis is rejected if @ is large when compared to the corresponding
percentile of the standard normal distribution.

It will be denoted by é, = (&,,ﬁ-,)’,.the maximum likelihood estimator of & when
z is measurced without error. That is, 0, is the solution to the equation

U(8;y,2z) = 0.



The naive score function is obtained by replacing z by z, that is,

U(;y,x) = Zli(alxi)xi-
i=1

The naive maximum likelihood estimator is obtained as the solution to the equa-
tions U(6;y,x) = 0 and it will be denoted by 8, = (&, B:). Typically, 8. is
asymptotically biased. In Section 3, the bias of . will be explicitly obtained for
the class of models (2.1). A consistent estimator can be obtained by considering the
corrected score function approach introduced by Nakamura (1990). The corrected
score function, which we denote by U*(8;y,x), satisfies

E[U(8;y,x)ly,2] = U(8:y,2),

for all y,z,8. Thus, under the true model it follows that E[U*(8;y,x)] = 0, so
that, under certain regularity conditions, there exists 8. = (&, B.), a solution to
U*(8;y,x) = 0 which is consistent and asymptotically normally distributed.

Under assumptions (2.1) and (2.2) it follows that the corrected score function is
easily obtained and has the simple form

U*(8;y,x) = i:U'(e; Yi, Ti),

where U.(o; Yi, zc') = (Ul‘(e;yn IL'.),U;(B, y,',.'l«',')),, with

1 ' ’
Ur(0;3s,2) = et P Xy — o) (2.4)
and 1 i
U3(0: i) = 5 {0 X4 = (1~ ol (23)
—e P Xy, (2 P)”:ﬂ]} ’
where

9 _ p)2f242
v= ( p2)ﬂ .

The key result for deriving the corrected score function is the identity E[cf|z) =

22,2
¢! p;ﬁv..‘ and 7=

e”""p_:ﬁ , the moment generating function of z, which is normally distributed. Note
that the corrected score function U* depends also on o2, and when necessary, it will
be denoted by U*(8,02;y,x) to cmphasize this dependency. It will be denoted by
Q., Q. and Q. the Wald statistics (see expression (2.3)) based on the estimators 8,
é,, and éc, respectively.



3. THE ASYMPTOTIC BIAS OF THE NAIVE ESTIMATOR

In this section, a closed expression is provided for the asymptotic bias of the
naive estimator 0.

Lemma 3.1. Under the assumptions (2.1) and (2.2), it follows that 6. 24 0., so
that 8, = (au, B.)', with

0. = o+ (1~ R + g Rolf* and f. = R,
where R = a2 /(02 + o), usually known as the reliability ratio.

Proof. As considered in Stefanski (1985) (see also Mak, 1982), 8. £, 6., with
0. = (a.,B.) satisfying

E[U(H-;Yﬁr)] =0, (3.1)
where the expectation is taken with respect to the true parameter value 6. From
(3.1) it follows for the class of models (2.1)-(2.2) that

E[l(6.X)] =0 and E[I(0'X)z] =0, (3.2)

where )
1(6.X) = Ee("”)‘"x{y - 9%},

Using properties of the moment generating function of normally distributed random
variables, it follows from (3.2) that

a—-b=0 (3.3)
and

a{p+0{(1—p)B. +Bl+i(1—p)B.} — b{j+ o2(2 - p)B. + 02(2 - p)B.} = 0, (3.4)

where
a = e(l-Pastat[(1-p)B. +Blutv+n

and
b= e(2—p)(a. +ﬁ.u)+'v+6’

it ( )Zﬂﬁ 2 27322
1- 0%, 2- o,
1/) = ——p2 y 1= ——-( p2) 3

[(1 - p)B. + B)*a? (2 - p)*B202
2 ’ v

and 6=
2

By solving (3.3) and (3.4) we arrive at
2
B.=RB and a.=c+(1-R)ub+ %Rﬁ?,
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where R = 02/(a? + 02), as was to be shown.

Notice that R = a?/(0? + 02) = corr®[z,z]. Moreover, the asymptotic bias
of the naive estimator behave according to the-usual “correction for attenuation”
formula in the ordinary linear regression model (Fuller, 1987). If the true value is
the parameter 8o = (a,0)’ then A, =0 and a, = .

4. ASYMPTOTIC PROPERTIES OF WALD TESTS

In this section the Wald statistics based on é,, 6, and 6. are obtained. They
have the usual form (2.3) and for each case the asymptotic variance X is established.
Asymptotic relative efficiency is used to compare the Wald tests.

4.1. Wald test statistics

When the covariate z is truly obscrved, it follows that é, is such that, under
Ho: 0 = 8o, 0, -5 85, and

Jn(d, - 80 = N(O,K™),

where K(8,) = E[-i(6,2)ZZ'), with i(.) = dI(.). Moreover,

K.(0,) = —11-1 (8,222,

=1

is a consistent estimator of K(8). The true Wald test statistic can be wrilten as

n .
Q.= ——_L_—— (4.1

{(vK;'(8.)v}'/?

Let é, be the naive maximum likelihood estimator of é,. Thus, from Lemma
3.1 it follows that, under Iy : @ = 8, b, £, 8. = 8, and using results in Stefanski
(1985),

Va8, - 85) = N(0,AT'BATY),
where .
A = E[l(8:X)XX']
and
B = E[*(6:X)XX'].
It follows that A and B are consistently estimated by

Aq(8,) = %iii(é:xi)xix:'

i=1
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and

B.(B.) = = Y- BB, X)XX.

=1
Thus, the naive Wald statistic for testing Hy : 8 = 8, is given by
. N——
{v'A;‘(9,)B"(6,)A;‘(0,)v}‘/7

Q:=

Assuming that o2 is known, it follows that the corrected estimator introduced
by Nakamura (1990) is, under Hy, such that

V(. — 85) 2+ N(0,A'TA™Y),
where

0
A= [P a1 = B0, )0 O]
It follows that A and T are consistently estimated by

An(d.) = "Z‘M(;é—y'-’—") and To(8.) =2 ZU (Be; 3, 2:) U (8.3 93, 1)’

i=1 |_l

Thus, the corrected Wald statistic is given by

Q.= Vi, - > (4:2)
C VA (B)TA(8.)A; 1 (B.)v) 2

In Appendix 1 is shown that in the case where o is unknown, replacing o2 for an
available estimator 32 results in a Wald statistic exactly as given by (4.2). That is,
the estimation of o2 does not change the Wald statistic for testing Hy : 8 = 6. The
main result of the section is presented next.

Theorem 4.1. Under the assumptions (2.1) and (2.2), it follows that ARE(Q., Q,) =
ARE(Q.,Q.) = R and ARE(Q.,Q.) = 1, where R is the coefficient of attenuation
established in Lemma 3.1.

Proof. The approach followed is the one considered in Sen and Singer (1993), for
example. Under a sequence of local alternatives given by B, = An~1/2, the limiting
value of the naive estimator f; is fun = RB, = RAn~"2, as follows from Lemma
3.1. Thus, some algebraic manipulations yclds, as n — oo,

D A
Ql == N ({V'K-lv}llz’ 1) ’



D RA
02 N (aBAT )

fmd

D A
QN ({w(A-er-')v}m’ ‘) ‘

Thus, the asymptotic relative efficiencies (ARE) (Cox and Hinkley, 1974) are given
by

R{v'K~lv}

ARE(@x, Q:) = vI(A-'BA-1)v’

_ R{V(AT'TA™')v)

E ) =
ARE(Q,Q.) VI(A-'BA-)v
and K-}
VK™V
ARE(Q:,Q:) = i oracie:
(@, @) vi(A-ITA-Y)v
In Appendix 2 is shown that under the assumptions (2.1) and (2.2),
vKlv = %e("_n", (4.3)
VI(AT'BA v = ¢ olp-2e (4.4)
tol
and 2 2
V'(A"I‘A")v = ¢——(a’ Ta")e("'z)"'. (4.5)
g

z

Thus, it follows that

ARE(Q:v Q.)= ARE(Q., Qz) =R and ARE(QS’ Q) =1

5. SIMULATION STUDY

In this section we perform a Monte Carlo simulation study for comparing the
empirical power of the test statistics Q., @z and Q.. The simulation study is based
on an exponential regression model for lifetime data.

A set of independent random variables T = (Th,...,Ta) is generated for each
repetition. T is a vector of realizations of a exponential distribution with parameter
ezp(a + Bz) and the null hypothesis of interest is B = 0. The true covariate is
generated as a standard normal and the error variable as a normal with mean 0 and
variance 2. Several values of o2 are considered. The parameter c in this study is
set equal to zero and 1000 replications are run for each simulation.



The simulations are performed for some values of the error variance (0?2 =
0.1,0.3,0.5) and sample size (n = 30,50). The simulations were run in a CRAY
computer using the IMSL software available at CCE/USP. ‘

An adjustment was performed using the empirical distributions of the statistics
generated from the simulations such that the empirical size is corrected to be 5%.
Figure 1 displays the empirical power of the three tests for the six combinations of
02 = 0.1,0.3,0.5 and n = 30,50. As expected @, and Q. lose power as the error
variance increases. The power performance of @, and Q. seems to be very similar
with a slight superiority in favor of Q; for 02 = 0.5.

6. AN EXAMPLE

Feigl and Zelen (1965) presented a data set of survival times of 17 leukemia
patients. The response y is time to death measured in weeks from diagnosis and a
covariale z is log,, initial white blood cell count. The association between y and 2z
is the main aspect of interest.

It is well known in the medical literature that white blood cell count is usually
measured with error. Nakamura (1992) also calls attention to this point. According
to Cox and Snell (1981) there is no evidence against the exponential model for the
analysis of this data set. The interest is on testing the null hypothesis Hy : § = 0
for the exponential regression model, that in terms of the Tweedie class of models

is represented by
1(0'Z) = e*tFe

and
p=2¢=1,

where z is the log,, white blood cell count. The true covariate values z are not
recorded. The observed data z is measured with error according to (2.2). We can
not use the corrected Wald test or the Stefanski’s Wald test because o2 is unknown
and replications are not available in order to obtain an estimate of it. However,
the naive Wald test does not depend on o? and according to the results in Section
4 is asymptotically equivalent to the ones just mentioned. Moreover, the Monte
Carlo simulation studies in Section 5 showed some equivalence of the Wald tests for
small sample sizes. Therefore, the calculated value of Q, = —2.77, shows an strong
prognostic clfect of this covariate.

APPENDIX 1. UNKNOWN o?

In this appendix, we investigate the behavior of the Wald test statistic when the
variance o2 is unknown and replaced by an estimator &2 which satisfies

/ (U‘(é'f;;r?.;y,2 x)/") 2, N0, V),

u Oy
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where vV
_(Vu W
v=(v ¥)
Lets denote by 9¢(&3) the corrected score estimator, obtained by solving the equation
U*(8,53;y,x) = 0. It can be shown that

Vn(8.(62) — 8) = N(0, %), (A1)
where
S =A"YI+2DV;; + 6°DD’'}A Y,

with
oU*(6,0%;y,z)

da? L
The prool of (A.1) is similar to that given in Gong and Samaniego (1981) and Liang
and Zeger (1986) and will not be presented. Now, from (2.4) and (2.5) it follows
that

D = Ef

au*(8,0%;y, ) (OU' au;
do? do?’ da? )
with aU- |
aa';‘ = _2_& {_e(l—p)a x-w(l - p)Zﬂ'Zy + c(z—p)a x-'y(2 _ p)Zﬂ!}
and
au; __i (1-p)0' X~y V232 e (1 2 _
5ot = 34" y{(1 - p)* Bz — (1 - p)o B +2(1 — p)B)}+

ge“"’"’ X-1((2 - p)2B%x — (2 = p)o?B] + 22 - p)B),

so that, under Hy, D = 0 and ¥ = A-'TA~!, which implies that the corrected
Wald statitic is given as in (4.2) with 62 replaced by o2.

APPENDIX 2. ON THE DERIVATIONS OF EXPRESSIONS
(4.3), (4.4) and (4.5)

Recall that .
K(0) = E[-1(6'2)22Z/],

where ] , , !
1(6'2) = a(l - p)e(l"’)o 2y~ e? Z) _ ze(z"’wz. (A.2)

Thus, it follows that

K(eo)=%e"-r’°E[zm and K(8o)™' = ¢e-{E[2Z)} ",
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where ! 2
m-t_ — (O TH —H
-4 (4 7).

It then follows that VK™ 'v = geP=2* /o7,

A(8) = "'};e"""’E[XX'] and B(0)=%°("""’EIXX']

and
A'BA™ = ¢ EXX]} 7,
with
B 1 Ad+ad+pt —p
D 1 T u
(B[R}~ = a3+a3( —p v
Thus,

V(AT'BA™Y)v = ¢ (o] + 0l).
From (2.4) and (2.5) it follows that

ou* (001./0 T)

W Win2) Ly ppeeriy 2= (0% 2)-

r -0
Thus, some algebraic manipulations lead to

_ au*(8y; v, . D A L
At = St g (A ).
Shortening the notation, we write
: Ut UU;
U'U'=( .1. 1.2)
vru; Ut

where

U;2 — [c'l(l—p)nyZ _ 20(3—2p)ay + e2(2—p)a]’

¢2

U;U; = Us?z and U3? = Up%2?. Now, since
2 _ 1 (2-pa
E[Ul 2] = ge” » ’

it follows that '
T = E[U"U"] = Ee“"’)“E[XX’].

Finally, using the results above we have

A-pA-! = glZe ) o) oo (FHRg T H
o? - 1)’
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leading to -
V(AT'TA v = qS(————U’ ; a“)e("")"'.

z
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Figure 1: Power curves for the tests Q.. Q, e Q.. a)o? = 0.1.n = 30. b)o? =
0.L.#r = 50. c)ol = 0.3.n = 30. d)o? = 0.3.n = 50. e)a? = 0.5.n = 30.
Mo =0.5.n = 50.
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