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APPLICATIONS OF FORCING THEORY
TO HOMEOMORPHISMS

OF THE CLOSED ANNULUS

by Jonathan CONEJEROS and Fábio Armando TAL

Abstract. – This paper studies homeomorphisms of the closed annulus that are isotopic to the
identity from the viewpoint of rotation theory, using a newly developed forcing theory for surface
homeomorphisms. Our first result is a solution to the so called strong form of Boyland’s Conjecture
on the closed annulus: Assume f is a homeomorphism of A WD .R=Z/ � Œ0; 1� which is isotopic to the
identity and preserves a Borel probability measure � with full support. We prove that if the rotation
set of f is a non-trivial segment, then the rotation number of the measure � cannot be an endpoint of
this segment. We also study the case of homeomorphisms such that A D .R=Z/ � .0; 1/ is a region
of instability of f . We show that, if the rotation numbers of the restriction of f to the boundary
components lie in the interior of the rotation set of f , then f has uniformly bounded deviations from
its rotation set. Finally, by combining this last result and recent work on realization of rotation vectors
for annular continua, we obtain that if f is any area-preserving homeomorphism of A isotopic to the
identity, then for every real number � in the rotation set of f , there exists an associated Aubry-Mather
set, that is, a compact f -invariant set such that every point in this set has a rotation number equal to �.
This extends a result by P. Le Calvez previously known only for diffeomorphisms.

Résumé. – Dans cet article, nous étudions les homéomorphismes de l’anneau compact qui sont
isotopes à l’identité d’un point de vue de la théorie des rotations, en utilisant la notion de théorie de
forçage récemment développée pour les homéomorphismes des surfaces. Notre premier résultat est une
solution à la conjecture de Boyland sur l’anneau compact : Supposons que f est un homéomorphisme
de A WD .R=Z/ � Œ0; 1� qui est isotope à l’identité et qui préserve une mesure borélienne de probabilité
� à support total. Nous prouvons que si l’ensemble de rotation de f est un intervalle non trivial, le
nombre de rotation de la mesure � ne peut pas être une borne de cet intervalle. Nous étudions aussi
les homéomorphismes f dont A WD .R=Z/ � .0; 1/ est une région d’instabilité. Nous prouvons que si
les nombres de rotation de la restriction de f aux composantes du bord appartiennent à l’intérieur de
l’ensemble de rotation de f , alors la déviation de f de son ensemble de rotation est uniformément
bornée. Enfin en combinant ce dernier résultat et des travaux récents de réalisation de vecteurs de
rotation pour les anneaux continus, nous déduisons que si f est un homéomorphisme de A qui est
isotope à l’identité et qui préserve l’aire, alors pour tout nombre réel � dans l’ensemble de rotation de
f il existe un ensemble d’Aubry-Mather, c’est-à-dire un ensemble compact et invariant tel que tout
point dans cet ensemble a un nombre de rotation égal à �. Cela étend un résultat de P. Le Calvez connu
auparavant uniquement pour les difféomorphismes.
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1156 J. CONEJEROS AND F.A. TAL

1. Introduction

This article studies homeomorphisms of the closed annulus that preserve the orienta-
tion and the boundary components, by the point of view of rotation theory. We denote by

T1 D R=Z the circle, by A D T1� Œ0; 1� the closed annulus and bybA D R� Œ0; 1� its universal

covering. Letb� W bA! A be the corresponding covering map, and p1 W
bA! R the projection

on the first coordinate. Let f W A! A be a homeomorphism which preserves both orienta-
tion and boundary components and let bf be a lift of f to the universal covering. Inspired
by the concept of Poincaré’s rotation number for orientation-preserving homeomorphisms
of the circle, one can define a similar object for bf , called the rotation set of bf , as follows: let
� be an f -invariant Borel probability measure on A. We can define the rotation number of �
for bf as

Rot. bf ; �/ WD Z
A
p1. bf .bz// � p1.bz/ d�.z/;

wherebz 2 b��1.z/. Note that this definition does not depend on the choice ofbz 2 b��1.z/. The
rotation set of bf , denoted by Rot. bf /, is the set of all rotation numbers of f -invariant Borel
probability measures. Since the set of f -invariant Borel probability measures is convex and
compact in the weak-�topology, one shows that the rotation set of bf is a non-empty compact
interval of R.

We remark that the concept of rotation sets is not restricted to homeomorphisms of the
annulus, and has been useful in the general study of homeomorphisms in the isotopy class
of the identity of surfaces in general, and particularly for the two dimensional torus. One
of the reasons for the growing interest in the subject is the variety of dynamical properties
and phenomena that can be deduced from rotation sets; it is a useful tool in, for instance,
estimating the topological entropy of a map in [35, 28] or determining the existence of
periodic points with arbitrarily large prime periods and distinct rotational behavior in [11].

One of the driving problems in the understanding of the rotation theory for homeomor-
phisms of the closed annulus and of the two dimensional torus T2 D R2=Z2 has been the
Boyland’s Conjecture, see for instance [3, 38]. In the original form, Boyland’s Conjecture for
the closed annulus claimed that, whenever f W A ! A preserved the Lebesgue measure
and had a lift bf such that the rotation number of the Lebesgue measure for bf was null, then
either the rotation set of bf was a singleton, or 0 lied in the interior of the rotation set of bf . A
stronger version of this conjecture has also been proposed, saying that whenever f preserved
the Lebesgue measure and the rotation set of bf was a nondegenerate interval, then the rota-
tion number of the Lebesgue measure for bf always lies in the interior of the rotation set, and
similar questions were posed for homeomorphisms of T2. In [1] the strong form of Boyland’s
Conjecture for T2 was shown to hold for C1C�-diffeomorphisms, a result later extended for
the C0 case in [32]. The later paper also proved the original conjecture for the closed annulus,
but the strong version remained untenable. Our first result of this paper is the solution to this
problem.

Theorem A. – Let f be a homeomorphism of the closed annulus A WD T1� Œ0; 1� which is
isotopic to the identity and preserves a Borel probability measure � with full support. Let bf be
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FORCING APPLICATIONS FOR HOMEOMORPHISMS OF THE ANNULUS 1157

a lift of f to R� Œ0; 1�. Suppose that Rot. bf / is a non-trivial segment. Then the rotation number
of � cannot be an endpoint of Rot. bf /.

Another research topic in rotation theory that has gathered substantial attention lately
is the concept of bounded rotational deviations from rotation sets. It is a well known fact
that, given an orientation-preserving homeomorphism h W T1 ! T1 and a lift bh to the real
line whose rotation number is ˛, one has that every orbit ofbh remains at a bounded distance
from the orbit of the associated rigid rotation. That is, there exists some constant L > 0

such that, for all bx 2 R and all n 2 N, jbhn.bx/ � bx � n˛j � L (and in this case L can
be taken as 1). A natural question is then to ask if some aspects of this property extend
to similar situations for homeomorphisms of surfaces. For instance, one could pose the
problem: consider a homeomorphism f of T2 in the isotopy class of the identity and say
that f has uniformly bounded deviations from its rotation set if, given bf a lift of f to R2, the
universal covering of T2, there is a constant L > 0 such that, for allbz 2 R2 and all n 2 N,
if d is the distance between a point and a set of R2, then d. bf n.bz/ �bz; nRot. bf // � L. One
then asks if it always holds that f has uniformly bounded deviations. This question is false
in general, particularly when the rotation set of bf is a singleton (see for instance [21, 25]),
but it does hold in many situations, particularly when Rot. bf / has nonempty interior (see
[7, 8, 1, 14, 26, 32]), and similar results also are valid for homeomorphisms of T2 isotopic
to Dehn Twists (see [2]). Furthermore, bounded deviations have also shown to have relevant
dynamical consequences, for instance it was used in the proof of Boyland’s Conjecture on T2

in [1, 32]. In some particular cases it can also imply that the dynamics factors over ergodic
rotations of T2 (see [17]) or T1 (see [18] and [20]). Furthermore, it was shown in [39] that,
for a class of Cr diffeomorphisms of T2, bounded deviations imply Cr�1-rigidity, that is, that
there exists a sequence of positive iterates of the map converging in the Cr�1-topology to the
identity.

Our second theorem deals with bounded deviations from rotation sets for homeomor-
phisms of A in the following relevant scenario. We will say that A D T1 � .0; 1/ is a Birkhoff
region of instability for a homeomorphism f of A if for any neighborhood U of T1�f0g and
any neighborhood V ofT1�f1g one can find points x 2 U; y 2 V and positive integers n1; n2
such that f n1.x/ 2 V and f n2.y/ 2 U .

Theorem B. – Let f be a homeomorphism of the closed annulus A D T1 � Œ0; 1� which is
isotopic to the identity. Suppose thatA D T1�.0; 1/ is a Birkhoff region of instability for f . Letbf be a lift of f to R� Œ0; 1�. Suppose that Rot. bf / D Œ˛; ˇ� and that both boundary component
rotation numbers are strictly larger than ˛. Then there exists a real constant L > 0 such that
for everybz 2 R � Œ0; 1� and every integer n � 1 we have

p1. bf n.bz// � p1.bz/ � n˛ � �L:
Likewise, if we assume that both boundary component rotation numbers are strictly smaller
than ˇ, then there exists a real constant L > 0 such that for everybz 2 R � Œ0; 1� and every
integer n � 1 we have

p1. bf n.bz// � p1.bz/ � nˇ � L:
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1158 J. CONEJEROS AND F.A. TAL

Interestingly, this is to our knowledge the first positive result on bounded deviations
for homeomorphisms of A. The hypothesis that A is a Birkhoff region of instability is
in many ways fundamental. One can easily create examples of homeomorphisms of A
that do not present bounded deviation when this condition is missing. It also cannot be
replaced by assuming that f preserves the Lebesgue measure, as one can create examples
without bounded deviation by having infinitely many distinct and invariant sub-annuli each
with increasing large deviations. Likewise, the hypothesis that the rotation numbers of the
boundary components of A lie in the interior of the rotation set is also fundamental as
shown by the following example, which we present in Section 5.

Proposition 1.1. – There exists a homeomorphism f of the closed annulus A which is
isotopic to the identity, such that A is a Birkhoff region of instability for f and such that f has
a lift bf to R � Œ0; 1� satisfying:

(i) Rot. bf / D Œ0; 1�, and

(ii) for every real number L > 0 there exist a pointbz in R � Œ0; 1� and an integer n such that

p1. bf n.bz// � p1.bz/ < �L:
The third topic we deal with in this paper is the strong realization of rotation numbers.

We say that a point z 2 A has rotation number equal to � if, for anybz 2 b��1.z/, one has
limn!1 p1. bf n.bz/�bz/=n D �, and we note that if the limit exists, it is independent of whichbz
one chooses inb��1.z/. We say that a number � 2 Rot. bf / is realized by an ergodic measure if
there exists some f -invariant ergodic measure � such that Rot. bf ; �/ D �. Finally, one says
that � is realized by a compact invariant set if there exists a compact invariant setQ such that
all points in Q have rotation number equal to �. There is a natural hierarchy of realization.
Any � that is realized by a compact set is also realized by an ergodic measure, any � that is
realized by an ergodic measure is also the rotation number of some point, and the rotation
number of points are clearly contained in Rot. bf /. Note that, if f is an area-preserving twist
map of the open annulus, then a result by Mather (see [36]) shows that every point � in the
rotation set of bf is realized by a compact set, the so called Aubry-Mather set of �. A natural
question is then to decide which points in the rotation set of bf were realized by compact
subsets.

This turned out to be a difficult problem to tackle. An important result by Handel (see
[15]) showed that the set of points that are realized by ergodic measures is a closed subset
of Rot. bf / and he further showed that, except for a possible discrete subset, all were also
realized by compact invariant sets. Franks (see [10, 12]) showed that, if f preserves a measure
of full support, then every rational number in Rot. bf / is realized by a periodic orbit and
Le Calvez ([29]) showed that, if f is an area-preserving diffeomorphism, then every point
in the rotation set is realized by a compact invariant subset.

Our third theorem, that relies on Theorem B, shows that the answer to this problem is true
for regions of instability of Mather. We will say that A D T1 � .0; 1/ is a Mather region of
instability for a homeomorphism f of A if there exist points z1; z2 in A such that the ˛-limit
set of z1 is contained in T1 � f0g and while the !-limit set of z1 is contained in T1 � f1g
and such that the ˛-limit set of z2 is contained in T1 � f1g and while the !-limit set of z2 is
contained in T1 � f0g.

4 e SÉRIE – TOME 56 – 2023 – No 4
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Theorem C. – Let f be a homeomorphism of the closed annulus A D T1 � Œ0; 1� which is
isotopic to the identity. Suppose that A D T1 � .0; 1/ is a Mather region of instability for f .
Let bf be a lift of f to R� Œ0; 1�. For every � in Rot. bf / there exists a compact invariant setQ�
such that every point of Q� has a well-defined rotation number and it is equal to �. Moreover,
if � D p=q is a rational number, written in an irreducible way, then Q� can be taken to be the
orbit of a periodic point of period q.

The part in Theorem C where every rational point in the rotation set is realized by a
periodic orbit is due to Franks ([10]). We note that, in reality, Theorem C is the direct
consequence of a stronger result, Proposition 6.1, which we do not state here due to its more
technical hypotheses.

Finally, by combining Theorem C and results from Koropecki (see [22]), Franks and
Le Calvez (see [13]) and Koropecki, Le Calvez and Nassiri (see [23]), we are able to deduce
the following extension of the above mentioned result by Le Calvez, by improving the
smoothness requirements.

Theorem D. – Let f be an area-preserving homeomorphism of the closed annulus
A D T1 � Œ0; 1� which is isotopic to the identity. Let Of be a lift of f to R � Œ0; 1�. For every �
in Rot. Of / there exists a compact f -invariant set Q� such that every point of Q� has a
well-defined rotation number and is equal to �.

Theorems C and D and the results quoted above all go in the direction of showing that
the realization by compact subsets of rotation vectors realized by ergodic measures should
always hold, but the general question is still open. In particular, there is no known example
where this fails to happen, including if, for instance, A is a Birkhoff region of instability but
not a Mather region of instability.

This work relies heavily on both Le Calvez’s Brouwer Equivariant Theory (see [29, 30])
and also from a forcing theory for surface homeomorphisms recently developed by Le Calvez
and the second author. To be able to use these works, we need to introduce the concepts
of maximal isotopies, Brouwer-Le Calvez transverse foliations and transverse paths to
these foliations, which we do in Section 2. The main breakthrough that allows us to obtain
our results is the use of these new techniques, coupled with a careful analysis of possible
transverse paths of maps of the annulus and with classical ergodic theory. As stated before,
in Section 2 we introduce the basic lemmas and results from the above mentioned forcing
theory, as well as detail the concept of rotation set for annular homeomorphisms. Section 3
is devoted to showing Theorem A. Section 4 includes the proof of Theorem B and Section 5
provides an example displaying how tight are the hypotheses of Theorem B. Section 6
contains the proofs of Theorem C and Theorem D.
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2. Preliminary results

In this section, we state different results and definitions that will be useful in the rest of
the article. The main tool will be the “forcing theory” introduced recently by Le Calvez and
the second author (see [32] for more details) and further developed in [33]. This theory will
be expressed in terms of maximal isotopies, transverse foliations and transverse trajectories.

2.1. Transverse paths to surface foliations

Let M be an oriented surface. An oriented singular foliation F on M is a closed
set Sing.F/, called the set of singularities of F , together with an oriented foliation F 0
on the complement of Sing.F/, called the domain of F denoted by dom.F/, i.e., F 0 is a
partition of dom.F/ into connected oriented 1-manifolds (circles or lines) called leaves ofF ,
such that for every z in dom.F/ there exist an open neighborhoodW of z, called trivializing
neighborhood and an orientation-preserving homeomorphism called trivialization chart at z,
h W W ! .0; 1/2 that sends the restricted foliation F jW onto the vertical foliation oriented
downward. If the singular set of F is empty, we say that the foliation F is non singular. For
every z 2 dom.F/ we write �z for the leaf of F that contains z, �Cz for the positive half-leaf
and ��z for the negative one. A leaf � of F is said to be wandering if � is not closed and if, for
any z in �, one can find a trivialization neighborhoodWz such that each leaf of F intersects
Wz in at most a single connected component.

A path onM is a continuous map 
 W J !M defined on an interval J of R. In absence of
ambiguity its image also will be called a path and denoted by 
 . A path 
 W J ! dom.F/ is
positively transverse (1) to F if for every t0 2 J there exists a trivialization chart h at 
.t0/
such that the application t 7! �1.h.
.t///, where �1 W .0; 1/2 ! .0; 1/ is the projection on
the first coordinate, is increasing in a neighborhood of t0. We note that if cM is a covering
space of M and b� W cM ! M the covering projection, then F can be naturally lifted to
a singular foliation bF of cM such that dom.bF/ D b��1.dom.F//. We will denote gdom.F/
the universal covering space of dom.F/ and eF the foliation lifted from F jdom.F/

. We note

that eF is a non singular foliation of gdom.F/. Moreover if 
 W J ! dom.F/ is positively
transverse to F , every lift b
 W J ! dom.bF/ of 
 is positively transverse to bF . In particular,
every lift e
 W J ! gdom.F/ of 
 to the universal covering space gdom.F/ of dom.F/ is
positively transverse to the lifted non singular foliation eF .

2.1.1. Transverse paths intersectingF-transversally. – A line onM is an injective and proper
path � W J ! M , that is, the interval J is open and the pre-image of every compact subset
ofM is compact. It inherits a natural orientation induced by the usual orientation of R. Let
� be a line of the planeR2. The complement of � has two connected components,R.�/which
is on the right of � andL.�/which is on its left. We will say that a line � separatesX from Y , if
X and Y belong to different connected components of the complement of �. Let us consider
three pairwise disjoint lines �0, �1 and �2 in R2. We say that �2 is above �1 relative to �0 (and

(1) In the whole text “transverse” will mean “positively transverse”
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FORCING APPLICATIONS FOR HOMEOMORPHISMS OF THE ANNULUS 1161

�1 is below �2 relative to �0) if none of the lines separates the two others; and if 
1 and 
2
are two disjoint paths that join z1 D �0.t1/, z2 D �0.t2/ to z01 2 �1, z02 2 �2 respectively, and
that do not meet the three lines but at the ends, then t2 > t1. This notion does not depend
on the orientation of �1 and �2 but depends on the orientation of �0 (see Figure 1).

�2

��

��

�2

��z'1

z'2

z1=�0(t1)

z2=�0(t2)

Figure 1. �2 is above �1 relative to �0.

Let F be an oriented singular foliation on an oriented surfaceM . Let 
1 W J1 ! dom.F/
and 
2 W J2 ! dom.F/ be two transverse paths. Suppose that there exist t1 2 J1 and
t2 2 J2 such that 
1.t1/ D 
2.t2/. We say that 
1 intersects 
2 F-transversally and positively
at 
1.t1/ D 
2.t2/, if there exist a1; b1 in J1 satisfying a1 < t1 < b1, and a2; b2 in J2
satisfying a2 < t2 < b2 such that if e
1 W J1 ! gdom.F/ and e
2 W J2 ! gdom.F/ are lifts
of 
1 and 
2 respectively, satisfyinge
1.t1/ D e
2.t2/ then

— �e
2.a2/ is below �e
1.a1/ relative to �e
1.t1/; and

— �e
2.b2/ is above �e
1.b1/ relative to �e
2.t2/.
See Figure 2. In this situation we also say that 
2 intersects 
1 F-transversally and negatively
at 
1.t1/ D 
2.t2/, and that 
1 and 
2 have a F-transverse intersection at 
1.t1/ D 
2.t2/.

If 
1 D 
2 in the situation above, we will say that 
1 has a F-transverse self-intersection.
This means that if e
1 is a lift of 
1 to the universal covering of dom.F/, then there exists
a covering automorphism T such that e
1 and T .e
1/ have a eF-transverse intersection
ate
1.t1/ D T .e
1.t2//.
2.2. Maximal isotopies and transverse foliations

2.2.1. Isotopies, maximal isotopies. – LetM be an oriented surface. Let f be a homeomor-
phism of M . An identity isotopy of f is a path that joins the identity to f in the space of
homeomorphisms, furnished with the C 0-topology. We will say that f is isotopic to the iden-
tity if the set of identity isotopies of f is not empty. Let I D .ft /t2Œ0;1� be an identity isotopy

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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R(��1(a1))

R(���(a2))

L(��1(b1))

L(���(b2))

�

��

��

Figure 2. The paths 
1 and 
2 intersect F-transversally and positively at 
1.t1/ D 
2.t2/.

of f . Given z 2 M we can define the trajectory of z as the path I.z/ W t 7! ft .z/. For every
integer n � 1we define I n.z/ D

Q
0�k<n I.f

k.z// by concatenation. Furthermore, we define

IN.z/ D
Y
k2N

I.f k.z//; I�N.z/ D
Y
k2N

I.f �k.z//; IZ.z/ D
Y
k2Z

I.f k.z//:

The last path will be called the whole trajectory of z. One can define the fixed point of I
as Fix.I / D \t2Œ0;1� Fix.ft /, which is the set of points with trivial whole trajectory. The
complement of Fix.I / will be called the domain of I , and it will be denoted by dom.I /.

In general, let us say that an identity isotopy of f is a maximal isotopy, if there is no fixed
point of f whose trajectory is contractible relative to the fixed point set of I . A very recent
result of F. Béguin, S. Crovisier and F. Le Roux (see [4]) asserts that such an isotopy always
exists if f is isotopic to the identity. A slightly weaker result was previously proved by O.
Jaulent (see [19]).

Theorem 2.1 ([19], [4]). – LetM be an oriented surface. Let f be a homeomorphism ofM
which is isotopic to the identity and let I 0 be an identity isotopy off . Then there exists an identity
isotopy I of f such that:

(i) Fix.I 0/ � Fix.I /;

(ii) I is homotopic to I 0 relative of Fix.I 0/;

(iii) there is no point z 2 Fix.f / n Fix.I / whose trajectory I.z/ is homotopic to zero
in M n Fix.I /.

We will say that an identity isotopy I satisfying the conclusion of Theorem 2.1 is a
maximal isotopy. We note that the last condition of the above theorem can be stated in the
following equivalent form:

(iii0) if eI D . eft /t2Œ0;1� is the identity isotopy that lifts I jMnFix.I /
to the universal covering

space of M n Fix.I /, then ef1 is fixed point free.
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2.2.2. Transverse foliations. – Let us recall the equivariant foliation version of the Plane
Translation Theorem due to P. Le Calvez (see [30]).

Theorem 2.2 ([30]). – Let M be an oriented surface. Let f be a homeomorphism of M
which is isotopic to the identity and let I be a maximal identity isotopy of f . Then there exists
an oriented singular foliation F with dom.F/ D dom.I /, such that for every z 2 dom.I / the
trajectory I.z/ is homotopic on dom.I /, relative to the endpoints, to a positively transverse path
to F .

We will say that a foliation F satisfying the conclusion of Theorem 2.2 is transverse to I .
Observe that if cM is a covering space of M and b� W cM ! M the covering projection, a
foliation F transverse to a maximal identity isotopy I lifts to a foliation bF transverse to the

lifted isotopy bI . In particular, the foliation eF on ˜dom.F/, which is non singular, is transverse
to the isotopy eI . This last property is equivalent to say that every leafe� of eF is a Brouwer line
of ef , that is ef .e�/ � L.e�/ and ef �1.e�/ � R.e�/, where L.e�/ and R.e�/ are the left and right
connected components of the complement ofe�, defined so that they are compatible with the
orientation of the line.

Given z 2 M we will write I 1F .z/ for the subset of paths that are positively trans-
verse to F , that join z to f .z/ and that are homotopic in dom.F/ to I.z/, relative to the
endpoints. We will also use the notation I 1F .z/ for every path in this set and we will call
it the transverse trajectory of z. More generally, for every integer n � 1 we can define
I nF .z/ D

Q
0�k<n I

1
F .f

k.z// by concatenation, that is either a transverse path passing
through the points z, f .z/, � � � , f n.z/, or a set of such paths. Furthermore, we define

INF .z/ D
Y
k2N

I 1F .f
k.z//; I�NF .z/ D

Y
k2N

I 1F .f
�k.z//; IZF .z/ D

Y
k2Z

I 1F .f
k.z//:

The last path will be called the whole transverse trajectory of z.
Given two transverse paths 
i W Ii ! dom.I /; i 2 f1; 2g, we say that the paths are

F-equivalent if there exist pathse
i W Ii ! gdom.I /; i 2 f1; 2g withe
1 and e
2 lifting 
1 and 
2
respectively, and such thate
1 ande
2 intersect the same set of leaves from eF . In particular, if
Ii D Œai ; bi �; i 2 f1; 2g are closed intervals, this is the same as requiring that �f
1.a1/ D �f
2.a2/
and that �f
1.b1/ D �f
2.b2/. If no confusion is present, we will just refer to equivalent paths
instead of F-equivalent. Let us state the following result that will be useful later.

Lemma 2.3 ([32]). – Fix z 2 dom.I /, an integer n � 1, and parameterize I nF .z/ by Œ0; 1�.
For every 0 < a < b < 1, there exists a neighborhood V of z such that for every z0 in V , the path
I nF .z/jŒa;b� is equivalent to a subpath of I nF .z

0/. Moreover, there exists a neighborhood W of z

such that for every z0 and z00 inW , the path I nF .z
0/ is equivalent to a subpath of I nC2F .f �1.z00//.

2.3. Forcing theory

2.3.1. Admissible paths. – We will say that a transverse path 
 W Œa; b� ! dom.I / is
admissible of order n (n � 1 is an integer) if it is equivalent to a path I nF .z/, z in dom.I /. Note
that this implies that, if e
 W Œa; b� ! gdom.I / is a lift of 
 , there exists a pointez in gdom.I /
such thatez 2 �e
.a/ and ef n.ez/ 2 �e
.b/, or equivalently, thatef n.�e
.a// \ �e
.b/ ¤ ;:
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The fundamental proposition (Proposition 20 from [32]) is a result about maximal
isotopies and transverse foliations that permits us to construct new admissible paths from a
pair of admissible paths.

Proposition 2.4 ([32]). – Suppose that 
1 W Œa1; b1� ! M and 
2 W Œa2; b2� ! M are
two transverse paths that intersect F-transversally at 
1.t1/ D 
2.t2/. If 
1 is admissible of
order n1 and 
2 is admissible of order n2, then the paths 
1jŒa1;t1�


2jŒt2;b2�
and 
2jŒa2;t2�


1jŒt1;b1�
are admissible of order n1 C n2.

One deduces immediately the following result.

Lemma 2.5 ([32]). – Let 
i W Œai ; bi � ! M , 1 � i � r , be a family of r � 2 transverse
paths. We suppose that for every i 2 f1; : : : ; rg there exist si 2 Œai ; bi � and ti 2 Œai ; bi � such
that:

(i) 
i jŒsi ;bi �
and 
iC1jŒaiC1;tiC1�

intersect F-transversally at 
i .ti / D 
iC1.siC1/ if i < r;

(ii) one has s1 D a1 < t1 < b1, ar < sr < tr D br and ai < si < ti < bi if 1 < i < r;

(iii) 
i is admissible of order ni .

Then
Q
1�i�r 
i jŒsi ;ti �

is admissible of order
P
1�i�r ni .

The following result is a consequence of Proposition 23 from [32].

Corollary 2.6 ([32]). – Let 
 W Œa; b� ! M be a transverse path admissible of order n.
Then there exists 
 0 W Œa; b�!M a transverse path, also admissible of order n, such that 
 0 has
no F-transverse self-intersection and �
.a/ D �
 0.a/, �
.b/ D �
 0.b/.

2.4. Rotational horseshoe

The presence of topological horseshoes has been a paradigmatic feature of dynamical
systems, and its prevalence as a phenomenon is well-known. In the article [33], which is a
natural continuation of the article [32], the authors develop a new criteria for the existence
of topological horseshoes for surface homeomorphisms in the isotopy class of the identity
based on the notions of maximal isotopies, transverse foliations and transverse trajectories.
The fundamental result of [33] is that the existence of an admissible path with aF-transverse
self-intersection implies the existence of a horseshoe.

Moreover, the horseshoe obtained in the main theorem from [33] is rotational, in the sense
that it is the projection in dom.I / of a rotational horseshoe (also called rotary horseshoes,
see [16, 5]) for some annular covering of dom.I /, implying the existence of nontrivial rota-
tional behavior. To be precise, and adapting those results to our need, let us consider f a
homeomorphism of the closed annulus A WD T1 � Œ0; 1� which is isotopic to the identity. LetbA WD R � Œ0; 1� be the universal covering of A and let bf be a lift of f to bA. Let I 0 be an

identity isotopy of f , such that its lift to bA is an identity isotopy of bf . Let I be a maximal
identity isotopy of f larger than I 0 and letF be a singular foliation transverse to I . Let bF be

the lift of F to bA. The following result is a direct consequence of Theorem M of [33].
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Proposition 2.7. – Suppose that there exist an admissible transverse pathb
 W Œa; b�! bA
of order q � 1 and an integer p 2 Z such that b
 and b
 C .p; 0/ intersect bF-transversally
at �b
.t/ D �.b
C.p;0//.s/, with a < s < t < b. Then for any 0 < � � p=q, there
exists a nonempty f -invariant compact subset Q� of A such that, for each z 2 Q� , one has
that Rot. bf ; z/ D � . Moreover, if � D r=s is a rational number, written in an irreducible way,
then Q� can be taken to be an orbit of a periodic point of period s.

2.5. Transverse paths with F-transverse self-intersection

We will also need the following result, which can be directly derived from Proposition 24
of [33]:

Proposition 2.8. – Let F be a singular foliation of R2, and let 
 W Œa; b� ! R2 be
transverse to F . Assume that there exist a < t0 < t1 < b such that �
.t0/ D �
.t1/ and
that 
 jŒt0;t1� is F-equivalent to a simple closed curve. If U D

S
t0�s�t1

�
.s/ and if 
.a/ and

.b/ belong to the same connected component of the complement ofU , then 
 has aF-transverse
self-intersection.

2.6. Rotation set of annular homeomorphisms

2.6.1. Rotation set. – We will denote by T1 WD R=Z the circle and by A WD T1 � Œ0; 1�
the closed annulus. We endow the annulus A with its usual topology and orientation. Letb� W bA D R� Œ0; 1�! A be the universal covering map of A defined byb�.x; y/ D .xCZ; y/.
Let f be a homeomorphism of A that is isotopic to the identity (that is f preserves the

orientation and the boundary components) and let bf be a lift of f tobA, i.e (f ıb� D b� ı bf ).
We can define the displacement function �1 W A! R as

�1.x C Z; y/ D p1. bf .x; y// � x;
where p1 W

bA! R is the projection on the first coordinate and .x; y/ 2 b��1.x C Z; y/. Let
X � A be a compact f -invariant set. We will denote byMf .A; X/ the set of all f -invariant
Borel probability measures supported inX . If� is inMf .A; X/, we define its rotation number
as

Rot. bf ; �/ WD Z
A
�1 d�:

Then we define the rotation set of bf in X as

Rot. bf ;X/ WD fRot. bf ; �/ W � 2Mf .A; X/g:

Remark 1. – For every p 2 Z and every q 2 Z, the map bf q C .p; 0/ is a lift of f q and
we have Rot. bf q C .p; 0/; X/ D qRot. bf ;X/C p.

Remark 2. – Note also that, as Mf .A; X/ is a compact convex set in the weak-*
topology and Rot. bf ; a�1 C .1 � a/�2/ D aRot. bf ; �1/ C .1 � a/Rot. bf ; �2/, for all
�1; �2 2 Mf .A; X/ and a 2 Œ0; 1�. This implies that Rot. bf ;X/ is always a compact
interval.
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For every measure � in Mf .A; X/, by the Ergodic Decomposition Theorem, there is a
unique Borel probability measure � on Mf .A; X/ supported in Me

f
.A; X/ (the set of all

ergodic measure in Mf .A; X/) such that for every continuous function ' W A! R we haveZ
A
' d� D

Z
Me
f
.A;X/

�Z
A
' d�

�
d�.�/:

Hence, if Rot. bf ; �/ is an endpoint of Rot. bf ;X/, then � -almost all ergodic measures
appearing in the ergodic decomposition of � must have a well-defined rotation number,
and this number must be equal to Rot. bf ; �/. Moreover, if � in Mf .A; X/ is ergodic, then
Birkhoff Ergodic Theorem implies that �-almost every point has a well-defined rotation
number which is equal to the rotation number of �. That is, for �-almost all points z, given

any lift Oz of z, the limit of the sequence
�
.p1. bf n.bz// � p1.bz//=n�

n2N
exists, and will be

denoted Rot. bf ; z/. Furthermore,

Rot. bf ; z/ D lim
n!C1

p1. bf n.bz// � p1.bz/
n

D lim
n!C1

1

n

n�1X
kD0

�1.f
k.z// D Rot. bf ; �/:

If X D A, we denote the rotation set of bf by Rot. bf / instead of Rot. bf ;A/. We have the
following theorem, which can be deduced from [10].

Theorem 2.9 (Franks Theorem). – Let f W A ! A be a homeomorphism of A which is
isotopic to the identity. Suppose that f preserves a Borel probability measure of full support. Letbf be a lift of f to R�Œ0; 1�. Then for every rational number r=s, written in an irreducible way, in
the interior of the rotation set of bf there exists a pointbz 2 R�Œ0; 1� such that bf s.bz/ DbzC.r; 0/.
2.6.2. Dynamics near a boundary component with positive rotation number. – We recall the
local dynamics of a homeomorphism of the close annulus near a boundary component of A
with positive rotation number. Let us consider a homeomorphism f of the closed annulus
which is isopotic to the identity. Let bf be a lift of f to R � Œ0; 1�. We will suppose that the
rotation number of the lower boundary component of A,

�0 WD lim
n!C1

p1. bf n.x; 0// � x
n

;

where x 2 R, is positive. Therefore bf jR�f0g has no fixed point, and so we can consider

m WD infbz2R�f0g.p1. bf .bz// � p1.bz// > 0:
We deduce the next result.

Lemma 2.10. – There exists a real number ı > 0 such that for everybz 2 R� Œ0; ı� we have
m

2
< p1. bf .bz// � p1.bz/:

We deduce the following result.
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Corollary 2.11. – For every real numberM > 0, there exist a real number ı > 0 and an
integer n � 1 such that for every Oz 2 R � Œ0; ı� we have

M < p1. bf n.bz// � p1.bz/:
2.7. Dynamics of an oriented foliation in a neighborhood of an isolated singularity

In this subsection, we consider an oriented singular foliation F on an oriented surfaceM
which has an isolated singularity z0. A sink (resp. a source) of F is an isolated singularity
point z0 of F such that there is a homeomorphism h from a neighborhood U of z0 to the
open unit disk D of R2 which sends z0 to 0 2 D and sends the restricted foliation F jUnfz0g to

the radial foliation on D n f0g with the leaves towards (resp. backwards) to 0. We recall that
for every z 2 dom.F/ we will write �z for the leaf of F that contains z, �Cz for the positive
half-leaf and ��z for the negative one.

We can define the ˛-limit and !-limit sets of each leaf � of F as follows:

˛.�/ WD
\
z2�

��z ; and !.�/ WD
\
z2�

�Cz :

We will use the following result due to Le Roux that describes the dynamics of an oriented
singular foliationF near an isolated singularity (see [34]). For our purpose we state a simpli-
fied version of his result.

Proposition 2.12 ([34]). – Let F be an oriented singular foliation on an oriented
surface M . Let z0 be an isolated singularity of F . Then at least one of the following cases
holds:

(1) every neighborhood of z0 contains a closed leaf of F;

(2) there exist a leaf of F whose ˛-limit set is reduced to z0 and a leaf of F whose !-limit set
is reduced to z0; or

(3) z0 is either a sink or a source of F .

Let z0 be a point in an oriented surface M and let f be a homeomorphism of M which
fixes z0. A local identity isotopy of f is a path that joins the identity to f in the space of
homeomorphisms of M fixing z0, furnished with the C 0-topology.

We will say that the foliation F is locally transverse to I at z0 (see [31]), if for every
neighborhood Vz0 of z0 there exists a neighborhood Wz0 of z0 contained in Vz0 such that
for every z 2 Wz0 , z ¤ z0, its transverse trajectory I 1F .z/ is contained in Vz0 n fz0g. We will
use also the following result due to Le Calvez.

Proposition 2.13 ([31]). – Let f be a homeomorphism of an oriented surface M which
fixes z0. Let I be a local identity isotopy of f . Suppose that F is an oriented singular foliation
on M which is transverse to I . If M n fz0g is not a topological sphere, then F is also locally
transverse to I at z0.
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2.8. Periodic disks for area-preserving homeomorphisms of A

In this subsection, let f W A ! A be an area-preserving homeomorphism, and let
Of be a lift of f to the universal covering space. A set O � A is a topological disk if it is

homeomorphic to an open disk of R2. We need the following result which can be deduced
from Theorem 4 of [24].

Lemma 2.14. – Let g W R2 ! R2 be an orientation-preserving homeomorphism and let
z 2 R2 be such that, for every neighborhood U of z, there exist three disjoint and invariant
topological disks O1; O2; O3 such that Oi \ U 6D ;; i 2 f1; 2; 3g. If each Oi does not contain
wandering points, then g.z/ D z.

As a consequence we obtain

Lemma 2.15. – LetO � A be a topological disk and bO a connected component ofb��1.O/.
If bO is unbounded, and if there exists an integer p; q with q > 0 such that bf q.bO/ D bOC .p; 0/,
then there existsbx such that Of q.bx/ D bx C .p; 0/ and such that b�.bx/ 2 @O.

Proof. – Note that, sinceO is a topological disk, the sets bOi D bOC .i; 0/, with i 2 Z are
all disjoint, and since bO is unbounded one may find a sequence of points .bzi /i2Z of points
in bOi that accumulates on a point bx. Note that each bOi is invariant by bg D bf q � .p; 0/.
Furthermore, since each bOi projects to a topological disk and is invariant bybg, the dynamics
of bg restricted to each bOi is conjugated to the dynamics of f q restricted to O. Since f q is
area-preserving, it has no wandering points and therefore bg has no wandering points in
each bOi . The result follows from the previous lemma.

2.9. Essential sets on the annulus, prime ends and realization of rotation vectors in continua

We say that an open subset O of A D T1 � .0; 1/ is essential if it contains a simple closed
curve which is not homotopic to a point. IfO is open, connected and essential, then the filling
ofO, that is the union ofO and all the compact connected components of its complement, is
a topological open annulus homeomorphic toA. We say thatK � A is an essential continuum
if it is a continuum (i.e., connected and compact) which separates the two ends ofA. Likewise,
ifK � A D T1� Œ0; 1�, then we say thatK is an essential continuum if it is contained in A and
is an essential continuum for A. IfK � A, we denote by UC D UC.K/ and U� D U�.K/ the
components of A nK containing T1 � f1g and T1 � f0g respectively.

2.9.1. Prime ends rotation numbers. – We start recalling a very brief description of prime
ends rotation numbers (for a more complete description see [23]). Let f be a homeomor-
phism ofA, and letK be an essential f -invariant continuum. Collapsing the lower and upper
boundary components ofA to pointsS andN , respectively, we obtain a topological 2-dimen-
sional sphere and the dynamics induced by f fixes these two points. We consider UC and U�
as defined above. The sets U �C D UC [ fN g and U �� D U� [ fSg are invariant open topolog-
ical disks. It is known that one may define a prime end compactification eU �C (respectively eU ��)
of U �C (resp. U ��) which, as a set, is the disjoint union of U �C (resp. U �� ) with a topological
circle, called the circle of prime ends. This compactification can be endowed with a suitable
topology making it homeomorphic to the closed unit disk D of the plane. Furthermore, and
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more relevantly, this compactification is such that the restriction of f toUC (respU�) extends
in a unique way to a homeomorphism fC of eU �C (resp. a homeomorphism f� of eU ��).

The set eU �C n fN g is homeomorphic to T1 � Œ0;1/, whose universal covering space is
HC WD f.x; y/ 2 R2 W y > 0g, and denote HC WD f.x; y/ 2 R2 W y > 0g. Let
O�C W HC ! eU �C n fN g be the projection map, and note that O�C.HC/ is the image of the
inclusion map i W UC ! eU �C n fN g. One may then obtain a map �C W b��1.UC/ ! HC and

a homeomorphism bfC W HC ! HC such that �C bf jb��1.UC/ D bfC�C and bfC.x C 1; y/ DbfC.x; y/C .1; 0/. Similarly, we obtain a map �� W b��1.U�/! H� WD f.x; y/ 2 R2 W y < 0g
and a homeomorphism bf� W H� ! H� such that �� bf jb��1.U�/ D bf��� and bf�.xC1; y/ Dbf�.x; y/ C .1; 0/. The upper (respectively lower) prime end rotation number of K associated
to bf is defined as

�˙. bf ;K/ WD lim
n!C1

p1. bf n˙.x; 0// � x
n

;

which is independent of x. If �C. bf ;K/ D ��. bf ;K/ we call this number the prime end
rotation number ofK. We note that for every integers p; q, the map bf qC .p; 0/ is a lift of f q

and we have
�˙. bf q C .p; 0/;K/ D q�˙. bf ;K/C p:

If f is a homeomorphism of A and if O � A is a pre-compact essential open annulus
which is f -invariant, one can likewise define the prime ends compactification of O in the
following way. Let S;N be the two ends of A. Since O is an essential open annulus, its
complement has exactly two connected components. Let KN be the subset of the boundary
of O that is contained in the connected component that is a neighborhood of N , and
let KS D @O n KN . One notes that both KN and KS are f -invariant essential continua
and that O � U�.KN /\ UC.KS /. The prime ends compactification O� of O is the disjoint
union of O with two topological circles CS and CN with an appropiate topology such that
there exist neighborhoods VS ; VN of CS and CN respectively in O�, a neighborhood WS of
the prime ends circle in eU �C.KS / andWN neighborhood of the prime ends circle in eU ��.KN /,
such that VS is homeomorphic to WS and such that VN is homeomorphic to WN . Done in
this way, O� is homeomorphic to A, and f has a unique continuous extension f � that is
a homeomorphism of O�. One can then verify that, if cf � is a lift of f � to the universal
covering, then the rotation number of the restriction of f � to CN is the same as ��. bf ;KN /
and that the rotation number of the restriction of f � to CS is the same as �C. bf ;KS /.
2.9.2. Realization of rotation vectors in continua. – We will need the following result, which
can be derived from [22] and [23].

Proposition 2.16. – Let V � A be an essential open annulus, K 0 be a connected
component of @V , and K be the union of K 0 and all the pre-compact connected components
of its complement. Let f W A! A be an area-preserving homeomorphism such that f .V / D V
and bf a lift of f to its universal covering. Then there exists � such that every point inK has the
same rotation number �. Furthermore, � is the prime end rotation number of K.

Proof. – The same proof as Theorem 2.8 of [22] shows that the rotation number of any
point inK 0 is the same, and that it is precisely the prime end rotation number ofK 0. It remains
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to show the same is true for any point inK. Suppose, for a contradiction, that there are points
with two different rotation numbers, �� and �C inK. By Proposition 5.4 of [13] one has that
for every rational p=q in .��; �C/ there exists a point zp=q inK such that, if dzp=q 2 b��1.zp=q/,
then bf q.dzp=q/ D dzp=q C .p; 0/. By Theorem A of [22], since the rotation interval of the
restriction of f to K is a non-degenerate closed interval, one deduces that there are two
ergodic measures, �1 and �2, supported in K, such that both Rot. bf ; �1/ and Rot. bf ; �2/
are irrational numbers and such that Rot. bf ; �1/ 6D Rot. bf ; �2/. This implies that there exist
recurrent points z1 and z2 in K such that the rotation number of z1 is Rot. bf ; �1/ and the
rotation number of z2 is Rot. bf ; �2/. But if O is a pre-compact connected component of
the complement of K 0, then O is an open topological disk in A, and since f preserves area
there exists some integer q0 such that f q0.O/ D O. This implies that every recurrent point
of O that has a rotation number must have a rational rotation number. Therefore neither z1
nor z2 can lie in pre-compact connected components of the complement of K 0, and so both
points belong toK 0. But this is a contradiction, since every point inK 0 has the same rotation
number.

Lemma 2.17. – Let f W A ! A be a homeomorphism, bf be a lift of f and assume that
there exist a real number � and an f -invariant compact set K such that, for every f -invariant
ergodic measure � supported onK, the rotation number of � is�. Then for every " > 0 there exists
N0 D N0."/ such that for allbz 2 b��1.K/ and all n � N0, jp1. bf n.bz// � p1.bz/ � n�j < n"=2.
Furthermore, for every " > 0 there exists ı > 0 such that if y is a point whose whole orbit lies
in the ı-neighborhood of K and has rotation number, then jRot. bf ; y/ � �j � ":

Proof. – Suppose, by contradiction, that there exist a sequence of points bzk 2 b��1.K/
and an increasing sequence of integers nk such that jp1. bf nk .bzk// � p1.bzk/ � nk�j � nk"=2.
Let �k D 1

nk

Pnk�1
iD0 ıf i .b�.bzk//, and let � be an accumulation point of this sequence in

the weak-� topology. It follows that � is an f -invariant measure supported on K and
that jRot. bf ; �/ � �j � "=2. By the Ergodic Decomposition Theorem, we obtain that there
exists an f -invariant ergodic measure � supported on K whose rotation number is not �, a
contradiction. For the second assertion, given " > 0, ifN0 D N0."/, note that the continuous

function g W A! R; g.z/ D 1
N0

h
p1. bf N0.bz// � p1.bz/i � �, wherebz is any point in b��1.z/,

takes values in .�"=2; "=2/ for z 2 K. Therefore, there exists some ı > 0 such that, for
every y in a ı-neighborhood of K, the function g takes values in Œ�"; "�. This implies that,
if the whole orbit of y lies in the ı-neighborhood of K, thenˇ̌̌̌

1

iN0

h
p1. bf iN0.by// � p1.by/i � �ˇ̌̌̌ D

ˇ̌̌̌
ˇ̌1i i�1X

jD0

g.f jN0.y//

ˇ̌̌̌
ˇ̌ � "

where by 2 ��1.y/. Therefore, if y has a well-defined rotation number then jRot. bf ; y/ � �j � ".
Proposition 2.18. – Let f W A! A be an area-preserving homeomorphism, letK 0 be an

f -invariant essential continuum and letK be the union ofK 0 and all the pre-compact connected
components of its complement. If the interior of K is inessential, then every point in K has the
same rotation number.
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Proof. – Since K 0 is essential, so is K. By Proposition 2.16, one knows that there
exist �1 and �2 such that every point in @U�.K/ has rotation number �1, and that any
point in @UC.K/ has rotation number �2. If the interior of K is inessential, we have
that @U�.K/ and @UC.K/ are not disjoint, and so �1 and �2 are the same. Note that
@K D @U�.K/ [ @UC.K/. Let O be a connected component of the interior of K, and note
that againO is an f -periodic open topological disk in A, and there exist integers p0; q0 with
q0 positive, such that if bO is a connected component ofb��1.O/, then bf q0.bO/ D bOC.p0; 0/.
We claim that �1 D p0=q0. Indeed, if bO is bounded, then every recurrent point in the closure
ofO has the same rotation number and it is p0=q0, and since @O � @K we get the claim, and
if bO is unbounded, then by Lemma 2.15 there exists a point Nz 2 @O such that f q0. Nz/ D Nz
and such that the rotation number of Nz is p0=q0. Since every point in @O is in @K, and
every point in @K has the same rotation number, we deduce that �1 D p0=q0. Since O was
arbitrary, one deduces that any recurrent point in K has rotation number �1, and therefore
any ergodic measure supported in K has rotation number �1. But if a compact invariant
set is such that every ergodic measure supported on it has the same rotation number, this
implies that every point in the set has a well-defined rotation number and that this number
is �1.

2.10. Regions of instability

Let A be an open topological annulus, denote by S;N the two topological ends of A and
let f W A ! A be a homeomorphism preserving both the orientation and the ends of A.
There are two classical definitions of regions of instability: we say thatA is a Birkhoff region of
instability if for anyU; V , neighborhoods of S andN respectively, there exist n1; n2 > 0 such
that f n1.U /\ V 6D ; and such that f n2.V /\U 6D ;. We note that, if the dynamics of f is
such that every point is non-wandering, then equivalentlyA is a Birkhoff region of instability
if for any U; V , neighborhoods of S and N respectively, the full orbit of U intersects V .
This implies that, if the dynamics of f is non-wandering and A is not a Birkhoff region
of instability, then there exist OS , ON , neighborhoods of S and N respectively, which are
f -invariant and disjoint.

We say that A is a Mather region of instability if there exist points z1; z2 in A such that
both f �n.z1/ and f n.z2/ converge to S when n goes to infinity, and such that both f n.z1/
and f �n.z2/ converge to N when n goes to infinity. One clearly has that a Mather region of
instability is also a Birkhoff region of instability. Let us introduce a new definition, which is
stronger than the first one but weaker than the second. We say thatA is a SN mixed region of
instability if, for every neighborhood U of S , one can find points z1; z2 in U such that both
f n.z1/ and f �n.z2/ converge toN when n goes to infinity. One defines similarly aNS mixed
region of instability if for every neighborhood V of N , one can find points z1; z2 in V such
that both f n.z1/ and f �n.z2/ converge to S when n goes to infinity.

A general question whose answer is unknown is to give conditions such that any Birkhoff

region of instability must also be a Mather region of instability. This was shown to hold
for twists maps, and also generically for area-preserving diffeomorphisms ([37] and [13]
respectively). One should note that there are examples of homeomorphisms for which the
annulus is a Birkhoff region of instability but not a Mather region of instability. For instance
one can find homeomorphisms of the closed annulus whose rotation segment is a single
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Liouville point that are weak-mixing ([9]) but also rigid ([6]) and as such every point is
recurrent.

Our next proposition shows that, in the area-preserving context and assuming that the
rotation set of the homeomorphism is not a singleton, the existence presence of a Birkhoff

region of instability, ensures that a stronger form of instability must also hold.

Proposition 2.19. – Letf W A! A be a homeomorphism which is isotopic to the identity
that preserves a measure of full support such that A is a Birkhoff region of instability for the
restriction of f . Assume further that the rotation set of the restriction of f to A is not a single
point. Then there exists some f -invariant open topological annulusA2 � A, such thatA2 meets
the upper boundary and contains the lower boundary of A. Moreover A2 is a SN mixed region
of instability and, if A�2 is the prime-ends compactification of A2, then the rotation set of the
restriction of f to A�2 is the same as that of f .

(See the left side of Figure 3.)

�

v

<
<

.L

A2
R

Figure 3. Left side: the annulus A2 in the statement of Proposition 2.19. Right
side: The segmentbv on the proof of Lemma 2.20

Before we begin with the proof of this proposition, let us repeat a construction that dates
back to Birkhoff itself, and has more recently been used in the study of homeomorphisms of
the annulus and of the 2-dimensional torus in [3, 38, 26]. We refer the reader to Section 4.3
of [26] for more details of the constructions. For the remainder of this section we assume that
we are under the hypotheses of Proposition 2.19.

For every 0 < " < 1, let B".f / be the connected component of the set\
i2N

f �i
�
T1 � Œ"; 1�

�
that contains T1�f1g, and we omit the dependence on f whenever the context permit. It is a
classical result that, since A is a Birkhoff region of instability,B" intersects the circle T1�f"g
and is forward invariant. We also define the set !".f / as the connected component of\

i2Z

f �i
�
T1 � Œ"; 1�

�
that contains T1�f1g, and again we omit the dependence on f whenever the context permit.
Let us point remark that !".f / D !".f �1/. One verifies trivially that !" is closed, invariant,
and that the !-limit set of any point in B" is contained is !". Furthermore, since we are
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assuming that A is a Birkhoff region of instability, one has that for each " > 0, the interior
of B" does not contain an essential annulus.

One also verifies that if "1 > "2, then !"1 � !"2 . On the other hand, if in this situation
!"2 � T1 � Œ"1; 1�, then !"2 D !"1 .

Lemma 2.20. – There exists "0 such that, if " < "0, then !" D !"0 .

Proof. – First note that, for every positive integer p, !".f / � !".f p/. Let g be a power
of f andbg be a lift of g such that the Rot.bg/ contains the interval Œ�1; 1�, and such that the
rotation number of the restriction of g to both boundaries do not belong to f�1; 0; 1g. There
exists some "0 such that, ifbz 2 R�f0g, then the ball with radius "0 and centerbz,B�0.bz/ is free
for bg, meaning that bg.B�0.bz// \ B�0.bz/ D ;. Suppose, for a contradiction that there exists
some "1 < "0 such that !"1 D !"1.g/ is not equal to !"0 D !"0.g/. If this is true, and if

ı D min
s2Œ0;1�

f9� 2 T1; .�; s/ 2 !"1g;

then "1 � ı � "0, because otherwise one would have that !"1 is g-invariant and contained
in
T
i2Z g

�i
�
T1 � Œ"0; 1�

�
, and therefore must be equal to!"0 . There exists some � 2 T1 � f0g

such that .�; ı/ 2 !"1 . Let v D � � Œ0; ı/ be a line segment. Note that v is disjoint from !"1 .

Letbv be the connected component ofb��1.v/ that contains the point .b�; 0/with 0 � b� < 1,
let d!"1 D b��1.!"1/ and let F D bv [d!"1 . First note that the complement of d!"1 has a
connected component A that contains the strip R � Œ0; ı/. We claim that A is the unique
connected component of the complement of d!"1 . Indeed, the complement of A is invariant
and contained in R � Œ"1; 1�. Furthermore, since any connected component of b�.A/C has a
point of !"1 and the later is connected, we have that b�.A/C is connected, and therefore it is
contained in !"1 .

The complement of F can have at most two connected components, L, which contains
.�1;b�/ � f0g, and R, which contains .b�;1/ � f0g. Let us show that these are different
connected components. (See Figure 3 Right). If not, there would be an arc 
 joining .�1; 0/
and .1; 0/ entirely contained in F C . If ˇ D 
 [ .Œ�1; 1� � f0g/, then ˇ is the image of a
simple closed curve, which is disjoint from d!"1 but such that the point .b�; ı/ is in a different
connected component from the complement of ˇ than R � f1g. This contradicts the fact
that !"1 is connected and also contains T1 � f1g.

Note also that, ifbz is a point in the complement of d!"1 , one can find an arc ˛ in .d!"1/C
joining Oz to a point .a; 0/. Since d!"1 is invariant by integer horizontal translations, one gets
that if p > jaj C 1 is sufficiently large, ˛C .p; 0/ and ˛ � .p; 0/ are both disjoint frombv andd!"1 . One checks that ˛ C .p; 0/ � R, since it contains .a C p; 0/ and that ˛ � .p; 0/ � L,
since it contains .a � p; 0/. We get that, for eachbz …d!"1 , there exists a sufficiently large p
such thatbz C .p; 0/ is in R andbz � .p; 0/ is in L.

There are two cases to consider. Either the rotation number of T1 � f0g for bg is positive
or it is negative. The rest of the proof is similar in both situations, so we will assume that it is
positive. This implies thatbg..b�; 0// belongs toR andbg�1..b�; 0// belongs toL. Note thatbv is
contained in a ball of radius "0 centered at .�; 0/ and thereforebv is free. Sincebv is also disjoint
fromd!"1 , we get that the image ofbv bybg is contained inR, and that its preimage is contained
in L. This implies thatbg.R/ does not intersectbv. Sincebg.R/ is also disjoint from d!"1 and is
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connected, one has that it must be contained in a connected component of the complement
of F , and as the image bybg of .b�;1/ � f0g intersects itself, we deduce thatbg.R/ � R.

Finally, since g preserves a measure of full support, by the hypothesis on the rotation
set of bg, one can find some Nz in A such that, if bNz is a lift of Nz, then by Franks’ Theorem
(Theorem 2.9) bg.bNz/ D bNz � .1; 0/. Let A0 D T1 � Œ0; 2� where we view A as a subset of A0,
let T W A0 ! A0; T .x; y/ D .x; 2 � y/ and consider the extension g0 W A0 ! A0 of g
obtained by requiring that g0 commutes with T . Note that g0 is also area-preserving and we
can apply Proposition 2.18 to obtain that every point of !"1 has the same rotation number
for any lift bg0 of g0. This implies that every point in !"1 has the same rotation number forbg,
and since T1�f1g belongs to !"1 , this number is not �1. This implies that Nz does not belong
to !"1 , and therefore there exists some integer p such thatbNzC .p; 0/ belongs to R, and such
thatbg2p.bNzC .p; 0// DbNz � .p; 0/ belongs to L, which is a contradiction since R is positively
invariant. This shows that !".g/ D !"0.g/ for all " < "0.

Now, if " < "0, since !".f / � !".g/, we get that !".f / � !"0.g/ � T1 � Œ"0; 1�, and
since !".f / is f -invariant, connected and contains T1 � f1g, we deduce that it is contained
in !"0.f /. Since it holds that !"0.f / � !".f /, we have the result.

End of the proof of Proposition 2.19. – Let A2 be the complement of !"0 [ .T1 � f0g/.
Note that A2 is open, contains T1 � .0; "0/ and therefore separates T1 � f0g and T1 � f1g,
and its complement has exactly two connected components. ThereforeA2 is an essential open
topological annulus. Let S be the end ofA2 corresponding to T1�f0g, and letN be the other
end.

IfU is a neighborhood inA2 ofS , then there exists " > 0 such thatT1�.0; 2"/ is contained
inU . As noted before,B".f / has a point in z1 inT1�f"g � U and the!-limit set of any point
in B".f / is contained in !" D !"0 , one has that the future orbit of z1 in U converges to N .
Likewise, one knows that !".f �1/ D !".f / D !"0.f /, and since B".f �1/ has a point z2
inU whose!-limit set for f �1, and therefore whose ˛-limit set for f , is contained in!"0.f /.
This shows that A2 is a SN mixed region of instability.

Finally, since the rotation set of f is not a single point, it has non-empty interior and
since f preserves a measure of full support, one knows that for every p=q in the rotation
set of f there exists a periodic point zp=q such that the rotation number of zp=q is p=q. Since
every point in !"0 has the same rotation number which is equal to the rotation number of the
restriction of f to T1 � f1g, and since every point in T1 � f0g has the same rotation number,
we get that for all but possibly two values of p=q in the rotation set of f , zp=q must belong
to A2. Since the rotation set of the restriction of f to A�2 must be closed, we deduce it must
be equal to the full rotation set of f .

3. Proof of Theorem A

In this section, we prove Theorem A. Let f be a homeomorphism of the closed annulus
A D T1 � Œ0; 1� which is isotopic to the identity and preserves a Borel probability measure �
with full support. Let bf be a lift of f to R� Œ0; 1�. Replacing f by a power f q and the lift bf
by a lift bf q C .p; 0/, one can suppose that Rot. bf / D Œ˛; ˇ� with ˛ < 0 < 1 < ˇ. We can
also assume that the rotation numbers of both boundary components of A are not equal to 1.
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Suppose by contradiction that Rot. bf ; �/ D ˛. We will fix a maximal identity isotopy I of f
that lifts to a maximal identity isotopy of bf , and we also fix an oriented singular foliation F
transverse to I and its lift bF .

3.1. Construction of a set with good recurrent properties

Proposition 3.1. – Let .Y;B; �/ be a probability space, and let T W Y ! Y be an ergodic
automorphism. If ' W Y ! R is an integrable map such that

R
Y
' d� D 0, then for every B 2 B

and every real number � > 0, one has

�

 (
y 2 B; 9n � 0; T n.y/ 2 B and

ˇ̌̌̌
ˇn�1X
kD0

'.T k.y//

ˇ̌̌̌
ˇ < �

)!
D �.B/:

As a corollary we have the following result (see Corollary 4.6 of [26]).

Corollary 3.2. – Let � be an ergodic invariant measure for f and ' W A ! R be an
integrable map such that

R
A ' d� D 0. Then for �-almost every point z 2 A, there exists an

increasing sequence ql !C1 such that f ql .z/! z and
Pql�1
jD0 '.f

j .z//! 0.

We also have the following result which can be derived directly from Proposition 4.3 of
[26].

Lemma 3.3. – For every Borel subset B � A such that �.B/ > 0, there exists an
f -invariant ergodic measure � such that Rot. bf ; �/ D ˛ and such that �.B/ > 0.

Finally, we deduce the following proposition.

Proposition 3.4. – There exists a set X˛ in A with full � measure such that, for every
z 2 X˛ we have

(i) z is a bi-recurrent point of f ;

(ii) the rotation number of z is well-defined and Rot. bf ; z/ D ˛; and

(iii) one can find a sequence .pl ; ql /l2N in .�N/ � N such that, ifbz belongs to b��1.z/:
lim

l!C1
ql D C1; lim

l!C1
.pl � ˛ql / D 0; lim

l!C1

bf ql .bz/ �bz � .pl ; 0/ D 0
and a sequence .p0

l
; q0
l
/l2N in N � N satisfying:

lim
l!C1

q0l D C1; lim
l!C1

.p0l C ˛q
0
l / D 0; lim

l!C1

bf �q0l .bz/ �bz C .p0l ; 0/ D 0:
Proof. – Let B be the complement of the set of points that satisfy properties (i) to (iii),

and assume for a contradiction that �.B/ > 0. By Lemma 3.3, we can find an f -invariant
ergodic measure � such that Rot. bf ; �/ D ˛ and such that �.B/ > 0. Since � is ergodic,
�-almost every point in B is bi-recurrent and has rotation number equal to ˛. Applying
Corollary 3.2 using '.z/ D p1. bf .bz/ �bz/ � ˛, one has that there exists a sequence of inte-
gers ql ! C1 such that f ql .z/ ! z and

Pql�1
jD0 '.f

j .z// D p1. bf ql .bz/ �bz/ � qi˛ ! 0.
Since f ql .z/! z one deduces that there exists a sequence of integers pl such thatbf ql .bz/ �bz � .pl ; 0/! .0; 0/ and so pl � ql˛ ! 0. So �-almost every point in B satis-
fies the first part of property (iii). A similar argument, using Corollary 3.2 with f �1 in place
of f and '0.z/ D p1. bf �1.bz/ �bz/C ˛, gives us that �-almost every point in B satisfies the

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1176 J. CONEJEROS AND F.A. TAL

second part of property (iii). Therefore �-almost every point ofB satisfies properties (i)–(iii),
a contradiction.

We have the following result, whose proof is immediate.

Lemma 3.5. – Let ˛ < 0 and r be a real number and let .pl ; ql /l2N be a sequence
in .�N/ � N such that:

lim
l!C1

ql D C1; lim
l!C1

.pl � ˛ql / D 0:

If k > �˛r , then there exists some integer l.k/ 2 N such that for every integer l � l.k/, we
have

pl � k

ql C r
< ˛:

3.2. Construction of a good admissible transverse path

Note that Rot. bf / D Œ˛; ˇ� and ˛ < 0 < 1 < ˇ. We recall that we are assuming
that f preserves a Borel probability measure of full support, so by Franks’ Theorem
(Theorem 2.9) one can find a fixed point z of f in the interior of the annulus such that,
if bz is a lift of z, then bf .bz/ D bz C .1; 0/. Let IZF .z/ be the whole transverse trajectory
of z D b�.bz/. We start by recalling some facts about the transverse path IZF .z/. By definition,
we have IZF .z/.0/ D IZF .z/.1/. Let 
 0 W R ! dom.I / be such that 
 0 W Œ0; 1� ! dom.I / is
in IZF .z/jŒ0;1� and such that 
 0.t C 1/ D 
 0.t/, for all t . Then 
 0 is the natural lift of a trans-

verse loop � 0. We know that every leaf that meets � 0 is wandering. Consequently, if t and t 0

are sufficiently close, one has ��0.t/ ¤ ��0.t 0/. Moreover, because � 0 is positively transverse
to F , one cannot find an increasing sequence .an/n2N and a decreasing sequence .bn/n2N,
such that ��0.an/ D ��0.bn/. So, there exist real numbers a; b with 0 � a < b � 1 such
that t 7! �IZF .z/.t/

is injective on Œa; b/ and satisfies �IZF .z/.a/ D �IZF .z/.b/. Replacing IZF .z/ by
an equivalent transverse path, one can suppose that IZF .z/.a/ D I

Z
F .z/.b/. Let � be the loop

naturally defined by the closed path IZF .z/jŒa;b�. The set U� D
S
t2Œa;b� �IZF .z/.t/

is an open
annulus and � is a simple loop. Note that we can collapse the two boundary components
of A to two points S;N to obtain a sphere, and that there exist natural extensions of f and I
to this sphere, as well as a new transversal foliation that has singularities in S and N , which
for simplicity we denote by f �; I � and F�. As z is a periodic point we have the following
result. This lemma is contained in the proof of Proposition 2 from [32].

Lemma 3.6 ([32]). – Suppose that there exists t < a such that I �ZF�.z/.t/ … U� . Then there
exists t 0 2 R with b < t 0 such that I �ZF�.z/.t/ and I �ZF�.z/.t

0/ are in the same connected compo-
nent of the complement of U� . Moreover I �ZF�.z/jŒt;t 0� has a F�-transverse self-intersection.

Proof. – See the proof of Proposition 2 from [32].

Therefore, as z is a periodic point, there are two possibilities for the whole transverse
trajectory of z, I

�Z
F�.z/, namely:

I) I �1F�.z/ has a F-transverse self-intersection; or

II) I �ZF�.z/ is equivalent to the natural lift of a simple loop � of A.

We will analyze each case separately.
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3.2.1. Case I. – Since for this induced map � 0� D I �1F�.z/ is a loop homologous to zero with
aF�-transverse self-intersection, one can apply Proposition 7 of [32] and deduce that I �2F�.z/,
which is admissible of order 2, has aF�-transverse self-intersection. It follows that I 2F .z/ has
aF-transverse self-intersection and that, ifbz is a lift of z, one can find an integer p0 such that
the transverse pathb
 WD I 2bF .bz/ has a bF-transverse intersection withb
 C .p0; 0/. Lemma 2.3
provides us with a sufficiently small neighborhood W ofbz such that, for every by 2 W , one
has that

(a) I 4bF . bf �3.by// contains a subpath equivalent to I 2bF . bf �2.bz// D b
 � .2; 0/, and

(b) I 4bF . bf �1.by// contains a subpath equivalent tob
 .

Let k > 0 be an integer such that k � p0 > �2˛. Let Wk � W be a neighborhood ofbz
such that bf k.Wk/ � W C .k; 0/, and let bz� be a point in Wk \ b��1.X˛/, where X˛ is the
set provided by Proposition 3.4. By Proposition 3.4 and Lemma 3.5, one finds integers p; q,
with q > k C 8 sufficiently large, such that

— bf q.bz�/ belongs to W C .p; 0/;

— pCp0�k
qC1

< ˛.

Now, if by� D bf k�1.bz�/, then bf .by�/ 2 W C .k; 0/, which implies that I 4bF .by�/ has


1 D b
 C .k; 0/ as a subpath. Furthermore, as bf q.bz�/ belongs to W C .p; 0/, the transverse
path I 4bF . bf q�3.bz�// has 
2 D b
C.p�2; 0/ as a subpath. Note that the path 
� D I qC1bF .bz�/ is

admissible of order q C 1, and 
2 has a bF-transverse intersection with 
2 C .p0; 0/ D


1C .pCp0�k�2; 0/. Therefore the path 
�jŒq�3;qC1� D I
4bF . bf q�3.bz�// has a bF-transverse

intersection with .
� C .p C p0 � k � 2; 0// jŒk�1;kC3� D I 4bF .by�/ C .p C p0 � k � 2; 0/.

By Proposition 2.7, pCp0�k�2
qC1

is in the rotation set of bf . As pCp0�k�2
qC1

< ˛ we have a
contradiction. Therefore Case I cannot happen.

3.2.2. Case II. – Assume now that IZF .z/ is equivalent to the natural lift of a simple loop �
in A. Let us consider 
 W R! A the natural lift of � such that 
.tC1/ D 
.t/ for every t 2 R
and b
 the lift of 
 to bA. One gets that the set of leaves intersecting � is an open topological
sub-annulus U� of A, and since bf .bz/ DbzC .1; 0/, one gets that cU� D b��1.U�/ has a single
connected component, and that U� is an essential annulus.

Proposition 3.7. – There exist an admissible transverse path 
� and real numbers

a < a0 < b0 < b such that, if c
� is a lift of 
� to bA, thenc
�jŒa0;b0� is equivalent tob
 jŒs;sC1� for some s 2 R and 
�.a0/ D 
�.b0/;c
�j.a;a0/ is included in cU� but it does not meet �b
.s/� .1; 0/ andc
�j.b0;b/ is included in cU�
but it does not meet �b
.sC1/ C .1; 0/; andc
�.a/ and c
�.b/ belong to the same connected component of the complement to cU� .

(See Figure 4.)
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U�

�

�*(a')

�

�*(b')

�

��(s)

� ��(s+1)

���(s)-(1,0)

� ��(s+1)+(1,0)

�

�*

Figure 4. Left side: The transverse path 
�. Right side: A lift of 
�

Proof of Proposition 3.7. – By density of the set X˛, provided by Proposition 3.4, and
Lemma 2.3, we can suppose that b
 jŒ0;2� is equivalent to a subpath of IZbF .bz0/, the whole

transverse trajectory of a point bz0 that lifts a point z0 in X˛. We will denote b
0 D IZbF .bz0/.
Since the point z0 has a negative rotation number, the transverse path b
0 cannot be contained
in cU� . Hence one can find real numbers

t1 < t
0
1 < t

0
2 < t2

and integers j� and jC uniquely determined such that

— b
0jŒt 0
1
;t 0
2
�

is equivalent tob
 jŒj�;jC�;
— b
0j.t1;t 01/ and b
0j.t 0

2
;t2/

are included in cU� but do not meet �b
.0/ C .j� � 1; 0/ and

�b
.0/ C .jC C 1; 0/ respectively;

— b
0.t1/ and b
0.t2/ do not belong to cU� .

We claim that, if b
0.t1/ and b
0.t2/ belong to the same connected component of the comple-
ment of cU� then, we are done. Indeed, if we have that jC � j� � 2, we know thatb
0jŒt1;t 02� C .jC � 1 � j�; 0/ and b
0jŒt 0

1
;t2�

intersect bF-transversally at

b
0.t/C .jC � 1 � j�; 0/ D b
0.t 02/:
By Proposition 2.4 the transverse pathb
 WD .b
0 C .jC � 1 � j�; 0//jŒt1;t 01�b
0jŒt 02;t2�
is a subpath of an admissible transverse path c
� which satisfies the proposition. In what
follows we assume that

— b
0.t1/ and b
0.t2/ belong to different connected components of the complement of cU� .

Since the point z0 is bi-recurrent and the complement of the annulus cU� saturated, that is, it
is the union of singular point and leaves of bF , one can find real numbers

t2 � t3 < t4

such that

— b
0.t4/ belongs to the same connected component of the complement of cU� with b
0.t1/;
— b
0jŒt2;t4/ does not meet this connected component of the complement of cU� ;
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— b
0j.t3;t4/ is included in cU� ; and

— b
0.t3/ belongs to the same connected component of the complement of cU� with b
0.t2/.
Observe now that, by Lemma 3.6, there exists a non-zero integer j , such that b
 jŒt1;t2� andb
 jŒt3;t4� C .j; 0/ intersect bF-transversally at b
.s/ D b
.t/ with t1 < s < t2 < t3 < t < t4.
Hence by Proposition 2.4, one has that the pathb
 000 WD b
 jŒt1;s�.b
 jŒt;t4� C .j; 0//;
is a subpath of an admissible transverse path. We can construct an admissible transverse pathc
� as above.

Let us consider a lift c
� W Œa; b�! bA of 
�, provided by Proposition 3.7, tobA and letb
 be
a lift of the natural lift of� such thatb
.0/ D b
�.a0/ andb
.1/ D b
�.b0/. We suppose thatc
� is
admissible of order N � 1. We will denote by b�0 the leaf �b
.0/ D �c
�.a0/ of bF . Let cU� be a
lift of U� which is homeomorphic to R2. We have the following corollary to Proposition 3.7.

Corollary 3.8. – For every integer k � 1, there exist an admissible transverse path of

order kN b
k W Œa; b�! bA, real numbers a < a0
k
< b0

k
< b such thatb
kjŒa0

k
;b0
k
�

is equivalent tob
 jŒ0;k�;b
kj.a;a0
k
/

is included in cU� but it does not meet b�0 � .1; 0/ andb
kj.b0
k
;b/

is included in cU�
but it does not meet b�0 C .k C 1; 0/;b
k.a/ and b
k.b/ belong to the same connected component of the complement to cU� .

Proof. – Note that the paths c
�jŒa0;b� and .c
� C .1; 0//jŒa;b0�
intersect bF-transversally

at c
�.b0/ D c
�.a0/ C .1; 0/. It follows that for every integer i 2 f1; : : : ; k � 1g the paths
.c
� C .i; 0//jŒa0;b� and .c
� C .i C 1; 0//jŒa;b0� intersect bF-transversally at c
�.b0/ C .i; 0/ Dc
�.a0/C .i C 1; 0/. Applying Lemma 2.5, one knows that the path

b
k WDc
�jŒa;b0�
 
k�2Y
iD1

.c
� C .i; 0//jŒa0;b0�
!
.c
�jŒa0;b� C .k � 1; 0//

is admissible of order kN . This completes the proof of the corollary.

For every integer k large enough consider real numbers a00
k

and b00
k

with a0
k
< a00

k
< b00

k
< b0

k

such that �c
k.a00k/ D b�0 C .1; 0/ and �c
k.b00k/ D b�0 C .k � 1; 0/. Let bzk be a point in dom.bI /
such that b
k is a subpath of the path I kNbF .bzk/, and consider the smallest integer ik and the
largest integer Nk in f1; : : : ; kN g such that

— b
kjŒa;a00
k
�

is a subpath of I ikbF .bzk/;
— b
kjŒb00

k
;b�

is a subpath of I kN�ik�NkbF . bf ikCNk .bzk//.
Let put byk D bf ik .bzk/ and bf Nk .byk/ D bf ikCNk .bzk/. We have the following result.

Corollary 3.9. – For every integer k large enough the paths I
ikbF . bf �ik .byk// and

I
kN�NkbF . bf Nk .byk// � .k; 0/ intersect bF-transversally.
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By density of the set X˛ given by Proposition 3.4 and Lemma 2.3, considering a point
close to byk , we can suppose that byk belongs toX˛. We have the following consequence, which
results of Proposition 3.4.

Lemma 3.10. – For every positive real number L, there exist two integers p 2 �N and
q 2 N satisfying q � ik > L such that:

b
kjŒa;a00
k
�

is a subpath of I ikC2bF . bf q�ik�1.byk// � .p; 0/.
Proof. – By Proposition 3.4, one can find an integer l sufficiently large such that

ql > LC ik and such that bf ql .byk/�.pl ; 0/ is close to byk . Lemma 2.3 permits us to conclude
that the path I ikbF . bf �ik .byk// is a subpath of I ikC2bF . bf ql�ik�1.byk// � .pl ; 0/. Hence choosing

q D ql and p D pl we have that b
kjŒa;a00
k
�

is a subpath of I ikC2bF . bf q�ik�1.byk// � .p; 0/. This

completes the proof of the lemma.

Let d
�� be the transverse path I qC1�NkbF . bf Nk .byk//. We deduce the next result.

Corollary 3.11. – The paths d
�� and d
��C .p�k; 0/ intersect bF-transversally at some
leaf �d
��.t/ D ��d
��C.p�k;0/�.s/ where s < t .

Proof. – One knows that the path b
kjŒa;a00
k
�
C.p; 0/ is a subpath of I ikC2bF . bf q�1�ik .byk// Dd
��jŒq�1�ik�Nk ;qC1�Nk � and b
kjŒb00

k
;b�
C .p� k; 0/ is a subpath of d
��jŒ0;kN�Nk �C .p� k; 0/,

which implies that d
��jŒq�1�ik�Nk ;qC1�Nk � and d
��jŒ0;kN�Nk �C.p�k; 0/ have a bF-transverse
intersection. The result follows since we took q sufficiently large so that q � 1 � ik � Nk is
larger than kN �Nk .

As a consequence of Proposition 2.7 we deduce the following result.

Corollary 3.12. – We have that p�k
qC1�Nk

belongs to Rot. bf /.
As Nk � 1, this implies also that p�k

qC1�Nk
< p�k

q
, but since p � ˛q < 1, we have

that p�k
q
�˛ < 0, a contradiction since we assumed that Rot. bf / D Œ˛; ˇ�. Therefore Case II

also cannot happen, thus concluding the proof of Theorem A.

4. Proof of Theorem B

In this section, we will prove Theorem B. We start by proving a result of uniformly
boundedness for the diameter of the projection onto the first coordinate of the leaves of bF ,
where bF is the lift of a foliation that is transverse to a maximal identity isotopy whose
endpoint is a homeomorphism that satisfies hypotheses of Theorem B. This result plays a
key role in the proof of Theorem B.
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4.1. Uniform boundedness of leaves

Let f be a homeomorphism of the closed annulus A WD T1� Œ0; 1�which is isotopic to the
identity, that is, f preserves the orientation and each boundary component of A. Suppose
that A WD T1 � .0; 1/ is a Birkhoff region of instability of f . Let I 0 be an identity isotopy
of f and let bf be the lift of f to R � Œ0; 1� associated to I 0. Suppose that Rot. bf / D Œ˛; ˇ�

with ˛ < 0 < ˇ and that both boundary component rotation numbers are positive.

We consider the open annulus A WD T1�.0; 1/. We will denote byN (resp. by S ) the upper
(resp. lower) end of A. We recall that the homeomorphism f restricted to the open annulus A
can be extended to a homeomorphism, which we still denote f , of the end compactification
of A, which is a topological sphere, and this homeomorphism fixes both ends of A. Let I be
a maximal identity isotopy larger than I 0 (isotopy associated to the lift bf ) and let bI be a lift
of I . Let F be a singular foliation transverse to I , and let bF be a lift of F jA. We note that N
and S are in Fix.I / and that these are isolated singularities ofF . The next result follows from
Proposition 2.12 which describes the dynamics of a foliation near an isolated singularity and
the fact that the boundary component rotation numbers are positive.

Lemma 4.1. – The isolated singularity S (resp. N ) is a sink (resp. a source) of F .

Proof. – We will prove that S is a sink of F (one proves analogously that N is a source).
By Proposition 2.12 it is sufficient to prove that both Cases (1) and (2) of Proposition 2.12
do not hold and that S is not a source. We will prove it by contradiction.

Suppose first that Case (1) of Proposition 2.12 holds, that is, there exists an open topolog-
ical disk D containing S and contained in a small neighborhood of S whose boundary is a
closed leaf of F . By transversality of the foliation either f .D/ � D or f �1.D/ � D. This
contradicts the fact that A is a Birkhoff region of instability of f .

Suppose now that Case (2) of Proposition 2.12 holds, that is, there exist leaves �CS and
��S of F whose !-limit and ˛-limit set are reduced to S respectively. We will prove that the
existence of ��S implies that the rotation number of the boundary component R � f0g is
negative or zero. This contradicts our hypothesis.

Claim. – Suppose that there exists a leaf ��S ofF whose ˛-limit set is reduced to S . Then
the rotation number of the boundary component R � f0g is negative or zero.

Proof. – Let us parameterize the leaf ��S W R! A. Conjugating f by a homeomorphism
given by Schoenflies’ Theorem, we may suppose that ��S j.�1;0� is contained in f0g�.0; 1/. Let
U be a Euclidean circle centered at S whose boundary meets ��S j.�1;0�. By Proposition 2.13,
F is locally transverse to I at S . Let V be a neighborhood of S contained in U given by
the local transversality of F to I at S : the trajectory of each z 2 V , z ¤ S along I is
homotopic, with fixed endpoints, to an arc I 1F .z/which is transverse toF and included inU .
In particular, the arc I 1F .z/ must cross ��S from right to left. More precisely, let bf be the lift
of f jA associated to I , and let bF be the lift of F jA. Let bU and bV be lifts of the sets U n fSg
and V n fSg respectively. Let O��S be the lift of ��S contained in the line f0g � .0; 1/. For
every n 2 N, choose zn 2 V nfSg such that fz; : : : ; f n�1.zn/g � V . Letbzn be the lift of zn such
that �1 < p1. Ozn/ � 0 and I 1bF .bzn/ the lift of the arc I 1F .zn/ frombzn. Since the path I nbF . Ozn/ is
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transverse to bF and does not meet the boundary of bU , we obtain that p1. bf n.bzn// < 0 and
thus

�n. bf ; zn/ WD 1

n
.p1. bf n.bzn// � p1.bzn// � 1

n
:

This implies, by Corollary 2.11, that the rotation number of the boundary compo-
nent R � f0g is negative or zero.

We note finally that if S is a source, then by the above claim we deduce that the rotation
number of the boundary component R � f0g is negative or zero. This contradicts again our
hypothesis. This completes the proof of the lemma.

Let�S and�N be twoF-transverse loops close enough to S andN respectively, and let 
S
and 
N be their respective natural lifts such that the annuli

US WD
[
t2R

�
S .t/ and UN WD
[
t2R

�
N .t/:

coincide with the attracting and repelling basin of S andN for F respectively. Let bF be a lift
of F jA to R � .0; 1/. Now we can state the main result of this subsection, which will also be
useful in the proof of Theorem B.

Proposition 4.2. – Up to a suitable change of coordinate, the diameters (on the first
coordinate) of the leaves of bF are uniformly bounded.

Proof. – Up to a suitable change of coordinate we can suppose that the foliation F
restricted to a neighborhood of S (resp. N ) coincides with the foliation of vertical lines
downward (resp. upward) on T1 � .0; 1/. By Lemma 2.10 and Corollary 2.11 (applied at
both ends of A), there exist a neighborhood VS � US (resp. VN � UN ) of S (resp. of N )
and integers nS � 1 and nN � 1 such that for every z 2 VS , z ¤ S (resp. z 2 VN , z ¤ N )
the closed path 
S jŒ0;1� (resp. 
N jŒ0;1�) is a subpath of I nSF .z/ (resp. I nNF .z/). On the other
hand, since A is a Birkhoff region of instability of f one can find two points z0 and z1 and
integers n0 � 1 and n1 � 1 satisfying:

z0; f
n1.z1/ 2 \

nS
iD0f

�i .VS /
�
resp. z1; f n0.z0/ 2 \

nN
iD0f

�i .VN /
�
:

We will write 
0 WD I
n0CnS
F .z0/ and 
1 WD I

n1CnN
F .z1/ for convenience. Therefore there exist

leaves �S � US and �N � UN of F and real numbers s0 < t0 and s1 < t1 such that:

— �
0.s0/ D �S and �
0.t0/ D �N ;

— �
1.s1/ D �N and �
1.t1/ D �S .

Replacing 
0 by an equivalent transverse path, one can suppose that 
0.s0/ D 
1.t1/ and

0.t0/ D 
1.s1/. Let� be the loop naturally defined by the closed path 
0jŒs0;t0�


1jŒs1;t1�
which

is transverse toF . Since the loop � is homologous to zero in the sphere, one can define a dual
function ı defined up to an additive constant on S2 n� as follows: for every z and z0 in S2 n�,
the difference ı.z/ � ı.z0/ is the algebraic intersection number � ^ 
 0, where 
 0 is any path
from z to z0. As � is transverse to F the function ı decreases along each leaf with a jump
at every intersection point. One proves that ı is bounded and that the space of leaves that
meet �, furnished with the quotient topology is a (possibly non Hausdorff) one dimensional
manifold (see [32] for more details). In particular, there exists an integer K � 1 such that
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� intersects each leaf ofF at mostK times. Moreover any lift of the set�S[
0jŒs0;t0�

1jŒs1;t1�

[

�N separates the plane R2. More precisely, every set whose diameter on the first coordinate
is large enough must intersect a lift of �S [ 
0jŒs0;t0�


1jŒs1;t1�
[ �N . Hence, we have that each

leaf of bF intersects at most K translates of a lift of the closed path 
0jŒs0;t0�

1jŒs1;t1�

. Hence

one deduces that for every leaf O� of bF the diameter of the projection on the first coordinate
of O� is smaller than the constant diam.
0jŒs0;t0�


1jŒs1;t1�
/CK C 2. This completes the proof

of the proposition.

4.2. Construction of two admissible transverse paths

Let f be a homeomorphism of the closed annulus A WD T1 � Œ0; 1� which is isotopic
to the identity. Let Of be a lift of f to R � Œ0; 1�. We assume that Rot. Of / D Œ˛; ˇ� and
that both boundary components have rotation number strictly larger than ˛, the case where
both boundary components have rotation number strictly smaller than ˇ is similar. Hence
considering a rational number p=q between the left endpoint of Rot. Of / and the minimum
of the two boundary component rotation numbers, we can replace f by a power f q and the
lift Of by a lift Of q C .p; 0/, and so suppose that Rot. Of / D Œ˛; ˇ� with ˛ < 0 < ˇ and that
both boundary component rotation numbers are strictly positive.

We consider the open annulus A WD T1 � .0; 1/. We will denote by N (resp. S ) the upper
(resp. lower) end of A. We recall that the homeomorphism f restricted to the open annulus
A can be extended to a homeomorphism, denoted still f , of the end compactification of A,
which is a topological sphere, and this homeomorphism fixes both ends of A. Let I be a
maximal identity isotopy larger than I 0 (isotopy associated to the lift Of ) and let OI be a lift
of I . Let F be a singular foliation transverse to I , and let bF be a lift of F jA.

We know from the previous subsection that S and N are a sink and a source of F
respectively and that up to a conjugation the leaves of bF are uniformly bounded on the first
coordinate. Moreover for a positive real number ı the foliation bF restricted to R�.0; ı/ (resp.
R�.1�ı; 1/) is the foliation in vertical lines onR�.0; 1/ oriented downwards (resp. upwards).
Let O
N W R! R � .0; 1/ and O
S W R! R � .0; 1/ be the transverse paths defined by

O
N .t/ WD .t; 1 � ı=2/ and O
S .t/ WD .t; ı=2/:

Let us consider bUN WD [t2R� O
N .t/ and bUS WD [t2R� O
S .t/:
We will begin by proving the following result.

Lemma 4.3. – There exist two admissible transverse paths O
�0 W Œa0; b0� ! bA and
O
�1 W Œa1; b1�!

bA, real numbers a0 < t0 < b0; a1 < t1 < b1 and a real number K� > 0

such that:

(i) O
�0 jŒa0;t0�
and O
�1 jŒt1;b1�

intersect OF-transversally; and

(ii) for every transverse path O
 W Œa; b� ! bA such that p1. O
.b/ � O
.a// < �K�, there exist
two integers p0 and p00 such that O
 intersects OF-transversally both

�
O
�0 C .p0; 0/

�
jŒt0;b0�

and
�
O
�1 C .p

0
0; 0/

�
jŒa1;t1�

.
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Proof. – Let us prove (i). As in the proof of Proposition 4.2, one can find two points Oz0,
Oz1 in bA D R � .0; 1/ and two positive integers n0 and n1 such that, if O
�0 WD I

n0
OF
. Oz0/ and

O
�1 WD I
n1
OF
. Oz1/, then there exist real numbers

a0 < s
�
0 < s

C
0 < t0 � r

�
0 < r

C
0 < b0

satisfying (see Figure 5):

— O
�0 jŒs�
0
;s
C

0
�

is equivalent to the path O
S jŒ�1;0�;

— O
�0 j.sC
0
;t0/

is contained in bUS but it does not meet �b
S .1/;
— O
�0 .t0/ does not belong to bUS ;

— O
�0 jŒr�
0
;r
C

0
�

belongs to the complement of bUS [ bUN ;

— If " > 0 is sufficiently small, then O
�0 .r
�
0 � "/ 2

bUS and O
�0 .r
C
0 C "/ 2

bUN ,

and real numbers

a1 < r
�
1 < r

C
1 � t1 < s

�
1 < s

C
1 < b1

satisfying:

— O
�1 jŒs�
1
;s
C

1
�

is equivalent to the path O
S jŒ0;1�;

— O
�1 j.t1;s�1 /
is contained in OUS but it does not meet � O
S .�1/;

— O
�1 .t1/ does not belong to bUS ;

— O
�1 jŒr�
1
;r
C

1
�

belongs to the complement of bUS [ bUN ;

— If " > 0 is sufficiently small, then O
�1 .r
�
1 � "/ 2

bUN and O
�1 .r
C
1 C "/ 2

bUS .

Ûn

ÛS

γ̂∗

1 γ̂∗

0

φ
γ̂
∗

1
(r−

1
−ε)

φ
γ̂
∗

1
(r−

1
)

φ
γ̂
∗

0
(r+

0
+ε)

φ
γ̂
∗

0
(r+

0
)

φ
γ̂
∗

0
(t0)φ

γ̂
∗

1
(t1)

φ
γ̂
∗

1
(s+

1
)

φ
γ̂
∗

0
(s+

0
)
= φ

γ̂
∗

1
(s−

1
)

φ
γ̂
∗

0
(s−

0
)

Figure 5. The paths O
�0 and O
�1 . Dashed lines are leafs of the bF .
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We can also assume, by using Corollary 2.6, that neither the path O
�0 jŒa0;b0�
nor the

path O
�1 jŒa1;b1�
have bF-transverse self-intersection. We note that the paths O
�0 jŒs�

0
;t0�

and

O
�1 jŒt1;s
C

1
�

have a OF-transverse intersection at � O
S .0/, and so item (i) is proved.

Let us prove (ii). First note that, since bA has null genus, every leaf of OF is either closed or
it does not accumulate on itself. Consequently, if ˇ is any path transversal to OF defined on a
compact interval, then ˇ intersects any leaf of the foliation a finite number of times. Let then
"0 > 0 be sufficiently small such that, if a0 � t � b0 � "0, then O
�0 jŒt;tC"0�

does not intersect
a leaf twice.

Now, note that @bUS is a foliated set with empty interior, so that no transverse path can
be contained in it. Therefore, there exists an open and dense subset I� � Œ0; "0� such that,
if t 2 I�, then O
�0 .r

�
0 � t / belongs to bUS . Using a similar argument for bUN , one can find

0 < " < "0 such that O
�0 .r
�
0 � "/ belongs to bUS and such that O
�0 .r

C
0 C "/ belongs to bUN .

By Proposition 4.2 there exists a real number K0 > 0 such that for each leaf O� of bF the
diameter of p1. O�/ is bounded by K0 and by compactness there exists a real number K 00 > 0
such that O
�0 jŒr�

0
�";r

C

0
C"�

is contained in .�K 00; K
0
0/�.0; 1/. LetK D K0CK 00, and consider a

transverse path O
 with diameter on the first coordinate larger thanK� WD 2KC1. Then there
exists an integer p0 such that O
 meets both .�1; p0�K/� .0; 1/ and .p0CK;C1/� .0; 1/.

We claim that O
�0 jŒr�
0
�";r

C

0
C"�

meets each leaf of bF at most once. Indeed, if by contradiction

O
�0 jŒr�
0
�";r

C

0
C"�

meets a leaf twice, then one must have that O
�0 j.r�
0
;r
C

0
/

must also meet a leaf

twice, and there must exist a closed interval J � .r�0 ; r
C
0 / such that the restriction of O
�0 to

this interval is equivalent to a simple closed curve. But both bUS and bUN belong to the same
connected component of the complement of

S
t2J � O
�0 .t/

so that applying Proposition 2.8

to O
�0 jŒr�
0
�";r

C

0
C"�

implies this path has a bF-transverse self-intersection, a contradiction with

our assumption.

Let B be the union of leaves met by O
�0 j.r�
0
�";r

C

0
C"/

. Then B is a foliated subset of bA
and, by the argument above, it is homeomorphic to the plane and the space of leaves of bF
in B is homeomorphic to an open interval. Furthermore, since B contains a leaf of bUS and
a leaf of bUN , B separates R2 and its complement has exactly two connected components,
one denoted L.B/ that contains .�1;�K/ � .0; 1/ and the other, denoted R.B/, contains
.K;C1/� .0; 1/. Finally, note that �
�

0
.r�
0
�"/ belongs to @L.B/ andB is locally to the left of

this leaf. Likewise, �

�
0
.r
C

0
C"/

belongs to @R.B/ and B is locally to the right of this leaf (see
Figure 6).

Since O
.a/ belongs to R.B/ � .p0; 0/ and O
.b/ belongs to L.B/ � .p0; 0/, one find
some a < a0 < b0 < b such that O
.a0/ belongs to @ .R.B/ � .p0; 0//, O
.b0/ belongs
to @ .L.B/ � .p0; 0//, and O
 j.a0;b0/ is contained in B � .p0; 0/. Note that � O
.a0/ C .p0; 0/
is not �

O
�
0
.r
C

0
C"/

, since the latter has B on its right, and likewise � O
.b0/ C .p0; 0/ is not

� O
�
0
.r�
0
�"/, since the latter has B on its left. One concludes that b
 jŒa0;b0� has a bF-transverse

intersection with
�
O
�0 jŒr�

0
�";r

C

0
C"�
C .p0; 0/

�
at any leaf � O
.t/ for a0 < t < b0. Since the same

construction holds for every 0 < "0 < ", we get that O
 and O
�0 jŒr�
0
;r
C

0
�
C .p0; 0/ intersect
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bF-transversally, as claimed. The bF-transverse intersection with O
�1 jŒr�
1
;r
C

1
�
C .p00; 0/ can be

obtained in a similar way.

L(B)

R(B)

B

�

�0

��0(r--�)

< *

< 

< *

��0(r++�)

< *

Figure 6. The set B

End of the proof of Theorem B. – One knows by Proposition 4.2 that the leaves of bF are
uniformly bounded on the first coordinate. Hence in order to prove Theorem B it is sufficient
to prove that there exists a real constantL > 0 such that for every admissible transverse path
O
 W Œa; b�! bA of order n � 1, one has

p1. O
.b// � p1. O
.a// � n˛ � �L:

Let O
 W Œa; b�! R � .0; 1/ be a transverse path such that

p1. O
.b// � p1. O
.a// < �2K
�:

One can find c; d in .a; b/ with c < d such that

p1. O
.b// � p1. O
.d// D �K
� and p1. O
.c// � p1. O
.a// D �K

�:

By item (ii) from Lemma 4.3 there exist p0 and p00 in Z, a < l0 < c, d < l1 < b,
r�0 < w0 < r

C
0 , r�1 < w1 < r

C
1 such that

— O
 jŒa;c�
and O
�0 C .p0; 0/ intersect bF-transversally at O
.l0/ D O
�0 .w0/C .p0; 0/;

— O
 jŒd;b�
and O
�1 C .p

0
0; 0/ intersect bF-transversally at O
.l1/ D O
�1 .w1/C .p

0
0; 0/.

If O
 is admissible of order n � 1, then the path

O
 0 WD
�
O
�0 jŒa0;w0�

C .p0; 0/
�
O
 jŒl0;l1�

�
O
�1 jŒw1;b1�

C .p00; 0/
�

is admissible of order nC n0 C n1 by Corollary 2.5 and one has

p1. O
.b// � p1. O

0.1// < �K� and p1. O


0.0// � p1. O
.a// < �K
�:
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Recall that O
�0 and O
�1 intersect bF-transversally (item (i) from Lemma 4.3). One deduces
that O
 0 intersects bF-transversally O
 0 C .p0; 0/, where p0 D p0 � p

0
0. Proposition 2.7 tells us

that p0=.nC n0 C n1/ belongs to Rot. Of /, which implies that

˛ �
p0

nC n0 C n1
:

We write K�� by the diameter on the first coordinate of O
�0 . Observe now that

p1. O

0.1//C p0 � p1. O


0.0// > �K��:

So, one deduces

p1. O
.b// � p1. O
.a// � n˛ � �2K
�
�K�� C ˛n0 C ˛n1:

This completes the proof of Theorem B.

5. Example

Recall that, by Theorem B, if f is a homeomorphism of the closed annulusA WD T1�Œ0; 1�
that is isotopic to the identity and having A WD T1 � .0; 1/ as Birkhoff region of instability,
and Of is a lift of f to R � Œ0; 1� with a nontrivial rotation set Rot. Of / D Œ˛; ˇ�, such that the
rotation numbers of both boundary components of A are in the interior of Œ˛; ˇ�, then there
exists a real constantL > 0 such that for every Oz 2 R� Œ0; 1� and every integer n � 1we have

p1. Of
n. Oz// � p1. Oz/ � ˛n � �L and p1. Of

n. Oz// � p1. Oz/ � ˇn � L:

The following example shows that the hypothesis “the rotation numbers of both boundary
components of A are contained in the interior of the rotation set” is essential in the conclu-
sion of Theorem B.

Proposition 5.1. – There exists a homeomorphism f of the closed annulus A which is
isotopic to the identity, such that A is a Birkhoff region of instability of f and has a lift Of
to R � Œ0; 1� satisfying:

(i) Rot. Of / D Œ0; 1�, and

(ii) for every real number L > 0 there exist a point Oz in R � Œ0; 1� and an integer n such that

p1. Of
n. Oz// � p1. Oz/ < �L:

Proof. – For every real number r , we write Tr the homeomorphism of R � Œ0; 1� defined
by Tr W .x; y/ 7! .x C r; y/. Let h W .0; 1/ ! R be such that h.y/ D 1=y if y < 1=2 and
h.y/ D 2 if y � 1=2.

For every y 2 .0; 1/, let

I 0y WD

�
h.y/C

1

16
; h.y/C

3

16

�
� fyg �

�
h.y/; h.y/C

1

4

�
� fyg WD Iy

be two subsets of R � Œ0; 1� and consider

OU 00 WD
[

y2.0;1/

I 0y �
[

y2.0;1/

Iy WD OU0 and OV 00 WD T1=2.
OU 00/ � T1=2.

OU0/ WD OV0:

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1188 J. CONEJEROS AND F.A. TAL

Let, finally,

OU 0 WD
[
n2Z

T n1 .
OU 00/ �

[
n2Z

T n1 .
OU0/ WD OU and OV 0 WD

[
n2Z

T n1 .
OV 00/ �

[
n2Z

T n1 .
OV0/ WD OV :

Let g W Œ0; 1�! Œ0; 1� be a homeomorphism of Œ0; 1� satisfying:

— g.0/ D 0, g.1/ D 1;

— for every y 2 .0; 1/ we have g.y/ < y;

— lim
y!0

�
1
y
�

1
g.y/

�
D 0.

We note that the dynamics of g is well-known, that is, for every y 2 .0; 1/ we have

(1) lim
n!C1

gn.y/ D 0 and lim
n!C1

g�n.y/ D 1:

To construct Of we start with a homeomorphism Of0 satisfying:

Of0.x; y/ D

(
.x � h.y/C h.g.y//; g.y// ; if .x; y/ 2 OU 00 �

OU0;�
x � h.y/C h.g�1.y//; g�1.y/

�
; if .x; y/ 2 OV 00 �

OV0:

Note that Of0 leaves both OU 00 and OV 00 invariant. Let us begin by extending Of0 to OU0 and to OV0
such that Of0 leaves both these sets invariant, such that(

p2. Of0.x; y// < y; if .x; y/ 2 OU0;

y < p2. Of0.x; y//; if .x; y/ 2 OV0;

where p2 W R� Œ0; 1�! Œ0; 1� is the projection on the second coordinate, such that Of0 extends
continuously as the identity to the boundary of OU0[ OV0\A and finally that p1. Of0.x; y// D x
if g.y/ � 1=2. Now extend Of0 to OU and OV by the formula Of0T1 D T1 Of0. Finally we extend
Of0 to R� Œ0; 1� such that Of0 coincides with the identity on the complement of the union of OU

and of OV . Note that Of0 extends continuously to R � f0; 1g since limy!0.h.y/ � h.g.y/// D

limy!1.h.y/ � h.g.y/// D 0.
We note that by construction Of0 commutes with T1, and as such it induces a homeomor-

phism f0 of A. Furthermore, for every i 2 Z the sets Ti . OU 00/ and Ti . OV 00/ are Of0-invariant and
project to topological disks on A. Since Of0 has no recurrent point in these sets, then the same
is true for f0 in their projections. Therefore the only recurrent points of f0 are those points
lifted to fixed points of Of0 which implies that Rot. Of0/ D f0g. Note also that if .x; y/ 2 OV 0

and n � 1, then

Of n0 .x; y/ D

�
x �

1

y
C

1

g�n.y/
; g�n.y/

�
:

Thus,

p1. Of
n
0 .x; y// � x D

1

g�n.y/
�
1

y
;

so one knows that the function p1. Of n0 .x; y/� .x; y// is not bounded from below. Moreover
from (1), A D T1 � .0; 1/ is a Birkhoff region of instability of f0, the projection of Of0 to A.
More precisely, the f0-orbit of each point z 2 U 0 D O�. OU 00/ goes from the upper boundary
component of A to the lower one, that is

(2) lim
n!C1

p2.f
�n
0 .z// D 1 and lim

n!C1
p2.f

n
0 .z// D 0;
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and the f0-orbit of each point z 2 V 0 D O�. OV 00/ goes from the lower boundary component
of A to the upper one. This is almost what we need, but as the rotation set of f0 is a singleton,
we need to make another small perturbation.

Let y1 D
g�1.1=2/Cg�2.1=2/

2
. Consider Of1.x; y/ WD T'.y/.x; y/, where ' W Œ0; 1�! Œ0; 1� is

a continuous function satisfying:

— '.y/ D 0 if y 2 Œ0; g�1.1=2/� [ Œg�2.1=2/; 1�; and

— '.y1/ D 1.

We note that Of1 commutes with T1, the compact strip

S0 WD R � Œg�1.1=2/; g�2.1=2/�

is an Of1-invariant set, and Of1 acts as the identity on the complement of S0. We now consider
Of WD Of1ı Of0 which is a homeomorphism ofR�Œ0; 1� and which commutes with T1. It remains

to prove that Of satisfies the properties described in the proposition.

To see that A is a Birkhoff region of instability of f , note that if we choose some point
Oz0 D .x0; g

�1.1=2// 2 OV 0 then Of n. Oz0/ belongs to R � Œg�2.1=2/; 1� for all n > 0, and
to R� Œ0; g�1.1=2/� for all n � 0. In particular, Of n. Oz0/ D Of n0 . Oz0/. Therefore z0 D O�. Oz0/ goes
from the lower boundary to the upper boundary component of A. We can likewise choose a
point Oz1 D .x1; g�1.1=2// 2 OU 0 and then Of n. Oz1/ belongs to R � Œg�2.1=2/; 1� for all n < 0,
and to R � Œ0; g�1.1=2/� for all n � 0. Therefore z1 D b�. Oz1/ goes from the upper boundary
component to the lower boundary component of A.

We note also that any point in R � Œ0; g�1.1=2/� belongs to either OV , to OU or is a fixed
point of Of0. One verifies trivially that the set R � Œ0; g�1.1=2/� \ OV is forward invariant
for Of0 and therefore also for Of , and every point is a wandering point. One also verifies
that R � Œ0; g�1.1=2/� \ OU is backward invariant for Of , and thus all its points are also
wandering. Therefore any point in R�Œ0; g�1.1=2/� that is not wandering must be fixed by Of .
A similar argument shows that any point of R� Œg�2.1=2/; 1� that is not wandering for Of is
also fixed. Thus any periodic point of f that does not lift to a fixed point of Of must have its
whole orbit contained in the annulus T1 � Œg�1.1=2/; g�2.1=2/�. Now, for any point .x; y/
in S0, we have that 0 � p1. Of .x; y/ � .x; y// � 1, so one gets that Rot. Of / � Œ0; 1�. Finally,
take the point .1=2; y1/, which lies in the boundary of OU . Therefore Of0.1=2; y1/ D .1=2; y1/
and therefore Of .1=2; y1/ D .1=2 C 1; y1/. Therefore 1 2 Rot. Of / and since 0 is also in the
rotation interval, we deduce that Rot. Of / D Œ0; 1�.

6. Realization results

In this section, we will prove Theorems C and D.

6.1. Proof of Theorem C

Theorem C will be a consequence of the following stronger proposition, since being a
Mather region of instability is stronger than being a SN mixed region of instability.
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Proposition 6.1. – Let f W A! A be a homeomorphism which is isotopic to the identity,
and let bf be a lift of f to the universal covering. Suppose that T1 � .0; 1/ is a SN mixed region
of instability. For every � in Rot. bf / there exists a compact invariant set Q� such that every
point of Q� has a well-defined rotation number and it is equal to �. Moreover, if � D p=q is a
rational number, written in an irreducible way, thenQ� can be taken to be the orbit of a periodic
point of period q.

The proof of the proposition is immediate when Rot. bf / is a single point, as in this case
every point of A has a well-defined rotation number and this number is unique. Therefore we
can assume that Rot. bf / D Œ˛; ˇ�, with ˛ < ˇ. We divide the proof of Proposition 6.1 in two
cases, when � is in the boundary of the rotation set, and when it is in the interior.

6.1.1. When � is a boundary point. – We show that ˛ is realized by a compact invariant set,
the case for ˇ is similar. If any of the boundary components rotation numbers is ˛ it suffices
to take Q˛ as the boundary component, therefore we assume that ˛ is strictly smaller than
the rotation numbers of the boundary components and thus that f satisfies the hypotheses
of Theorem B, since being a SN mixed region of instability is stronger than being a Birkhoff

region of instability. Let us consider

M˛ WD f� 2Mf .A/ W Rot.�/ D ˛g and X˛ WD
[

�2M˛

Supp.�/:

By the following proposition we can take Q˛ as the set X˛, completing the proof of the
proposition in this case.

Proposition 6.2. – Let ˛ be in the boundary of the rotation set of bf . Every measure
supported onX˛ belongs toM˛. Moreover, ifbz lifts a point z ofX˛, then for every integer n � 1,
we have ˇ̌̌

p1. bf n.bz// � p1.bz/ � n˛ ˇ̌̌ � L;
where L is the constant given by Theorem B.

Proof. – We note that it is sufficient to prove the second statement. We recall that, if
� 2M˛, then every ergodic measure � that appears on the ergodic decomposition of � also
belongs toM˛. We claim that, for every ergodic measure � inM˛, there exists a setA of full
measure such that ifbz lifts a point z of X˛, then for every integer n � 1, we haveˇ̌̌

p1. bf n.bz// � p1.bz/ � n˛ ˇ̌̌ � L:
The claim is sufficient to show the result as, if the inequality holds inA, then it must also hold
on the closure of A, and therefore in the support �. Furthermore, given any � 2M˛, since
any point in the support of � is accumulated by points in the support of an ergodic measure
in the decomposition of�, one also deduces that the inequality above must hold in the whole
support of �. Therefore the claim implies that the inequality holds in

S
�2M˛

Supp.�/ and
so by closure it also holds in X˛.

So, let � inM˛ be an ergodic measure. By Atkinson’s Lemma, Proposition 3.1, there exists
a set A of �-full measure, such that ifbz lifts a point z of A, then there exists a sub-sequence
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of integers .ql /l2N such that

lim
l!C1

bf ql .bz/ �bz � .ql˛; 0/ D 0:
Nevertheless, by Theorem B we know that for everybz 2 R � Œ0; 1�, and every integer n � 1
we have

(3) p1. bf n.bz// � p1.bz/ � n˛ � �L:
It remains to check that, ifbz is a lift of z 2 A, then

(4) p1. bf n.bz// � p1.bz/ � n˛ � L:
Indeed, if l is large enough such that ql is greater than n, one can write

p1. bf n.bz// � p1.bz/ � n˛
D p1. bf ql .bz// � p1.bz/ � ql˛ � �p1. bf ql�n. bf n.bz/// � p1. bf n.bz// � .ql � n/˛�
� p1. bf ql .bz// � p1.bz/ � ql˛ C L:

Letting l tend toC1, we obtain inequality (4). The proposition follows from inequalities (3)
and (4).

6.1.2. When � is an interior point. – We already know the existence of an f -invariant
compact set with rotation number equal to � if � 2 f˛; ˇg or if � is the rotation number
of one of the boundary components of A. So we assume � 2 .˛; ˇ/ and � is not the rotation
number of the upper boundary. We can also assume that the rotation number of the upper
boundary is �1 larger than �, the case where it is smaller is again similar. We pick some
rational number p=q such that

˛ < p=q < � < .p C 1/=q < .p C 2/=q < �1 � ˇ:

Let g D f q , and bg D bf q � .p; 0/. Let I 0 be an identity isotopy of g, such that its lift

tobA, bI 0, is an identity isotopy ofbg. By Theorem 2.1 one can find a maximal identity isotopy
larger than I 0. By Theorem 2.2 one can find an oriented singular foliation F on A which is

transverse to I , its lift to bA, denoted by bF is transverse to bI (the lift of I ). Note that the
rotation number of the upper boundary forbg is larger than 2. Our goal is to show that there
exist some integer n > 0 and some transverse trajectoryb
 such thatb
 is admissible of order n
and such that b
 has a bF-transverse intersection with b
 C .j; 0/ where j > n. If we do this,
Proposition 2.7 implies that for all 0 < � � j=n, there exists a g-invariant compact set with
rotation number � forbg, and we deduce that f has a compact set with rotation number �.

To construct the transverse path 
 , let us first note that as in the proof of Theorem B for
a positive real number ı > 0 the foliation bF restricted to R � .1 � ı; 1/ can be assumed to
be foliation by vertical lines oriented upwards. Let b
N W R ! R � .0; 1/ be the transverse
path defined by b
N .t/ D .t; 1 � ı=2/. Let � > 0 be such that 2C � < q�1 � p. Then, given
a fixed positive integer m, it holds that for everybz sufficiently close to the upper boundary
the transverse path IZbF .bz/jŒ0;m� contains a subpath equivalent to a translate ofb
N jŒ0;.2C�=2/m�
(this last property comes from the fact that the rotation number of the upper boundary is
larger than 2C �). Let U� be the annulus of the leaves crossed by �.b
N /. We claim that there
exists a neighborhood V of the lower boundary component of A that is disjoint from U� .
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Indeed, as Rot.bg/ has negative real numbers and A is a SN mixed region of instability for g,
Franks’ Theorem (Theorem 2.9) can be applied. One finds a periodic point y in A with
negative rotation number. Lifting y to a point by, the transverse trajectory of by contains a
sub-path ˇ0 that is positively transverse to bF , and that joins by to by � .1; 0/. By removing
closed loops from ˇ0, one finds another path ˇ, whose image lies in the image of ˇ0, that
is simple, positively transverse to bF , and joins by to by � .L; 0/. One gets a transverse line
ˇ� D

Q1
iD�1 ˇ � .i; 0/. The left of ˇ� projects to the neighborhood V . Since every leaf

of bF is oriented in such a way that its future is completely contained in the left of ˇ�, one
gets that any leaf lifted from U� is disjoint from ˇ�, proving that U� is disjoint from V .

Since A is a SN mixed region of instability for f , it is also a SN mixed region of instability
for g , we have that there exist points zS;N and zN;S , both lying in V , such that the !-limit
set of zS;N for g is contained in T1 � f1g and such that the ˛-limit set for g of zN;S is also
contained in T1 �f1g. This implies that there exists an integer n0 sufficiently large such that,
for all integer n � n0, gn.zS;N / and g�n.zN;S / are very close to the upper boundary. LetcU� be a lift of U� . Taking some lift dzN;S of zN;S , one gets that, if m is an integer sufficiently
large, the transverse path IZbF .dzN;S /jŒ�m�n0;0� ends outside of cU� but contains a subpath that

is equivalent to a translate ofb
N jŒ0;.2C�=2/m�. Similarly, taking some lift dzS;N of zS;N , one gets

that, if m is an integer sufficiently large, the transverse path IZbF .dzS;N /jŒ0;mCn0� starts outside

of cU� but contains a subpath that is equivalent to a translate ofb
N jŒ0;.2C�=2/m�. Each of those
paths is admissible of ordern0Cm. By Proposition 2.4, ifm is large enough, one can construct
(as in the proof of Proposition 3.7) a transverse path b
 that starts and ends outside of cU� ,
and that contains as a subpath a translate of b
N jŒ0;.2C�=2/m�. The path b
 is admissible of

order 2.n0Cm/ and if 0 < j < .2C�=2/m is an integer, thenb
 has aF-transverse intersection
withb
C.j; 0/ at some point in cU� . Note that n0 is fixed and so, ifm is sufficiently large, there
exists an integer 2.n0 Cm/ < j0 < .2C �=2/m. This ends the proof of Proposition 6.1.

6.2. Proof of Theorem D

Before we start the proof of Theorem D, let us state a simple corollary of Proposition 6.1.

Corollary 6.3. – Let f W A! A be a homeomorphism which is isotopic to the identity,
and let bf be a lift of f to the universal covering. Suppose that f preserves a measure of full
support, and that A D T1 � .0; 1/ is a Birkhoff region of instability. For every � in Rot. bf /
there exists a compact invariant set Q� such that every point of Q� has a well-defined rotation
number and it is equal to �. Moreover, if � D p=q is a rational number, written in an irreducible
way, then Q� can be taken to be the orbit of a periodic point of period q.

Proof. – Since T1 � .0; 1/ is a Birkhoff region of instability we can find, by Proposi-
tion 2.19, that there exists an essential open annulus A � A which is a SN mixed region of
instability, and such that, if A� is the prime ends compactification of A, f � is the extension
of f toA�, then there exists cf � a lift of f � such that Rot.cf �/ D Rot. bf /. By Proposition 6.1
we deduce that for any � in Rot. bf / there exists a closed subsetQ�� which is f �-invariant and

such that the cf � rotation number of any point in Q�� is �. If Q�� is contained in A, then it
suffices to takeQ� D Q�� . Otherwise there exists a point in the boundary ofA� with rotation
number �, which implies that the rotation number of the restriction of f � to one of these

4 e SÉRIE – TOME 56 – 2023 – No 4



FORCING APPLICATIONS FOR HOMEOMORPHISMS OF THE ANNULUS 1193

boundaries is �. But this implies that there exists a connected componentK of the boundary
of A which is an essential continuum, such that the prime end rotation number of K is
exactly �, and as the dynamics preserves a measure of full support, every point in K has the
same rotation number by Proposition 2.16, in which case it suffices to take K D Q�.

In the following let f be an area-preserving homeomorphism of A which is isotopic to

the identity. Let bf be a lift of f to bA. If the rotation set of bf is a singleton, then the result
is obvious as every point in the annulus will have the same rotation number. If not, then by
a result from Franks (see [10, 12]), for every rational number p=q in the interior of Rot. bf /
there exists a point zp=q in A whose rotation number is p=q. Therefore it suffices to show the
result for � in Rot. bf / which is an irrational number. We can also assume that the rotation
number of each boundary of A is not �, otherwise we are also done.

We will consider the extension f 0 of f to the open annulus A0 D T1 � R by assuming
that f 0.x; y/ D f .x; 1/C .0; y� 1/ if y > 1 and f 0.x; y/ D f .x; 0/C .0; y/ if y < 0, and by
choosing a compatible lift bf 0 that is also an extension of bf to R2. We still denote f for this
extension. Let .pn=qn/n2N be a sequence of rational points in the interior of the rotation set
of bf converging to �, and let .zn/n2N be a sequence of periodic points of A such that for every
integer n, zn has rotation number pn=qn. We assume that .zn/n2N is converging, otherwise we
take a subsequence, and let z be the limit of this sequence. We repeat a construction from [27].
For each real number " > 0, consider the set

U 0" D
[
i2Z

f i .B".z//;

where as usualB".z/ is the " open ball centered at z. One can show, since z is non-wandering,
that U 0" is an open set with finitely many connected components which are all periodic.
Furthermore, the connected component of U 0" that contains z cannot be contained in a
topological disk, because every recurrent point in a periodic topological disk must have the
same rational rotation number. As this component contains zn for any sufficiently large n,
we would obtain a contradiction. This implies that the connected component O" of U 0" that
contains z (and consequently B".z/) is essential. Since f permutes the connected compo-
nents of U 0", one has that either O" is invariant or it is disjoint from its image by f . But
the later cannot happen, as it would imply that every point in O" is wandering since O" is
essential. Therefore O" is invariant, and as it contains B".z/ one deduces that O" D U 0".
Finally note that, since z belongs to A and sinceB".z/ � T1� Œ�"; 1C"�, by the construction
of the extension of f one has that U 0" � T1 � Œ�"; 1C "� and thus it separates the two ends
of A0.

Let U" be the filling of U 0", that is, the union of U 0" with all connected components of
its complement that are bounded in A0. Note that U" is a topological open annulus, also
contained in T1 � Œ�"; 1 C "�. Note also that U"1 � U"2 if "1 < "2. We will consider the
set K 00 D

T
"2.0;1/ U". Now let K0 be the filling of K 00, and note that K0 � A, that its

complement contains only two connected components, UC which contains T1 � .1;1/ and
U�, which contains T1 � .�1; 0/, and both these components are topological sub-annuli
of A0.
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Lemma 6.4. – Given a neighborhood W of K0, there exists some n0 D n0.W / such that
for all n > n0 the orbit of zn remains in W for all time.

Proof. – We may assume that W is open and contained in T1 � .�1; 2/, because
W \ .T1 � .�1; 2// is also a neighborhood of K0. Note that, if " < 1, then T1 � .�1; 2/C �
U"
C

. As W C \ .T1 � Œ�1; 2�/ is compact and as .U 1
n

C
/n2N is an increasing sequence of

open sets whose union contains W C , one deduces that there must exist some n0 > 1 such
that U 1

n0

C
contains bothW C \ .T1� Œ�1; 2�/ and T1� .�1; 2/C . ThereforeW � U 1

n0

. Since

the later set is invariant and contains zn for sufficiently large n, the result follows.

IfK0 has empty interior, then Theorem 2.8 of [22] shows that the rotation number of any
point inK0 is the same, and this number must be � by the previous lemma and Lemma 2.17,
and so we can take Q� D K0. So we can assume that the interior of K0 is not empty. If
the interior of K0 is inessential, then every point in K0 has the same rotation number by
Proposition 2.18, and this number must be � by the previous lemma and Lemma 2.17, and
so we can take Q� D K0. So we can assume that the interior of K0 is essential. Therefore
@U� is disjoint from @UC, and their union is @K0. We also remark that, as K0 is contained
in A, the restriction of the dynamics to K0 is non-wandering. Let A� be the interior of K0,
which is an open sub-annulus. In the following, we examine several different possibilities, and
we conclude the result holds in each of them.

Case 1. – Assume z belongs to @K0. We claim that in this case, A� must be a Birkhoff region
of instability. Let us first examine the case where z belongs to @U�. If by contradiction the
interior of K0 is not a Birkhoff region of instability, as the restriction of f to the interior
of K0 is non-wandering, one can find V�; VC open invariant and disjoint neighborhoods
of @U� and @UC respectively. But there must exist some ı > 0 such that Bı.z/ � V� and
therefore U 0

ı
, and Uı , are disjoint from VC. But this contradicts the fact that @UC � Uı . A

similar argument shows that A� is a Birkhoff region of instability if z 2 @UC.

Case 1.1. – Assume that there exists an infinite subsequence .znk /k2N such that, for all k,
znk does not belong toK0. We can assume with no loss in generality that znk belongs to UC,
and this implies that z belongs to @UC. Note that every point in @UC has the same rotation
number by Proposition 2.16. Further note that if W is a neighborhood of @UC, then there
exists a neighborhoodW 0 ofK0 such thatW \UC D W 0\UC and therefore for sufficiently
large k one gets by Lemma 6.4 that the whole orbit of znk is contained in W . This again
implies that the rotation number of every point in @UCmust be � and we can takeQ� D @UC.

Case 1.2. – Assume that for all but finitely many n 2 N, zn lie in K0. Since
@K0 D @U� [ @UC, one deduces that the rotation number of points in @K0 can have at
most two values, and so we can assume that all zn lie in A�. Let ef be the extension of f to

the prime ends compactification of A�, which is homeomorphic to A and bef a lift of ef which

is compatible with bf . Note that the rotation set of bef contains pn=qn for sufficiently large n
and, by being closed, must also contain �. By Corollary 6.3 one finds a set Q0� in the prime
ends compactification of A�. IfQ0� lies in A�, we are done, just takingQ� D Q0�. If not, this
implies that the prime end rotation number of f 0 at one of the ends of A� must be �. In this
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case, one deduces, again by Proposition 2.16, that there exists a connected component Q of
the boundary of A� in A such that every point inQ has rotation number � and we are done.

Case 2. – Assume z belongs to A�. Again, if A� is a Birkhoff region of instability, we can
repeat the same argument as in the previous paragraph. Assume then thatA� is not a Birkhoff

region of instability. In this case, one can find disjoint invariant neighborhoods V� and VC
of the ends of A�. By “filling”, if necessary, V � and V C with the connected components of
its complement that are contained in A�, we can assume that both sets are essential open
topological annuli.

We claim first that z belongs to the boundary of V �. Indeed, if by contradiction one has
that z is in the interior of V �, then there exists some " > 0 such that U" is contained in V �,
which contradicts V C � K0. Likewise, if z lies is in the interior of the complement of V �,
then again there exists " > 0 such thatU" is disjoint from V �, which contradicts V � � K0. A
similar argument shows that z 2 @V C. Let us then considerK 0 D @V �[@V C and letK be the
union ofK 0 with the connected components of its complements that are contained inA�, and
note that A� nK D V �[V C and that the interior ofK is inessential, otherwise @V �\ @V C

would be empty. Finally, note that both V � and V C are Birkhoff regions of instability, the
argument here being the same as in the case where z belonged to @K0.

Since the interior ofK is inessential, we know that every point in it has the same rotation
set. We can therefore assume, by possibly erasing a term of the sequence, that zn does not lie
in K. Therefore either infinitely many of the points zn lie in V �, or infinitely many of them
lie in V C. But both V � and V C are Birkhoff regions of instability, and the same reasoning as
in the case where z belonged to @K0 and the zn lied in A� can be applied to deduce the result.
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