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APPLICATIONS OF FORCING THEORY
TO HOMEOMORPHISMS
OF THE CLOSED ANNULUS

BY JoNATHAN CONEJEROS aAND FAB1IO ARMANDO TAL

ABSTRACT. — This paper studies homeomorphisms of the closed annulus that are isotopic to the
identity from the viewpoint of rotation theory, using a newly developed forcing theory for surface
homeomorphisms. Our first result is a solution to the so called strong form of Boyland’s Conjecture
on the closed annulus: Assume f is a homeomorphism of A := (R/Z) x [0, 1] which is isotopic to the
identity and preserves a Borel probability measure p with full support. We prove that if the rotation
set of f is a non-trivial segment, then the rotation number of the measure y cannot be an endpoint of
this segment. We also study the case of homeomorphisms such that A = (R/Z) x (0, 1) is a region
of instability of f. We show that, if the rotation numbers of the restriction of f to the boundary
components lie in the interior of the rotation set of £, then f has uniformly bounded deviations from
its rotation set. Finally, by combining this last result and recent work on realization of rotation vectors
for annular continua, we obtain that if f is any area-preserving homeomorphism of A isotopic to the
identity, then for every real number p in the rotation set of f, there exists an associated Aubry-Mather
set, that is, a compact f-invariant set such that every point in this set has a rotation number equal to p.
This extends a result by P. Le Calvez previously known only for diffeomorphisms.

REsUME. — Dans cet article, nous étudions les homéomorphismes de I’'anneau compact qui sont
isotopes a I'identité d’un point de vue de la théorie des rotations, en utilisant la notion de théorie de
forgage récemment développée pour les homéomorphismes des surfaces. Notre premier résultat est une
solution a la conjecture de Boyland sur ’anneau compact : Supposons que f est un homéomorphisme
de A := (R/Z) x [0, 1] qui est isotope a ’identité et qui préserve une mesure borélienne de probabilité
1 a support total. Nous prouvons que si 'ensemble de rotation de f est un intervalle non trivial, le
nombre de rotation de la mesure u ne peut pas étre une borne de cet intervalle. Nous étudions aussi
les homéomorphismes f dont A := (R/Z) x (0, 1) est une région d’instabilité. Nous prouvons que si
les nombres de rotation de la restriction de f aux composantes du bord appartiennent a 'intérieur de
I’ensemble de rotation de f, alors la déviation de f de son ensemble de rotation est uniformément
bornée. Enfin en combinant ce dernier résultat et des travaux récents de réalisation de vecteurs de
rotation pour les anneaux continus, nous déduisons que si f est un homéomorphisme de A qui est
isotope a I'identité et qui préserve 'aire, alors pour tout nombre réel p dans I’ensemble de rotation de
f il existe un ensemble d’Aubry-Mather, c’est-a-dire un ensemble compact et invariant tel que tout
point dans cet ensemble a un nombre de rotation égal a p. Cela étend un résultat de P. Le Calvez connu
auparavant uniquement pour les difféomorphismes.
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1156 J. CONEJEROS AND F.A. TAL

1. Introduction

This article studies homeomorphisms of the closed annulus that preserve the orienta-
tion and the boundary components, by the point of view of rota‘ﬂon theory. We denote by
! =R/Zthe circle, by A = T! x[0, 1] the closed annulus and by A = Rx[0, 1] its universal
covering. Let 7 : A — A be the corresponding covering map, and p; : A — R the projection
on the first coordinate. Let f : A — A be a homeomorphism which preserves both orienta-
tion and boundary components and let f be a lift of f to the universal covering. Inspired
by the concept of Poincaré’s rotation number for orientation-preserving homeomorphlsrns
of the circle, one can define a similar object for f called the rotation set of f as follows: let
w be an f-invariant Borel probability measure on A. We can define the rotation number of

for fas
Rot(F ) := /X 21 (FE) = p1 @) dp(2).

whereZ € 771 (z). Note that this definition does not depend on the choice of Z € 77! (z). The
rotation set of f , denoted by Rot(]/’\), is the set of all rotation numbers of f-invariant Borel
probability measures. Since the set of f-invariant Borel probability measures is convex and
compact in the weak-*topology, one shows that the rotation set of fis anon-empty compact
interval of R.

We remark that the concept of rotation sets is not restricted to homeomorphisms of the
annulus, and has been useful in the general study of homeomorphisms in the isotopy class
of the identity of surfaces in general, and particularly for the two dimensional torus. One
of the reasons for the growing interest in the subject is the variety of dynamical properties
and phenomena that can be deduced from rotation sets; it is a useful tool in, for instance,
estimating the topological entropy of a map in [35, 28] or determining the existence of
periodic points with arbitrarily large prime periods and distinct rotational behavior in [11].

One of the driving problems in the understanding of the rotation theory for homeomor-
phisms of the closed annulus and of the two dimensional torus T? = R2/Z? has been the
Boyland’s Conjecture, see for instance [3, 38]. In the original form, Boyland’s Conjecture for
the closed annulus claimed that, whenever f : A — A preserved the Lebesgue measure
and had a lift f such that the rotation number of the Lebesgue measure for f was null, then
either the rotation set of f was a singleton, or 0 lied in the interior of the rotation set of f A
stronger version of this conjecture has also been proposed, saying that whenever f preserved
the Lebesgue measure and the rotation set of f was a nondegenerate interval, then the rota-
tion number of the Lebesgue measure for f always lies in the interior of the rotation set, and
similar questions were posed for homeomorphisms of T2. In [1] the strong form of Boyland’s
Conjecture for T? was shown to hold for C!T¢-diffeomorphisms, a result later extended for
the C° case in [32]. The later paper also proved the original conjecture for the closed annulus,
but the strong version remained untenable. Our first result of this paper is the solution to this
problem.

THEOREM A. — Let f be a homeomorphism of the closed annulus A := T x [0, 1] which is
isotopic to the identity and preserves a Borel probability measure (v with full support. Let f be
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FORCING APPLICATIONS FOR HOMEOMORPHISMS OF THE ANNULUS 1157

aliftof f toRx |0, 1]. Suppose that Rot(f) is a non-trivial segment. Then the rotation number
of n cannot be an endpoint of Rot( f).

Another research topic in rotation theory that has gathered substantial attention lately
is the concept of bounded rotational deviations from rotation sets. It is a well known fact
that, given an orientation-preserving homeomorphism % : T' — T! and a lift h to the real
line whose rotation number is «, one has that every orbit of /i remains at a bounded distance
from the orbit of the associated rigid rotation. That is, there exists some constant L > 0
such that, for all ¥ € Rand alln € N, |i"(X) — ¥ — na| < L (and in this case L can
be taken as 1). A natural question is then to ask if some aspects of this property extend
to similar situations for homeomorphisms of surfaces. For instance, one could pose the
problem: consider a homeomorphism f of T? in the isotopy class of the identity and say
that f has uniformly bounded deviations from its rotation set if, given f a lift of f to R2, the
universal covering of T2, there is a constant L > 0 such that, forallZ € RZ and alln € N,
if d is the distance between a point and a set of R?, then d(f" Z)—2Z.n Rot(j/’\)) < L.One
then asks if it always holds that f has uniformly bounded deviations. This question is false
in general, particularly when the rotation set of f is a singleton (see for instance [21, 25]),
but it does hold in many situations, particularly when Rot( f) has nonempty interior (see
[7,8, 1, 14, 26, 32]), and similar results also are valid for homeomorphisms of T? isotopic
to Dehn Twists (see [2]). Furthermore, bounded deviations have also shown to have relevant
dynamical consequences, for instance it was used in the proof of Boyland’s Conjecture on T?
in [1, 32]. In some particular cases it can also imply that the dynamics factors over ergodic
rotations of T? (see [17]) or T! (see [18] and [20]). Furthermore, it was shown in [39] that,
for a class of C" diffeomorphisms of T2, bounded deviations imply C"~!-rigidity, that is, that
there exists a sequence of positive iterates of the map converging in the C"~!-topology to the
identity.

Our second theorem deals with bounded deviations from rotation sets for homeomor-
phisms of A in the following relevant scenario. We will say that A = T! x (0, 1) is a Birkhoff
region of instability for a homeomorphism f of A if for any neighborhood U of T! x {0} and
any neighborhood V of T! x {1} one can find points x € U, y € V and positive integersny, n,
such that f"1(x) € V and f"2(y) € U.

THEOREM B. — Let f be a homeomorphism of the closed annulus A = T x [0, 1] which is
isotopic to the identity. Suppose that A = T' x (0, 1) is a Birkhoff region of instability for f. Let
fbe alift of f to R x [0, 1]. Suppose that Rot(f) = [, B] and that both boundary component
rotation numbers are strictly larger than o. Then there exists a real constant L > 0 such that
for everyZ € R x [0, 1] and every integer n > 1 we have

(/@) - p1(3) —na > —L.

Likewise, if we assume that both boundary component rotation numbers are strictly smaller
than B, then there exists a real constant L > 0 such that for every Z € R x [0, 1] and every
integer n > 1 we have

(/" @) —p3@) —np <L.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1158 J. CONEJEROS AND F.A. TAL

Interestingly, this is to our knowledge the first positive result on bounded deviations
for homeomorphisms of A. The hypothesis that A is a Birkhoff region of instability is
in many ways fundamental. One can easily create examples of homeomorphisms of A
that do not present bounded deviation when this condition is missing. It also cannot be
replaced by assuming that f preserves the Lebesgue measure, as one can create examples
without bounded deviation by having infinitely many distinct and invariant sub-annuli each
with increasing large deviations. Likewise, the hypothesis that the rotation numbers of the
boundary components of A lie in the interior of the rotation set is also fundamental as
shown by the following example, which we present in Section 5.

PROPOSITION 1.1. — There exists a homeomorphism f of the closed annulus A which is
isotopic to the identity, such that A is a Birkhoff region of instability for f and such that f has
alift f to R x [0, 1] satisfying:

(i) Rot(f) = [0, 1], and

(ii) for every real number L > 0 there exist a point Z in R x [0, 1] and an integer n such that
p(f"@)—p1(@) <-L.

The third topic we deal with in this paper is the strong realization of rotation numbers.
We say that a point z € A has rotation number equal to p if, for any Z € 77!(z), one has
lim,, 00 p1( f "(2)—Z)/n = p, and we note that if the limit exists, it is independent of which Z
one chooses in 77! (z). We say that a number p € Rot( f) is realized by an ergodic measure if
there exists some f-invariant ergodic measure v such that Rot( fA v) = p. Finally, one says
that p is realized by a compact invariant set if there exists a compact invariant set Q such that
all points in Q have rotation number equal to p. There is a natural hierarchy of realization.
Any p that is realized by a compact set is also realized by an ergodic measure, any p that is
realized by an ergodic measure is also the rotation number of some point, and the rotation
number of points are clearly contained in Rot( f’\ ). Note that, if f is an area-preserving twist
map of the open annulus, then a result by Mather (see [36]) shows that every point p in the
rotation set of f’\ is realized by a compact set, the so called Aubry-Mather set of p. A natural
question is then to decide which points in the rotation set of f were realized by compact
subsets.

This turned out to be a difficult problem to tackle. An important result by Handel (see
[15]) showed that the set of points that are realized by ergodic measures is a closed subset
of Rot( f) and he further showed that, except for a possible discrete subset, all were also
realized by compact invariant sets. Franks (see [10, 12]) showed that, if f preserves a measure
of full support, then every rational number in Rot( ]"\) is realized by a periodic orbit and
Le Calvez ([29]) showed that, if f is an area-preserving diffeomorphism, then every point
in the rotation set is realized by a compact invariant subset.

Our third theorem, that relies on Theorem B, shows that the answer to this problem is true
for regions of instability of Mather. We will say that A = T! x (0, 1) is a Mather region of
instability for a homeomorphism f of A if there exist points z1, z» in A such that the a-limit
set of z; is contained in T! x {0} and while the w-limit set of z; is contained in T! x {1}
and such that the o-limit set of z, is contained in T' x {1} and while the w-limit set of z, is
contained in T! x {0}.
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TueOREM C. — Let f be a homeomorphism of the closed annulus A = T" x [0, 1] which is
isotopic to the identity. Suppose that A = T! x (0, 1) is a Mather region of instability for f.
Let fbe alift of f to R x [0, 1]. For every p in Rot(f) there exists a compact invariant set Q ,
such that every point of Q, has a well-defined rotation number and it is equal to p. Moreover,
if p = p/q is a rational number, written in an irreducible way, then Q, can be taken to be the
orbit of a periodic point of period q.

The part in Theorem C where every rational point in the rotation set is realized by a
periodic orbit is due to Franks ([10]). We note that, in reality, Theorem C is the direct
consequence of a stronger result, Proposition 6.1, which we do not state here due to its more
technical hypotheses.

Finally, by combining Theorem C and results from Koropecki (see [22]), Franks and
Le Calvez (see [13]) and Koropecki, Le Calvez and Nassiri (see [23]), we are able to deduce
the following extension of the above mentioned result by Le Calvez, by improving the
smoothness requirements.

THEOREM D. — Let f be an area-preserving homeomorphism of the closed annulus
A = T x [0, 1] which is isotopic to the identity. Let f be a lift of f to R x [0, 1]. For every p
in Rot(f) there exists a compact f-invariant set Q, such that every point of Q, has a
well-defined rotation number and is equal to p.

Theorems C and D and the results quoted above all go in the direction of showing that
the realization by compact subsets of rotation vectors realized by ergodic measures should
always hold, but the general question is still open. In particular, there is no known example
where this fails to happen, including if, for instance, A is a Birkhoff region of instability but
not a Mather region of instability.

This work relies heavily on both Le Calvez’s Brouwer Equivariant Theory (see [29, 30])
and also from a forcing theory for surface homeomorphisms recently developed by Le Calvez
and the second author. To be able to use these works, we need to introduce the concepts
of maximal isotopies, Brouwer-Le Calvez transverse foliations and transverse paths to
these foliations, which we do in Section 2. The main breakthrough that allows us to obtain
our results is the use of these new techniques, coupled with a careful analysis of possible
transverse paths of maps of the annulus and with classical ergodic theory. As stated before,
in Section 2 we introduce the basic lemmas and results from the above mentioned forcing
theory, as well as detail the concept of rotation set for annular homeomorphisms. Section 3
is devoted to showing Theorem A. Section 4 includes the proof of Theorem B and Section 5
provides an example displaying how tight are the hypotheses of Theorem B. Section 6
contains the proofs of Theorem C and Theorem D.
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2. Preliminary results

In this section, we state different results and definitions that will be useful in the rest of
the article. The main tool will be the “forcing theory” introduced recently by Le Calvez and
the second author (see [32] for more details) and further developed in [33]. This theory will
be expressed in terms of maximal isotopies, transverse foliations and transverse trajectories.

2.1. Transverse paths to surface foliations

Let M be an oriented surface. An oriented singular foliation F on M is a closed
set Sing(F), called the set of singularities of F, together with an oriented foliation F’
on the complement of Sing(F), called the domain of F denoted by dom(F), i.e., F' is a
partition of dom(JF) into connected oriented 1-manifolds (circles or lines) called leaves of F,
such that for every z in dom(F) there exist an open neighborhood W of z, called trivializing
neighborhood and an orientation-preserving homeomorphism called trivialization chart at z,
h : W — (0,1)? that sends the restricted foliation F |y onto the vertical foliation oriented
downward. If the singular set of F is empty, we say that the foliation F is non singular. For
every z € dom(F) we write ¢, for the leaf of F that contains z, ¢, for the positive half-leaf
and ¢, for the negative one. A leaf ¢ of F is said to be wandering if ¢ is not closed and if, for
any z in ¢, one can find a trivialization neighborhood W; such that each leaf of F intersects
W, in at most a single connected component.

A pathon M is a continuous map y : J — M defined on an interval J of R. In absence of
ambiguity its image also will be called a path and denoted by y. A path y : J — dom(F) is
positively transverse D to F if for every tg € J there exists a trivialization chart & at y(¢9)
such that the application ¢ — w1 (h(y(¢))), where m; : (0,1)2 — (0, 1) is the projection on
the first coordinate, is increasing in a neighborhood of #5. We note that if Misa covering
space of M and 7 : M — M the covering projection, then F can be naturally lifted to
a singular foliation F of M such that dom(ﬁ) = 77 !(dom(F)). We will denote d?ﬁl(]-')
the universal covering space of dom(F) and F the foliation lifted from F ldom(m)" We note

that F is a non singular foliation of (i-(;r/n(}'). Moreover if y : J — dom(F) is positively
transverse to F, every lift y : J — dom(ﬁ ) of y is positively transverse to F.In particular,
every lifty : J — cfc;r/n(]-') of y to the universal covering space (fgr/n(]-') of dom(F) is
positively transverse to the lifted non singular foliation F.

2.1.1. Transverse paths intersecting F-transversally. — A line on M is an injective and proper
path A : J — M, that is, the interval J is open and the pre-image of every compact subset
of M is compact. It inherits a natural orientation induced by the usual orientation of R. Let
A be a line of the plane R?. The complement of A has two connected components, R(A) which
is on the right of A and L(A) which is on its left. We will say that a line A separates X from Y, if
X and Y belong to different connected components of the complement of A. Let us consider
three pairwise disjoint lines ¢, A; and A, in R%. We say that A, is above A1 relative to 1¢ (and

(D In the whole text “transverse” will mean “positively transverse”
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A1 is below A, relative to A¢) if none of the lines separates the two others; and if y; and y,
are two disjoint paths that join z; = Ag(t1), 22 = Ao(t2) to z7 € A1, z5 € A, respectively, and
that do not meet the three lines but at the ends, then t, > ¢;. This notion does not depend
on the orientation of A; and A, but depends on the orientation of A¢ (see Figure 1).

\\*\ ?\‘0

,/’\’—\ z,=2o(t;)

_____ Z>=2A0o(t53)
~~~~~~~~~~~ \%

FIGURE 1. A; is above A relative to Ag.

Let F be an oriented singular foliation on an oriented surface M. Let y; : J; — dom(F)
and y, : J, — dom(F) be two transverse paths. Suppose that there exist z; € J; and
t, € Jo such that y1(¢t;) = y2(t2). We say that y; intersects y, F-transversally and positively
at y1(t1) = ya(ty), if there exist ay, by in J; satisfying a; < 1 < by, and ay, by in J,
satisfying an < tp < by such thatify; : J; — d?fn(]-') andy; 1 J, —> dfc?fn(]-') are lifts
of y1 and y, respectively, satisfying 71 (t1) = Y2(t2) then

— @3y (ay) 18 below @3, (1) relative to ¢z, ,); and
— @3, (by) 1s above @5, () relative to ¢y, ).

See Figure 2. In this situation we also say that y, intersects y; F-transversally and negatively
at y1(t1) = y2(f2), and that y; and y, have a F-transverse intersection at y;(t;) = y2(t2).

If y1 = y» in the situation above, we will say that y; has a F-transverse self-intersection.
This means that if 7 is a lift of y; to the universal covering of dom(F), then there exists
a covering automorphism 7 such that y; and T'(y;) have a F-transverse intersection
aty1(n) = T(y1(t2)).

2.2. Maximal isotopies and transverse foliations

2.2.1. Isotopies, maximal isotopies. — Let M be an oriented surface. Let f be a homeomor-
phism of M. An identity isotopy of f is a path that joins the identity to f in the space of
homeomorphisms, furnished with the C°-topology. We will say that f is isotopic to the iden-
tity if the set of identity isotopies of f is not empty. Let I = (f;),¢[o,1] be an identity isotopy

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1162 J. CONEJEROS AND F.A. TAL

L(¢yl(b1))

FI1GURE 2. The paths y; and y5 intersect F-transversally and positively at y1(t1) = y2(£2).

of f. Given z € M we can define the trajectory of z as the path I1(z) : t — f;(z). For every
integern > 1 wedefine 1" (z) =[], <ke<n I(f k(z)) by concatenation. Furthermore, we define

Moy =JJ10%e@). 1Ne =107 @), 1" =]]1(/*@).

keN keN kezZ

The last path will be called the whole trajectory of z. One can define the fixed point of 1
as Fix(I) = Ngepo,1) Fix(f7), which is the set of points with trivial whole trajectory. The
complement of Fix(7) will be called the domain of I, and it will be denoted by dom(7).

In general, let us say that an identity isotopy of f is a maximal isotopy, if there is no fixed
point of f whose trajectory is contractible relative to the fixed point set of 7. A very recent
result of F. Béguin, S. Crovisier and F. Le Roux (see [4]) asserts that such an isotopy always
exists if f is isotopic to the identity. A slightly weaker result was previously proved by O.
Jaulent (see [19]).

THEOREM 2.1 ([19], [4]). — Let M be an oriented surface. Let f be a homeomorphism of M
which is isotopic to the identity and let I' be an identity isotopy of f. Then there exists an identity
isotopy I of f such that:

(1) Fix(I') c Fix(I),

(ii) I is homotopic to 1’ relative of Fix(1');

(iii) there is no point z € Fix(f) \ Fix(1) whose trajectory 1(z) is homotopic to zero
in M \ Fix(I).

We will say that an identity isotopy [ satisfying the conclusion of Theorem 2.1 is a
maximal isotopy. We note that the last condition of the above theorem can be stated in the
following equivalent form:

(iit’) if T = (ﬁ) tefo,1] is the identity isotopy that lifts / | MAFix(D) to the universal covering
space of M \ Fix(7), then ﬁ is fixed point free.
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2.2.2. Transverse foliations. — Let us recall the equivariant foliation version of the Plane
Translation Theorem due to P. Le Calvez (see [30]).

THEOREM 2.2 ([30]). — Let M be an oriented surface. Let f be a homeomorphism of M
which is isotopic to the identity and let I be a maximal identity isotopy of f. Then there exists
an oriented singular foliation F with dom(F) = dom([1), such that for every z € dom(I) the
trajectory 1(z) is homotopic on dom([), relative to the endpoints, to a positively transverse path
to F.

We will say that a foliation JF satisfying the conclusion of Theorem 2.2 is transverse to I .
Observe that if M is a covering space of M and # : M — M the covering projection, a
foliation F transverse to a maximal identity isotopy / lifts to a foliation F transverse to the
lifted isotopy I.In particular, the foliation Fon dgl_n\(?) which is non singular is transverse
to the 1sotopy T. This last st property is equlvalent to say that every leaf ¢ of F is a Brouwer line
of f that is f (¢) C L(qb) and f (¢) C R(q)) where L(qb) and R(qb) are the left and right
connected components of the complement of ¢, defined so that they are compatible with the
orientation of the line.

Given z € M we will write }(z) for the subset of paths that are positively trans-
verse to F, that join z to f(z) and that are homotopic in dom(F) to /(z), relative to the
endpoints. We will also use the notation / }(z) for every path in this set and we will call
it the transverse trajectory of z. More generally, for every integer n > 1 we can define
I3z) = [lo<kenl }( f*(2)) by concatenation, that is either a transverse path passing
through the poi_nts z, f(2),---, f™(2), or a set of such paths. Furthermore, we define

7@ = [112(*@). @ =106, 136 =[] 1:(5@).
keN keN keZ
The last path will be called the whole transverse trajectory of z.

Given two transverse paths y; : I; — dom([/),i € {1,2}, we say that the paths are
F-equivalent if there exist paths ¥; : I; — dom(/), i € {1,2} with 7, and 7 lifting y; and y»
respectively, and such that y; and 7, intersect the same set of leaves from F.In particular, if
I; = lai, bi],i € {1,2} are closed intervals, this is the same as requiring that ¢57(4,) = $35(a,)
and that ¢375,) = ¢35, If no confusion is present, we will just refer to equivalent paths
instead of F-equivalent. Let us state the following result that will be useful later.

LEmMA 2.3 ([32]). — Fix z € dom([), an integer n > 1, and parameterize 13(z) by [0, 1].
Forevery0 < a < b < 1, there exists aneighborhood V of z such that for every z' in V., the path
1 }_(z)| is equivalent to a subpath of 1%(z"). Moreover, there exists a neighborhood W of z

such thatfor every z' andz" in W, the path I(z") is equivalent to a subpath of 1) (f~1(z")).

2.3. Forcing theory

2.3.1. Admissible paths. — We will say that a transverse path y : [a,b] — dom([) is
admissible of ordern (n > 1isan mteger) if it is equivalent to a path /%(z), z in dom(/ ) Note
that this implies that, if ¥ : [a, b] — dom(I ) is a lift of y, there exists a point Z in dom(] )
such that 7 € ¢yq) and f™(Z) € ¢y). or equivalently, that

I @5y N b5y # 9.
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The fundamental proposition (Proposition 20 from [32]) is a result about maximal
isotopies and transverse foliations that permits us to construct new admissible paths from a
pair of admissible paths.

ProrosITION 2.4 ([32]). — Suppose that y, : [a1,b1] — M and y, : [az,b3] — M are
two transverse paths that intersect F-transversally at y1(t1) = y2(t2). If y1 is admissible of
order ny and y, is admissible of order ny, then the paths y; ltar.e1172 12,501 and y,| st 1 1]
are admissible of order ny + n».

One deduces immediately the following result.

LEmMA 2.5 ([32]). — Let y; : [ai,bi] —> M, 1 < i < r, beafamily of r > 2 transverse
paths. We suppose that for every i € {1,...,r} there exist s; € [a;,b;] and t; € [a;,b;] such
that:

1) i liss 611 and yi+1|[“i+1 ] intersect F-transversally at y;(t;) = Yi+1(Si+1) ifi <r;
(1) onehas sy =ay <ty <by,a, <y <t =byanda; <s; <t; <bjifl <i <r;
(iii) y; is admissible of order n;.

Then [ 1<i<, Vi liss 1 admissible of order ), _; . n;.
The following result is a consequence of Proposition 23 from [32].

COROLLARY 2.6 ([32]). — Let y : [a,b] — M be a transverse path admissible of order n.
Then there exists y' : [a,b] — M a transverse path, also admissible of order n, such that y’ has
no F-transverse self-intersection and ¢y ay = Oy (a), Py) = Py’ )-

2.4. Rotational horseshoe

The presence of topological horseshoes has been a paradigmatic feature of dynamical
systems, and its prevalence as a phenomenon is well-known. In the article [33], which is a
natural continuation of the article [32], the authors develop a new criteria for the existence
of topological horseshoes for surface homeomorphisms in the isotopy class of the identity
based on the notions of maximal isotopies, transverse foliations and transverse trajectories.
The fundamental result of [33] is that the existence of an admissible path with a F-transverse
self-intersection implies the existence of a horseshoe.

Moreover, the horseshoe obtained in the main theorem from [33] is rotational, in the sense
that it is the projection in dom(/) of a rotational horseshoe (also called rotary horseshoes,
see [16, 5]) for some annular covering of dom(/), implying the existence of nontrivial rota-
tional behavior. To be precise, and adapting those results to our need, let us consider f a
l/l\omeomorphism of the closed annulus A := T x [0, 1] which is isotopic to t/l\le identity. Let

A := R x [0, 1] be the universal covering of A and let fbe a lift of f to A. Let I’ be an

identity isotopy of f, such that its lift to A is an identity isotopy of /? Let I be a maximal
identity isotopy of f larger than I’ and let F be a singular foliation transverse to 7. Let F be

the lift of F to A. The following result is a direct consequence of Theorem M of [33].
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PROPOSITION 2.7. — Suppose that there exist an admissible transverse pathy : [a,b] — A
of order ¢ > 1 and an integer p € 7 such that ¥ and y + (p,0) intersect F -transversally
at ¢y = PG+(p.o)s) Witha < s < t < b. Then for any 0 < 6 < p/q, there
exists a nonempty f-invariant compact subset Qg of A such that, for each z € Qg, one has
that Rot( f, z) = 6. Moreover, if 0 = r/s is a rational number, written in an irreducible way,
then Qg can be taken to be an orbit of a periodic point of period s.

2.5. Transverse paths with F-transverse self-intersection

We will also need the following result, which can be directly derived from Proposition 24
of [33]:

PROPOSITION 2.8. — Let F be a singular foliation of R?, and let y : [a,b] — R? be
transverse to F. Assume that there exist a < ty < ti < b such that ¢,,) = Qyqy) and
that y |(so.0,] is F-equivalent to a simple closed curve. If U = U, <;<;, y(s) and if y(a) and
y (D) belong to the same connected component of the complement of U, then y has a F-transverse
self-intersection.

2.6. Rotation set of annular homeomorphisms

2.6.1. Rotation set. — We will denote by T! := R/Z the circle and by A := T! x [0,1]
the Elosed annulus. We endow the annulus A with its usual topology and orientation. Let
7 1A =Rx]|0,1] — A be the universal covering map of A defined by 7(x, y) = (x +Z, y).
Let f be a homeomorphism of A that is isotopic to the identity (tl}\at is f preserves the

orientation and the boundary components) and let f bealiftof ftoA,ie(foRT =7o f)
We can define the displacement function p; : A — R as

p1(x +Z,y) = pi(f(x,9)) - x,

where p; : A — R is the projection on the first coordinate and (x, y) € 77 (x + Z, y). Let
X C Abeacompact f-invariant set. We will denote by M (A, X) the set of all f-invariant
Borel probability measures supported in X . If pisin My (A, X), we define its rotation number
as

Rot(f, ) := /%m dp.
Then we define the rotation set of f in X as
Rot(f, X) := {Rot(f, p) : p € Ms(A, X)}.

REMARK 1. — Forevery p € Z and every ¢ € Z, the map fq + (p,0) is a lift of 7 and
we have Rot(f? + (p,0), X) = g Rot(f, X) + p.

REMARK 2. — Note also that, as My (A, X) is a compact convex set in the weak-*
topology and Rot(f,au; + (1 — a)uz) = aRot(f,u1) + (1 — a)Rot(f, uz), for all
U1, U2 € Mf(K, X) and a € [0,1]. This implies that Rot(f, X) is always a compact
interval.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1166 J. CONEJEROS AND F.A. TAL

For every measure p in My (A, X), by the Ergodic Decomposition Theorem, there is a
unique Borel probability measure t on My (A, X) supported in M} (A, X) (the set of all

ergodic measure in My (A, X)) such that for every continuous function ¢ : A — R we have

/deu N /M (&,X) (/ gMh}) ).
7

Hence, if Rot( f 1) is an endpoint of Rot( f ,X), then r-almost all ergodic measures
appearing in the ergodic decomposition of x must have a well-defined rotation number,
and this number must be equal to Rot( f i). Moreover, if v in My (A, X) is ergodic, then
Birkhoff Ergodic Theorem implies that v-almost every point has a well-defined rotation
number which is equal to the rotation number of v. That is, for v-almost all points z, given
any lift Z of z, the limit of the sequence ((pl(f" (2)) — pl(’z\))/n>nGN exists, and will be

denoted Rot( f, z). Furthermore,

Rot(F.z) = fim 2O =mB _ Zpl(fk(z))—Rot(f D).

n—-+o00 n n—>+oo n

If X = A, we denote the rotation set of f by Rot( j?) instead of Rot( f A). We have the
following theorem, which can be deduced from [10].

THEOREM 2.9 (Franks Theorem). — Let f : A — A be a homeomorphism of A which is
isotopic to the identity. Suppose that f preserves a Borel probability measure of full support. Let
f be alift of f toRx|0, 1]. Then for every rational number r /s, written in an lrreduczble way, in
the interior of the rotation set off there exists a pointZ € Rx[0, 1] such that f (Z) =Z+(r,0).

2.6.2. Dynamics near a boundary component with positive rotation number. — We recall the
local dynamics of a homeomorphism of the close annulus near a boundary component of A
with positive rotation number. Let us consider a homeomorphism f of the closed annulus
which is isopotic to the identity. Let f be a lift of f to R x [0, 1]. We will suppose that the
rotation number of the lower boundary component of A,

oo im lim PLCr0) —x

n—-+o00 n

where x € R, is positive. Therefore f |Rxt0} has no fixed point, and so we can consider

m:=_inf (pi(f () - p13) > 0.
Rx{0}
We deduce the next result.

LEMMA 2.10. — There exists a real number § > 0 such that for everyZ € R x [0, §] we have

T < (@) - .

We deduce the following result.
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COROLLARY 2.11. — For every real number M > 0, there exist a real number § > 0 and an
integer n > 1 such that for every Z € R x [0, §] we have

M < pi(f*(®) - p1(3).

2.7. Dynamics of an oriented foliation in a neighborhood of an isolated singularity

In this subsection, we consider an oriented singular foliation F on an oriented surface M
which has an isolated singularity zg. A sink (resp. a source) of F is an isolated singularity
point z¢ of F such that there is a homeomorphism % from a neighborhood U of zq to the
open unit disk D of R? which sends zq to 0 € D and sends the restricted foliation F lU\tz0} to
the radial foliation on D \ {0} with the leaves towards (resp. backwards) to 0. We recall that
for every z € dom(F) we will write ¢, for the leaf of F that contains z, ¢ for the positive
half-leaf and ¢ for the negative one.

We can define the o-limit and w-limit sets of each leaf ¢ of F as follows:

a(@):=()o:. and w(p):= ﬂq&?
zZEP ZEP

We will use the following result due to Le Roux that describes the dynamics of an oriented
singular foliation F near an isolated singularity (see [34]). For our purpose we state a simpli-
fied version of his result.

PRrOPOSITION 2.12 ([34]). — Let F be an oriented singular foliation on an oriented

surface M. Let zy be an isolated singularity of F. Then at least one of the following cases
holds:

(1) every neighborhood of zqy contains a closed leaf of F;

(2) there exist a leaf of F whose a-limit set is reduced to zy and a leaf of F whose w-limit set
is reduced to zy; or

(3) zo is either a sink or a source of F.

Let zo be a point in an oriented surface M and let f be a homeomorphism of M which
fixes zg. A local identity isotopy of f is a path that joins the identity to f in the space of
homeomorphisms of M fixing z¢, furnished with the C°-topology.

We will say that the foliation F is locally transverse to I at zg (see [31]), if for every
neighborhood V7, of zq there exists a neighborhood W, of z¢ contained in V7, such that
for every z € Wy, z # zo, its transverse trajectory / }(z) is contained in V;, \ {zo}. We will
use also the following result due to Le Calvez.

ProposITION 2.13 ([31]). — Let f be a homeomorphism of an oriented surface M which
fixes zg. Let I be a local identity isotopy of f. Suppose that F is an oriented singular foliation
on M which is transverse to 1. If M \ {zo} is not a topological sphere, then F is also locally
transverse to I at zy.
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2.8. Periodic disks for area-preserving homeomorphisms of A

In this subsection, let f : A — A be an area-preserving homeomorphism, and let
f be a lift of f to the universal covering space. A set O C A is a topological disk if it is
homeomorphic to an open disk of R2. We need the following result which can be deduced
from Theorem 4 of [24].

LEMMA 2.14. — Let g : R?> — R? be an orientation-preserving homeomorphism and let
z € R? be such that, for every neighborhood U of z, there exist three disjoint and invariant
topological disks Oy, Oy, O3 such that O; N U # 0, i € {1,2,3}. If each O; does not contain
wandering points, then g(z) = z.

As a consequence we obtain

LEMMA 2.15. — Let O C A be a topological disk and O a connected component of T~1(0).
Ifa is unbounded, and if there exists an integer p,q with q > 0 such that f4(6) =0+ (p,0),
then there exists X such that {9(X) = X + (p, 0) and such that 7 (X) € 0.

Proof. — Note that, since O is a topological disk, the sets 0 =0+ (i,0), with i € Z are
all dlS_]Olnt and since O is unbounded one may find a sequence of points (zl),ez of points
in O; that accumulates on a point X. Note that each O is invariant by § = f 7 — (p,0).
Furthermore, since each O; projects to a topological disk and is invariant by g, the dynamics
of g restricted to each 0; is conjugated to the dynamics of f7 restricted to O. Since f7 is
area-preserving, it has no wandering points and therefore g has no wandering points in
each O;. The result follows from the previous lemma. O

2.9. Essential sets on the annulus, prime ends and realization of rotation vectors in continua

We say that an open subset O of A = T! x (0, 1) is essential if it contains a simple closed
curve which is not homotopic to a point. If O is open, connected and essential, then the filling
of O, that is the union of O and all the compact connected components of its complement, is
a topological open annulus homeomorphic to A. We say that K C A is an essential continuum
if it is a continuum (i.e., connected and compact) which separates the two ends of A. Likewise,
if K ¢ A = T' x[0, 1], then we say that K is an essential continuum if it is contained in A and
is an essential continuum for A. If K C A, we denote by Uy = U4 (K) and U—- = U_(K) the
components of A \ K containing T' x {1} and T! x {0} respectively.

2.9.1. Prime ends rotation numbers. — We start recalling a very brief description of prime
ends rotation numbers (for a more complete description see [23]). Let f be a homeomor-
phism of A, and let K be an essential f-invariant continuum. Collapsing the lower and upper
boundary components of A to points S and N, respectively, we obtain a topological 2-dimen-
sional sphere and the dynamics induced by f fixes these two points. We consider Uy and U—
as defined above. The sets U} = Uy U{N}and U* = U_ U{S} are invariant open topolog-
ical disks. It is known that one may define a prime end compactification U ¥ (respectively U* )
of U (resp. U*) which, as a set, is the disjoint union of U (resp. U* ) Wlth a topological
circle, called the circle of prime ends. This compactiﬁcation can be endowed with a suitable
topology making it homeomorphic to the closed unit disk D of the plane. Furthermore, and
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more relevantly, this compactification is such that the restriction of f to U (resp U—) extends
in a unique way to a homeomorphism f, of ﬁj; (resp. a homeomorphism f_ of (71‘).

The set ﬁj \ {N} is homeomorphic to T! x [0, 00), whose universal covering space is
H, = {(x,y) € R? : y > 0}, and denote H; = {(x,y) € R> : y > 0} Let
Ay Hy — l7jr‘ \ {N} be the projection map, and note that 74 (H) is the image of the
inclusion map i : Uy — (7: \ {N}. One may then obtain amap =y : #='(Uy) — H, and
a homeomorphism f, : Hy — H 4 such that 7T+J?|;,—1(U+) = fimpand fr(x + 1,y) =

i (x,y) + (1,0). Similarly, we obtain amap 7_ : 71 (U_) — H_ := {(x,y) e R2: y < 0}
and a homeomorphism f- : H_ — H _ such that ”—fI,;—n(U_) = fim_and f_(x+1,y) =

~

f—(x,y) + (1,0). The upper (respectively lower) prime end rotation number of K associated
to f is defined as

AT K = lim DUEEO) —x

n—+o00 n

which is independent of x. If p™( f K) = p=( f K) we call this number the prime end
rotation number of K. We note that for every integers p, ¢, the map fq + (p,0)isalift of /4
and we have

P+ (p.0). K) = ap* (/. K) + p.

If f is a homeomorphism of A and if O C A is a pre-compact essential open annulus
which is f-invariant, one can likewise define the prime ends compactification of O in the
following way. Let S, N be the two ends of A. Since O is an essential open annulus, its
complement has exactly two connected components. Let Ky be the subset of the boundary
of O that is contained in the connected component that is a neighborhood of N, and
let Ks = 00 \ Ky. One notes that both Ky and Kg are f-invariant essential continua
and that O C U_(Ky) N U4 (Kgs). The prime ends compactification O* of O is the disjoint
union of O with two topological circles Cs and Cy with an appropiate topology such that
there exist neighborhoods Vs, Viy of Cs and Cy respectively in O*, a neighborhood W of
the prime ends circle in ﬁj(K s) and Wy neighborhood of the prime ends circle in U* (Kn),
such that Vg is homeomorphic to Ws and such that Vi is homeomorphic to Wy . Done in
this way, O* is homeomorphic to A, and f has a unique continuous extension f* that is
a homeomorphism of O*. One can then verify that, if ﬁ is a lift of f* to the universal
covering, then the rotation number of the restriction of f* to Cy is the same as ,o‘(f, Kyn)
and that the rotation number of the restriction of f* to Cg is the same as p™ ( f Ks).

2.9.2. Realization of rotation vectors in continua. — We will need the following result, which
can be derived from [22] and [23].

PROPOSITION 2.16. — Let V. C A be an essential open annulus, K' be a connected
component of 3V, and K be the union of K' and all the pre-compact connected components
of its complement. Let f : A — A be an area-preserving homeomorphism such that f(V) =V
and ]/"\ alift of f to its universal covering. Then there exists p such that every point in K has the
same rotation number p. Furthermore, p is the prime end rotation number of K.

Proof. — The same proof as Theorem 2.8 of [22] shows that the rotation number of any
pointin K’ is the same, and that it is precisely the prime end rotation number of K’. It remains
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to show the same is true for any point in K. Suppose, for a contradiction, that there are points
with two different rotation numbers, p— and p4 in K. By Proposition 5.4 of [13] one has that
for every rational p/q in (p—, p+) there exists a point z,/, in K such that, if z,/; € 77 1(z,/4),
then f4 (Zp/q) = Zpjq + (p,0). By Theorem A of [22], since the rotation interval of the
restriction of f to K is a non-degenerate closed interval, one deduces that there are two
ergodic measures, (1 and u,, supported in K, such that both Rot( f 1) and Rot( f n2)
are irrational numbers and such that Rot( f, u1) # Rot(f, U2). This implies that there exist
recurrent points z; and z, in K such that the rotation number of z; is Rot( f, 1) and the
rotation number of z, is Rot(f, i2). But if O is a pre-compact connected component of
the complement of K’, then O is an open topological disk in A, and since f preserves area
there exists some integer ¢o such that f70(0) = O. This implies that every recurrent point
of O that has a rotation number must have a rational rotation number. Therefore neither z;
nor z, can lie in pre-compact connected components of the complement of K’, and so both
points belong to K’. But this is a contradiction, since every point in K’ has the same rotation
number. O

LEmMA 2.17. — Let f : A — A be a homeomorphism, fbe a lift of f and assume that
there exist a real number p and an f-invariant compact set K such that, for every f-invariant
ergodic measure v supportedon K, the rotation number of v is p. Then for every ¢ > 0 there exists
No = No(e) such that for allZ € 7=Y(K) and all n > Ny, |p1(f”(’z\)) — p1(Z) —np| < ne/2.
Furthermore, for every ¢ > 0 there exists § > 0 such that if 'y is a point whose whole orbit lies
in the §-neighborhood of K and has rotation number, then | Rot(]/"\, y)—p| <e

Proof. — Suppose, by contradiction, that there exist a sequence of points Zz € 7~ 1(K)
and an increasing sequence of integers n such that | p; (f"k (Zi)) — p1(Zk) — nkp| = nre/2.
Let v, = % :-Zgl 8fi () and let vV be an accumulation point of this sequence in
the weak-* topology. It follows that v is an f-invariant measure supported on K and
that | Rot(]/’\, V) — p| > ¢/2. By the Ergodic Decomposition Theorem, we obtain that there
exists an f-invariant ergodic measure v supported on K whose rotation number is not p, a
contradiction. For the second assertion, given ¢ > 0, if Ny = Ny(¢g), note that the continuous
function g : A — R, g(z) = Nio [pl(fNO(?)) — pl(’i)] — p, where Z is any point in 77! (z),
takes values in (—g/2,¢/2) for z € K. Therefore, there exists some § > 0 such that, for
every y in a §-neighborhood of K, the function g takes values in [—e, ]. This implies that,

if the whole orbit of y lies in the §-neighborhood of K, then
| N = _
'.— [pl(f’N"(?)) - pl(?)] - p‘ ==Y g(fMp)|<e
i Ny I iz
where 3 € 71 (y). Therefore, if y has a well-defined rotation number then | Rot( f y)—p|l <e.

O

PROPOSITION 2.18. — Let f : A — A be an area-preserving homeomorphism, let K’ be an
f -invariant essential continuum and let K be the union of K' and all the pre-compact connected
components of its complement. If the interior of K is inessential, then every point in K has the
same rotation number.
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Proof. — Since K’ is essential, so is K. By Proposition 2.16, one knows that there
exist p; and p, such that every point in dU_(K) has rotation number p;, and that any
point in dU4(K) has rotation number p,. If the interior of K is inessential, we have
that JU_(K) and dU4(K) are not disjoint, and so p; and p, are the same. Note that
dK = dU_(K) U U+ (K). Let O be a connected component of the interior of K, and note
that again O is an f-periodic open topological disk in A, and there exist integers pg, go with
qo positive, such that if O is a connected component of 77!(0), then f ‘10(5) =0+ (p0,0).
We claim that p; = po/qo. Indeed, if O is bounded, then every recurrent point in the closure
of O has the same rotation number and it is pgy/qo, and since d0 C dK we get the claim, and
if O is unbounded, then by Lemma 2.15 there exists a point Z € 0O such that f90(z) = z
and such that the rotation number of Z is po/qo. Since every point in dO is in dK, and
every point in dK has the same rotation number, we deduce that p; = po/qo. Since O was
arbitrary, one deduces that any recurrent point in K has rotation number p;, and therefore
any ergodic measure supported in K has rotation number p;. But if a compact invariant
set is such that every ergodic measure supported on it has the same rotation number, this
implies that every point in the set has a well-defined rotation number and that this number
is P1.- O

2.10. Regions of instability

Let A be an open topological annulus, denote by S, N the two topological ends of 4 and
let f : A — A beahomeomorphism preserving both the orientation and the ends of A.
There are two classical definitions of regions of instability: we say that A is a Birkhoffregion of
instability if for any U, V', neighborhoods of S and N respectively, there exist ny,n, > 0 such
that /"1 (U) NV # @ and such that f"2(V) N U # @. We note that, if the dynamics of f is
such that every point is non-wandering, then equivalently A is a Birkhoff region of instability
if for any U, V, neighborhoods of S and N respectively, the full orbit of U intersects V.
This implies that, if the dynamics of f is non-wandering and A is not a Birkhoff region
of instability, then there exist Og, Oy, neighborhoods of S and N respectively, which are
f-invariant and disjoint.

We say that A is a Mather region of instability if there exist points zy, z; in A such that
both f~"(z1) and f"(z,) converge to S when n goes to infinity, and such that both f”(z;)
and f7"(z,) converge to N when n goes to infinity. One clearly has that a Mather region of
instability is also a Birkhoff region of instability. Let us introduce a new definition, which is
stronger than the first one but weaker than the second. We say that 4 is a SN mixed region of
instability if, for every neighborhood U of S, one can find points z;, z, in U such that both
f"™(z1) and f7"(z,) converge to N when n goes to infinity. One defines similarly a N S mixed
region of instability if for every neighborhood V of N, one can find points z;, z, in V such
that both f"(zy) and f~"(z,) converge to S when n goes to infinity.

A general question whose answer is unknown is to give conditions such that any Birkhoff
region of instability must also be a Mather region of instability. This was shown to hold
for twists maps, and also generically for area-preserving diffeomorphisms ([37] and [13]
respectively). One should note that there are examples of homeomorphisms for which the
annulus is a Birkhoff region of instability but not a Mather region of instability. For instance
one can find homeomorphisms of the closed annulus whose rotation segment is a single
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Liouville point that are weak-mixing ([9]) but also rigid ([6]) and as such every point is
recurrent.

Our next proposition shows that, in the area-preserving context and assuming that the
rotation set of the homeomorphism is not a singleton, the existence presence of a Birkhoff
region of instability, ensures that a stronger form of instability must also hold.

PROPOSITION 2.19. — Let f : A — A be a homeomorphism which is isotopic to the identity
that preserves a measure of full support such that A is a Birkhoff region of instability for the
restriction of f. Assume further that the rotation set of the restriction of f to A is not a single
point. Then there exists some f -invariant open topological annulus A, C A, such that A, meets
the upper boundary and contains the lower boundary of A. Moreover A, is a SN mixed region
of instability and, if A5 is the prime-ends compactification of A,, then the rotation set of the
restriction of f to A} is the same as that of f'.

(See the left side of Figure 3.)

F1GURE 3. Left side: the annulus A5 in the statement of Proposition 2.19. Right
side: The segment v on the proof of Lemma 2.20

Before we begin with the proof of this proposition, let us repeat a construction that dates
back to Birkhoff itself, and has more recently been used in the study of homeomorphisms of
the annulus and of the 2-dimensional torus in [3, 38, 26]. We refer the reader to Section 4.3
of [26] for more details of the constructions. For the remainder of this section we assume that
we are under the hypotheses of Proposition 2.19.

Forevery 0 < ¢ < 1, let B.(f) be the connected component of the set

(/7 (T x[e.1])

ieN
that contains T! x {1}, and we omit the dependence on f whenever the context permit. Itis a
classical result that, since A is a Birkhoff region of instability, B, intersects the circle T! x {&}
and is forward invariant. We also define the set w.( /) as the connected component of

(/7 (T" x [e, 1])

i€z,
that contains T! x {1}, and again we omit the dependence on f whenever the context permit.
Let us point remark that w,(f) = ws(f~"). One verifies trivially that w, is closed, invariant,
and that the w-limit set of any point in B, is contained is w,. Furthermore, since we are
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assuming that A is a Birkhoff region of instability, one has that for each ¢ > 0, the interior
of B, does not contain an essential annulus.

One also verifies that if &; > &, then w;; C w,,. On the other hand, if in this situation
we, C T x [e1,1], then w,, = wy, .

LEMMA 2.20. — There exists o such that, if € < go, then w; = wg,.

Proof. — First note that, for every positive integer p, w.(f) C ws(f?). Let g be a power
of f and g be a lift of g such that the Rot(g) contains the interval [—1, 1], and such that the
rotation number of the restriction of g to both boundaries do not belong to {—1, 0, 1}. There
exists some &g such that, if Z € Rx {0}, then the ball with radius e¢ and center Z, Be, (Z) is free
for g, meaning that g(Be,(Z)) N Be,(Z) = 9. Suppose, for a contradiction that there exists
some €1 < &g such that w,;, = wg, (g) is not equal to w,, = we,(g). If this is true, and if

§ = min {30 € T, (6, 5) € wg, },
s€[0,1]

then g1 < § < &9, because otherwise one would have that w,, is g-invariant and contained
in(N;ez & (T x [g0, 1]), and therefore must be equal to w,, . There exists some 6 € T' x {0}
such that (6, §) € wg,. Let v = 6 x [0, §) be a line segment. Note that v is disjoint from w, .

Let ¥ be the connected component of 7! (v) that contains the point (éj 0) with 0 < 0 < 1,
let @;, = 7' (ws,) and let F = ¥ U @, . First note that the complement of @,, has a
connected component A that contains the strip R x [0, §). We claim that A is the unique
connected component of the complement of @,,. Indeed, the complement of A is invariant
and contained in R x [g1, 1]. Furthermore, since any connected component of 7(4)¢ has a
point of @, and the later is connected, we have that 7(A4)€ is connected, and therefore it is
contained in wy, .

The complement of F can have at most two connected components, L, which contains
(—o0, @\) x {0}, and R, which contains (@\, 00) x {0}. Let us show that these are different
connected components. (See Figure 3 Right). If not, there would be an arc y joining (-1, 0)
and (1, 0) entirely contained in F€. If B = y U ([-1, 1] x {0}), then B is the image of a
simple closed curve, which is disjoint from @, but such that the point (/9\, d) is in a different
connected component from the complement of f than R x {1}. This contradicts the fact
that w,, is connected and also contains T! x {1}.

Note also that, if Z is a point in the complement of @, , one can find an arc « in (@, )<
joining Z to a point (a, 0). Since wy, is invariant by integer horizontal translations, one gets
thatif p > |a| + 1 is sufficiently large, « + (p, 0) and & — (p, 0) are both disjoint from v and
wg, . One checks that & + (p,0) C R, since it contains (¢ + p,0) and that o — (p,0) C L,
since it contains (¢ — p,0). We get that, for each Z ¢ @,,, there exists a sufficiently large p
such thatZ + (p,0)isin Rand Z — (p,0) isin L.

There are two cases to consider. Either the rotation number of T! x {0} for g is positive
or it is negative. The rest of the proof is similar in both situations, so we will assume that it is
positive. This implies that §((§, 0)) belongs to R and 2! ((/9\, 0)) belongs to L. Note that v'is
contained in a ball of radius &¢ centered at (6, 0) and therefore U is free. Since v is also disjoint
from @,,, we get that the image of ¥ by g is contained in R, and that its preimage is contained
in L. This implies that g(R) does not intersect v. Since g(R) is also disjoint from @, and is
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connected, one has that it must be contained in a connected component of the complement
of F, and as the image by g of (é: 00) x {0} intersects itself, we deduce that g(R) C R.

Finally, since g preserves a measure of full support, by the hypothesis on the rotation
set of g, one can find some Z in A such that, if Z is a lift of z, then by Franks’ Theorem
(Theorem 2.9) 2(Z) = Z — (1,0). Let A’ = T! x [0, 2] where we view A as a subset of A’,
letT : A — A, T(x,y) = (x,2 — y) and consider the extension g’ : A’ — A’ of g
obtained by requiring that g’ commutes with 7. Note that g’ is also area-preserving and we
can apply Proposition 2.18 to obtain that every point of w,, has the same rotation number
for any lift g’ of g’. This implies that every point in wg, has the same rotation number for g,
and since T! x {1} belongs to w,, , this number is not —1. This implies that Z does not belong
to ws, , and therefore there exists some integer p such that Z + (p,0) belongs to R, and such
that g27 (/z'\ + (p,0)) = z— (p,0) belongs to L, which is a contradiction since R is positively
invariant. This shows that w,(g) = we,(g) for all ¢ < go.

Now, if & < &g, since ws(f) C we(g), we get that we(f) C we,(g) C T x [go, 1], and
since wg( f) is f-invariant, connected and contains T! x {1}, we deduce that it is contained
in wg, (f). Since it holds that we, (/) C ws(f), we have the result. O

End of the proof of Proposition 2.19. — Let A be the complement of wg, U (T! x {0}).
Note that A, is open, contains T' x (0, &9) and therefore separates T' x {0} and T! x {1},
and its complement has exactly two connected components. Therefore 4, is an essential open
topological annulus. Let S be the end of A4, corresponding to T! x {0}, and let N be the other
end.

If U is a neighborhood in A, of S, then there exists ¢ > 0 such that T! x (0, 2¢) is contained
in U. Asnoted before, B.(f) hasa pointin z; in T' x{¢} C U and the w-limit set of any point
in Bg(f) is contained in w, = ws,, one has that the future orbit of z; in U converges to N.
Likewise, one knows that ws(f~!) = w:(f) = we,(f), and since B:(f~!) has a point z»
in U whose o-limit set for /!, and therefore whose a-limit set for f, is contained in wg, (f).
This shows that A, is a SN mixed region of instability.

Finally, since the rotation set of f is not a single point, it has non-empty interior and
since f preserves a measure of full support, one knows that for every p/q in the rotation
set of f there exists a periodic point z,/, such that the rotation number of z,, is p/q. Since
every point in wg, has the same rotation number which is equal to the rotation number of the
restriction of f to T! x {1}, and since every point in T! x {0} has the same rotation number,
we get that for all but possibly two values of p/q in the rotation set of f, z,,, must belong
to A,. Since the rotation set of the restriction of f to A5 must be closed, we deduce it must
be equal to the full rotation set of f. O

3. Proof of Theorem A

In this section, we prove Theorem A. Let f be a homeomorphism of the closed annulus
A = T x [0, 1] which is isotopic to the identity and preserves a Borel probability measure "
with full support. Let f be a lift of f to R x [0, 1]. Replacmg f by apower f9 and the lift f
by a lift fq + (p,0), one can suppose that Rot(f) = [o,B] witha < 0 < 1 < . We can
also assume that the rotation numbers of both boundary components of A are not equal to 1.
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Suppose by contradiction that Rot( f @) = a. We will fix a maximal identity isotopy I of f
that lifts to a maximal identity isotopy of f, and we also fix an oriented singular foliation F
transverse to / and its lift F.

3.1. Construction of a set with good recurrent properties

ProposiTION 3.1. — Let (Y, B, v) be a probability space, andlet T : Y — Y be an ergodic
automorphism. If ¢ : Y — R is an integrable map such that [y, ¢ dv = 0, then for every B € B
and every real number € > 0, one has

< e§) = v(B).

i

As a corollary we have the following result (see Corollary 4.6 of [26]).

n—1

> (T ()

k=0

ye€B, In>0, T"(y) € Band

COROLLARY 3.2. — Let v be an ergodic invariant measure for f and ¢ : A — R be an
integrable map such that [ ¢ dv = 0. Then for v-almost every point z € A, there exists an
increasing sequence q; — +o0o such that f4(z) — z and Zj’:_ol o(f7(z)) = 0.

We also have the following result which can be derived directly from Proposition 4.3 of
[26].

LEMMA 3.3. — For every Borel subset B C A such that u(B) > 0, there exists an
f -invariant ergodic measure v such that Rot(f,v) = o and such that v(B) > 0.

Finally, we deduce the following proposition.

PROPOSITION 3.4. — There exists a set Xo in A with full ;1 measure such that, for every
z € Xq we have

(1) z is a bi-recurrent point of f;
(i1) the rotation number of z is well-defined and Rot( f z) = o, and

(iii) one can find a sequence (p;.,q;)ien in (—N) x N such that, if Z belongs to 771 (z):
lim ¢; = +oo, lim (pr—aq)=0, lim fuE) —Z—(p.0)=0
=400 =400 =400
and a sequence (p;.q;)ien in N x N satisfying:
lim ¢ = +o00, lim (pj+ag) =0, lim f %) —Z+ (p},0)=0.
—+o00 [—>+o00 I—>+o00

Proof. — Let B be the complement of the set of points that satisfy properties (i) to (iii),
and assume for a contradiction that u(B) > 0. By Lemma 3.3, we can find an f-invariant
ergodic measure v such that Rot( f v) = « and such that v(B) > 0. Since v is ergodic,
v-almost every point in B is bi-recurrent and has rotation number equal to «. Applying
Corollary 3.2 using ¢(z) = pi( f (Z) — Z) — «, one has that there exists a sequence of inte-
gers q; — oo such that f9(z) — z and Z?’;Ol o(fi(2)) = p1(fU(3)—7%) — gioe — 0.
Since f9(z) — z one deduces that there exists a sequence of integers p; such that
f‘” Z)—Z—(p;,0) = (0,0) and so p; — g — 0. So v-almost every point in B satis-
fies the first part of property (iii). A similar argument, using Corollary 3.2 with f~! in place
of f and ¢'(z) = p1( f ~1(Z) —2) + a, gives us that v-almost every point in B satisfies the
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second part of property (iii). Therefore v-almost every point of B satisfies properties (i)—(iii),
a contradiction. O

We have the following result, whose proof is immediate.

LEMMA 3.5. — Let « < 0 and r be a real number and let (p;,q;)ien be a sequence
in (—N) x N such that:
lim ¢g; = 400, lim (p; —agq;) =0.
=400 I—>+o00

If k > —ar, then there exists some integer [(k) € N such that for every integer | > I(k), we
have

pi—k

q +r

<.

3.2. Construction of a good admissible transverse path

Note that Rot(f) = [o,f]land ¢ < 0 < 1 < B. We recall that we are assuming
that f preserves a Borel probability measure of full support, so by Franks’ Theorem
(Theorem 2.9) one can find a fixed point z of f in the interior of the annulus such that,
if Z is a lift of z, then f (Z2) = Z + (1,0). Let 1%(z) be the whole transverse trajectory
of z = 7 (Z). We start by recalling some facts about the transverse path / % (z). By definition,
we have 1%(z)(0) = I%(z)(1). Let y’ : R — dom([I) be such that y’ : [0,1] — dom([) is
in IJ%(Z)|[0 1 and such that y’(t + 1) = y’(¢), for all z. Then y’ is the natural lift of a trans-
verse loop T’. We know that every leaf that meets I'” is wandering. Consequently, if r and ¢/
are sufficiently close, one has ¢r/ () # ¢r/(+). Moreover, because I' is positively transverse
to F, one cannot find an increasing sequence (a,)sen and a decreasing sequence (b, )nen,
such that ¢r/(4,) = ér/@»,). So, there exist real numbers a,b with0 < a < b < 1 such
that 7 > ¢z ;) is injective on [a, b) and satisfies ¢;z ;) u) = P12(2)(5)- Replacing IZ(z) by
an equivalent transverse path, one can suppose that / /Z_(z)(a) =1 % (2)(b). Let T" be the loop
naturally defined by the closed path / ]Z_-(z)|[a’ o The set Ur = Uyeja,p) P122)(r) 1 @0 open
annulus and T is a simple loop. Note that we can collapse the two boundary components
of A to two points S, N to obtain a sphere, and that there exist natural extensions of f and /
to this sphere, as well as a new transversal foliation that has singularities in S and N, which
for simplicity we denote by f*, I* and F*. As z is a periodic point we have the following
result. This lemma is contained in the proof of Proposition 2 from [32].

LEMMA 3.6 ([32]). — Suppose that there exists t < a such that I}% (z)(t) ¢ Ur. Then there
exists ' € Rwithb < t' such that 13%(z)(t) and 135(z)(t') are in the same connected compo-
nent of the complement of Ur. Moreover 1 }_% (Z)|[t i has a F*-transverse self-intersection.

Proof. — See the proof of Proposition 2 from [32]. O

Therefore, as z is a periodic point, there are two possibilities for the whole transverse
trajectory of z, I,%(z), namely:

I) I}.(z) has a F-transverse self-intersection; or
I) 17%(z) is equivalent to the natural lift of a simple loop I of A.

We will analyze each case separately.
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3.2.1. Casel. — Since for this induced map I'"™* = %1 (z) is a loop homologous to zero with
a F*-transverse self-intersection, one can apply Proposition 7 of [32] and deduce that /33 (z),
which is admissible of order 2, has a F*-transverse self-intersection. It follows that / %(z) has
a F-transverse self-intersection and that, if Z is a lift of z, one can find an integer po such that
the transverse path y := [ % (z) hasa F-transverse intersection with Y + (po,0). Lemma 2.3
provides us with a sufficiently small neighborhood W of Z such that, for every y € W, one
has that

(a) 1;?( #73(9)) contains a subpath equivalent to 172?( F72(3)) =7 —(2.0), and
(b) I;‘?( #-1(3)) contains a subpath equivalent to 7.

Let k& > 0 be an integer such that k — pg > —2a. Let W, C W be a neighborhood of Z
such that f¥(Wy) C W + (k,0), and let 7} be a point in W N 7 1(X4), where X, is the
set provided by Proposition 3.4. By Proposition 3.4 and Lemma 3.5, one finds integers p, ¢,
with ¢ > k + 8 sufficiently large, such that

— fq(z’;) belongs to W + (p, 0);

_ pt+po—k
q+1

Now, if 75 = f¥ (%), then f(72) € W + (k,0), which implies that 14(yA*) has
y1=7+ (k 0) as a subpath. Furthermore, as f 9(z;) belongs to W + (p, 0), the transverse
path 74 (fq 3(23)) has y, = 7+ (p—2,0) as a subpath. Note that the path y* = Iq+1(Z*) is
adm1551ble of order ¢ + 1, and y, has a F-transverse 1nterse/:\ct10n with y, + (po,0) =
Y1+ (p + po—k —2,0). Therefore the path y*|[ a1l = =14 (fq_3 (£3)) has a F-transverse
intersection with (y* + (p + po —k —2,0)) lko1kes = 14(y*) 4+ (p + po—k —2,0).

p+po—k—2 p+po—k—2
By Proposition 2.7, ‘;’T is in the rotation set of f As %

contradiction. Therefore Case I cannot happen.

<.

< o we have a

3.2.2. Case II. — Assume now that %(z) is equivalent to the natural lift of a simple loop I'
in A. Let us consider y : R — A the natural lift of " such that y(t +1) = y(¢) forevery ¢t € R

and 7 the lift of y to A. One gets that the set of leaves intersecting I' is an open topological
sub-annulus Ur of A, and since f(Z) = Z + (1,0), one gets that Ur = 7~ !(Ur) has a single
connected component, and that Ut is an essential annulus.

PROPOSITION 3.7. — There exist an admissible transverse path y* and real numbers
a<da <b <bsuchthat, if y* is a lift of y* to A, then

is equivalent to 5/\|[ for some s € Rand y*(a’) = y*(b');

=
Y e b1 s+1]

y @ zs included in Ur but it does not meet b5 —(1,0) andy o ) is included in Ur
but it does not meet ¢y(s11y + (1,0), and

— )//?(a) and F(b) belong to the same connected component of the complement to Ur.

(See Figure 4.)
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¢"i’ls|_(1’0) ¢"?(S) (I)Y(sﬂ) ¢~/l§+1)+(110)

N Oy PHa) {70

- ~

FIGURE 4. Left side: The transverse path y*. Right side: A lift of y*

Proof of Proposition 3.7. — By density of the set X, provided by Proposition 3.4, and
Lemma 2.3, we can suppose that 5/‘|[ 0] is equivalent to a subpath of %(z’a), the whole

transverse trajectory of a point Zp that lifts a point z¢ in X,. We will denote o = I %(25).
Since the point zg has a negative rotation number, the transverse path ¥y cannot be contained
in Ur. Hence one can find real numbers

1<ty <th<t

and integers j~ and j T uniquely determined such that

_ 170“[;,[5] is equivalent to ?| et

_ %|(t1,ti) and ﬁ”(:;,zz) are included in Ur but do not meet ¢50) + (j~ — 1,0) and

$30) + (T + 1,0) respectively;

— 7o(t1) and 75 (z2) do not belong to Ur.
We claim /tkat, if P9(¢1) and yg(22) belong to the same connected component of the comple-
ment of Ur then, we are done. Indeed, if we ha&e that j* — j= > 2, we know that
)/Ao|[t1 4] +(jt—1—j7,0)and %|[Ii,t2] intersect F-transversally at

PO+ (T —=1-77,0) = jo(ty).
By Proposition 2.4 the transverse path
Vi= o+ G = 1= 0| 70

is a subpath of an admissible transverse path ﬁ which satisfies the proposition. In what
follows we assume that

— po(t1) and ¥ (22) belong to different connected components of the complement of Ur.

Since the point zg is bi-recurrent and the complement of the annulus l/]1\~ saturated, that is, it
is the union of singular point and leaves of F, one can find real numbers

h <tz3 <1y
such that
— 70(t4) belongs to the same connected component of the complement of (/J; with 7o (11);

— )70|[t2 ) does not meet this connected component of the complement of Ur;
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— Yo| t308) is included in Ur; and

— 7o(t3) belongs to the same connected component of the complement of (/J; with 7o (22).
Observe now that, by Lemma 3.6, there exists a non-zero integer j, such that ’)?| t1.2] and
5/\|[t3 T (j.0) intersect F-transversally at 7(s) = () witht; < s < 1r < 13 < < Iy.
Hence by Proposition 2.4, one has that the path

Y0 = Vi, 51Vl T G- O

is a subpath of an admissible transverse path. We can construct an admissible transverse path
y* as above. O

Let us consider a lift ﬁ : [a, b] = A of y*, provided by Proposition 3.7, to A and let 7 be
alift of the natural lift of T such that 7(0) = 7*(a’) and 7(1) = 7*(b’). We suppose that y* is
admissible of order N > 1. We will denote by ¢Ao the leaf ¢3¢y = D% () of F. Let Ur be a
lift of Ur which is homeomorphic to R?. We have the following corollary to Proposition 3.7.

COROLLARY 3.8. — For every integer k > 1, there exist an admissible transverse path of
order kN Vi : [a,b] — A, real numbers a < a; < by < b such that

— yk|[a;<,b;(] is equivalent to y|[0’k];

— ﬂ|(a @) is included in Ur but it does not meet ¢o — (1,0) and ?k|(b/ 5 is included in Ur
9! k k’
but it does not meet ¢o + (k + 1,0);

— % (a) and 7; (b) belong to the same connected component of the complement to Ur.

Proof. — Note that the paths F“a/’b] and (y* + (1,0))|[a,b,] intersect F-transversally
ai\?(b’) = y*(d’) + (l,\O). It follows that for every ir/l\teger i e{l,... ,/k\— 1} the paths
(y* + (i,O))|[a,’b] and (y* + (i + 1,0))|[a’b,] intersect F-transversally at y*(b’) + (i,0) =
ﬁ(a’ ) + (i +1,0). Applying Lemma 2.5, one knows that the path

k—2
Tk = V¥ (1‘[(? + (i, 0))|[a,,b,]) |y + k= 1.0)
i=1

is admissible of order kN . This completes the proof of the corollary. O

For every integer k large enough consider real numbers a; and b} witha; < aj < b}/ < b},
such that ey = $o + (1,0) and Py = $o + (k —1,0). Let Z¢ be a point in dom(7)
such that y is a subpath of the path I ;N (Zx), and consider the smallest integer i and the
largest integer Ny in {1,...,kN} such that

= : ik (5.
Vi |[a’a;(,] is a subpath of Iﬁ (Zr);
R~ : kN —ix—Ng « Zig +Ng (=
Vk |[b/,(/’b] is a subpath of Iﬁ (f'xTNk(Z)).
Let put y; = ]/’\’k (Zx) and ka () = ]/‘\‘k+Nk (Zx). We have the following result.

COROLLARY 3.9. — For every integer k large enough the paths I;‘ (f_ik (Vx)) and
I;N_N" (fNe(5%)) = (k. 0) intersect F-transversally.
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By density of the set X, given by Proposition 3.4 and Lemma 2.3, considering a point
close to yi, we can suppose that y; belongs to X,. We have the following consequence, which
results of Proposition 3.4.

LemMa 3.10. — For every positive real number L, there exist two integers p € —N and
q € N satisfying q — iy, > L such that:

— ey B @ subpath of IET(f4751(5)) = (p,0).

Proof. — By Proposition 3.4, one can find an integer / sufficiently large such that
q1 > L + iy and such that f‘“ (¥x)— (p1,0) is close to yi. Lemma 2.3 permits us to conclude
that the path I;A_{‘ (=i (%)) is a subpath of I;;f+2(fq/_ik_1(ﬁ)) — (p1,0). Hence choosing
g = q; and p = p; we have that ﬁ“a’a%] is a subpath of I}"’H(fq*"k*l(ﬁ)) — (p.0). This

completes the proof of the lemma. O

Let )7*; be the transverse path I;I?H_Nk ( f Nk (7%)). We deduce the next result.

COROLLARY 3.11. — The paths y** and y** + (p — k, 0) intersect F-transversally at some
leafq')y/,:*(t) = ¢(y?*+(p—k,0))(s) where s < t.

Proof. — One knows that the path yy ™ +(p, 0) is a subpath of I}k +2(J’Fq—1—ik %)) =

|[0,kN—Nk] +(p—k.0),

TRk _ T_
\ . 915N+ 1-Ng] and y |[0,1;N—Nk]+(p k,0) havea F transvers.e
intersection. The result follows since we took ¢ sufficiently large so that ¢ — 1 — iy — Ni is
larger than kN — Ng. O

ay]
y**l[q—l—ik_Nk:q"'l_Nk] and ﬁ|[b;g,b] + (p —k,0) is a subpath of y**

which implies that y**|

As a consequence of Proposition 2.7 we deduce the following result.

COROLLARY 3.12. — We have that ﬁ belongs to Rot(j/"\).

As Ny > 1, this implies also that ﬁ < ”q;k, but since p — ag < 1, we have
that "T_k —a < 0, a contradiction since we assumed that Rot( f) = [a, B]. Therefore Case 11

also cannot happen, thus concluding the proof of Theorem A.

4. Proof of Theorem B

In this section, we will prove Theorem B. We start by proving a result of uniformly
boundedness for the diameter of the projection onto the first coordinate of the leaves of F ,
where F is the lift of a foliation that is transverse to a maximal identity isotopy whose
endpoint is a homeomorphism that satisfies hypotheses of Theorem B. This result plays a
key role in the proof of Theorem B.
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4.1. Uniform boundedness of leaves

Let f be a homeomorphism of the closed annulus A := T x [0, 1] which is isotopic to the
identity, that is, f preserves the orientation and each boundary component of A. Suppose
that A := T! x (0, 1) is a Birkhoff region of instability of f. Let I’ be an identity isotopy
of f and let fbe the lift of f to R x [0, 1] associated to I’. Suppose that Rot(f) = [, B]
with @ < 0 < 8 and that both boundary component rotation numbers are positive.

We consider the open annulus A := T! x (0, 1). We will denote by N (resp. by S) the upper
(resp. lower) end of A. We recall that the homeomorphism f restricted to the open annulus A
can be extended to a homeomorphism, which we still denote f, of the end compactification
of A, which is a topological sphere, and this homeomorphism fixes both ends of A. Let I be
a maximal identity isotopy larger than I’ (isotopy associated to the lift f ) and let T be a lift
of I. Let F be a singular foliation transverse to /, and let F be alift of F K We note that N
and S are in Fix(/) and that these are isolated singularities of . The next result follows from
Proposition 2.12 which describes the dynamics of a foliation near an isolated singularity and
the fact that the boundary component rotation numbers are positive.

LemMA 4.1. — The isolated singularity S (resp. N ) is a sink (resp. a source) of F.

Proof. — We will prove that S is a sink of F (one proves analogously that N is a source).
By Proposition 2.12 it is sufficient to prove that both Cases (1) and (2) of Proposition 2.12
do not hold and that S is not a source. We will prove it by contradiction.

Suppose first that Case (1) of Proposition 2.12 holds, that is, there exists an open topolog-
ical disk D containing S and contained in a small neighborhood of S whose boundary is a
closed leaf of F. By transversality of the foliation either f(D) C D or f~'(D) C D. This
contradicts the fact that A is a Birkhoff region of instability of f.

Suppose now that Case (2) of Proposition 2.12 holds, that is, there exist leaves ¢§L and
¢g of F whose w-limit and «-limit set are reduced to S respectively. We will prove that the
existence of ¢ implies that the rotation number of the boundary component R x {0} is
negative or zero. This contradicts our hypothesis.

Cram. — Suppose that there exists a leaf ¢ of F whose a-limit set is reduced to S. Then
the rotation number of the boundary component R x {0} is negative or zero.

Proof. — Let us parameterize the leaf ¢ : R — A. Conjugating f by a homeomorphism
given by Schoenflies’ Theorem, we may suppose that ¢ ¢ |(Co00.0] is contained in {0}x (0, 1). Let
U be a Euclidean circle centered at S whose boundary meets ¢g | (o0’ By Proposition 2.13,
F is locally transverse to I at S. Let V be a neighborhood of S contained in U given by
the local transversality of F to I at S: the trajectory of eachz € V,z # S along I is
homotopic, with fixed endpoints, to an arc I 5-(z) which is transverse to F and included in U .
In particular, the arc / }(z) must cross ¢¢ from right to left. More precisely, let fbe the lift
of f|a associated to 7, and let F be the lift of F |a. Let U and V be lifts of the sets U \ {S}
and V \ {S} respectively. Let qgg be the lift of ¢ contained in the line {0} x (0, 1). For
everyn € N, choosez, € V\{S}suchthat{z, ..., f""1(z,)} C V.LetZ, be thelift of z, such
that —1 < p;(2,) < 0and I}IA_(’Z\,,) the lift of the arc /}(z,) from Z,. Since the path I%(Z) is
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transverse to F and does not meet the boundary of U , we obtain that p; (f" (z,)) < 0and
thus

onlF2) = (i (PG = G <

This implies, by Corollary 2.11, that the rotation number of the boundary compo-
nent R x {0} is negative or zero. O

We note finally that if S is a source, then by the above claim we deduce that the rotation
number of the boundary component R x {0} is negative or zero. This contradicts again our
hypothesis. This completes the proof of the lemma. O

Let I's and I'y be two F-transverse loops close enough to S and N respectively, and let yg
and yy be their respective natural lifts such that the annuli

US = U¢VS(’) and UN = U¢yN(t).
teR t€R
coincide with the attracting and repelling basin of S and N for F respectively. Let F be alift
of F|a to R x (0, 1). Now we can state the main result of this subsection, which will also be
useful in the proof of Theorem B.

PropPOSITION 4.2. — Up to a suitable change of coordinate, the diameters (on the first
coordinate) of the leaves of F are uniformly bounded.

Proof. — Up to a suitable change of coordinate we can suppose that the foliation F
restricted to a neighborhood of S (resp. N) coincides with the foliation of vertical lines
downward (resp. upward) on T! x (0, 1). By Lemma 2.10 and Corollary 2.11 (applied at
both ends of A), there exist a neighborhood Vs C Ugs (resp. Vy C Up) of S (resp. of N)
and integers ng > 1 and ny > 1 such that foreveryz € Vg, z £ S (resp. z € Vy,z # N)
the closed path ¥S|io.11 (resp. VN|[0,1]) is a subpath of 175 (z) (resp. I" (z)). On the other
hand, since A is a Birkhoff region of instability of f one can find two points zy and z; and
integers ng > 1 and ny > 1 satisfying:

zo, " (z1) € NP2 [T (V) (resp. z1, [™(20) € N2, /7' (V) -

We will write yo := 17°7"5 (z9) and y; := I}' 7"V (z1) for convenience. Therefore there exist
leaves ¢s C Us and ¢y C Up of F and real numbers so < #yp and 57 < 1 such that:

— Pyo(s0) = ¢s and Py, ) = PN

— Py = v and gy, ) = ¢s.
Replacing y, by an equivalent transverse path, one can suppose that yo(sg) = y1(#1) and
yo(to) = y1(s1). Let I' be the loop naturally defined by the closed path y, lsoto1” sy ] which
is transverse to F. Since the loop I is homologous to zero in the sphere, one can define a dual
function § defined up to an additive constant on S? \ T as follows: for every z and z’ in S?\ T,
the difference §(z) — §(z’) is the algebraic intersection number I A y’, where y’ is any path
from z to z’. As I is transverse to F the function § decreases along each leaf with a jump
at every intersection point. One proves that § is bounded and that the space of leaves that

meet I', furnished with the quotient topology is a (possibly non Hausdorff) one dimensional
manifold (see [32] for more details). In particular, there exists an integer K > 1 such that

4¢ SERIE - TOME 56 — 2023 — N° 4



FORCING APPLICATIONS FOR HOMEOMORPHISMS OF THE ANNULUS 1183

I intersects each leaf of 7 at most K times. Moreover any lift of the set gsUyo| oo sy ]U
5 sk
¢ separates the plane R%. More precisely, every set whose diameter on the first coordinate

is large enough must intersect a lift of ¢g U y0|[sO V! |[s1 . U ¢ . Hence, we have that each

leaf of F intersects at most K translates of a lift of the closed path Yol Hence

71| .
so.t0l” " lls1,t1]
one deduces that for every leaf ¢ of F the diameter of the projection on the first coordinate
of ¢ is smaller than the constant diam(yohs0 01”1 i) tl]) + K + 2. This completes the proof

of the proposition. 0

4.2. Construction of two admissible transverse paths

Let f be a homeomorphism of the closed annulus A := T' x [0, 1] which is isotopic
to the identity. Let f be a lift of f to R x [0, 1]. We assume that Rot(f) = [, B] and
that both boundary components have rotation number strictly larger than «, the case where
both boundary components have rotation number strictly smaller than § is similar. Hence
considering a rational number p/q between the left endpoint of Rot( f ) and the minimum
of the two boundary component rotation numbers, we can replace f by a power f and the
lift f by a lift f‘l + (p,0), and so suppose that Rot(f) = [, B] witha < 0 < § and that
both boundary component rotation numbers are strictly positive.

We consider the open annulus A := T! x (0, 1). We will denote by N (resp. S) the upper
(resp. lower) end of A. We recall that the homeomorphism f restricted to the open annulus
A can be extended to a homeomorphism, denoted still f, of the end compactification of A,
which is a topological sphere, and this homeomorphism fixes both ends of A. Let / be a
maximal identity isotopy larger than I’ (isotopy associated to the lift f) and let / be a lift
of I. Let F be a singular foliation transverse to 7, and let F be a lift of F la-

We know from the previous subsection that S and N are a sink and a source of F
respectively and that up to a conjugation the leaves of F are uniformly bounded on the first
coordinate. Moreover for a positive real number § the foliation F restricted to Rx (0, 8) (resp.
Rx (1—46, 1)) is the foliation in vertical lines on Rx (0, 1) oriented downwards (resp. upwards).
Letyy : R —> R x (0,1) and ps : R — R x (0, 1) be the transverse paths defined by

PN(@):=(t,1-6/2) and Ps(t) := (¢,8/2).
Let us consider
Uy = Urer®yy ) and Us = UrerPyg(t)-
We will begin by proving the following result.

LEMMA 4.3. — There exist two admissible transverse paths y§ : [ag,bo] — A and
71 tlar, bi] = A, real numbers ag < to < by, a1 < t1 < by and a real number K* > 0
such that:

@ 75 ltao.rol and p; lit1 511 intersect F-transversally; and
0,0 1,91

(ii) for every transverse path 9 : [a,b] — A such that p1(p(b) — $(a)) < —K*, there exist
two integers po and py such that y intersects F-transversally both (9§ + (po,0)) ltto 0]

and (7§ + (py, 0))

|[a1,t1]'
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Proof. — Let us prove (i). As in the proof of Proposition 4.2, one can find two points Zy,
Zyin A = R x (0, 1) and two positive integers ng and n; such that, if p§ = IJ"éO (Z29) and
V= I;’:_l (21), then there exist real numbers

a0<s6<s(‘)"<t0§r0_<rg'<b0
satisfying (see Figure 5):
— |[sg,s +) is equivalent to the path pg 1.0
— s o) is contained in Us but it does not meet b55(1)s
— P4 (to) does not belong to Us;

— )?(ﬂ[r, rH] belongs to the complement of Ug U Uy ;
0°'0

— If e > 0is sufficiently small, then y5 (rg —¢) € 0_5 and 95 (rg +¢) € a,

and real numbers
ai <r1_<r1+§t1 <s1_<s1+<b1
satisfying:
- . . R )
— |[S1_’S?L] is equivalent to the path pg lo.17°

— ﬁ'(n ) is contained in Us but it does not meet Dps(=1)5
S
— P¥(t1) does not belong to Us;

— )?f|[r_ rH] belongs to the complement of Us U Uy;
171

— If e > 0is sufficiently small, then p{(r] —¢) € a and PF(ri +e) € ﬁ_s

P

b o coooooos
:

:

:

:

:

:

:
SR
:

:

:
O

FIGURE 5. The paths p§ and p. Dashed lines are leafs of the F.
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We can also assume, by using Corollary 2.6, that neither the path p§ ltao.bo] BOT the
)>00
path pf |51 have F-transverse self-intersection. We note that the paths )7;|[S_ o] and
> K

24 [ have a F-transverse intersection at ®5¢(0)> and so item (i) is proved.
1

Let us prove (ii). First note that, since A has null genus, every leaf of F is either closed or
it does not accumulate on itself. Consequently, if 8 is any path transversal to F defined on a
compact interval, then 8 intersects any leaf of the foliation a finite number of times. Let then
go > 0 be sufficiently small such that, if ag <t < by — &g, then )76*|[t,t+80] does not intersect
a leaf twice.

Now, note that Uy is a foliated set with empty interior, so that no transverse path can
be contained in it. Therefore, there exists an open and dense subset /_— C [0 &o] such that,
ift € I_, then y§(ry — t) belongs to Us. Usmg a similar argument for Uy, one can find
0 < & < go such that p§(rg — €) belongs to US and such that p, (r0 + ¢) belongs to UN
By Proposition 4.2 there exists a real number Ko > 0 such that for each leaf ¢ of F the
diameter of p; (qS) is bounded by K, and by compactness there exists a real number K; > 0
such that pg lirg—eurd+e] is contained in (— K, K;) x (0, 1). Let K = Ko+ K{,, and consider a
transverse path 9 with diameter on the first coordinate larger than K* := 2K + 1. Then there
exists an integer po such that y meets both (—oo, po— K) x (0, 1) and (po + K, +00) x (0, 1).

We claim that pg I meets each leaf of F at most once. Indeed, if by contradiction
0

—
—&,rg +el
29 I meets a leaf twice, then one must have that )7(;‘| _ 4, must also meet a leaf
[rg —¢ rO +é] (rg sro)
twice, and there must exist a closed interval J C (ry, rgr ) such that the restriction of y§ to
this interval is equivalent to a simple closed curve. But both Us and Uy belong to the same

connected component of the complement of |, gb);g @) so that applying Proposition 2.8

to Py i —ert1e] implies this path has a F-transverse self-intersection, a contradiction with
[ORRE)

our assumption.

Let B be the union of leaves met by |+ Then B is a foliated subset of A
0

778,r5r +e)’
and, by the argument above, it is homeomorphic to the plane and the space of leaves of F
in B is homeomorphic to an open interval. Furthermore, since B contains a leaf of Ug and
a leaf of Uy, B separates R? and its complement has exactly two connected components,
one denoted L(B) that contains (—oo, —K) x (0, 1) and the other, denoted R(B), contains
(K, 4+00) x (0, 1). Finally, note that gbyg 5 —e) belongs to dL(B) and B is locally to the left of
this leaf. Likewise, ¢ belongs to dR(B) and B is locally to the right of this leaf (see
Figure 6).

Since P(a) belongs to R(B) — (po.0) and y(b) belongs to L(B) — (pg,0), one find
somea < a < b’ < b such that p(a’) belongs to d (R(B) — (po,0)), 7(b") belongs
to d (L(B) — (po,0)), and )7|(a’,b’) is contained in B — (po, 0). Note that ¢,y + (po.0)
since the latter has B on its right, and likewise ¢;y + (po,0) is not

vy (rg' +é€)

is not ¢y (o)

i ry—e)> since the latter has B on its left. One concludes that 5/\| @] has a F-transverse

intersection with ()?5‘|[r_ ert el ~+ (po, 0)) at any leaf ¢;(,) for a’ <t < b’. Since the same
(V)

construction holds for every 0 < ¢ < &, we get that 7 and y; lp=rt] T (po, 0) intersect
0°'0
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F-transversally, as claimed. The F-transverse intersection with 24 -t T (pg.0) can be
1°71

obtained in a similar way. O

%g(rlc)

FiGURE 6. The set B

End of the proof of Theorem B. — One knows by Proposition 4.2 that the leaves of Fare
uniformly bounded on the first coordinate. Hence in order to prove Theorem B it is sufficient
to prove that there exists a real constant L > 0 such that for every admissible transverse path
7 :la,b] — A of order n > 1, one has

p1(7(b)) — p1(y(a)) —na = —L.
Let p : [a,b] — R x (0, 1) be a transverse path such that
p1(P(®) — p1(P(a)) < —2K™.
One can find ¢, d in (a, b) with ¢ < d such that
p1(G®) — pi(P@) = —K* and  pi(P(e)) — p1(7(@) = —K*.

By item (ii) from Lemma 4.3 there exist po and pyinZ,a < ly < ¢, d < 1 < b,
ry <wo <ry, ry <wp <r; such that

— 17|[a a and g + (po. 0) intersect f—transversally at p(lo) = P (wo) + (po.0);

— )?|[d’b] and ¥ 4 (p}.0) intersect F-transversally at 7(1,) = P (w1) + (p}. 0).

If y is admissible of order n > 1, then the path

N X N Ak ’
Vo= (”0 ltagwo) + (”O’O)) Y lttg.in) (”1 ltwi oy + (”O’O))

is admissible of order n 4 ng + n; by Corollary 2.5 and one has

pi@®) = p1(P'(H) <=K* and  p1(7'(0)) = p1(P(a)) < —K™.

4¢ SERIE - TOME 56 — 2023 — N° 4



FORCING APPLICATIONS FOR HOMEOMORPHISMS OF THE ANNULUS 1187

Recall that p§ and p; intersect F -transversally (item (i) from Lemma 4.3). One deduces
that y’ intersects F-transversally p’ + (p’,0), where p’ = po — p;. Proposition 2.7 tells us
that p’/(n + no + n1) belongs to Rot( /), which implies that

!
o 5 L
n—+no—+ny
We write K** by the diameter on the first coordinate of p;. Observe now that
@' M) +p' = pr(7'(0) > K",
So, one deduces
(7)) — p1(P(a)) —na > 2K* — K** +ang + an;.

This completes the proof of Theorem B. O

5. Example

Recall that, by Theorem B, if f is a homeomorphism of the closed annulus A := T' %[0, 1]
that is isotopic to the identity and having A := T! x (0, 1) as Birkhoff region of instability,
and f is a lift of f to R x [0, 1] with a nontrivial rotation set Rot(f) = [a, B], such that the
rotation numbers of both boundary components of A are in the interior of [«, ], then there
exists a real constant L > 0 such that for every Z € R x [0, 1] and every integer n > 1 we have

n(f"E)-p@E) —an>—-L and pi(f*(2) - pi(2)—pn < L.

The following example shows that the hypothesis “the rotation numbers of both boundary
components of A are contained in the interior of the rotation set” is essential in the conclu-
sion of Theorem B.

PROPOSITION 5.1. — There exists a homeomorphism f of the closed annulus A which is
isotopic to the identity, such that A is a Birkhoff region of instability of f and has a lift f
to R x [0, 1] satisfying:

(i) Rot(f) = [0, 1], and

(i) for every real number L > 0 there exist a point Z in R x [0, 1] and an integer n such that

n(f"() - m@E) <—L.

Proof. — For every real number r, we write T, the homeomorphism of R x [0, 1] defined
by T, : (x,y) = (x +r,y). Leth : (0,1) —> R besuch that h(y) = 1/yif y < 1/2 and
h(y)=2ify > 1/2.

For every y € (0, 1), let

1 3 1
1y = (004 35 h0) + 16 ) <y € (0 A+ 5 ) <ot = 1
be two subsets of R x [0, 1] and consider

(76 = U I, C U I, = U, and 170’ = TI/Z(U(;) C Tl/z(Uo) = Tp.
y€(0,1) y€(0,1)
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Let, finally,
= U U} U T'Up):=U and V' := U V) U ' (Vo) :=V.
nez nez nez nez

Let g : [0, 1] — [0, 1] be a homeomorphism of [0, 1] satisfying:
— g(0)=0,g(1) = 1;
— forevery y € (0,1) we have g(y) < y;
: 1
T yh_rf}) <y g(y)) 0.
We note that the dynamics of g is well-known, that is, for every y € (0, 1) we have

1 lim g"(y)=0 and hm g "(y)=1

n—+o0 —>+o0
To construct f we start with a homeomorphism fo satisfying:
(x = h(y) + h(g("). g)). it (r.y) e Ugc lo,
(x=h(y) +h(g (). g7 (). if (x,y)eVyC V.

Note that fo leaves both 00’ and 176 invariant. Let us begin by extending fo to Uy and to Vy
such that fj leaves both these sets invariant, such that

{pz(ﬁ)(x,Ay)) <y, if (x,9) €U,
y < pZ(fO(xv y))v lf (X, y) S ‘70»

folx.y) = {

where p, : Rx [0, 1] — [0, 1] is the projection on the second coordinate, such that fo extends
continuously as the identity to the boundary of Uy UV N A and finally that p; ( fo (x,y)=x
if g(y) > 1/2. Now extend fo to U and V by the formula f0T1 =T fo Finally we extend
fo to R x [0, 1] such that fo coincides with the identity on the complement of the union of U
and of V. Note that fo extends continuously to R x {0, 1} since lim,_o(h(y) — h(g(y))) =
limy, 1 (2(y) — h(g(y))) = 0.

We note that by construction fo commutes with 77, and as such it induces a homeomor-
phism f; of A. Furthermore, for every i € Z the sets T} (l76) and T; ( I}O/) are on-invariant and
project to topological disks on A. Since fo has no recurrent point in these sets, then the same
is true for fy in their projections. Therefore the only recurrent points of fy are those points
lifted to fixed points of fo which implies that Rot( fo) = {0}. Note also that if (x, y) € |4
and n > 1, then

fo(x.y) = (x ~1y _,,(y),g_"(y)) :

Thus,
1 1

gy ¥

so one knows that the function p; ( fo” (x,y)—(x,y)) is not bounded from below. Moreover
from (1), A = T! x (0, 1) is a BirkhofT region of instability of f,, the projection of fq to A.
More precisely, the fy-orbit of each point z € U" = 7%((76) goes from the upper boundary
component of A to the lower one, that is

@ Jim pa(fy" @) =1 and  lm pa(f5'(2) =0,

., y) —x =
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and the fy-orbit of each pointz € V' = 7%(170’) goes from the lower boundary component
of A to the upper one. This is almost what we need, but as the rotation set of f is a singleton,
we need to make another small perturbation.

Let y; = w. Consider fl(x,y) = Ty (x,y), where ¢ : [0, 1] — [0, 1] is
a continuous function satisfying:

— @(y) =0if y € [0,g71(1/2)] U [g7%(1/2),1]; and
— (1) =1

We note that f; commutes with Ty, the compact strip
So =R x [g7'(1/2),g72(1/2)]

isan ﬁ -invariant set, and fl acts as the identity on the complement of Sy. We now consider
f := fio fo which isa homeomorphism of Rx [0, 1] and which commutes with 77. It remains
to prove that f satisfies the properties described in the proposition.

To see that A is a Birkhoff region of instability of f, note that if we choose some point
20 = (x0.g71(1/2)) € V'’ then f"(2) belongs to R x [g_2(1/2) 1] foralln > 0, and
toRx[0,g~1(1/2)] foralln < 0. In particular, f "(Z9) = fo (20). Therefore zo = 7 (Zo) goes
from the lower boundary to the upper boundary component of A. We can likewise choose a
point 2; = (x1.g7'(1/2)) € U’ and then f"(%;) belongs to R x [g72(1/2), 1] foralln < 0,
and to R x [0, g71(1/2)] for all n > 0. Therefore z; = 7 (%) goes from the upper boundary
component to the lower boundary component of A.

We note also that any point in R x [0, g~!(1/2)] belongs to either V,to U oris a fixed
point of fo. One verifies trivially that the set R x [0, g71(1/2)] N V is forward invariant
for fo and therefore also for f , and every point is a wandering point. One also verifies
that R x [0,g71(1/2)] N U is backward invariant for f , and thus all its points are also
wandering. Therefore any pointin Rx [0, g~!(1/2)] that is not wandering must be fixed by f .
A similar argument shows that any point of R x [g72(1/2), 1] that is not wandering for f is
also fixed. Thus any periodic point of f that does not lift to a fixed point of f must have its
whole orbit contained in the annulus T! x [g71(1/2), g72(1/2)]. Now, for any point (x, y)
in Sy, we have that 0 < pl(f(x ¥) — (x,y)) < 1, so one gets that Rot(f) C [0, 1]. Finally,
take the point (1/2 y1), which lies in the boundary of U. Therefore f0(1/2 y1) = (1/2,y1)
and therefore f(1/2 y1) = (1/2 4+ 1, yl) Therefore 1 € Rot(f) and since 0 is also in the
rotation interval, we deduce that Rot( f ) =10,1]. O

6. Realization results

In this section, we will prove Theorems C and D.

6.1. Proof of Theorem C

Theorem C will be a consequence of the following stronger proposition, since being a
Mather region of instability is stronger than being a SN mixed region of instability.
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PROPOSITION 6.1. — Let f : A — A be a homeomorphism which is isotopic to the identity,
and let f be a lift of f to the universal covering. Suppose that T' x (0, 1) is a SN mixed region
of instability. For every p in Rot(f) there exists a compact invariant set Q, such that every
point of Q, has a well-defined rotation number and it is equal to p. Moreover, if p = p/q isa
rational number, written in an irreducible way, then Q , can be taken to be the orbit of a periodic
point of period q.

The proof of the proposition is immediate when Rot( f ) is a single point, as in this case
every point of A has a well-defined rotation number and this number is unique. Therefore we
can assume that Rot( f ) = [o, B], with @ < B. We divide the proof of Proposition 6.1 in two
cases, when p is in the boundary of the rotation set, and when it is in the interior.

6.1.1. When p is a boundary point. — We show that « is realized by a compact invariant set,
the case for g is similar. If any of the boundary components rotation numbers is « it suffices
to take Q, as the boundary component, therefore we assume that « is strictly smaller than
the rotation numbers of the boundary components and thus that f satisfies the hypotheses
of Theorem B, since being a SN mixed region of instability is stronger than being a Birkhoff
region of instability. Let us consider

My :={ne Mf(K) :Rot(n) =a} and Xy := U Supp(i).
HEM
By the following proposition we can take Q. as the set X,, completing the proof of the
proposition in this case.

PROPOSITION 6.2. — Let o be in the boundary of the rotation set of f. Every measure
supported on X, belongs to M. Moreover, if Z lifts a point z of X, then for every integern > 1,
we have

n(f"@) - pi@) —na| <L,

where L is the constant given by Theorem B.

Proof. — We note that it is sufficient to prove the second statement. We recall that, if
U € Mg, then every ergodic measure v that appears on the ergodic decomposition of p also
belongs to M. We claim that, for every ergodic measure v in My, there exists a set A of full
measure such that if Z lifts a point z of X, then for every integer n > 1, we have

n(f"@) — p1(®) —na| < L.

The claim is sufficient to show the result as, if the inequality holds in A4, then it must also hold
on the closure of A, and therefore in the support v. Furthermore, given any u € My, since
any point in the support of p is accumulated by points in the support of an ergodic measure
in the decomposition of u, one also deduces that the inequality above must hold in the whole
support of u. Therefore the claim implies that the inequality holds in | J,,¢ 4, Supp(1) and
so by closure it also holds in Xj.

So, let v in M, be an ergodic measure. By Atkinson’s Lemma, Proposition 3.1, there exists
a set A of v-full measure, such that if Z lifts a point z of A, then there exists a sub-sequence
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of integers (g;);en such that
lim f%(2)—%— (q.0) = 0.
l—->+o00

Nevertheless, by Theorem B we know that for every Z € R x [0, 1], and every integer n > 1
we have

(3) n(f"@)—pi1(@) —na>-L.
It remains to check that, if Z is a lift of z € A4, then
4 pi(f"@) = p1(@) —na < L.

Indeed, if [ is large enough such that ¢; is greater than n, one can write
P(f"@) = pi1@) —na
= n(f1E@) = @ - qie = (P (P (F" @) = p1(F"E) — (a1 = n))
< (@)~ @) —qra+ L.

Letting / tend to 400, we obtain inequality (4). The proposition follows from inequalities (3)
and (4). O

6.1.2. When p is an interior point. — We already know the existence of an f-invariant
compact set with rotation number equal to p if p € {a, B} or if p is the rotation number
of one of the boundary components of A. So we assume p € («, 8) and p is not the rotation
number of the upper boundary. We can also assume that the rotation number of the upper
boundary is p; larger than p, the case where it is smaller is again similar. We pick some
rational number p/q such that

a<p/g<p<(p+1D/qg<(p+2)/qg<p1 =5
Letg = f9,and g = f 4 — (p,0). Let I’ be an identity isotopy of g, such that its lift

to A, 17, is an identity isotopy of g. By Theorem 2.1 one can find a maximal identity isotopy
larger than 7’. By Theorem 2.2 one can find an oriented singular foliation F on A which is

transverse to 7, its lift to A, denoted by F is transverse to f(the lift of 7). Note that the
rotation number of the upper boundary for g is larger than 2. Our goal is to show that there
exist some integer n > 0 and some transverse trajectory ¥ such that y is admissible of order n
and such that  has a F-transverse intersection with ¥ + (j,0) where j > n. If we do this,
Proposition 2.7 implies that for all 0 < 8 < j/n, there exists a g-invariant compact set with
rotation number 6 for g, and we deduce that f has a compact set with rotation number p.
To construct the transverse path y, let us first note that as in the proof of Theorem B for
a positive real number § > 0 the foliation F restricted to R x (1 =46,1) can be assumed to
be foliation by vertical lines oriented upwards. Let 5 : R — R x (0, 1) be the transverse
path defined by yn () = (z,1 —§/2). Let € > 0 be such that 2 + ¢ < gp; — p. Then, given
a fixed positive integer m, it holds that for every Z sufficiently close to the upper boundary
the transverse path 7/ f? (@) lto.m] contains a subpath equivalent to a translate of lt0.¢24-¢/2m]
(this last property comes from the fact that the rotation number of the upper boundary is
larger than 2 + €). Let Ur be the annulus of the leaves crossed by 7 (Y ). We claim that there
exists a neighborhood V of the lower boundary component of A that is disjoint from Ur.
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Indeed, as Rot(g) has negative real numbers and A is a SN mixed region of instability for g,
Franks’ Theorem (Theorem 2.9) can be applied. One finds a periodic point y in A with
negative rotation number. Lifting y to a point y, the transverse trajectory of 3 contains a
sub-path g’ that is positively transverse to F, and that joins 7 to 3 — (1,0). By removing
closed loops from B’, one finds another path 8, whose image lies in the image of §’, that
is simple, positively transverse to F, and joins y to ¥ — (L,0). One gets a transverse line
B* = TI72_o B — (i,0). The left of B* projects to the neighborhood V. Since every leaf
of F is oriented in such a way that its future is completely contained in the left of §*, one
gets that any leaf lifted from Ur is disjoint from 8*, proving that Ur is disjoint from V.
Since A is a SN mixed region of instability for f,itisalso a SN mixed region of instability
for g , we have that there exist points zg y and zy s, both lying in V, such that the w-limit
set of zg y for g is contained in T! x {1} and such that the o-limit set for g of zy,s is also
contained in T! x {1}. This implies that there exists an integer n¢ sufficiently large such that,
for all integer n > ng, g"(zs,n) and g7"(zn,s) are very close to the upper boundary. Let
l/]; be a lift of Ur. Taking some lift Zx 5 of zy, s, one gets that, if m is an integer sufficiently
large, the transverse path / ?? (Zﬁ)l[—m—no, ends outside of U but contains a subpath that

0]
is equivalent to a translate of yi lio.24¢/2ym]" Similarly, taking some lift Zs 5 of zs x, one gets

that, if m is an integer sufficiently large, the transverse path / ?T (ZE,TV)“ oumtno] starts outside

of Ur but contains a subpath that is equivalent to a translate of Y 0.2 4¢/2m]" Each of those
paths is admissible of order ng+m. By Proposition 2.4, if m is large enough, one can construct
(as in the proof of Proposition 3.7) a transverse path } that starts and ends outside of Ur,
and that contains as a subpath a translate of ?N|[0, (2te/2ym]" The path ¥ is admissible of
order 2(ng+m) andif0 < j < (2+€/2)m is an integer, then 3 has a F-transverse intersection
with 7 + (j, 0) at some point in (/J; Note that ng is fixed and so, if m is sufficiently large, there

exists an integer 2(no + m) < jo < (2 + €/2)m. This ends the proof of Proposition 6.1.

6.2. Proof of Theorem D

Before we start the proof of Theorem D, let us state a simple corollary of Proposition 6.1.

COROLLARY 6.3. — Let f : A — A be a homeomorphism which is isotopic to the identity,
and let fbe a lift of f to the universal covering. Suppose that f preserves a measure of full
support, and that A = T' x (0,1) is a Birkhoff region of instability. For every p in Rot( j/’\)
there exists a compact invariant set Q , such that every point of Q , has a well-defined rotation
number and it is equal to p. Moreover, if p = p/q is a rational number, written in an irreducible
way, then Q, can be taken to be the orbit of a periodic point of period q.

Proof. — Since T! x (0, 1) is a Birkhoff region of instability we can find, by Proposi-
tion 2.19, that there exists an essential open annulus A C A which is a SN mixed region of
instability, and such that, if A* is the prime ends compactification of 4, f* is the extension
of f to A*, then there exists 7; alift of f* such that Rot(ﬁ) = Rot(]/’\). By Proposition 6.1
we deduce that for any p in Rot( f ) there exists a closed subset Q7 which is f*-invariant and
such that the ]?* rotation number of any point in Q7 is p. If Q7 is contained in 4, then it
suffices to take 0, = Q7. Otherwise there exists a point in the boundary of 4* with rotation
number p, which implies that the rotation number of the restriction of f* to one of these
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boundaries is p. But this implies that there exists a connected component K of the boundary
of A which is an essential continuum, such that the prime end rotation number of K is
exactly p, and as the dynamics preserves a measure of full support, every point in K has the
same rotation number by Proposition 2.16, in which case it suffices to take K = Q. O

In the following let f be an area-preserving homeomorphism of A which is isotopic to

the identity. Let fbe a lift of f to A. If the rotation set of f’\ is a singleton, then the result
is obvious as every point in the annulus will have the same rotation number. If not, then by
a result from Franks (see [10, 12]), for every rational number p/q in the interior of Rot( f)
there exists a point z, /4 in A whose rotation number is p/q. Therefore it suffices to show the
result for p in Rot( ]/’\) which is an irrational number. We can also assume that the rotation
number of each boundary of A is not p, otherwise we are also done.

We will consider the extension f’ of f to the open annulus A’ = T! x R by assuming
that f/(x,y) = f(x,1)+,y—1)if y > land f'(x,y) = f(x,0)+(0,y)if y <0, and by
choosing a compatible lift f’ that is also an extension of f to R2. We still denote f for this
extension. Let (p,/qn)nen be a sequence of rational points in the interior of the rotation set
of f converging to p, and let (2, ),en be a sequence of periodic points of A such that for every
integer n, z, has rotation number p,/q,. We assume that (z, ), ey is converging, otherwise we
take a subsequence, and let Z be the limit of this sequence. We repeat a construction from [27].
For each real number ¢ > 0, consider the set

vl = r (B,
iez

where as usual B, (Z) is the ¢ open ball centered at z. One can show, since Z is non-wandering,
that U/ is an open set with finitely many connected components which are all periodic.
Furthermore, the connected component of U/ that contains Z cannot be contained in a
topological disk, because every recurrent point in a periodic topological disk must have the
same rational rotation number. As this component contains z, for any sufficiently large n,
we would obtain a contradiction. This implies that the connected component O, of U/ that
contains z (and consequently B.(Z)) is essential. Since f permutes the connected compo-
nents of U/, one has that either O, is invariant or it is disjoint from its image by f. But
the later cannot happen, as it would imply that every point in O, is wandering since O; is
essential. Therefore O, is invariant, and as it contains B,(z) one deduces that O, = UJ.
Finally note that, since Z belongs to A and since Bs(Z) C T! x[—¢, 1 +¢], by the construction
of the extension of f one has that U/ C T! x [—¢, 1 + ¢] and thus it separates the two ends
of A,

Let U, be the filling of U/, that is, the union of U/ with all connected components of
its complement that are bounded in A’. Note that U, is a topological open annulus, also
contained in T! x [—¢, 1 + ¢]. Note also that Us, C U, if &1 < &,. We will consider the
set Ky = ﬂse(o,n U,. Now let Kq be the filling of K/, and note that K, C A, that its
complement contains only two connected components, U, which contains T! x (1, co) and
U_, which contains T' x (—o0, 0), and both these components are topological sub-annuli
of A,
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LEmMMA 6.4. — Given a neighborhood W of Ky, there exists some ng = no(W) such that
for alln > ngy the orbit of z,, remains in W for all time.

Proof. — We may assume that W is open and contained in T!' x (—1,2), because
W N (T! x (—1,2)) is also a neighborhood of K. Note that, if ¢ < 1, then T' x (-1,2)¢ C
Ugc. As W€ N (T! x [—-1,2]) is compact and as (U_lc)neN is an increasing sequence of
open sets whose union contains W<, one deduces tha"é there must exist some ny > 1 such
thatm contains both W€ N (T! x [—1,2]) and T! x (—1,2)€. Therefore W D U 1 . Since

no
the later set is invariant and contains z, for sufficiently large n, the result follows. O

If Ky has empty interior, then Theorem 2.8 of [22] shows that the rotation number of any
point in K| is the same, and this number must be p by the previous lemma and Lemma 2.17,
and so we can take O, = Kj. So we can assume that the interior of Ky is not empty. If
the interior of Ky is inessential, then every point in Ky has the same rotation number by
Proposition 2.18, and this number must be p by the previous lemma and Lemma 2.17, and
so we can take O, = K. So we can assume that the interior of K is essential. Therefore
aU_ is disjoint from dU, and their union is dKy. We also remark that, as Kq is contained
in A, the restriction of the dynamics to K is non-wandering. Let A* be the interior of K,
which is an open sub-annulus. In the following, we examine several different possibilities, and
we conclude the result holds in each of them.

Case 1. — Assume Z belongs to dKy. We claim that in this case, A* must be a Birkhoff region
of instability. Let us first examine the case where z belongs to dU_. If by contradiction the
interior of Ky is not a Birkhoff region of instability, as the restriction of f to the interior
of Ky is non-wandering, one can find V_, V; open invariant and disjoint neighborhoods
of dU_ and dU respectively. But there must exist some § > 0 such that Bsg(z) C V_ and
therefore Uy, and Us, are disjoint from V.. But this contradicts the fact that dU; C Us. A
similar argument shows that A* is a Birkhoff region of instability if Z € dU ..

Case 1.1. — Assume that there exists an infinite subsequence (z,, )xen such that, for all k,
zp, does not belong to K. We can assume with no loss in generality that z,, belongs to U,
and this implies that z belongs to dU,. Note that every point in U has the same rotation
number by Proposition 2.16. Further note that if W is a neighborhood of dU, then there
exists a neighborhood W’ of K such that W N U; = W' N U, and therefore for sufficiently
large k one gets by Lemma 6.4 that the whole orbit of z,, is contained in W. This again
implies that the rotation number of every point in dU4 must be p and we can take O, = 0U..

Case 1.2. — Assume that for all but finitely many n € N, z, liec in Ky. Since
0Kog = 0U_ U dU4, one deduces that the rotation number of points in 0Ky can have at
most two values, and so we can assume that all z, lie in A*. Let f be the extension of f to

the prime ends compactification of A*, which is homeomorphic to A and fa lift of fwhich

is compatible with f Note that the rotation set of fcontains Pn/qn for sufficiently large n
and, by being closed, must also contain p. By Corollary 6.3 one finds a set O/, in the prime
ends compactification of A*. If Q;, lies in A*, we are done, just taking Q, = Q;,. If not, this
implies that the prime end rotation number of f” at one of the ends of A* must be p. In this
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case, one deduces, again by Proposition 2.16, that there exists a connected component Q of
the boundary of A* in A such that every point in Q has rotation number p and we are done.

Case 2. — Assume Z belongs to A*. Again, if A* is a Birkhoff region of instability, we can
repeat the same argument as in the previous paragraph. Assume then that A* is not a Birkhoff
region of instability. In this case, one can find disjoint invariant neighborhoods V_ and V.,
of the ends of A*. By “filling”, if necessary, ¥V~ and V' with the connected components of
its complement that are contained in A*, we can assume that both sets are essential open
topological annuli.

We claim first that Z belongs to the boundary of V' ~. Indeed, if by contradiction one has
that z is in the interior of V', then there exists some ¢ > 0 such that U, is contained in V'™,
which contradicts V+ C K. Likewise, if Z lies is in the interior of the complement of V',
then again there exists ¢ > 0 such that U, is disjoint from V' ~, which contradicts V'~ C Kj. A
similar argument shows thatZ € 9V *. Let us then consider K’ = dV~UdV T and let K be the
union of K’ with the connected components of its complements that are contained in A*, and
note that A* \ K = ¥V~ U V™ and that the interior of K is inessential, otherwise 3V~ N3V +
would be empty. Finally, note that both V™~ and V' are Birkhoff regions of instability, the
argument here being the same as in the case where z belonged to dKj.

Since the interior of K is inessential, we know that every point in it has the same rotation
set. We can therefore assume, by possibly erasing a term of the sequence, that z, does not lie
in K. Therefore either infinitely many of the points z, lie in V', or infinitely many of them
liein V+. But both V'~ and VT are Birkhoff regions of instability, and the same reasoning as
in the case where z belonged to 0K and the z, lied in A* can be applied to deduce the result.
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