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In this work we show the solutions of the Dirichlet problem for a 
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simple in the set of C4 - regular regions. 
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1 Introduction 

Perturbation of the boundary for boundary value problems in PD Es have been 
investigated by several authors, from various points of view, since the pioneering 
works of Rayleigh ((11]) and Hadamard ([I]). 

In particular, generic properties for solutions of boundary value problems 
have been considered in [4], [5], [6], [7), [8], [10], (12] and [14]. 

More recently several works appeared in a related topic, generally known as 
'shape analysis' or 'shape optimization', on which the main issue is to determine 
conditions for a region to be optimal with respect to some cost functional. 
Among others, we mention [13] and [15]. 

Many problems of this kind have also been considered by D. Henry in [2) 
where a kind of differential calculus with the domain as the independent variable 
was developed. This approach allows the utilization of standard analytic tools 
such as Implicit Function Theorems and the Lyapunov-Schmidt method. In his 
work, Henry also formulated and proved a generalized form of the Transversality 
Theorem, which ia the main tool we use in our arguments. 

We consider here the semilinea.r equation 
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{ 
A 2u(.:z:) + /(.:z:, u(.:z:), Vu(.:z:), Au(.:z:)) = 0 .:z: E 0 
u(.:z:) = 8;J:1 = 0 .:z: E 80 

where f(z,~,y,µ) is a C4 real function inllr xlR x IRnxlR with /(z,0,0,0} == 0 
for all .:z: E !Rn. 

We show that, for a residual set of ,;egions n C Rn (in a suitable topology), 
the solutions u of (1) are all simple, that is , the linearisation 

L(u) :u ➔ A2u+ !!(·,ui,Vu,Au)Au 

+ :~ (·, u, Vu, Au)• Vil+ !{ (·, u, Vu, Au)u 

is an isomorphism. 
Our results can be seen as an extensi~n of similar results for reaction-diffusion 

equations obtained by Saut and Teman ([12]) and Henry ([2]). 
This paper is organized as follows: in section 2 we collect some results we 

need from [2]. In section 3 we prove that the differential operator 

L = ..1..2 + a(z)..1.. + b(z) - "v + c(z) z E Rn 

is, generically, an isomorphism in the set of C4-regular regions O C !Rn. This 
result is used in section 4 to prove our main result, the generic simplicity of 
solutions of (1) . The most difficult poin~ there is the proof that a certain (pseudo 
differential) operator is not of finite range. This was proved in s. separate work 
([9]). 

2 Preliminaries 

The results in this section were taken from the monograph of Henry (2], where 
full proofs can be found. 

2.1 Differential Calculus of Boundary Perturbation 

Given an open bounded, C"' region 0 0 C llln, consider the following open subset 
of C"'(O, Rn) 

Diff"'(n) = {h E C"(n,.llln) I his injective and 1/jdeth'(.:z:)I is bounded inn} 

We introduces. topology in the collection of all regions {h(O} I h E Diff"(O)}. 
by defining a (sub-basis of) the neighborhoods of a given n by 

{h(Oo) I llh - in.,llc•(Oo,a"P < £, £ sufficiently small}. 

When llh - iollc-cn,a•) is small, h, is a C"' imbedding of n in Rn, a C"' 
diffeomorphism to its image h(O). Micheletti shows in (4] that this topology is 
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metrizable; and the set of regions cm-diffeomorphic to n may be considered a 
separable metric space which we denote by Mm(fi), or simply Mm. We say 
that a function F defined in the space Mm with values in a Banach space is cm 
or analytic if h ➔ F(h(O)) is cm or analytic as a map of Banach spaces (h near 
io in cm (0, Ill")). In this sense, we may express problems of perturbation of 
the boundary of a boundary value problem as problems of differential calculus 
in Banach spaces. More specifically, consider a formal non-linear differential 
operator u -t v 

v(z) = !( z, u(z), Lu(z) ), z E Ill" 

where 

More precisely, suppose Lu(,) has values in RP and f(z, A.) is defined for 
(z, A.) in some open set O C lit" x lit". For subsets n C lit" define Fo by 

Fo(u)(z) = f(z, Lu(z)), z En (1) 

for sufficiently smooth functions u in Osuch that (:i:, Lu(z)) E O for any z E 0 . 
Let h : n -t lR" be cm imbedding. We define the composition map (or 

pull-back) h0 of h by 

h0 u(z) = (u o h)(z) = u(h(z)), z En 

where u is a function defined in h(O). Then h* is an isomorphism from cm{h(O)) 
to cm(n) with inverse h•-1 = (h-1 )*. The same is true in other function spaces. 

The differential operator 

F11(0) : DFA(O) C cm(h(n)) ---4' C0 (h(O)) 

given by (1) is called the Eulerian form of the formal operator v t-+ /(·, Lv(-)), 
whereas 

h* F11cnih·- 1 
: h* Dp•(O) C cm(n) -t C°(n) 

is called the Lagrangian form of the same operator. 
The Eulerian form is often simpler for computations, while the Lagrangian 

form is usually more convenient to prove theorems, since it acts in spaces of 
functions that do not depend on h, facilitating the use of standard tools such as 
the Implicit Function or the 'I'ransversality theorem. However, a new variable, 
h is introduced. We then need to study the differentiability properties of the 
map 

(u, h) ➔ h* F11coih*-1u (2) 

This has been done in [2) where it is shown that, if (y, A.) t-+ f(y, A.) is C,. or 
analytic then so is the map above, considered as a map from Dif fm(O) x C"' (0) 
to C0 (0) (other function spaces can be used instead of cm). To compute the 
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derivative we then need only compute the Gateaux derivative that is, the t­
derivative along a smooth curve t ➔ (h(t, .), u(t, .)) E Di/ /m(n) x C"'(O). For 
this purpose, its convenient to introduce the differential operator 

Di=! -U(z, t) :z' U(z, t) = (:~)-1
: 

which is is called the anti-convective derivative. The results below (theorem 1) 
ia are the main tools we use to compute derivatives. 

Theorem 1 Suppose f(t, JI,,\) is C1 in an open set in lll x IR" x JRP, L is a 

constant-coefficient differential operator of order ~ m with Lv(y) E ]RP (where 

defined). For open sets Q C R" and cm functions v on Q, let Fq(t)v be the 

function 
Y--+ f(t, Y, Lv(y)), y E Q. 

where defined. 
Suppose t --+ h(t, •) is a curve of imbeddings of an open set n C JR.", O(t) = 

h(t, 0) and for Iii ~ m, !kl ~ m + 1 (t, z) --+ lMP,,h(t, z), a;h(t, z), 8;u(t, z) 
are continuoua on JR x O near t = 0, and h(t, •)•-1u(t 1 •) is in the domain of 

Fn(t)• Then, at points of 0. 

Dt(h. Foc,)(t)h·-1)(u) = (h" .Fn(t)(t)h·-1)(u) + (h. F/ic,i(t)h·- 1)(u). DtU 

where D, ia the anti-convective derivative defined above, 

' 8f 
Fq(t)v(y) = 8t (t, y, Lv(y)) 

and 

Fq(t)11 · w(u) = :f (t, y, Lv(y)) · Lw(y), y E Q 

is the linearilation of v --+ Fq(t)v. 

ExAMPLE. Let /(z, ,\,JI,µ) be a smooth function in R" x Ill x Ill" x Ill and 
consider the nonlinear differential operator 

Fn(v)(z) = .0.2v(z) + /(z,v(z), Vv(z),-6.v(z)) 

does not depending explicitly on t. Suppose also that h(t, z) = z+tV(z)+o(t) in 

a neighborhood oft= 0 and z E 0.Then, since £-(Fo(u)) = 0 and F/i(u) •w = 

L(u)w, we have, by Theorem 1 

! (h· F11cn)h
0

-
1
(u)) = D, ( h° F11(n)h

0
-

1
(u)) Lo -h;1h,v( h. F11coih·-

1
(u)) Lo 

= h° F~(O)h0
-

1
(u) • Dt(u) j - h;1h, V (h• Fh(n)h•- 1 (u)) I 

t:O t:O 

= L(u)(:- V -vu) 
-V, v( ~2u + /(z, u(z), Vu(z), ~u(z))) 
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where 

2 8/ 8/ of 
L(u) = I:,. + Bµ (·, u, Vu, Au)A + lJy (·, u, v'u, Au) · 'v +I))..(·, u, v'u, Au). 

2.2 Change of origin 

We can always transfer the 'origin' or reference region from any n c Rn, to 
another diffeomorphic region. Indeed, if H : n ➔ fl is a diffeomorphism we 
define, for any imbeddingh: n ➔ IR.n, another imbedding h = hoiI- 1 : O ➔ an. 

If x = H(z), u = (H*)- 1u N0 (x) = Nb(n)(H(z)) = 
11
ZfZ~~:;

11 
then h(fl) = 

ii(n), 

using the normal 

(ii-1 )~N0 (i) 

ll(ii-1 )t iNo(z)II 
(h-1 )~Nn(z) 

ll(h-1 )t ,..Nn(z)II 

= N11(n)(h(z)). 

= 

This 'change of origin' will be frequently used in the sequel, as it allow us 
to compute derivatives with respect to h at h = in, where the formulas are 
simpler. 

2.3 The Transversality Theorem 

A basic tool for our results will be the Transversality Theorem in the form 
below, due to D. Henry [2]. We first recall some definitions. 

A map TE .C(X, Y) where X and Y are Banach spaces is a semi-Fredholm 
map if the range of Tis closed and at least one (or both, for Fredholm) of dim 
.N(T), codim 'R(T) is finite; the index of Tis then 

indez(T) = ind(T) = dimN(T) - codim'R(T). 

We say that a subset F of a topological space X is rare if its closure has 
empty interior and meager if it is contained in a countable union of rare subsets 
of X. We say that F is residual if its complement in X is meager. We also say 
that X is a Baire space if any residual subset of X is dense. 

Let / be a Ck map between Banach spaces. We say that z is a regular 
point off if the derivative /'(z) is surjective and its kernel is finite-dimensional. 
Otherwise, z is called a critical point off. A point is critical if it is the image 
of some critical point of/. 
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Let now X be a Baire space and J = [O, 1]. For any closed or u-closed F C X 
and any nonnegative integer m we say that the codimension of F is greater or 
equal tom (codim Ji?. m) if the subset {<,6 E C(l">, X) I 4i(Jm)nF is non-empty } 
is meager in C(Jm, X). We say codim F = k if k is the largest integer satisfying 
codim F> m. 

Theorem 2 Suppose given positive numbers k and m; Banach manifolds X, Y, Z 
of class c1c; an open set A C X x Y ; a c1c map f : A ➔ Z and a point { E Z. 
Assume for each {z,y) E r 1 ({) that: 

1. U(z,y): T,..X-+ r,z i., semi-Fredholm with index< k. 

£. {a) Df(z, y) : T,..X x T11 Y-+ T{Z is surjective 

or 

(/3) dim {:t.c::ul)} 2:': m + dim N(U(z, y)). 

9. (z,y) >-+ y : f- 1 ({) -+ Y is u-proper, that is f-1 ({) is a countable 
union of sets M; such that (z, y) >-+ 11 : M; ---+ Y is a proper map for 
each j.{Given (zn, Yn) E M; such that bn} converges in Y, there ezists a 
subsequence (or subnet) with limit in M;.] 

We note that 3 holda if J-1 ({) i• Lindelof { evers, open cover haa a countable 
sulx:over] or, more specifically, if J-1 ({) is a sepamble metric space, or if X, Y 
are sepamble metric spaces. 

Let Ay = {zj(z,y) EA} and 

Ycrit = {JI I { is a critical value off(·, y) : Ay t-+ Z}. 

Then Ycrit is a meager set in Y and, if (z,y) t-+ g: J- 1 ({) t-+ Y is proper, Ycrit 

is also closed. If ind U $ -m < 0 on f- 1 ({), then (2(a)) implies (2(.B)) and 

Yerit = {y I { E f(Ay, y)} 

has codimension ~ min Y.[ Note Ycr;t is meager i/J codim Ya1t 2:-: 1 ]. 

3 Genericity of the isomorphism property for a 
class of linear differential operators 

Let a : ]Rn ➔ R, b : :an ➔ ]Rn and c : ]Rn ➔ JR be functions of class C3 and 
consider the (formal) differential operator 

L = 1:::..2 + a(z)A + b(z) • V + c(z) z E Rn. 

We show in this section that the operator 

Ln : H 4 n H~(O) ➔ L2 (0) 
u ➔ Lu 

6 

(3) 



is, generically, an isomorphism in the set of open, connected, bounded C3-regular 
regions of Rn. More precisely, we show that the set 

I = {h E Difl'4(0) I the operator h• Lh(n)h•- 1 from H4 n HJ(O) into L 2(0) 
is an isomorphism } ( 4) 

is an open dense set in Diff4(0). Observe that the operator h* Li.(n)h•- 1 is an 
isomorphism if, and only if the operator L1a(n) from H4 nHi(h(O)) to L2(h(n)) 
is an isomorphism, since h* and h•- 1 are isomorphisms from L2 (h(n)) to L2 (!l) 
and H4 nHJ(O) to H4 nHJ(h(O)) respectively. Consider the differentiable map 

K : H 4 n HJ(n) X Diff4(n) 

(u, h) 
➔ L2 (!l) 
➔ h*L h*-1 

h(O) U. (5) 

Proposition 3 Let a : R" ➔ R, b : R" ➔ Rn, c : Rn ➔ R be C2 functions, 
fl CR" an open, connected bounded C4-regular region, and h E Diff4(n). Then 
zero is a regular value of the map (application) 

K,, : H4 n H~(O) ---+ L2(0) 
u ----t h* L1,(n)h•- 1u, 

if and only if h* Lh(n)h•- 1 is an isomorphism. 

Proof. First observe that K,. is a Fredholm operator of index O since Lh(O) is 
Fredholm of index O and h*, h•- 1 are isomorphisms. IfO is a regular value then 
the linearisation of K,. at 0, which is again K,., must be surjective. Being of 
index O it is also injective and therefore an isomorphism by the Open Mapping 
Theorem. Reciprocally, if K1, is an isomorphism, it is surjective at any point. I 

From 3 and the Implicit Function Theorem it follows that I is open . We 
thus only need to show density. For that we may work with more regular regions. 

It would be very convenient for our purposes to have the following 'unique 
continuation' result . 

If u is a solution of Lou = 0 with ~ = O in a open set of an, then u = 0. 
Such a result is not available, to the best of our knowledge, but the following 

'generic unique continuation result' will be sufficient for our needs. We will not 
prove it here since the argument is very similar to the one of 11 below. 

Lemma 4 Let n CR" be an open, wnnected, bounded CIS-regular region with 
n 2'.: 2 and J an open nonempty subset of 80 . Consider the differentiable map 

G: BM X Diff5 (0) ➔ L2(n) X Hi(J) 

defined by 
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where BM= {u e H 4 n sg(n)- {0} I !lull~ M} . Then, the set 

cf.t ={he Diff5(n) I (0,o) e G(BM,h)} 

is meager and closed in Diff5(0). 

Theorem 5 Let a : Rn ➔ lll, b : !Rn ➔ lR" and c : Rn ➔ JR be /unctions of 

class C3 • Then the operator Ln defined in (3) is generically an isomorphism in 

the set of open, connected C4-regular regions n C Rn, n 2'.: 2. More precisely, if 
n C Rn (n 2'.: 2) ia an open, connected c4-regular region, than the set 1 defined 

in (.lJ i, an open dense set in Diff'4(0). 

Proof. By proposition 3, all we need to show is O is a regular value of K1, in a 

residual subset of Diff4(0). Since our spaces are separable and K1i is Fredholm 

of index 0, this would follow from the Transversality Theorem ifwe could prove 

that O is a regular value of K. Let us suppose that this is not true, that is, there 

exists a critical point (u,h) E K-1 (0) As explained in (2.2 ), we may suppose 

that h = in. Since we only need to prove density, we may also suppose that 0 

is C5-regular. Then, there exists v E L2 (0) such that 

L vDK(u, in)(u, h) = 0 for all (u, h) E H4 n sg(n) x C5 (n,Rn) 

where DK(u, in) from H4 n H~(O) x C5 (O, .IR") to L2(O) is given by 

DK(u, in)(u, h) = Ln(u - h. Vu). 

Choosing h = 0 and varying u in H4 n m(n), we obtain 

fo vLnu = o for all u e H4 n Hg(n) 

and 11 is therefore a weak, hence strong, solution of 

L0v = 0 in 0 

where La from H4 n Hg(O) to L2(0) is given by 

Lav= t::.2 v +at::.v+ (2Va-b) · Vv+ (c+ t::.a- div b)v. 

(6) 

By regularity of solutions of strongly elliptic equations, v is also a strong solu­

tion, that is, v E H4 () H~(O) nC4•"'(O) for some a> 0 and satisfies (6) [Note 

that u E H 6(0), since O is C11-resuJar.] 
Choosing u = 0 and varying h in C5 (0,lR"), we obtain 

0 = -1 vLn(h. Vu) = 1 {(h. Vu)Lav - vLn(h. Vu)}= 1 h. N t::.vt::.u, 
n o on 

for all h E C5 (n,JRn) since t::.ulon = ~ lao· Thus 6v6u = 0 in &O. This is 

not a contradiction ( or at least it is not clear that it is). We show now, however, 
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that it is a contradiction generically; it can only happen in an 'exceptional' set 
of Diff4(S1) . The result then follows by reapplying the argument above outside 
this exceptional set. To be more precise, consider the map 

defined by 

H(u, v, h) = (K(u, h), h" Lh(n)h•-1v, h" Ah"-1uh" Ah•-1vlan) 

where BJ.! = {(u, v) E H4 n HJ(n)2 I !lull, llvll $ M}. We show, using the 
Transversality Theorem that the set 

1iM = {h E Diff5 (S1) I (0,0,0) E H(Bi,f, h)} 

is meager and closed in Diff5 (S1) for all MEN. We may, by 'changing the origin' 
if necessary assume that the 'generic uniqueness property' stated in lemma 4 
holds in n. We then apply the Transversa\ity Theorem again for the map K , 
with Ii restricted to the complement of 'H.M, obtaining another subset if.M of 
Diff5 (11) such that O is a regular value of Kh for any h E it.M. Taking intersection 
for M E N, the desired result follows. 

To show that 'H.M is a meager closed set we apply Henry's version of the 
Transversality Theorem for the map H. Since our spaces are separable and 
~~ (u, ion) is Fredholm it remains only to prove that the map (u, v, h) ~ h : 
H-1 (0, O, 0) ➔ Diff5(S1) is proper and the hypothesis (2/3). We first show that 
(u,v,h) ➔ h : n- 1(0,0,0) ➔ Diff5 (S1) is proper. Let {(un,Vn,hn)}neN C 
n- 1 (0, 0, 0) be a sequence with hn ➔ in in Diff5 (S1) (the general case is similar). 
Since {(un, vn)}neN C BJ.!, we may assume, taking a subsequence that there 
exists (u, v) E HJ(S1)2 such that Un ➔ u and Vn ➔ v in HJ(fl.). We have, for 
all n EN 

h~ ( A 2+ab,.+b·v'+c) h~ -lun = 0 <=? h~A2h~ -!Un = -h~ (aA+b·v'+c )h~ -!Un. 

Since A2 is an isomorphism, it follows that 

Un = -h~ (b,. 2)-1 ( aA + b · v' + C) h~ -!Un, (7) 

By results on section 2.1, the right-hand side of (7) is analytic as an applicati~n 
from H6(n) x Diff5 (S1) to H 4 n HJ(fl.). Taking the limit as n ➔ +oo, we obtam 
that u E H 4 n H 2 (S1) and satisfies A 2 u + aAu + b · v'u +cu= 0. By lemma 10 
of [10] we have, for h E DiW(S1) and v E H

4 n H5(S1) 

h• b,.2h•- 1(v) = A2(v) + Lh(v) with l!Lhul!L•(o) $ t(h)llu/lH•(n) 

and t(h) ➔ 0 ash ➔ in in C4 (S1, R") . . 
Since Un ➔ u in H5(fl.) and hn ➔ in in Diff5 (fl.) as n ➔ +oo, we obtam 
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IIA2(u,. - u) + L"•(u,. - u)llv(n) = llh:a2h~-1 (u,. -u)llv(n) 

= llh~A2h~ -lu + h~ ( aA + b · V + c) h~ -lun!IL•(n) 

➔ IIA2u + aAu + b ·Vu+ cullL•(O) = 0 (8) 

as n ➔ +oo. 
Since {(u,., v,.)} C B]4 and h,. ➔ in in Diff5(0), we have 

(9) 

It follows from (8) and (9) that IIA2(u,. - u)llv(n) ➔ 0 as n ➔ +oo. Since A2 

is an isomorphism from H4 nH~(O) to L2(0), we obtain u,. ➔ u in H4 nHJ(O) 
and, therefore llullH•nHg(n) ::; M, for all n EN. Similarly, we prove that v,. ➔ v 
in H4 n H~(O) and llvllH•nIP.(O) ::; M from which we conclude that the map 
(u, v, h) ➔ h : n-1(0, 0, 0) ➔ DiW(O) is proper. 

It remains only to prove (2,8), which we do by showing that 

. {'R(DH(u,v,h))} £ alll ( h) H_1 (0 ) drm ( ) =ooor u,v, E ,0,0. 
'R ¥u-( u, v, h) 

Suppose this ia not true for some (u,v,h) E H-1 (0,0,0). Assuming, as we may, 
that h ;= io it follows that there exist 81 , ••• ,Bm E L2 (0) 2 x L1(80) such that, 
for all h E C5(0, R") there exist u, iJ E H 4 n HJ(O) and scalars c1, ... , Cm E JR 
such that 

m 

DH(u,v,io)(u,v,h) = :Ec.lJ;, IJ; = (Bl,ef,el). (10) 
i:1 

Using theorem 1, we obtain 

DH(u, v, io)(·) = ( DH1(u, v, io)(·), DH2(u, v, io)(-),DH3(u, v, in)(·)) 

where 

DH1(u,v,io)(u,iJ,h) = Ln(u-h-Vu) 

DH2(u,v,in)(u,iJ,h) = Ln(ii-h-Vv) 

DH3(u, v, io)(u, v, h) = { AvA(u - h •Vu)+ AuA(ii - h · Vv) 

+h • N 8~(AuAv) }1
80

. 

It follows from (10) that 

m 

Ln(u - ii. Vu) = L c.Bl 
i=l 
m 

Ln(iJ - h • v'v) = L c;IJ] 
i:1 
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m 

E Ci~ = { AvA(u - h. 'vu)+ AuA(v - ii. "vv) 
i=l 

(13) 

Let {u1, ... , u,} be a basis for the kernel of Lo and consider the operators 

AL : £ 2 (0) ➔ H4 n HJ(f2) 

CL: H½(80) ➔ H4 n HJ(n) 

defined by 
w = AL(z) + CL(9) 

where Lw - z belongs to a (fixed) complement of 'R.(Ln) in £2(0), ~ = g on 

an and J0 wq, = 0 for all q, E N(L0). Let also {v1, ... , v1} be a basis for the 
kernel of L0 and consider the operators 

AL• : L2(0) ➔ H 4 n H5(n) and 

cL. : ni(an) ➔ H4 n HJ(n) 

similarly defined. We have shown in [9] that these operators are well defined. 
From equations (11) and (12), we obtain 

(14) 

8 . I . a• I . since m(u - h • 'vu) = -h • NiJ"m = -h -NAulan and 
80 80 

(15) 

since IN(v - h · "vv) [ = -h · N ~ , = -h · N Avlim-
80 80 

Substituting (14) and (15) in (13), we obtain that 

{ h. N t)~ (AuAv) - [AuACL• (h · N Av)+ AvACL(h · N Au} J} Ion (16) 

remains in a finite dimensional space when h varies in C5 (0,IR") . 

The set U = {z E tJO I Au(z) -1- O} is nonempty since we have assumed that 

'generic unique continuation' holds inn. Therefore, we must have Avlu = 0. If 
h = 0 in an - u, then h · N Av= 0 in an and, therefore 

AuACL•(h -NAv) = AuACL•(O) 

belongs to the finite dimensional space [ A uAv1, ... , A uAv1] where { v1, ... , v,} is 

a basis for the kernel of N(L0) It follows that 
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{ia-N a:(AuA11)- A11ACL(h • NAu) } lu = ;., . N a:(AuAv) [u 

= h-NAu 8:(Av) ju (17) 

remains in a finite dimensional space, when h varies in C5 (0,lll") with h = 0 
in 80 - U. Since Au(z) ::/= 0 for any z e U, this is only possible (<limn~ 2) 

if ~,u = 0. But then v = 0 in n by Theorem 6 below, and we reach a 
contradiction proving the result. 

I 

During the proof of theorem 5 we have used the following uniqueneBS theo­
rem, which is a direct consequence of Theorem 8.9.1 of [3]. 

Theorem 6 Suppose O C Ill" is an open connected, bounded, C4-regular do­
main and B i., an open ball in R" 6Uch that B n 80 i., a (nontrivial) C4 hyper­
.9urface. Suppose also that u E H 4 (0) satisfie-' 

l~.2ul :S C (l~ul + IVuj + lul) a.e. in Sl 

8t1 8At1 . 
for aome po-'itive constant C and t1 = aN = Au= l)N = 0 in B nan. Then 
u ia identically null. 

4 Generic simplicity of solutions 

Let f(z, >.., 11, µ) be a real function of class C4 defined in R" x R x R" x Ill 
satisfying /(z, 0, 0, 0) = 0 for all z E R". We prove in this section our ma.in 
result: generically in the set of connected, bounded C4-regular regions OCR", 
n ~ 2, the solutions t1 of 

inn 
OD {J{l 

(18) 

are all simple. We choose p > J, so that the continuous imbedding W4,P n 
w;"'(n) ~ C2

•
0 (0) holds for some a> 0. 

It follows then, from the Implicit Function Theorem, that the set of solutions 
is discrete in W'"' n W;"'(n) and, in particular finite if f is bounded. 

Remark 7 Since we have assumed f(z, 0, 0, 0) = 0 in lit", the null function 
t1 = 0 is a aolution of 18 for any O C lll". It follow, from theorem 5 that u = 0 
is aimple for Cl in an open dense set of Diff"4(0). We therefore concentrate in 
the proof of generic simplicit11 for the nontrivial solutions. 
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Proposition 8 Let n C Rn be an open, connected, bounded, C4 -regular region 
and f(x, ~. y, µ) a C2 real function defined in lll" x lll x JR" x lll. Then, zero is 
a regular value of the map 

F,. : w4,P n w;.P(n) --+ LP(n) 

u --+ h• !J..2h0
-

1u + h0 f(·, h0
-

1u, '\lh 0
-

1u, t..h•- 1u), 

if and only if all solutions of (18) in h(!l) are simple. 

Proof. The proof is very similar to the one of proposition 3 and will be left to 
the reader. I 

Proposition 9 A function u E W4,P n w;•P(D) is a solution (resp. a simple 
solution) of 

{ 
h• t..2h•- 1u + h0 f(·, h0

-
1u, Vh•- 1u, .6.h•- 1u) = 0 

u=lN=0on8n 
inn, 

(19) 

if and only if v = h0
-

1u is a solution (resp. simple solution) of (18) in h(O). 

Proof. Let u E W41P n w;·'(O). Since h• and h•~ 1 are isomorphisms, we have 

h • .6.2h0
-

1u + h0 f(·, h0
-

1u, Vh0
-

1u, !J..h0
-

1u) = 0 

{:::::} !J..2h·-1u + f(·, h0
-

1u, Vh 0
-

1u, tJ..h•-1u) = 0, 

It is clear that u = 0 in 80 if and only if v = 0 in 8h(O). Writing y = h(z), we 
obtain 

= N1,(n)(Y) · (h-1)~(y)V.,u(z) 

= N1,(n)(Y) · (h; 1)t(z)V.,u(z) 

N1i(n)(Y) · ((h.,)- 1t(.z) :; (z) No(z) 

= :;(z)ll(h;1/Nn(z)II ((h;1)1(z)Nn(.z). (h;t)1(.z)Nn(.z)) 

where we have used that u = O in 80. Since h;1 (z) is non-singular it follows 
that 8J;01 

(y) = 0 if and only if -IN(.z) = 0. Thus u is a solution of (19) if 

and only if h•-1u is a solution of (18) in h(O). Finally, since h• L(u)h•- 1 is 
an isomorf.hism in W4,P n w;·'(D) if and only if L(v) is an isomorphism in 
W4,P n W0 ·'(h(O)) so the result follows. I 

It follows from 9 and 8 that, in order to show generic simplicity of the 
solutions of (18) is enough to show that O is a regular value of F,., generically in 
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h E Diff4(0). We show, using the Transversality Theorem, that O is a regular 
value of 

FM: BM x VM ➔ V(O) 
(u, h) ➔ h0 .D.2h0

-
1u + h0 f(·, h0

-
1u, vh·-1u, Ah0

-
1u) (20) 

where BM = {u E W4 J> n W5•P(fl) - {0} I !lull:$ M} and VM is an open dense 
set in Diff4(0), for all M E N. Taking the intersection of VM for M EN we 
obtain the desired residual set. 

Remark 10 Applying the Implicit Function Theorem to the map FM defined 
in {f0) we obtain that the set 

:FM= {h E Diff4(0) I all solutions u of {19) with llullw•,,nw:•P(n) < M are simple} 

is open in Diff4(fl) for all M e N. To prove density, we may work with more 
regular (for example C00

) regions. 

If we try to apply the Transversality Theorem directly to the function F 
defined in W4 J> n w;•P(O) x Diff'(fl) by (20) we do not obtain a contradiction. 
What we do obtain is that the possible critical points must satisfy very special 
properties. The idea is then to show that these properties can only occur in a 
small (meager and closed) set and then restrict the problem to its complement. 
In our case the 'exoeptional situation' is characterized by the existence of a 
solution u of (18) and a solution 11 of the problem 

{ 
L•(u)v = 0 inn 
v=-i;,=O on8fl 

satisfying the additional property .6.u.D.v = 0 on 80. We show in lemma 12 that 
this situation is really 'exceptional', that is, it can only happen if h is outside 
an open dense subeet of Diff4(fl) (for u and v restricted to a bounded set). 

We will need the following 'generic unique continuation result'. 

Lemma 11 Let n C IR" n > 2 be an open, connected, bounded, C5-regular 
domain, J a nonempty open ~ubset of n and f(~, >., y, µ) a C2 real function 
defined in Ill" x JR x nt" x JR with /(·,0,0,0) = 0. Consider the map 

G: AM x Difi'6(n) ➔ v(n) x w2-~•,(J) 

defined by 

G(u, h) = ( h• A2h•- 1u + h• f(·, h•-1u, Vh•-1u,Ah•-1u), h• Ah•-1ulJ 

where AM= {u E W4 •P n w;,P(fl) - {O} I llull :$ M}, and p > I· 
Then 

cf.,= {he Diff5 (n) I (0, 0) e G(AM, h)} 
ia a closed meager subset of Diff6(0). 
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Proof. We apply the Transversality Theorem. Observe that G is differentiable. 

In fact it is analytic in h as observed in section 2.1, and the differentiability 

in u follows from the smoothness of f and the continuous immersion W4•11 n 
w;·P(n) C C2

•
0 (0) for some a> 0). We compute its differential using Theorem 

1 (see example 2.1 of section 2.1). 

DG(u, in)(u, h) = ( L(u)(u - h. 'vu), 

{ A(u- h. 'vu)+ h. N~t}IJ· 
To verify (1) and (2), we proceed as in the proof of theorem 5. We prove 

that (2,8) holds showing that 

dim {1l(DG(u,h))} = oo for all (u,h) E a- 1(0,0). 

n(~(u,h)) 

Suppose, by contradiction this is not true for some (u, h) E a-1 (0, 0). By 

'changing the origin' we may suppose that h = in. Then, there exist 01, ... , Om e· 
LP(n) X w2-¼,P(J) for all h E C5 (n,Ji") there exists U E W4·P n wJ·"(n) and 

scalars c1, ... , Cm E IR such that 

where 

m 

DG(u,io)(u,h) = LCiO;, that is, 
i=l 

L(u)(u - h. 'vu) 
m 

= Lc;Of 
i=l 
m 

= Lc,ol 
i=l 

(21) 

(22) 

01 of of 
L(u) = 6 2 + Bµ (·, u, 'vu, Au)A+ 

811 
(·, u, v'u, Au)• 'v +a>.(·, u, 'vu, Au). (23) 

Let {u1 , ... , u,} be a basis for the kernel of Lo(u) = L(u) j • and 
w•.~nw0 '"(n) 

consider the operators 

.AL(u) : LP(n) ➔ w4,P n wJ.P(O) 

CL(u): w 3-},P(80)-+ W4·1' n wl.P(O) 

defined by 
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if L(u)w - z belongs to a fixed complement ofn(Lo(u)) in LP(n), g; = g on 
an and In w<f, = 0 for all¢ E N(Lo(u)). (We proved these operators are well 

defined in (9]) . . 
Choosing h E C5 (n,1Rn) such that h = 0 on an - J, we obtain from (21), 

that I m 

u-h -"vu= L~;u;+ I:c;AL(u)(Bt) (24) 
i=l i=l 

since U - h · "vu E w4,P n wt·P(n). 

Substituting (24) in (22), we obtain that h · Naa~UL remains in a finite 

dimensional subspace when h varies in C5 (n, Rn). Since dim n 2: 2 this is 

possible only if a:: = 0 on J so u satisfies 

inn 
on an 
onJ. 

(25) 

We claim that u satisfies the hypotheses of Cauchy's Uniqueness Theorem (6). 
Indeed, since u E W4•P(n) nC2•0 (n) for some a-> 0 (p > i) and is a solution 
of the uniformly elliptic equation A 2u + /(·, u, "vu, Au) = 0 in n then u E 
W4,P(n) n C4•0 (n). Furthermore, u = g;:, =Au= 8f'J = 0 on JC an and 

IA2ul < I/(·, u, "vu,Au)I 

< I/(·, u, "vu, Au) - /(·, 0, 0, 0)I 

< mi{x{ID/(·, u, "vu, Au)I} (lul + l"vul +!Aul). 

We conclude that u = 0, which gives the searched for contradiction. I 

Lemma 12 Let n C !Rn n 2: 2 be an open, connected, bounded, C5 -regular 
domain and f(:x ,A,y,µ) a C3 real function defined in ]Rn x JR x ]Rn x JR with 
I ( ·, 0, 0, 0) = 0. Consider the map 

defined by 

Q(u, v, h) = ( h• A 2h•-1u + h• /(·, h•-1u, "vh•- 1u, Ah•-1u), 

h• L • (h• -I u)h" - 1v, h• Ah" - 1uh" Ah" - 1 vj
8
n) 

whe7: AM,p = {u E W 4,P n wg,P(n)- {O} I !lull :SM} and p-1 + q-1 = 1 with 
p > 21 

AM,q = {u E W
4

•
9 n wt-q(n) - {0} I llull $ M}, DM = Dilf5 (n) - cfp, CKf2 
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given by 11 and 

*( ) 2 af( ) L w = A + 
8

µ ·, w, 'vw, Aw A 

+ [ 2v' (!: {·, w, Vw, Aw)) - :: (·, w, Vw, Aw)] • 'v 

[8/ ] . (8/ ) +A 
8

µ (·, w, Vw, Aw) - div oy (·, w, Vw, Aw) 

8/ + oA (•,w, Vw,Aw). 

Then 
EM = {h E DM I (0, 0, 0) E Q(AM) x AM,q, h)} 

is a meager closed subset of Diff5(n). 

(Observe that L*(w) is the formal adjoint of L(w) defined by (23).) 

Proof. We again apply the Transversality Theorem. The differentiability 

of Q is easy to establish, and its derivative can be computed using theorem l 

(see example 2.1) 

DQ(u, "• in)(u, v, h) = ( L(u)(u - h. 'vu), 

L*(u)(iJ - h • Vv) + (~: (u) • v) (u - h • Vu), 

{ A(u - h. Vu)Av + AuA(ti- h. Vv) + h. N a~(AuAv) }lao) 

where ~1;; (u) • v is the second order differential operator given by 
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The hypotheses (1) and (3) of Transversality Theorem can be verified as in 
the proof of 5. We prove (2,8) by showing that 

dim { 'R.(DQ(u, v, h)) } = oo 

n(~(u,v,h)) 

for all (u, v, h) E Q-1(0, 0, 0). Suppose this is not true for (u, v, h) E q-1(0, 0, 0). 
'Changing the origin', we may assume that h = io. Then, there exist (Ji, ... , 9m E 
ll!O) X £9(0) X £1(80) such that for all h E C5(0, Rn) there exists ti E W4,P n 
Wo ,P(O), ti E W4•9 n w;•9(0) and scalars c1, . .. , Cm E lll such that 

and 

m 

DQ(u, v, io)(u, v, h) = L c;O;, that is, 
i=l 

L(u)(u - h. Vu) 

L*(u)(v - h • Vv) + (~~ (u) • ") (u - h • Vu) 

m 

= }:c;of 
i=l 
m 

= Le;O? 
i=l 

{ A(u - h · Vu)Av + AuA(ii - h. Vt1) 

+h·N a~(AuAv)} l80· 

(26) 

(27) 

(28) 

Let {u1, ... 1 u1} be a. basis for the kernel of Lo(u) = L(u) I , 
w•••nw:••(n) 

{111, .. . , t1z} a. basis for the kernel of L0(u) and consider the opera.tors 

AL(u) : V(O) ➔ W 4
.P n W5.P(O) 

CL(u) : W3-¼"'(00) ➔ W4
"' n W5"'(0) 

defined by 

w = AL(u)(z) + CL(u)(g) 

where L(u)w -z belongs to a. fixed complement of'R.(Lo(u)) in LP(O), ~ = g 
on an, In w¢, = 0 for a.ll ,/J E .N'(Lo(u)) and 

AL•(u) : Lq(O) ➔ W"•q n W5•9(0) 

CL•(u) : w3-¼,q(80) ➔ W4•9 n W5•9(0) 

defined by 
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where L*(u)t - z belongs to a fixed complement of1?.(L0(u)) in £9(0), Jk = g 

on an and fn trp = 0 for all rp E N(Lo(u)) . (We proved these operators are well 
defined in (91). 

From (26) and (27) it follows that 

I m 

ii - h ·'vu= L);u; + L c.AL(u)(O;) - CL(u)(h · N !::i.u) 
i=l i=I 

• m 

v - h · 'vv = L 17;v; + L c;AL•(u)(O;) - CL•(u)(h · N !::i.v) 
i=l i=l 

Substituting in (28), we obtain that 

{ii- N IJ: (!::i.u!::i.v) - !::i.vt:i.(CL(u)(h · N !::i.u)) 

+t:i.uLi[.AL•(u) ( (~: (u) · v )cL(u)(h · N !::i.u)) - CL•(u)(h · N !::i.v)]} lim 

remains in a finite dimensional space when ii varies in C5(O, lRn), that is, the 

operator 

T(h) = {i.. - N{J~(AuAt1)-AvA(cL(u)(h-NAu)) (29) 

+t:i.u!::i. [AL•(u) ( (~: (u) • v )cL(u)(h · N Liu))) - CL•(u)(h · N !::i.v)]} Ian 

defined in C5 (O,1Rn) is of finite range 
We proved in [9] that, if dim O 2: 2, a necessary condition for T to be of 

finite range is 

Thus the functions u, v must satisfy 

{ 
L*(u)v = 0 

v=tJ:,=O 
in 0 
on lJO 

inn 
on 80 

and also 

!::i.u!::i.vlan = 8:(Llu.!::i.v) l
8
n = 0. (30) 

Let U = {z E 80 I t:i.u(z) i= 0}. Observe that U is a. nonempty, since 

in ED~ (given by lemma 11). 
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By equation (30), we have Avlu = ~~ lu = 0. Therefore VE w 4,qnw;·q(n) 
satisfies the hypotheses of theorem 6. Thus v = 0 in O and we reach a contra­
diction, proving the result. 

I 

Theorem 13 Generically in the set of open, connected, bounded C'-regular re­
gions of ntn, n ~ 2, the solutions of {18} are all simple. 

Proof. 
Consider the differentiable map 

defined by 

F(u, h) = h" A2h"-1u + h" f(,, h•-1u, Vh"-1u, Ah"-1u) 

where BM= {u E W4·Pnwg•P({l)-{O} I llull :S M},p > y, UM= DM-EM, 
DM is the complement of the meager closed set given by lemma 11 and EM is 
the meager closed eet given by 12. Observe that UM an open dense subset of 
Difi"'(O). We show, using the Transversality Theorem, that the set 

{h E UM I u-+ F(u,h) has Oas a regular value} 

is open and dense in UM. Our result then follows by taking intersection with 
M varying in M. 

As observed in 10 we may suppose, wolog that our regions are C5-regular. 
Also by 7, we only need to consider the nontrivial solutions. 

As in the previous results, the verification of hypotheses (1) and (3) of the 
'lransversality Theorem is simple, so we just show that (2a) holds. 

Suppose, by contradiction, that there exists a critical point (u, h) E F-1(0) 
and, wolog h = io. Then, there exists v E £9({}) such that 

L v DF(u,in)(u,h) = 0 (31) 

for all (u, h) E W4.PnWl.P({l) X C6 (0,lRR) where DF(u, in) : W4,PnWJ·P(O) X 
C5 (n,Rn)-+ £.P(O) is given by 

DF(u,in)(u,h) = L(u)(u-h -Vu) 

with L(u) = A 2 + ff(·, u, Vu, Au)A + UL u, Vu, Au)· V + li,( ·, u, Vu, Au). 
Taking h = 0 in (31), we have 

L v L(u) u = o Vue w 4
,P n w;•P(O), 
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that is, VE N(L*(u)). Since an is C5-regu1ar and f is of class c4, it follows by 

regularity results for uniformly elliptic equations that V E W 5,q(n) nC4•"(S'l) for 

o > 0 and satisfy 

{ 
L*(u) v = O inn 
v = I;, = o on an. 

H ti= 0 and h varies in C5(n,Jr), we obtain 

0 = - L v L(u)(h • 'vu) 

= L { (h · v'u)L*(u)v - vL(u)(h • v'u)} 

= - { h. N AvAu, 'v'h E C5 (n,Rn). 
lan 

(32) 

Therefore, we have { h · N f>.vfl.u = 0 Vh e C5(n, Rn) from which AvAu == 0 on 80. 
lan 

Since io E UM, we reach a contradiction, proving the theorem. 
I 
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