





Au(z) + f(z,u(z), Vu(z), Au(z)) =0 z€Q

u(z) = %ﬂ =0 z €00
where f(z, ), v, ) is a C* real function in R” x R x R® xR with f(2,0,0,0) =0
for all z € R".

We show that, for a residual set of regions @ C R® (in a suitable topology),
the solutions u of (1) are all simple, that is , the linearisation

Lu):a - A%+ g—ﬁ(-,w, Vu, Au)Ad
+g§(-, u, Vu, Au)- Vi + g—{(, u, Vu, Au)u

is an isomorphism.

Qur results can be seen as an extension of similar results for reaction-diffusion
equations obtained by Saut and Teman ([12]) and Henry ([2]).

This paper is organized as follows: in section 2 we collect some results we
need from {2]. In section 3 we prove that the differential operator

L=A?+a(z)A +b(z) - V+c(z) z€R"

is, generically, an isomorphism in the set of C-regular regions 2 C R™. This
result is used in section 4 to prove our main result, the generic simplicity of
solutions of (1). The most difficult point there is the proof that a certain (pseudo
differential) operator is not of finite range. This was proved in a separate work

(19D)-
2 Preliminaries

The results in this section were taken from the monograph of Henry [2], where
full proofs can be found.

2.1 Differential Calculus of Boundary Perturbation

Given an open bounded, C™ region €2y C R?”, consider the following open subset
of C™(Q,R")

Diff*(Q) = {h € C*(Q,R™) | h is injective and 1/|det h'(z)| is bounded in 2}

We introduce a topology in the collection of all regions {h(Q) | h € Dift*(22)}.
by defining a (sub-basis of) the neighborhoods of a given Q by

{h(Q0) | ||~ - iﬂo'lc*(nn,l'-p < €, ¢ sufficiently small}.

When ||h - iqllcm(q,r~) is small, lis a C™ imbedding of 2 in R"®, a C™
diffeomorphism to its image h(£2). Micheletti shows in 4] that this topology is



metrizable, and the set of regions C™-diffeomorphic to £ may be considered a
separable metric space which we denote by M,,(Q), or simply M,,. We say
that a function F' defined in the space M,, with values in a Banach space is ™
or analytic if h = F(h(Q2)) is C™ or analytic as a map of Banach spaces (h near
in in C™(Q,R")). In this sense, we may express problems of perturbation of
the boundary of a boundary value problem as problems of differential calculus
in Banach spaces. More specifically, consider a formal non-linear differential
operator 4 4 v

v(z) = f(z, u(z), Lu(:r)), zeR"”
where

du du , . &% d%u n
Lu(z) = (u(e), 5=(), - 52, ) 570 Gy ) ) 2 ER

More precisely, suppose Lu(:) has values in R? and f(z,)) is defined for
(2, 1) in some open set O C R™ x R?. For subsets ! C R” define Fy by

Fo(u)(z) = f(z, Lu(z)),z € Q 1)

for sufficiently smooth functions u in § such that (z, Lu(z)) € O for any z € .
Let A : @ — R" be C™ imbedding. We define the composition map (or
pull-back) h* of h by

h*u(z) = (w0 h)(z) = u(h(z)), = € O

where u is a function defined in (2). Then A* is an isomorphism from C™ (h(Q))
to C™(Q) with inverse h* ™' = (h~1)*. The same is true in other function spaces.
The differential operator

Fu@) : Dryqy C C™(R(Q)) — C°(A(D))

given by (1) is called the Eulerian form of the formal operator v — f(-, Lv(:)),

whereas
h* Fyyh* ™" : h* Dp, o, C C™(82) — C°(2)

is called the Lagrangian form of the same operator.

The Eulerian form is often simpler for computations, while the Lagrangian
form is usually more convenient to prove theorems, since it acts in spaces of
functions that do not depend on A, facilitating the use of standard tools such as
the Implicit Function or the Transversality theorem. However, a new variable,
h is introduced. We then need to study the differentiability properties of the
map

(u,h) = h* Fymyh* 'u 2

This has been done in [2] where it is shown that, if (y, A) = f(y,A) is C* or
analytic then so is the map above, considered as a map from Dif f™(2) x C™(Q)
to C%(Q) (other function spaces can be used instead of C™). To compute the



derivative we then need only compute the Gateaux derivative that is, the t-
derivative along a smooth curve ¢ — (A{t,.), u(t,.)) € Dif f™(Q) x C™(Q). For
this purpose, its convenient to introduce the differential operator

- 9 _ b _,0h
Dt = Bt— = U(I,t)‘é;, U(:lt) = (8_::) 3t

which is is called the anti-convective derivative. The results below (theorem 1)
is are the main tools we use to compute derivatives.

Theorem 1 Suppose f(t,y,A) is C* in an open set in Rx R® xR?, L is a
constant-coefficient differential operator of order < m with Lv(y) € R? (where
defined). For open sets Q C R” and C™ functzons v on Q, let Fg(t)v be the
function

y— f(t,y, Lv(y)), y € Q.

where defined.

Suppose t —» h(t,-) is a curve of imbeddings of an open set  C R", Q(t) =
A, Q) and for || < m, [k} <m+1 (t,z) — 8g0"h(t ), 8%h(t, z), 3§u(t z)
are continuous on R x Q near t = 0, and h(t,-)*""u(t,) is in the domain of
Fay. Then, at points of Q

De(h* Faw()h* ™) (w) = (A" Fa @) ™) (u) + (A* Fagy (A" ) (u) - Deu

where D, is the anti-convective derivative defined above,

Foltyly) = 3 (t,y, Lo(y)

and
Fytayw - w(s) = 2,3, 10(3)) - Luty), y€ @
is the linearisation of v — Fg(t)v.

ExampLe. Let f(z,A,y, ) be a smooth function in R™ x R x R” x R and
consider the nonlinear differential operator

Fa(v)(z) = A%(z) + f(z, v(2), Ve(z), Av(z))

does not depending explicitly on t. Suppose also that h(Z, z) = z+4V (z)+o(t) in
a neighborhood of t = 0 and z € Q2.Then, since 5 (Fg(u)) =0and Fi(u)-w=
L(u)w, we have, by Theorem 1

-% (h' Fh(n)h' =l (u))

n

L(u)(%l:- ~V-va)
-V. V(Azu + f(z, u(z), Vu(z), Au(z)))

4

Dy Fayp™ ()| __ — b5 ¥ (1 Fagayh* (1))
B Fyoyh* ™ (u) -D,(u)L=° — b3 heV (B Py~ (w) l.=o

t=0



where

Lu) =AY+ g}{-(~,u,Vu, Au)A+ g—%(-,u,Vu,Au) -V + g—';—(-,u,Vu,Au).

2.2 Change of origin

We can always transfer the ‘origin’ or reference reglon from any 2 C R™, to
another diffeomorphic region. Indeed, if H:05Qisa dlffeomorphxsm we
define, for any imbedding A : @ — R®, another imbedding_ h=hoH-1:0 5 R

_ )~ HiNqg(s _
;gwmA-W)u%m-%@um—ﬁﬁﬁummm—

W Fyayh* ™ u(z) = h* Fy 5 (h7)1a(2),
h*Buayh® " 'u(z) = A* By g (A*) 1 6(E),

using the normal

(A~1)sNa(®)
lI(h=1)t 3 N (E))
(h~1); Na(z)
li(=1) - Na(2)]

Nh(n) (h(a:))

This ‘change of origin’ will be frequently used in the sequel, as it allow us
to compute derivatives with respect to h at A = fn, where the formulas are

simpler.

Ny (h(&) =

2.3 The Transversality Theorem

A basic tool for our results will be the Transversality Theorem in the form
below, due to D. Henry [2]. We first recall some definitions.

A map T' € £{X,Y) where X and Y are Banach spaces is a semi-Fredholm
map if the range of T is closed and at least one (or both, for Fredholm) of dim
N(T), codim R(T) is finite; the indez of T is then

indez(T) = ind(T) = dimN (T) — codimR(T).

We say that a subset F of a topological space X is rare if its closure has
empty interior and meager if it is contained in a countable union of rare subsets
of X. We say that F is residual if its complement in X is meager. We also say
that X is a Baire space if any residual subset of X is dense.

Let f be a C*¥ map between Banach spaces. We say that z is a regular
point of f if the derivative f'(z) is surjective and its kernel is finite-dimensional.
Otherwise, z is called a critical point of f. A point is critical if it is the image
of some critical point of f.



Let now X be a Baire space and / = [0, 1]. For any closed or o-closed F C X
and any nonnegative integer m we say that the codimension of F is greater or
equal to m (codim F> m) if the subset {¢ € C(I™, X) | (/™)NF is non-empty }
is meager in C(I™, X). We say codim F =k if k is the largest integer satisfying
codim F > m.

Theorem 2 Suppose given positive numbers k and m; Banach manifolds X,Y, Z
of class C*; an open set ACX xY ;aC* map f: A— Z and a point £ € Z.
Assume for each (z,y) € f~(€) that:

1. gf(::,y) :To X — T¢ Z is semi-Fredholm with index < k.
2. (a) Df(z,y) : T: X x T,Y — T; Z is surjective
or
. [R{Df(=, : P
(8} dim {R( ’(:,y))} >m+dim N(sfz-(z, y))-

3. (z,y) = y: fY€) —> Y is o-proper, that is f~1(£) is a countable
union of sets M; such that (z,y) = y : M; — Y is a proper map for
each j.[Given (2n,Ys) € M; such that {y,} converges in Y, there erists a
subsequence (or subnet) with limit in M;.]

We note that 3 holds if f=1(€) is Lindelof [ every open cover has a countable
subcover] or, more specifically, if f~(€) is a separable metric space, or if X,Y
are separable metric spaces.

Let Ay = {z|(z,y) € A} and

Yerie = {v | £ is a critical value of f(-,y) : Ay — Z}.

Then Yori¢ is a meager set inY and, if (r,y) = y : f~1(€) = Y is proper, Yeri:
is also closed. If ind 3 < ~m < 0 on f~1(¢), then (2(a)) implies (2(B)) and

Yerit = {y | £ € f(Ay, 1)}
has codimension > m in Y.[ Note Yepi: is meager iff codim Yeris > 1 ],

3 Genericity of the isomorphism property for a
class of linear differential operators

Let ¢ : R® + R, b : R® — R" and ¢ : R” = R be functions of class €% and
consider the (formal) differential operator

L=A%ta(z)A+b(z)-V+e(z) zeR"

We show in this section that the operator

La:H*NH3}Q) - L'Q) (3)
u = Lu



is, generically, an isomorphism in the set of open, connected, bounded C3-regular
regions of R™. More precisely, we show that the set

I = {heDiff(Q)| the operator h*Lyqyh*~* from H* N HE(Q) into L*()
is an isomorphism } (4

is an open dense set in Diﬂ“(ﬂ). Observe that the operator h‘L;,(n)h""l is an
isomorphism if, and only if the operator L(q) from H*n HZ(h(R)) to L(h(Q))
is an isomorphism, since h* and h*~! are isomorphisms from L2(h(Q)) to LA(Q)
and H*NHE(Q) to HNHE(h(RQ)) respectively. Consider the differentiable map

K:H*NnH}Q) x DIff'(Q) — L%(Q)
(w,h) - h*Lyayh* 'u. (5)

Proposition 3 Leta : R” =+ R, b : R" =+ R”, ¢ : R® = R be C? functions,
2 C R™ an open, connected bounded C*-regular region, and h € Diff*(Q2). Then
zero is a regular value of the map (application)

Ky HYnHEQ) — LY(Q)
u — h'L,,(n)h‘_lu,

if and only if h"L},(n)h‘_1 is an isomorphism.

Proof. First observe that K}, is a Fredholm operator of index 0 since Ly is
Fredholm of index 0 and h*, h*~! are isomorphisms. If 0 is a regular value then
the linearisation of K at 0, which is again K}, must be surjective. Being of
index 0 it is also injective and therefore an isomorphism by the Open Mapping
Theorem. Reciprocally, if K is an isomorphism, it is surjective at any point. I

From 3 and the Implicit Function Theorem it follows that Z is open . We
thus only need to show density. For that we may work with more regular regions.

It would be very convenient for our purposes to have the following ‘unique
continuation’ result.

If u i3 a solution of Lou = 0 with %’v“, =0 in a open set of 652, then u= 0.

Such a result is not available, to the best of our knowledge, but the following
‘generic unique continuation result’ will be sufficient for our needs. We will not
prove it here since the argument is very similar to the one of 11 below.

Lemma 4 Let 2 C R™ be an open, connected, bounded C®-regular region with
n > 2 and J an open nonempty subset of 8. Consider the differentiable map

G : By x Dift*(Q2) — L*(Q) x H3(J)

defined by
G(u, A, h) = (h'L,,(n)h‘"‘u,h'Ah“lu\J)



where By = {u € HA0 H(Q) — {0} | llu}l < M}. Then, the set
C = {h € DI*(Q) | (0,0) € G(Bu, h)}
is meager and closed in Diff*(Q).

Theorem 5 Leta : R® & R, b : R* — R" and ¢ : R™ — R be functions of
class C. Then the operator L defined in (3) is generically an isomorphism in
the set of open, connected Ci-regular regions Q CR", n > 2. More precisely, if
1 CR" (n > 2) is an open, connected C*-regular region, than the set I defined
in (4) is an open dense set in Diff '(Q).

Proof. By proposition 3, all we need to show is 0 is a regular value of K in a
residual subset of Diﬁ"(ﬂ). Since our spaces are separable and K} is Fredholm
of index 0, this would follow from the Transversality Theorem if we could prove
that 0 is a regular value of K. Let us suppose that this is not true, that is, there
exists a critical point (u,k) € K~*(0) As explained in (2.2 ), we may suppose
that h = ig. Since we only need to prove density, we may also suppose that Q
is C5-regular. Then, there exists v € L?($) such that

/ vDK (s, in) (&, h) = 0 for all (4, k) € H* N HE(Q) x C3(Q,R")
a
where DK (u,ig) from H*n H3(Q) x C5(Q,R") to L*(Q) is given by
DK(u,in)(%, h) = La(¢ — h - Vu).
Choosing h = 0 and varying & in H* N H3(€), we obtain
/ vLat =0 for all & € H*N H3(RQ)
0
and v is therefore a weak, hence strong, solution of
qu=0inQ (6)
where L}, from H* N H3() to L*(Q) is given by
Ly =A% 4+ aAv+ (2Va —b) - Vo + (c+ Aa ~ div d)v.
By regularity of solutions of strongly elliptic equations, v is also a strong solu-
tion, that is, v € H* N H3(Q) NC%*(Q) for some a > 0 and satisfies (6) [Note

that u € H%(Q), since Q is C%-regular.]
Choosing % = 0 and varying h in C*(82,R"), we obtain

0=_/:1an(iz-Vu)=‘/;{(I':-Vu)Lf,v—uLn(i)-Vu)}=[aﬂil-NAvAu,

for all b € C5(Q2,R™) since Aulgg = g%‘%‘m. Thus AvAu = 0 in §Q. This is
not a contradiction (or at least it is not clear that it is). We show now, however,
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that.it is a contradiction generically; it can only happen in an ‘exceptional’ set
of Dlﬂ"‘(Q)_. The result then follows by reapplying the argument above outside
this exceptional set. To be more precise, consider the map

H : B x Dift%(Q) - L2(Q)” x L!(89)
defined by

H(w,v,h) = (K (u, h), b Ly qyh* v, h* AR uh” AR" o[oq)

where B3, = {(u,v) € H*AHZ(Q)® | |lull, ]|l < M}. We show, using the
Transversality Theorem that the set

Har = {h € DIT(2) | (0,0,0) € H (B, h)}

is meager and closed in Diff>(§2) for all M € N. We may, by ‘changing the origin’
if necessary assume that the ‘generic uniqueness property’ stated in lemma 4
holds in 2. We then apply the Transversality Theorem again for the map K,
with h restricted to the complement of s, obtaining another subset s of
Diff®(§2) such that 0 is a regular value of K, forany h € Har. Taking intersection
for M € N, the desired result follows.

To show that Hps is a meager closed set we apply Henry’s version of the
Transversality Theorem for the map H. Since our spaces are separable and
%(u,ian) is Fredholm it remains only to prove that the map (u,v,h) — h:
H=(0,0,0) — Diff*(Q) is proper and the hypothesis (28). We first show that
(u,v,h) = h : H=1(0,0,0) — Diff*(Q) is proper. Let {(un,¥n,hn)}nen C
H=1(0,0,0) be a sequence with h, — ig in Diff®(Q) (the general case is similar).
Since {(un,vn)}nen C B3, we may assume, taking a subsequence that there
exists (u,v) € H2(Q)? such that u, — u and vy — v in H5(Q). We have, for
alneN

L N L R el e (a8+b-V+e) b5 " .
Since A? is an isomorphism, it follows that
un=*h;(AZ)‘l(aA+b-V+c)h,’,'lu... (7)
By results on section 2.1, the right-hand side of (7) is analytic as an applicat.io_n
from H2(Q) x Diff%(Q) to H4N H (). Taking the limit as n — +00, We obtain

that u € H*N HF(SY) and satisfies A’u+aAu+b-Vu+cu=0.By lemma 10
of [10] we have, for h € Diff’(2) and v € H*NHE(DQ)

h‘Azh._l(U) = Ag(v) + L"(v) with ”Lhu“Ln(n) S E(h)“unﬁq(n)

and ¢(h) = 0 as h = iq in C*(Q,R"). 5 '
Since u, —+ u in HZ(Q) and h, — iq in Diff () as n — +00, we obtain



1A% (un = u) + L (un = w)llzae) = [AnA?R, ™ (un =~ w)llzaqoy

= A% w4 by (0B + b T+ c) B unlluagn)

- [|A%u+ aAu+b-Vu+ cullLam) =0

as n —+ +00.
Since {(un,va)} C B}, and hy, — ig in Diff*(Q2), we have

HL* (un — ¥)llzaa) < 2M€(hn) 9)

It follows from (8) and (9) that ||A%(un — u)||z2) — 0 as n — +oo. Since A?

is an isomorphism from H*N HZ(Q) to L2(Q), we obtain u, -+ u in H4NH(Q)

and, therefore [Jul|genp2(qy < M, for all n € N. Similarly, we prove that v, — v

in H4n H}(Q) and llvllzrenmzia) < M from which we conclude that the map
(u,v,h) = h : H~1(0,0,0) = Diff*(Q) is proper.

It remains only to prove (248), which we do by showing that
im {R(DH(u, v, b))
‘R,(%%(u, v, h))

Suppose this is not true for some (u,v,#) € H~1(0,0,0). Assuming, as we may,
that h = iq it follows that there exist 8, ..., 0, € L?(£2)* x L!(89) such that,
for all b € C5(02,R™) there exist 4, € H* N H3(R) and scalars ¢y, ...,¢c;m € R
such that

} = oo for alll (u, v, h) € H~1(0,0,0).

DH (4, v,i0)(%,9,h) = i cii, 0; =(6},07,65). | (10)

Using theorem 1, we obtain
DH(u,v,in)() = (DHi(u,v,ia)(), DHa(u,v,in)(), DHs(w,v,in)())
where
DH; (v, v,in)(i, o, h)
DHa(u,v,ia)(%, 9, k)
DHg(u,v,in)(s, 9, h)

1l

La(ia—h - Vu)
La(t — h-Vv)
{Ava@-h- Vi) + Aua (i~ k- V)

+h. NW(AuAv)} [m.
It follows from (10) that

m

Lo(i—h-Vu) = > e} (11)
=1

Ly(v—h-Vv) = i cif? (12)
i=1

10
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icﬁ? = {AvA(i;—iz-Vu)+AuA(iz—iz-Vv)

=1

+h-N a?v AuAv)}‘an. (13)

Let {u1, ..., u} be a basis for the kernel of L and consider the operators
ArL3(0) > H*N Hy(Q)

C : H¥(8Q) » HAN HL(Q)

defined by
w=Ar(z) +C(9)

where Lw — z belongs to a (fixed) complement of R(Lg) in L*(2), g = g on
8Q and [ we = 0 for all $ € N(L}). Let also {v1,...,u} be a basis for the

kernel of Lg; and consider the operators
Are : L3(Q) - HY*n H}Q) and

Cp : H¥(8Q) = H*N H}(Q)

similarly defined. We have shown in [9] that these operators are well defined.
From equations (11) and (12), we obtain

] m
6-h-Vu=) &ui+) ALl —Ci(h-NAv) (14)
i=1 =1
since gy (i —h-Vu)| = —h-Nggh| =~h NAulon and
» ‘ m .
v—h-Vv=" mu+)_ AL} —Cre(h-NAv) (15)

i=1 i=1
since D'?V(i’ —h- V'U)Lan =—h- N%Jan =—h. NAv)sq.
Substituting (14) and (15) in (13), we obtain that
{h Nox (AuAv [Avacz.(h- Nav) + AvACL(h- vawl}| o 8

remains in a finite dimensional space when h varies in C3(2,R").
The set U = {z € 69 | Au(z) # 0} is nonempty since we have assumed that
genenc unique continuation’ holds in Q. Therefore, we must have Avjp=0. K
=0in 8Q — U, then h- NAv =0 in 89 and, therefore

AuACL.(h - NAv) = AuACL+(0)
belongs to the finite dimensional space [AuAvy, ..., AuAy)] where {vy, ..., u} is
a basis for the kernel of N'(L})} It follows that

11



{h- N%(AuAv) — AvACL(h - NAu)}‘U h -N%(Aum)\v

: 3
= h- NAua—N(Av)‘U (17)

remains in a finite dimensional space, when h varies in C5(Q,R") with h=o0
in 6Q — U. Since Au(z) # 0 for any z € U, this is only possible ( dimQ > 2)
if %?HU = 0. But then v = 0 in Q by Theorem 6 below, and we reach a
contradiction proving the result.

During the proof of theorem 5 we have nsed the following uniqueness theo-
rem, which is a direct consequence of Theorem 8.9.1 of [3].

Theorem 6 Suppose & C R™ is an open connected, bounded, C*-regular do-
main and B is an open ball in R™ such that BN &Q is a (nontrivial) C* hyper-
surface. Suppose also that u € H4(S) satisfies

1A% < G(|Au|+ (Ve + |u|) a.c. in R

. du 8Au .
for some positive constant C and u = N = Au= BN = 0 in BN Q. Then

u 18 identically null.

4 Generic simplicity of solutions

Let f(z, A u,p) be a real function of class C* defined in R® x R x R” x R
satisfying f(2,0,0,0) = 0 for all z € R®. We prove in this section our main
result: generically in the set of connected, bounded C*-regular regions Q C R™,
n > 2, the solutions u of

{ Alu+ f(o,u,Vu,Au)=0 inQ (18)
u=$¢=0 on 90
are all simple. We choose p > %, so that the continuous imbedding W*? N
Wa?(Q) < €2=(R) holds for some & > 0.

It follows then, from the Implicit Function Theorem, that the set of solutions
is discrete in W4? N Wug "?(Q) and, in particular finite if f is bounded.

Remark 7 Since we have assumed f(z,0,0,0) = 0 in R®, the null function
u = 0 is a solution of 18 for any 2 C R". It follows from theorem 5 that u = 0
is simple for ) in an open dense set of Diff*(Q). We therefore concentrate in
the proof of generic simplicity for the nontrivial solutions.
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Proposition 8 Let @ C R™ be an open, connected, bounded, C*-regular region
and f(z,A,y,u) o C? real function defined in R™ x R x R® x R. Then, zero is

a regular value of the map

Fr: W nWEP(Q) — LP(Q)
v — KAZR TMu g B F( R T e, VAT AR T ),

if and only if all solutions of (18} in h(§2) are simple.

Proof. The proof is very similar to the one of proposition 3 and will be left to
the reader. 1

Proposition 9 A function u € W4 N W2P(Q) is a solution (resp. a simple
solution) of

{ R*AR "ty R (R, VAT AR ) =0 in Q, (19)

u=£% =0 on 6Q
if and only if v = h* ~'u is a solution (resp. simple solution) of (18) in h(2).

Proof. Let u € W4 NWZP(Q). Since h* and h*~! are isomorphisms, we have

R* ARty R f(- B e, VA L, AR ) = 0

= A lu g f( R, VA T AR T ) =
It is clear that 4 = 0 in 6Q if and only if v = 0 in 3h(R). Writing y = A(z), we
obtain

v

@ = M) Vuweh0)
= Nyay() - (b)), (1) Vou(2)

= Ny@(y) - (b)) (z)Vou(z)
= N - (b)) (=) oor (2) Na(z)

aN(x)“(h—l)‘m ((hz')*(z)Na(z) - (h7*)'(z) Na(z))
where we have used that u = 0 in 8Q. Since h7!(z) is non-smgular it follows
that ON( )(y) = 0 if and only if 3—-(2) = 0. Thus u is a solution of (19) if

and only if h*~'u is a solution of (18) in A(R). Finally, since h*L(u)h*~! is
an isomorphism in WP N WZ*(Q) if and only if L(v) is an isomorphism in
W4P 1 Wy'P (h(£2)) so the result follows. 1

It follows from 9 and 8 that, in order to show generic simplicity of the
solutions of (18) is enough to show that 0 is a regular value of Fj, generically in
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h € Diff*(Q2). We show, using the Transversality Theorem, that 0 is a regular
value of

Fpyy : By x Vg — LP(Q)

(u,h) = RA*ARlug BF( BT e, VR Ty AR ) (20)
where By = {u € W** NnW2?(Q2) — {0} | |lull < M} and Vi is an open dense
set in Diff*(Q2), for all M € N. Taking the intersection of Vi for M € N we
obtain the desired residual set.

Remark 10 Applying the Implicit Function Theorem to the map Fy defined
in (20) we obtain that the set

Fu = {h € Diff*(Q) | all solutions u of (19) with llulle.rnwa» ) < M are simple }

is open in Diff*(Q) for all M € N. To prove density, we may work with more
regular (for example C* ) regions.

If we try to apply the Transversality Theorem directly to the function F
defined in W*4? N W2 (Q) x Diff*(£2) by (20) we do not obtain a contradiction.
What we do obtain is that the possible critical points must satisfy very special
properties. The idea is then to show that these properties can only occur in a
small (meager and closed) set and then restrict the problem to its complement.
In our case the ‘exceptional situation’ is characterized by the existence of a
solution u of (18) and a solution v of the problem

L*(w)y=0 imnQ
{ v = aaw" =0 on 69
satisfying the additional property AuAv = 0 on 8. We show in lemma 12 that
this situation is really ‘exceptional’, that is, it can only happen if & is outside
an open dense subset of Diff*(2) (for u and v restricted to a bounded set).
We will need the following ‘generic unique continuation result’.

Lemma 11 Let @ C R™ n > 2 be an open, connected, bounded, C®-regular
domain, J a nonempty open subset of Q and f(z, )\ y,u) a C? real function
defined in R™ x R x R"® x R with f(-,0,0,0) = 0. Consider the map

G : Au x Diff’(Q) - LP(Q) x W2~F?(J)
defined by
Glu,h) = (B A%~ ut (-, o~ e, VA 1, A1), h‘Ah"‘lu‘J)
where Ay = {u € W NW7P(Q) - {0} | [|ull < M}, and p> 5.
Then
C = {h € Diff’(Q) | (0,0) € G(Am, h)}
is a closed meager subset of Diff®(f2).
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Proof. We apply the Transversality Theorem. Observe that G is differentiable.
In fact it is analytic in h as observed in section 2.1, and the differentiability
in u follows from the smoothness of f and the continuous immersion W*? N
WEP(Q) C €2*(Q) for some o > 0). We compute its differential using Theorem
1 (see example 2.1 of section 2.1).

DG(u,in)(5,h) = (L(w)(a—h-Vu),

{a@- iz-Vu)+h-N%?vg}ll).

To verify (1) and (2), we proceed as in the proof of theorem 5. We prove
that (28) holds showing that

R(DG(u, k
i {0
(W(U, ))
Suppose, by contradiction this is not true for some (u,h) € G-1(0,0). By
‘changing the origin’ we may suppose that h = ig. Then, there exist 81,..,0m €

I2(9) x W2 ¥2(J) for all h € C5(R,R") there exists & € WP N Wo'P(R) and
scalars ¢y, ..., ¢m € R such that

} = oo for all (u,h) € G~1(0,0).

DG (u,ia)(s,h) = Y _ cifi, that is,

i=1

Liw(i—h-Vu) = ic;ﬂ} (21)
i=1

{A(d—iz-Vu)+h-N%}‘J = Y of? (22)
i=1

where

of of af
_— 2 —— - [y oy . ———— .
Lu)=A +3I—‘( ,u,Vu,Au)A+ay( ,u, Vu, Au) V+6,\( , 4, Vu, Au). (23)

Let {uy, ..., w} be a basis for the kernel of Lo(u) = L(u)‘w‘ poWE @)
* [

consider the operators
Ay : LP(Q) > WP n WP (Q)
Crgy : W3 H2(89) - WP N WP (Q)

defined by
w=Anw(2) + Crw9)
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if L(u)w — z belongs to 2 fixed complement of R(Lg(u)) in (), & Fr=gon
80 and f[ywp=0forall € N(Lj(u)). (We proved these operators are well

defined in {9
) g;oosngg])h € C5(2,R") such that h = 0 on 82 — J, we obtain from (21),

that

d m
d—hVu=) gt ) ed () (24)
i=1 i=1
since & — h - Vu € W N W’L’-P(Q) o
Substituting (24) in (22), we obtain that h- N%TV'_ remains in a finite

dimensional subspace when h varies in C%(Q,R"). Since dim Q > 2 this is

possible only if gy =0 on J so u satisfies

oN
A2u+f( u,Vu,Au)=0 in
u= — =0 on 90 (25)
Au= %‘J{;‘ =0 onJ.

We claim that u satisfies the hypotheses of Cauchy’s Uniqueness Theorem (6).
Indeed, since u € WHP(Q) NC%*(Q) for some a > 0 (p > 3) and is a solution
of the uniformly elliptic equation A%u 4 f{(-,u, Vu,Au) = 0 in Q then u €
WP (Q) N CH<(Q). Furthermore, u = 2% = Au= aaN =0on J C 0 and

|A2u| < ]f(l u, vu: Au)l
S |f(-,u,Vu,Au)-—-f(-,0,0,0)I
< max(IDf(,w Vu, Au)l}(jul + V4] + | Au]).
We conclude that u = 0, which gives the searched for contradiction. 1

Lemma 12 Let @ C R™ n > 2 be an open, connected, bounded, C5-reguiar
domain and f(z, )\, y, ) a C® real function defined in R” x R x R" x R with
£(-,0,0,0) = 0. Consider the map

Q: Amp X Arg x Du = LP(Q) x LI(Q) x L1 (69)
defined by

Quuvh) = (WA luthf( b by, VAt~ , AR ),
h‘L'(h"’u)h“‘u.h‘Ah"‘uh'Ah"‘vf )
an.
where Aprp = {u € W NWEP(Q) — {0} | |lul| < M} and p~? + =t = I with

>3,
Awg = {u € WHNWI(Q) — {0} | |lul] < M}, Dy = Dift%(@) — €3, C20
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given by 11 and
L'(w) = A4 3f( w, Vw, Aw)A
+[2V (-—( w, Vw Aw)) i( w, Vw, Aw)]

+A[$(-,w,Vw,Aw)] ~ div (af

-(,E(-, w, Vw, Aw))

of
+E\-(-,w,Vw,Aw).

Then
Epm ={h€Du|(0,0,0) € Q(Am) x Am,q,h)}

is a meager closed subset of Diff>(Q).

(Observe that L*(w) is the formal adjoint of L(w) defined by (23).)

Proof. We again apply the Transversality Theorem. The differentiability
of @ is easy to establish, and its derivative can be computed using theorem 1
{see example 2.1)

DQ(w,v,in) (i1, 4) = (L(u)(@—h-Vu),
L*(u)(v — h - Vv) + (%%(u) -v) (6 —h - Vu),
{AGi=h-Vu)Av+ AuAE—h- Vo) +- N%(AuAv)}lm)

where %(u) . v is the second order differential operator given by

(O y-v)e = (%’wa,;ﬁ, +g_21;Av)A,
I+ s I+ )
(B ST g
[(3:’; ggy Vvt a?\zg Av)
+A(66,\2l§fp +3Taj; V"”gj Av)
' f 32f &f Av)]z.

— div (6/\6 v+ PR +6y6p

(We have written f instead of f(-, 4, Vu, Au) to simplify the notation).
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The hypotheses (1) and (3) of Transversality Theorem can be verified as in
the proof of 5. We prove (28) by showing that

dim { R(IZQ(u, v, b)) }=o
'R(Wﬁ(u, v, h))
for all (u, v, k) € Q=1(0,0, 0). Suppose this is not true for (u, v, k) € Q71(0,0,0).
‘Changing the origin’, we may assume that i = ig. Then, there exist 6y, ...,0,, €
LP(Q) x L9(Q) x L*(8Q) such that for all b € C5(2, R") there exists & € WP N
WiP(Q), v € WHI N WHY(Q) and scalars ¢y, ..., ¢m € R such that

m
DQ(u,v,in)(4,6,h) =3 ci6;, that is,

i=1

L(u)(a—h-Vu) = ic,-ﬂ,-l (26)
i=1
L‘(u)(ﬁ—iz-Vv)+(%%(u)-v)(d—i)-Vu) = Y b} (27
i=1
and

m

Gt = {A(d—ix-Vu)Av+AuA(v')-—f1-Vv)

=

+h - N%(AuAv)Hm. (28)

Let {u1,...,%} be a basis for the kernel of Lo(u) = L(u) Weeawe ('
LW

{v1,...,u} a basis for the kernel of L§(u) and consider the operators
Ap) : IP(Q) = W nWle(Q)

Criuy : W3F2(8Q) - W N Wi ()
defined by
w = Ag)(2) + Cr(u)(9)
where L(u)w — z belongs to a fixed complement of R(Lo(u)) in L*(Q), §% =g
on 02, [, wé =0 for all ¢ € N'(L3(u)) and
Apey s L3(Q) —» WH N W)

CLequy : W3 39(8Q) = W9 n whe(Q)
defined by
t= .AL-(,,)(Z) + CL'(u)(y)
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where L*(u)t — z belongs to a fixed complement of R(Lg(u)) in L4(Q2), =g
on 89 and [, te = 0 for all € N(Lo(u)). (We proved these operators are well
defined in [9)]).

From (26) and (27) it follows that

d—h-Vu= ZE,u, + E ciAr(wy(8}) — Cruy(h - NAu)

i=1

El m
b—h- Vo = Y nwi+ ) cArw(6]) ~ Cooq(h - NAv)

—AL.(u)((—%—I:U:(u)~v)(ﬂ—iz-Vu)).
Substituting in (28), we obtain that
{h- N = (Autv) - AoA (Co(h- NAw)
+AuA [AL.(,,) ((E(u) ) Cuylh - NAY)) = Cpouy(h- ) Hm

remains in a finite dimensional space when h varies in C3(Q,R™), that is, the
operator

Ty = {i. . NaiN(AuAv) — AvA(Crqu(h -NAu)) (29)
+AuA[Are) ((% (w) - 9) Couy (b - NAW)) ) = Crogup(h- Nav)}

defined in C® (Q R") is of finite range
We proved in [9] that, if dimQ > 2, a necessary condition for T to be of
finite range is

é
8N
Thus the functions u, v must satisfy

——(AuAv) = 0 on 6.

A?u— f(-,u,Vu,Au)=0 inQ
u=§%=0 on 0Q

L*(u)v =0 nQ
v= 57,— =0 ond
and also

)
Aulvlen = a—N(Aqu)]m =0. (30)

Let U = {z € 8Q | Au(z) # 0}. Observe that U is a nonempty, since
in € D3P (given by lemma 11).
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By equation (30), we have Av|y = 6A__v[ = 0. Therefore v € W*"’I"IWg'q(Q)

satisfies the hypotheses of theorem 6. Thus v = 0 in 2 and we reach a contra-
diction, proving the result.
1

Theorem 13 Generically in the set of open, connected, bounded C*-regular re-
gions of R®, n > 2, the solutions of (18) are all simple.

Proof.
Consider the differentiable map
F: By x Uy — LP(Q)
defined by
F(u,h) = h* A% a4 B* f(, ", VA* "y, AR L)

where By = {u € W**NW3*(Q) - {0} | ||ul| < M}, p > §, Um = Dy — E,
Dy is the complement of the meager closed set given by lemma 11 and Ejy is
the meager closed set given by 12. Observe that Uz an open dense subset of
Diff*(£2). We show, using the Transversality Theorem, that the set

{h €Uy | u— F(u,h) has 0 as a regular value }

is open and dense in Upy. Our result then follows by taking intersection with
M varying in N.

As observed in 10 we may suppose, wolog that our regions are C5-regular.
Also by 7, we only need to consider the nontrivial solutions.

As in the previous results, the verification of hypotheses (1) and (3) of the
Transversality Theorem is simple, so we just show that (2a) holds.

Suppose, by contradiction, that there exists a critical point (u, h) € F~1(0)
and, wolog h = ig. Then, there exists v € LI(f2) such that

/n v DF(u, i) (i, h) = 0 (31)

for all (i, h) € W42 NW*(Q) x C¥(Q, R") where DF (u, iq) : W NW2P(Q) x
C5(Q,R™) — L?(R) is given by

DF(u,in)(8,h) = L(u)(s—h-Vu)

with L(u) = A% + §L (-, u, Vu, Au)A+ E (4, Vu, Au) - V + (-, 3, Vu, Au).
Taking h = 0 in (31), we have

/ v L(u) 4 =0 Vi€ WY n W2 (Q),
n
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that is, v € A(L*(u)). Since 82 is C3-regular and f is of class C%, it follows by
regularity results for uniformly elliptic equations that v € w9(Q)nCH=(2) for
a > 0 and satisfy
{ L*{(u)v= 0inQ
v= g—,’é = 0on 0%

If % = 0 and A varies in C3(Q, R™), we obtain

(32)

0 = —/;uL(u)(h-vu)
/‘;{(h - Vu)L* (u)v - uL(u)(iz . Vu)}

—/ h-NAvAu, VheC3(Q,RM.
o

Therefore, we have h-NAvAu=0 Yhe C%(Q,R") from which AvAu =0 on 0%

a0
Since iq € Uns, we reach a contradiction, proving the theorem.
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