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DISCRETE AND CONTINUOUS EXPONENTIAL TRANSFORMS 
OF SIMPLE LIE GROUPS OF RANK TWO 

I. KASHUBA, J. PATERA 

AllSTRACT. We develop and describe continuous and discrete transforms of class functions on com­
pact simple Lie group G as their expansions into series of uncommon special functions, called here 
E-functions in recognition of the fact that the functions generalize common exponential functions. 
The rank of G is the number of variables in the E-functions. A uniform discretization of the 
decomposition problem is described on lattices of any density and symmetry admissible for the Lie 
group G. 

1. INTRODUCTION 

The aim of this paper is to generalize common exponential functions in one variable x, 

Em(x) := eimx, m E Z, XE JR, 

together with the corresponding Fourier transform, 

~ 1 {2" _,·mx 
J(x) = ;:'o bmeirnx, bm = 

2
71' Jo J(x)e dx, 

to any number of variables. 

(1.2) 

For close to two centuries functions (1.1) have been part of Fourier analysis. Crucial property is 
their pairwise orthogonality when integrated over a range a ::; x ::; a + 21r with any a E R More 
recent but equivalent interpretation of the functions is as irreducible characters of the I-parametric 
unitary group U(l). There is yet another interpretation of the functions (1.1), rather trivial in 
this case, which nevertheless is the departure point for our generalization. It is presented in the 
example of Section 3. 

The simplest possible n-dimensional generalization of exponential functions, is based on the n­
fold product U(l) x U(l) x • • • x U(l). Corresponding functions are products of n copies of Em(x), 
each depending on its own continuous variable x and its own lattice variable m. It is undoubtedly 
useful and it is frequently used. However we are not concerned with such a generalization in this 
paper. 

Underlying symmetry group of E-functions in this article is any compact scmisimple Lie group G 
of rank n in general. The rank of G is the number of continuous variables. Herc our considerations 
arc focused on the three simple Lie groups of rank 2, namely SU(3), 0(5) (or Sp(4)), and G(2). 
Our aim is to describe the three cases in a ready-to-use form. 

There are two papers dealing briefly with E-functions: Their definition appeared in [1], and 
their orthogonality is proven in [2]. We know of no other attempt in the literature to generalize 
exponential functions to more than one variable. 

First however let us underline a close relation of the E-functions of this paper with the C- and 
S-functions of [3, 4, 5, 6, 7]. All three families of functions arc based on a scmisimple compact Lie 
group G. They are constructed by summation of appropriate products of U(l) characters over an 
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orbit of a relevant finite group. It is the Wey] group W of G in case of C- and S-functions, and it 
is the even subgroup We c W of G in case of the £-functions. F\1rthcrmore, due to the relation 
of the three families to the group elements of the maximal torus of the underlying Lie group, one 
gets the symmetries of the functions with respect to both affine \Veyl group ivatr and even affine 
Wey! group w:tr. 

For comparison with (1.1), let us point out that 1-dimensional C- and S-functions are (up to a 
normalization) the familiar trigonometric functions 

Cm(x)~cosmx, Sm(x)~sinmx, mEZ~0
, xEIR. 

Within either C- or S-family, the functions are pairwise orthogonal in a $ x $ a+ir. The underlying 
Lie group is SU(2) for both families. , 

Recently C-functions were studied relatively extensively. Their properties are reviewed in [G] 
(see also references therein), similarly the S-functions are found in [1, 2, 7]. Let us as well point 
out that some properties of functions symmetrized over a finite group in general are described by 
I. :Macdonald, [8]. 

It may appear (falsely) that the expansions, based on compact scmisimple Lie groups, impose 
severely constraining requirements on functions amenable to such expansions. Typically one is 
interested in expansions of a function given on a finite region, say R, of a real Euclidean space IR" 
either as a continuous function ('continuous data') or by its values at lattice points in R ('digital 
data'). In our approach one first needs to choose a semisimple Lie group of rank n whose weight 
lattice has the same geometric structure as the lattice of the data (there is always at least one 
such group). Then the region R is inserted into the fundamental region F of the chosen Lie group 
RC F. In the case of digital data, a unique aspect of our method is the easy possibility to match 
the uensity of the data points in R by the density of a grid FM in F. More precisely, the positive 
integer M selects a finite Abelian subgroup of the Lie group such that its conjugacy classes arc 
represented by the points of Fu. 

The families of C-, S-, and E-functions have a number of properties in common. In addition 
to their orthogonality, when integrated over a finite region F of au Euclidean space IR", they arc 
also discretely orthogonal when summed up over a discrete grid FM c F. Discrete orthogonality 
of C-functions in general is the main content of [9]. Furthermore, the lattice, obtained when FM is 
extended to the whole space IR", is setup uniformly for all three families. Density of such a lattice 
is specified by a positive integer M. Functions of the three families are eigenfunctions of the same 
Laplace operator, namely the one appropriate for the group G, differing mainly by their behavior 
at the boundary of F. Their eigenvalues are known explicitly for all n and all three families. Their 
products arc decomposable into their sums. The functions can be built up recursively (in lattice 
variables), for any number of variables x E IR", by a judicious choice of the lowest few and by their 
successive multiplication. In principle they could be also built recursively in the points of FM (for 
the same lattice variable), using the fact that the points of FM stand for conjugacy classes of a 
finite Abelian group, although it could be a laborious way to do it. 

Discrete orthogonality of C-functions, sec [9], were exploited in challenging mathematical ap­
plications, sec [10] and references therein. Immediate motivation of our current interest in the 
three families of functions arose as a result of the observation made in [11, 12, 13] that continuous 
extensions of the (finite) discrete expansions of functions on FM smoothly interpolate digital data 
between discrete points. Such an observation is strongly supported by nmnerous convincing ex­
amples and qualitative arguments in case of C-functions and certainly carries over to S-functions. 
However, a quantitative demonstration has yet to be made even in those cases. 

In two dimensions practical need to interpolate digital data lead to development of a number of 
sophisticated interpolation methods. Comparison of such methods with ours depends on the model 
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functions one compares it with. In general, one may say that the precision of the best interpolation 
methods is comparable to ours. However, unlike our approach, none of these methods readily 
generalizes to higher dimensions. In our case all one needs is to replace one compact semisimple 
Lie group of rank two by another one of rank n < oo. 

Generalization of the E-transform from one to more dimensions in case of a semisimple Lie group 
which is not simple, say G = G 1 x G2 , presents two interesting options, each worth t.o be explored. 
The fundamental region F•, where the expansion takes place, and the expansion functions are 
different. In spite of that one has in both cases the continuous and discrete orthogonality of the 
functions in F' . The simpler option of the two is followed up in this paper . 

In Section 2 we recall briefly the definition of the Wey! group of simple (or scmisimple) Lie group 
and its affine Wey! group aud their basic properties. Also we define the subgroup of even elements of 
the Wey! group W, and the corresponding even affine Wey! group together with their root lattice, 
fund amental region, etc. In Section 3 we introduce E-functions E>,(x) of a Wey! group. The 
functio11s are specified by a given point >. E IR" . Their W, -invariance is shown . Also, analogously 
t.o the case of both C- and S-functions , E-functions are orthogonal over the fundamental region 
F" C JR" of 'We. The general method of expansion of a function on F into the sum of orthogonal 
E-functions is given. We illustrate it on the case of the rnnk one Lie group A1. In Section 4 
the E-functions together with their continuous transforms are described for the three simple Lie 
groups of rank 2. Discrete orthogonality of E-functions in general is the content of Section 5, 
while in Section 6 pertinent properties are described for exploitation of continuous extensions of 
discrete E-expansions of functions on the fundamental region F• for the simple Lie groups of rank 
two. The decomposition of the product of E-functions for these groups is the subject of Section 7. 
Finally, in Section 8 we introduce central splitting of functions given on F or Fu into the sum of 
s functions, where s is the order of the center of the corresponding Lie group. Each component 
function has simpler E-functions expansions. Concluding remarks and some related problems arc 
brought forward in Section !). 

2. WEYL GROUP, ITS EVEN SUBGROUP AND THEIR AFFININIZATIONS 

Let r; be reflection transformation of IR" with respect to n-1-dimensional subspace containing 
the origin. Consider finite groups iv generated by n such reflections r1, r2, ... , rn, For any point 
>. E Rn we define the orbit W(>.) of the point >. under the action of W as the set of all different 
points of the form w>., w E W. Then the corresponding orbit function is the following 

C>,(x) = L e2•i(µ,:r), 

1,EW(.>.) 

XE Rn, (2.1) 

where ( , } is a scalar product in R" . Note that for n = l we have C.>,(x) = 2cos(irmx), where 
m E z?.0 and X E R. 

In this paper we consider E-functions which are orbit functions corresponding to symmetry group 
W, of even clements of Weyl groups of simple (or scmisimple) Lie group. Delow we recall some 
basic definition about both Lie groups o.nd corresponding Wey! groups. For further information 
o.bout both simple Lie groups and the Wey! groups we refer to the books [15], [16]. 

The Wey! group W of any simple (or semisimple) Lie group is specified by its Coxetcr-Dynkin 
diagrams. The diagram is a concise way to give a certain non-orthogonal basis TI = { 01,. , . , ctn} 
in IR". En.ch node of the diagram is associated with a basis vector °'k , callccl the simple root of the 
Lie group . Acting by elements of the Wey! group W upon simple roots, we obtain a finite system 
of vectors, which is invnri n.nt with respect to W. A set of all such vcctor8 is called the root system 
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6. associated with a given Coxeter-Dynkin diagram. The set of all linear combinations 

(2.2) 

is called the root lattice. Relative lengths and angles between simple roots of the basis I1 are 
specified in terms of the clements of the Cartan matrix C = (e;j)~j=I, where 

Cij = (("i1''3/ = (ail°'J), for i,j = 1, ... ,n. 
J J 

Here t~j is the simple root of the dual root system iS. = {a= 2a/ (a, a) I a E 6. }. Denote by Q the 
corresponding coroot lattice. Absolute length for the roots is chosen by an additional convention, 
namely that the longer roots of I1 satisfy (ala) = 2. In addition to the a-basis it is convenient 
to introduce the basis of fundamental weights w1, ••• ,wn, Thew-basis and a-basis are related by 
the inverse of the Cartan matrix 

n 

Wj = 2)C-1
)jkak. 

k=I 

Analogously to the root lattice we introduce the weight lattice 

{ 
n } " 

P = I:; a;wi I a; E Z = E9 Zw; . 
t=l 1=1 

We also define the set of dominant weights p+ and the set of strictly dominant weights p++ 

p+ = z?'.OWJ + z?'.OW2 + · · · + z?'.Ow,, :.) p++ = z>OWJ + z>0w1 + · · • + z>OWJ. (2.3) 

For each a E 6. and integer k we define the hyperplane 

lfo,k = {t E !Rn I (t,a) = k} 

and the associated reflection ra,k, in the hyperplane Ila), 

ra,kX = X - (a, x)& + kn. (2.4) 

The finite Wey) group W is generated by r 0 ,o, a E II. Since the action of W on I1 gives the 
root system WIT = 6., W can be extended to the affine Wey) group Waff, the group generated 
by ra,k for all a E I1 and k E Z. waff is an infinite group such that 

warr =Q ><1W (2.5) 

It is the semidirect product of its subgroups TV and the invariant Abelian subgroup Q, the coroot 
lattice, for proof see [16]. 

For any Wey! group there exists a unique highest root 

n n 

~h = L m;ai = L q;&;. 
i=l i=l 

Coefficients m; and q; arc called marks and comarks correspondingly and could be found in [17] 
Finally, for any affine Wey) group we introduce its fundamental domain (or region) F C IR" 

as the convex hull of {O, ~, ... , !i!n.,} where q1, ... , IJn· By definition F is closed. If G is not 
r11 qn 

simple then its fundamental region is the Cartesian product of fundamental regions of its simple 
components. 
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2.1. Subgroup of even clements of the Wey! group We and its affine group Wf. 
Let W be a Weyl group of simple Lie group. This group is generntcd by reflection transforma­

tions r;, i = 1, ... , n. We consider the subset of iv 

We= (r;1 ••• r;P\ pis even, ij E {1, ... , n}), 

i.e. the set of elements generated by even number of reflections, or the elements of W of even 
length. Obviously, We forms a finite normal subgroup of W of index 2, such that 

n 

W = WeU LJ r;We == Wel!riWe, 
i=l 

(2.6) 

The index i in the lnst equation is arbitrary, since rjr;-1 E We for any i, j E { 1, ... , n}. For an 
arbitrary point .>- in !Rn we denote by We(>-) its orbit with respect to the action of the even Wey! 
group. Every .>- is contained in precisely one W,-orbit. From (6] it follows that each original W­
orbits contains a unique {t E p+. By (2.6) we obtain that each We-orbit contains a unique clement 
belonging to Pe := p+ U r;P++ . The iv- and We-orbits arc in the following correspondence with 
the orbits of original Wey! groups: 

W(>-) = {We(>-) U Wc(r;.>-), if A E p++ for some i E {1, ... , n} 
We(>-), if .>- E p+ \ p++. 

(2.7) 

In particular, let we denote by \We(>-)\ the size of the orbit We(>-), then \We(>-)\ is either equal 
to \W(.>-)\ or to ~IW(.>-)\. 

Consider the original affine group warr generated by r 0 , k defined in (2.4). Then the even affine 
group is the subgroup of words of even length in r a, k of Waif, i.e. 

(2.8) 

As in the case of original affine Wey! group we have the following relation between w,a11 and We 

(2.9) 

Indeed, the subgroup of w:rr generated by r 0 ,o coincides with We, therefore We < w:rr. For 
any clement d E !Rn define a translation 

For nny two d, d' E ]Rn r(d) r(d') 
translations on !Rn. Since 

r(d)x = x+d, 

T(d + d'), therefore we may identify Q with a group of 

ro,k = T(ka)ra,O (2.10) 

we obtain that for a E II and k E z r(ka) = r 0 ,kr;1 E Wf. In particular for any i = 1, • • • , n 
r(oi) E w:rr and therefore Q E wgrr. Further, from (2.10) follows that w,:i-rr = We Q. Also since 
any non-zero element of Q has infinite order and any non-zero clcm~nt of \Ve has finite order we 
obtain that We n Q = O. Finally, we have to show that subr.roup Q is normal in w:rr. Indeed, 
for any w E We CW and any d E Q we have wT(d)w-1 = r(wd) • 

Using (2 .G) we also can define now the fundamental domain of wt being a set 

Fe=FUr;F. (2.11) 
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3. DEFINITION OF E-FUNCTIONS, THEIR RELATIONS TO C-FUNCTIONS 

We start with the definition (2.1) of C-functions. The C-function C,\(x) is the contribution to 
an irreducible character from the orbit W(,\) , ,\ E p+. If in (2.1) we restrict ourselves to the orbit 
W,(,\) instead of the orbit of W, we obtain the E-function E,\(x): 

E,\(x) = L e2iri(µ,x) ' forxEIRn, ,\EP. (3.1) 
µEW,(,\) 

The C-functions appeared in [9, 6] under the name "orbit functions". Their many properties, very 
useful for applications, were extensively studied in [l]-[6]. In this section we formulate analogous 
properties of E-functions. 

To start, both families of C- and E-functions are based on semisimple Lie algebra, the rank of 
the algebra is the number of variables. They are given as the finite sums of exponential functions, 
therefore they are continuous and have derivatives of all orders in ]Rn. 

3.1. W, - and W,"ff -invariance of E-functions. 
The C-functions (2.1) are invariant under the action of W. For any ,\ E P E,\(x) is invariant 

under the action of W,. Indeed, 

E,\(wx) = L e2"i(µ,wx) = L e2iri(w-'i,,x) = E,\(1:) for any w E W,, (3.2) 
µE W,(,\) µEW,(,\) 

since the scalar product (, ) is invariant with the respect to W and W,(11) = Wc(w- 111). 
The C-function corresponding to ,\ E P is invariant under the action of ivnff. Let us show that 

E-functions for ,\ c= P are invariant with respect to W,"ff. Since W,"fI = Q >l W, it is enough to 
show invariance of E,\(x) with respect to any translation r(d), d E Q. For ,\ E P any JL E W,(,\) 
also belongs to P hence 

(3.3) 

Since E-functions arc invariant under the action of vV,;'fI, it is enough to consider them only on 
the fundamental domain F•. The values on other points of ]Rn are determined by using the action 
of w:tr on pc. 

3.2. Relation between E- and C-functions. 
The original Wey! group also acts on the E-functions. By (2.7) for any ,\ E p+ \ p++ we obtain 

that E,\(r;x) = E,\(x), if ,\ E p++ then E,\(Tix) = Er;,\(x). Bringing it all together, we obtain 

C,\(x) = {E"(x) + Er;,\(x) if,\ E p++, (3.4) 
E,\(x), otherwise. 

We call ,\ E Pe an intrinsic point if ,\ E p++ U Tip++. 

3.3. Eigenfunctions of the Laplace operator. 
It was shown in [6, 7] that both S- and C-functions arc eigenfunctions of the same differential 

operator 
L = (o:1D1 + o:2fh + '· · + O:nDn) 2

• 

Since the matrix of scalar products of simple roots is positive dcfirwd, by a suitable choice of basis, 
the operator can be brought to the sum of second derivatives with positive cocffiniccnts, therefore 
one may call L the Laplace operator. 

Here we will show that the E-functions are eigenfunctions of the L as well. \Ve parametrize 
elements of F' by the coordinates in the w-basis x = 01w1 + • • • + O,,w,. and denote by D1 the 
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partial derivative with respect to Oj, Consider the application of L to E-functions, we see that 
they also arc its eigenfunctions: 

LE>.= -41r2
(.), I A) E>.. 

In fact, every exponential term in the functions is individually an eigenfunction of L. Since weights 
of one orbit are equidistant from the origin, eigenvalues of all terms in each function coincide. The 
explicit form of the Laplace operators L corresponding to the simple Lie group of rank 2 are in 
[3], [4] . 

3.1. Orthogonality nnd E-function transforms. 
Both family of C- and E-function determine a symmetrized Fourier series <ixpansions. The 

proof in general for both families and both continuous and discrete cases is given in [2]. It is based 
on the orthogonality of E-functions ( C-functions) determined by points A E Pe (correspondingly 
>- E p+ ). For any .>-, A1 E Pc corresponding E-functions 1trc orthogonal on F' with respect to 
Euclidean measure: 

(3.G) 

where bar means a complex conjugation and IF'I is a volume of the fundamental domain F'. 
This relation follows from the orthogonality of the exponential functions for different weights >­
and from the fact that each point /t E Pc belongs to precisely one W,-orbit. Therefore the E­
functions corresponding to the points of A E Pc form an orthogonal basis in the Hilbert space 
of squared integrable function on F•. Therefore, we may expand functions on F• as sums of 
E-fnnctions. Let f be a function defined on F' then it may be written 

J(x) = L C>.E>.(x), (3.6) 
>.e P• 

where C>. is determined by 

(3.7) 

For details of the proof sec [2]. 

3.5. Example: E-functions for A1 • 
The E-functions of the rank 1 simple Lie group A1 happen to be the common exponential 

functions. Indeed, the Wey! group of A1 has two elements W = { id, r} , where r is the rcflectiou 
in the origin of JR. The root lattice consists of all even integer points of IR., the weight lattice P is 
formed by all integers. The even subgroup We c W is the identity element of W. Thus for any 
point .>-, its We-orbit consists of a single point. Consequently the FAunction is a single exponential 
function. 

E ( ) E ( ) def ~ e2iri(i,!x) = ei"mx. ' >. X = ,,n X = L.J (3.8) 
JLE IV,(>.) 

The fundamental region F"(Ai) ~r F(A 1)urF(A1 ) = [-1, 1] in w-basis. For this simple case one 
can directly verify the decomposition of the products: 

for m, m' E Z. (3.9) 

Consequently we obtain that any two functions Em(x), Em,(x) with m 'f m', are orthogonal, i.e. 

1
1 

, {O, if m / m', (3 O) Em(x)Em•(x)dx = 'f 1 .1 
-1 2, 1 rn = m. 
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The continuous E-transform is the expansion (3.6) of functions over -1 :"o x '."o I 
00 

f(x) = L Cmei,rmx, (3.11) 
m=-oo 

4. CONTINUOUS E-TRANSFORM FOR SJMl'L8 LIE GROUPS OF RANI< TWO 

Next three sections deal with the main topic of the paper, namely expansions of functions on F' 
into series of E-functions and their inversion (direct and inverse E-trnnsforms). In this section the 
functions to expand, as well as the E-functions, are continuous ones. Discrete transforms are the 
the subject of Section 5, 6. 

General structure of the continuous direct and inverse 2-dimcnsional E-transform is the following: 

J(x,y) = L Ca,1,E(a,1,)(x,y), 
(a,b)EP, 

1 1 -Ca,b = -----~----- f(x,y)E(a,b)(.r,y)dxdy. 
fpoE(a,b)(x,y)E(a,b)(x,y)dxdy F< 

(4.1) 

Here the overbar indicates complex conjugation. There are fonr pieces of information one needs 
before the transform (4.1) can be applied to a given function J(x, y). This information depends on 
the particular Lie group G. We needs to provide 

(i) The infinite set P, of points of the weight lattice P; 
(ii) The finite domain F' E JR2; 
(iii) The functions E(a,b) (x, y), (a, b) E P,; 
(iv) The normalization coefficients J F' E(a,b) (x, y)E(a,b) (x, y) rlx dy. 

There arc three compact simple Lie groups of rank two, namely SU(3), Sp( 1) = 0(5) and G(2). 
Also there is one semi-simple compact Lie group SU(2) x SU(2) which is not simple. We are using 
the following notation often used to denote the corresponding Lie algebras: 

A2 ..... SU(3), C2 ..... 0(5), G2 ..... G(2), A1 x A1 +-+ SU(2) x SU(2). 

4.1. The E-transforms of A1 x A1, 
As we already mentioned in the Introduction there arc two ways to define the even \Vey! group 

for Lie group G = G1 x G2 which is a product of two simple groups. More on this subject 
arc in concluding remarks, Section 9. Here we give an example when G = A1 x A1 and we use 
W,(A1) x W,(Ai) for W,(A1 x A1). Then this case becomes a simple concatenation of two cases 
of A1 described in 3.5. 

Relative length and angles of the simple roots are given by the scalar products 

(01 j 02) = 0, (01 I 01) = (a2 I a2) = 2. 

Consequently, o 1 = 2w1 and o 2 = 2w2. Their dual °'k and Wj coincide with °'k and Wj- The 
root system 6. = { ±o1, ±a2} geometrically represents the vertices of a square of a side length 2. 
See Figure 1 for the details. 

Suppose .X. = aw1 + bw2 , where a, b E .Z. Since W,(A 1) consists trivially of its identity clement, 
all We(A1)-orbits have just one weight, so that, 

E ( ) rri(ax+/,,J) b •11 m, 
(a,b) x, y = e , a, E u.,, x, y E "". 

The fundamental region of W,(A 1 x Ai) is a direct product of the fundamental regions of W,(A1), 
i.e. 

Fe(A1 X A1) = {xw1 + 1JW2 I where -1 :"ox, y '."o l}. (4.2) 

Thus we have the familiar extension of the 1-dirneusional transform (1.2) to two dimensions. 
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,, 

FIGURE 1. The simple roots, the fundamental weights, along with their dual, 
r1, r2 generators of Wand the even fundamental region (shaded area) for A1 x A1 
and C2, The dots o denote the points of W-orbit and dots O denote the points 
of W.-orbit. 

4.2. The E-transforms of C2 • 

Ilclative length and angles of the simple roots of C2 are given by: 

Consequently, 

(a1 I a2) = -1, (n1 I n1) = 1, (n2 I n2) = 2. 

n1 = 2w1 - w2, 

n2 = -2w2 + 2w2, 

WJ = O'.J + ½n2, 

W2 = O'.! + 0'.2, 

°'I= 2n1, 

&2 = n2. 

The root system I::,, = {±n1, ±a2, ±(n1 + n 2), ±(2n1 + n 2)} geometrically represents the vertices 
and midpoints of a square. 

The fundamental region Fe(C2) is defined as F(C2) U r1F(C2), i.e. 

F•(C2) = {xw1 + yw2 I where 0 $ y $ 1 and 0 $ 2x + y $ 1}. (4.3) 
Geometrically it is a square with vertices O, ~' w2 and w2 - ~. Sec Figure 1 for the details. 

We define Pe = p+ U r1p++, For A= (a,b) = aw1 + bw2 E Pe the even Wey! group orbit 
We(A) = We(a, b) contains either 1 or 4 pointa: 

{
{(0,0)} if ri = b = 0, 

We(a, b) = { ±(a, b), ±(a+ 2b, -a - b)} if a2 + b2 > 0. 

According to (3.1) the E-functions of the Lie group C2, with A= aw1 + bw2 and z = xw1 + yw2, are 
the following 

E(o,o)(x, y) = 1, 
E(a,b)(x, y) = 2cos(n((2a + 2b)x +(a+ 2b)y)) + 2cos(n(2bx - ay)), if a

2 + b2 > 0. 
(4.4) 

In particular, E(a,o)(x,y) = C(a,o)(x,y) and E(o,b)(x,y) = C(o,b)(x,y). 
To be uniform in both formulas, we introduce a different normalization, namely, 

- ( ) def .. I~ E ( ) .=.(a,l1) X, 11 = fiV,Ti,,b)J • (a,b) X, Y ' (4.5) 
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FIGURE 2. Examples of E-functions for C2 • 

where IWe(a, b)I is the number of points in We(a, b). In C2 case we rewrite (4.4) as 

S(a,b)(x,y) = 2cos(7r((2a + 2b)x +(a+ 2b)y)) + 2cos(7r(2bx - ay)), for all (a,b) E Pe, 

For any ( a, b), ( c, d) E Pe , orthogonality property is verified directly, 

1. - 1' 11

-~ -S(a,b)(x, y)S(c,d)(x, y)dF' = dy Y. ='-(a,b)(X, y)='-(c,d)(x, y)dy 
F• 0 -2 

= {o, if a 1' C and b 1' d, 
2, if a = c or b = cl. 

In particular, we have fp 3(a,b)(x, y)dF' = 0 for any (a, b) i (0, 0). 

4.3. The E-transforms of A2, 
Relative length and angles of the simple roots of A2 are given by: 

Consequently, 

(a1 I n2) = -1, (n1 I a,)= (a2 I n2) = 2. 

n1 = 2w1 - w2, 

°'2 = -w1 + 2w2, 

w1 = ½(2n1 + n2), 

w2 = ½(a1 + 2a2). 

(4.6) 

The root system!::,.= {±a1, ±a2 , ±(a1 +a2)} geometrically represents vertices of a regular hexagon. 
For details see Figure 3. Take any .X = aw1 + bw2 E Pe= p+ U r,p++. Then the even Wey! group 
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Az 'i 'i 

FIGURE 3. The simple roots, the fundamental weights, along with their dual, 
r1, r2 generators of iv and the even fundamental region (shaded area) for A2 and 
G2, The dots o denote the points of W-orbit and O the points of W,-orbit. 

orbit We(a, b) contains 1 or 3 points, namely 

We(a,b) = {{(0,0)} if a= b = 0, 
{(a,b), (b,-a - b), (-a-b,a)} if a2 + b2 f, 0. 

11 

In particular, I::,, = W(l,I) U W(-l,-I)· Therefore the E-functions of A2, with .\ = aw1 + bw2 and 
z = xw1 + yw2 , are the following: 

E(o,o)(x,y) = 1, 

E(a,b)(x, y) = C 
2t ((2a+b)x+(a+2b)y) + e- 23i ((x+2y)a+(y-x)b) + e- 2t ((x-y)a+(2x+y)b). 

In particular, E(a,o)(x,y) = C(a,o)(x,y) and E(o,bi(x,y) = C(o,b)(x,y). Using the normalization 
( 4.5) we obtain uniform formula 

=(a,b)(X, y) = C 23i ((2a+b)x+(al-2b)y) + e- 23i ((x+2y)a+(y-x)b) + e- 2t ((x-y)a+(2.r+y)b). (4.7) 

The fundamental region F•(A2 ) is a union of original fundamental region for Wey! group with 
its reflection with respect to r1 , i.e. 

Fe(A2) = {xw1 +ywz I where 0 :'.:o y '.:o 1 and 0 :'.:o x+y '.:o 1}. (4.8) 

Geometrically it is a rhombus with vertices 0, w1, w2 and w2 - w1 (see Figure 3). 
For any (a, b), (c, d) E P,, orthogonality property of E-functions of A2 can be verified directly, 

f_ 2(a,b)(X, y)~(c,d)(x, y)dF' = 7J r1 dy jl-y ='.(a,b)(x, y)~(c,d)(x, y)dy Jf, lo -y 

{
O, if a# c orb f, d, (4.9) 

= ,/3, if a = c and b = d. 
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FIGURE 4. Real and imaginary parts of E-functions for A2. 

4.4. The E-transform of G2, 
Relative length and angles of the simple roots of G2 arc given by: 

(0:1 I 0:2} = -1, (0:1 I 0:1} = 2, (n2 I 0:2} = l 
Then the relation between simple roots and weights is 

0:1 = 2w1 - 3w2, 

0:2 = -W1 + 2w2, 

w1 = 2a1 + 3a2, 

W2 = C¥1 + 20:2, 

There are 12 roots in .6.(G2), namely the following 

01 =W1, 

02 = 3w2, 

.6. = {±(20:1 + 3a2), ±(0:1 + 30:2), ±(a1 + 2a2), ±(a:1 + a2), ±a1, ±a2} 

geometrically the roots are vertices of a regular hexagonal star (sec Figure 3). 
Let >. = aw1 + bw2 E Pe. Then the even Wey! group orbit We(>.) = We(a, b) contains 1 or G 

points. More precisely, 

We(a,b) = {{(0,0)} if a= b = 0, 
{±(a, b), ±(2a + b, -3a - b), ±(-a - b, 3a + 2b)} if a2 + b2 # 0. 

The E-functions (4.5) of G2, with>.= aw1 + bw2 and z = xw1 + yw2, arc the following: 

=(a,b)(x, y) = 2cos(2JT((2a + b)x + (3a + 2b)y)) + 2 cos(2JT(ax + (3a + b)y)) (4.10) 

+2cos(2JT((a+b)x+by)), (a,b) E Pe, (4.11) 

The fundamental region Fe(G2) is F(G2) U r2F(G2): 

F"(G2) = {xw1 + yw2 I where O $ x $land O::; 2x + 3y::; 1}. 

It is a triangle with vertices 0, f? and g,,f - g,f (sec Figure 3). Note that for G2 we choose the 
reflection with respect to r 2 • Therefore we also have to redefine P'(G2) = p+ U r2P++. 
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E(l,O) E(l,2) 

FIGURE 5. The E-functions for G2 . 

Orthogonality of E-functions of G2 can he verified, for any (a, b), (c, d) E Pe 

{ l 1-2x 

j F' '=-(a,b)(x, y)2(c,d)(x, y)dFe = \13 { dx 1 ~ '=-(a,b)(x, y)2(c,d)(x, y)dy lo - 3 

= {o, if a 'f C or b 'f d, 
2V3, if a = c and b = cl. 

{4.12) 

5. A DISCRETE E-FUNCTION TRANSFORMS 

We introduce the essentials of the discrete finite E-function transform. This transform can be 
used, for example, to interpolate values of a function J(x) between its given values on a lattice 
FJ1 C F. The discretization of E-functions closely parallels that of both C- and S-function, [3]-[5]. 
All the details of the proof for the discrete finite E-transforms are found in [2]. Recall (2.2), that 
the lattice Q is a discrete W-invariant subset of Rn. Then for any positive integer M the set 

n 

1~1 = i:JQ/Q = u ~i, d; =0, ... ,lil-1 (5.1) 
i=l 

is finite and lV-invariant. Moreover, Tu forms the Abclian subgroup of the maximal torus, 
generated by the clements of ord<or M, of simple compact Lie group corresponding to W. One has 
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the basic discrete orthogonal relation on TM for A, µ E P 

L e2,r(>.,s)c2,r(µ,s) = {ITMI, if AITM = µITM, 

0, otherwise. 
sETM 

(5.2) 

We define the equidistant grid FJ1 of points in the fundamental region Fe, namely 
n 

FJ1 ~r FM U r1(FM) = {s = x}w1 +-- · + xrwn, I Si E 2~0, L Simi :S M}U{r1(s) Is E Fu} (5.3) 
i=I 

where m;'s arc the coefficients of the highest root ~h-

For any two functions f, g given by their values on some FJ1 we introduce a bilinear form 

Ul9)M ~f L t,f(s)g(s). (5.4) 
sEFlr 

The coefficients t 8 in the sum over FJ1 arc equal to the number of points in the torus TM that 
are conjugate to the point s E FJ1 . By (5.2) for any M positive integer there exists a finite set 
AM of Pe such that for any two A, N E AM 

(3>.l3N)M = L i;,3>,(s)3(s) = 6>.,N(3.xl3>.)M- (5.5) 
sEF}.,r 

As a consequence of the orthogonality property (5.5), we get the following decomposition for any 
function f(s) with known values on points of FJ1, Indeed, if f(s) is given 

J(s) = L d>,3>,(s) (5.6) 
=.; EAM 

Then using the orthogonality property (5.5) we may calculate d>. as 

d - ( <tl
1
=-,))' ·). - =.; =.; M (5.7) 

Once d>, of the original decomposition (5.6) were calculated, one can extend discrete variables 
in FM to continues ones: 

(5.8) 
=.;EAM 

It turns out that the function fcont(x) smoothly interpolates the values of f(s), while coinciding 
with it at the points of FJ,1. 

Note that to find coefficients "• one may use the corresponding C-function coefficients c,, 
s E FM, which is equal to the number of point in TM that are congruent to s. Indeed, by (2.11) 
Fe= FUriF for some i E {1, ... ,n}. Then for s = (s1, ... ,sn) E FM 

_ {½cs, if Si f 0, "• - . 
Cs, If Si = 0. 

(5.9) 

5.1. Example: discretization of A1• 

Herc we give the description of the A1 version of the discrete orthogonality of the E-functions. 
First, we fix M E N, which determinr!s an equidistant grid of 2M + 1 points FM: 

FX1 = {-1, --½i-1, ... ,-;&,o, ;&, il, ... , -½i-1, 1}. (5.10) 

The scalar product in the space of functions defined on FJ1 is 

(JI h)M ~
1 L f(s)h(s) = L c,f(s)h(s). (5.11) 
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For any s f ±1 there is no other point of TM which is conjugated to s therefore cs = 1. The 
point s = 1 is conjugate to s = -1 and only one of them belongs to TM thus c-J = c1 = ½­
Analogously to the continuous case we obtain the discrete orthogonality property of the E-functions 
over FX1: 

(E IE ) -{2M, ifm = m' mod 2lv1, 
m 

1111 
A! - 0, if m f:- ni' n1od 2A1. 

Let f(s) be a function with known real values on FM, and be decomposed as follows, 

M 

J(s) = L dk Ek(s), s E FXt-
k=-M 

Then we can compute the coefficients dk from 

~ {4Mdk if k =-Mork= M, (! I Ek)Ar = L, csf(s) Ek(s) = ·, 
sEFM 2Mdk, if k =-!If+ 1, ... , ]If - 1. 

(5.12) 

(5.13) 

(5.14) 

After the coefficients elk have been calculated, one can replace s in (5.13) by the continuous 
variable x: 

M 

fcont(x) ~r L elk Ek(x), where x E JR. 
k=-M 

At x = s E F,.1 , the continuous function fcont(x) coincides with J(s). 

6. DISCRETIZATION OF TWO-DIMENSIONAL TRANSFORMS 

(5.15) 

This section contains all the details of the exploration of the method of finite E-function trans­
form corresponding to the simple Lie groups of rank 2. General structure of the discrete 2-
dimensional E-transform is the following: for any function f given on the discrete grid F,~1 

fcont(X, y) = L d(a,b)=(a,b)(X, Y), 
(a,b)EAu 

d _ (Jl:=:(o,b))M 
(a,b) - (3(o,b)]3(o,b))M • 

(6.1) 

Here ( , )M denotes the Hermitian form (5.4). For the particular Lie group G besides the 
corresponding E-functions there are four other data one needs to perform transform (6.1): 

(i) The finite grid FJ.1 c P; 
(ii) The coefficients cs for s E F'f,,1; 
(iii) The finite subset AM of P,; 
(iv) The normalization coefficients (=(a,b)l=(n,b))M, (a,b) E AM-

6.1. Discretization in the case of C2, 
First we describe the grid FJ.1 as in (5.10). Since the highest root of C2 is 2n1 + 02 

F e der {(:!l. ~) J , ,71 >0 M = Ai• M so,s1,s2 Ev_,-, 

Sec Figure 6 for F'f.t, M = 3, 4. 
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c, 

FIGURE 6. The lattice points of Ff, Ff in the fundamental region Fe for C2 and A2. 

The coefficients c, for C2 arc found in (3]. By (5.9) 

1, if s1 = 0 and s2 = 0, A,f, 
or s2 = 0 and s1 = 4/, 
or s1 = -!,f and s2 = NJ, 

2, if 2s1 + s2 = 0 and O < s~ < M, 
or 2s1 + s2 = ]If and O < s2 < 111, 
or s2 = 0 and O < s1 < 4}, 
or s2 = J\.f and -!,J- < s1 < 0, 

4 if O < s2 <Mand O < 2s1 + s2 < M. 

(6.2) 

The finite set A1v1 = {(a, b) E l'e IO< a+ 2b $ M, 0 $a< M}. Then for any (a, b) 'f (a', b') E 
Au 

otherwise, for the set of the lowest pairwise orthogonal normalized :::'.-functions: 

1

4, if a= 0, M and b = 0, 
2, ifa=O and b=l>f, 

(=(a,b) I =(a ,b)) M = 8M2 x 1, if O <a< M and O <a+ 2b < M, 
or a = 0 and O < b < l>f, 
or a + 2b = M and O < b < 4f. 

with the higher =-functions repeating the values of the lowest ones. 

6.2. Discretization in the case of A2. 
First we describe the grid FJ1 a~ in (5.10). The highest root of A2 is o 1 + o 1 , therefore 

Fe def {(n ~) I ,,,,.>o M = M• M sa,s1 ,s2 Ea.,-, so + s1 + s2 = M > 0} U { ( 7i71-, ''f/1) I s1 ~ 0} • 

See Figure G for FX1 , M = 3, 4. 
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The coefficients c, for A2 are found in [4]. By (5.9) 

I 
2 if s2 = 0 and s1 = A1, 

or s2 = ~M and SJ = -A1, 

1, if s1 = 0 and s2 = 0, J\1, 

~. if s2 = 0 and O < s 1 < M, 
or s2 = M and -M < s1 < 0, 

or s, + s2 = M and O < s2 < M, 
or s1 + s2 = 0 and O < s2 < M, 

3, if 0 < s2 < M and 0 < s1 + s2 < M. 
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(G.3) 

The finite set AA/= {(a, b) E Pe IO< a+ b SM, 0 Sa< M}. For any (a, b) f (a', b') E AM 

otherwise, for the set of the lowest pairwise orthogonal normalized 2-functions: 

if OS a+ b S l\I and O <a< M, 

(2(a,b) I 2{a,b))M = 91\12 
X 3, if a= 0 and b = 0, 

1

1, if 0 <a< Mand b = 0, M, 

or a = 0 and b = M, 
or a = 1\1 and b = 0. 

with the higher 2-functions repeating the values of the lowest ones. 

G.3. Discretization in the case of G2 • 

Since the highest root of G2 is 2o:1 + 30:2 the grid FX1 is 

pe <!!_f{(ll .:!2.) I >O M - M' M so,s1,s2 E z-, so + 2s1 + 3s2 = M > 0} U { ( 2"' t/•2
, TI) \ s2 2: 0} . 

The coefficients c, for G2 arc found in [3]. Dy (5.9) 

1, ifs1 =0ands2=0, 

or s 1 = 0 and s2 = -¥, 
ors,= J\!I and s2 = --¥, 

3, ifs, = 0 and O < s2 < lf, 
or 3s2 + s 1 = 0 and O < s1 < 1\1, 

or 3s2 + 2s1 = M and O < s1 < M, 
6, if 0 < s1 <Mand 0 < s1 + 3s2 and 2s1 + 3s2 < M. 

(6.4) 

The finite set AM = {(a, b) E P,, \ 0 < 3a + b, 3a + 2b S M, 0 S a S -41}. Then for any 
(a,b) f (a',b') E Au 
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otherwise, for the set of the lowest pairwise orthogonal normalized E-functions: 

G, if a = 0 and b = 0, 

3, if a = 4} and b = 0, 

2, if a = 0 and b = ¥, 
1, or b = 0 and O < 3a < M, 

if a = 0 and O < 2b < M, 

or O < 3a +band 3a + 2b < M. 

with the higher E-functions repealing the values of the lowest ones. 

7. DECOMPOSITION OF PRODUCTS OF E-FUNCTIONS 

For any two points >-, >,1 E Pc define the product of corresponding orbits W,(>-) © W.(>-1
) as a 

set of all points in JR" of the form ,, + 1i', /l E We(>-), p 1 E W,(X). Since the set of the points 
Jt + JL' 11 E We(>-), p.' E We(>-') is invariant under the action of corresponding even Wey) group, 
for any 'YE We(>-)© We(>-') we obtain that 

Therefore any product of two orbits can be seen as a union of finite number of orbits of We, 
Let both >, and >,' be in Pc and 

We(>-)© We(>.')= LJ Wc('Y), 
"{El 

where I is a finite subset of Pe, Then for the prodnct of corresponding E-fu11ctions we have 

Indeed, by (7.2) 

E,.(x) E..,(x) = L E'Y(x). 
'YEI 

E,.(x)E..,(x) = L e2,ri(µ,x) L e21ri(1t',x) = L L e21ri(o(1),x) = LE'Y(x). 

µEW,(A) 1/EIV,(A') 1E / o(-y)EW,(1) 1E / 

(7.1) 

(7.2) 

(7.3) 

For the E-functions of A1 the product decomposition wns shown in (3.9). However, in higher 
dimensions of Euclidean spaces the problem of finding terms of the sum and their multiplicities in 
(7.3) is a not simple task. F\1rther in this section we deal with decomposition of the product of 
E-functions for the three simple Lie groups of rank two. 

7.1. Decomposition of products of E-functions for C2 • 

fbr any (a,b),(c,d) E Pe the product in (7.3) ca11 be written as 

=:(a,b)=:(c,d) = =:(a+c,b+d) + =:(a-c,b-d) + =:(a+2d+c,b-c-d) + 2(a-2d-c,b+d+c) = L =:(a,b)+1< (7.4) 
J<EW,(c,d) 

Here we again we use the normalization (4.5). Moreover we can obtain analogous product de­
composition rules for C-function of the Lie group C2 • For that we first introduce analogous 
renormalization of orbit functions. Namely, 

IWI 
n,.(x) = IW(>.)i C,.(x). (7.5) 
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Then from (3.4) we obtain 

f'l(a,O) = 3(a,O), f'!(O,b) = 3(0,b), 

f'l(a,b) = S(a,b) + =(-a,a+b)· 

a,b # 0, 
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(7.6) 

Combining both (7.6) and (7.4) we obtain the formulas for the product of C-functions. If 
(a, b) E p++ and (c, d) E p+ \ (0, 0) 

n(a,b)n(c,d) = L ]TVCT~!~t+,;nf'l(a,b)+µ- (7.7) 
µEIV(c,d) 

The product of two C-functions determined by points (a, b) and (c, d) is decomposed into the 
sum of C-function labekd by weights from (a,b) + W(c,d). In particular, if both (c,d) and all 
the points of (a, b) + W(c,d) arc in p++, we obtain 

f'l(a,b)f'l(c,d) = n(a+c,b+d) + f'l(a-c,b-d) + n(-a+c,a+b+d) + n(-a-c,a+b-d) 

+ f'!(a+c+2d,b-d) + n(a+c-2d,b+c+d) + f'l(a+c+2d,b-c-d) + fl(a-c-2d,b+d)· 

The remaining case are 

n(a,O)n(c,0) = n(a+c,O) + n(a-c,O) + IIV(l~~~.c)ln(a-c,c), 

n(o,b)n(o,d) = n(o,b+dJ + nco,b-dJ + 1wd:.Ldlln(2d,b-d), 

n(a,o)n(O,d) = ~n(a,d) + 1wf~~ld)ln(a,-d)· 

We also can use these formulas to generalize formulas for tensor product of W-orhits of C2 from 
section 4.2 in [6]. 

7.2. Decomposition of products of E-functions for A2. 
Analogously to the case of C2 group products of the E-functions of A2 decompose into sums of 

E-functions. For any (a, b), (c, d) E Pe we obtain 

S(a,b)=(c,d) = S(a+c,b+d) + S(a+d,b-c-d) + S(a-c-d,b+c) = L S(a,b)+µ- (7,8) 
µE\V,(c,d) 

The relation (3.4) between E- and C-functions for A2 is the following 

fl(a,O) = =(a,O), fl(o,b) = 2(0,b) 

fl(a,b) = =:(a,b) + 3(-a,a+b)' 
(7.9) 

Herc we used the normalization (7.5) for C-functions. Combining the last two formulas we obtain 
for any (a, b) E p++ and any (c, d) E p+ \ (0, 0) 

The remaining cases: 

'°' IWj r, n(a,b)n(c,d) = ~ IIV((a,b +1•ll "(a,b)+w 
11E\V(c,d) 

fl(a,o)fl(c,O) = n(a+c,O) + ~n(a,-c), 

n(O,b)n(O,d) = n(O,b+d) + ~n(-d,b), 

n(a,o)f'l(o,d) = jJ~n(a,d) + n(O,-a➔ d)· 

(7.10) 

Also we have obtained the formulas generalizing formulas for tensor product of 11'-orbits of A2 
from section 4.2 in [6]. 
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7.3. Decomposition of products of E-functions for G2, 
The products of the E-functions decompose into sums of E-functions. Namely, if (a, b), (c, d) E Pe 

=(a,b)=(c,d) = L =-(a,b)+1,(c,d) = =-(a+c,b+d) + =-(a-c,b-d) + 2(a+2d+c,b-3c-d) 
/LEW,(c,d) 

+=-(a-2d-c,b+3c+d) + =-(a-c-d,b+3c+2d) + =-(a+c t-d,b-3c-2d) · 

In case of G2 (3.4) gives 

(7.11) 

S1(a,0) = =-(a,O), S1(0,b) = 3(0,b) (7.12) 
S1(a,b) = ::,(a,b) + 2(-a,3a+b) • 

As a sequence from (7.11) and(7.12) we obtain the decomposition for the product of n for ( a, b) E p++ and (c,d) E p+ \ (0,0) 

(7.13) 

8. CENTRAL SPLITTING FOR E-TRANSFOR~!S 

The idea of the central splitting of a function f (x) 011 F or pe of a compact semisirnple Lie group G, is the decomposition of f(x) into the sum of sever~! corn1i'onent-functions, ns many as is the order s of the center Z of G. Motivation for considering such splitting is in the property of the component-functions [2]: their E-transforms employ mutually exclusive subsets of E-functions of G. The functions EA and EN belong to the same subset precisely if ,\ and ,\1 belong to the same congruence class. 
Let Xi, ... , Xs be the irreducible characters of Z. Also any ,\ E Pe determinPs an irreducible character of Z 

z E Z. (8.1) 
Then XA = Xi for some 1 '.S: j '.S: s. Then j is called the congruence class of ,\. It is constant on the We-orbit of ,\ and therefore 

i E Z. (8.2) 
Thus any J which is linear combination of E-functions can be written as a sum of s functions f(x) =Ji+···+ ls, where 

(8.3) 
iEZ 

There are two rank-two compact simple Lie groups with non-trivial center of orders 2 and 3, namely C2 and A2 respectively. The center of G2 is trivial. 

8.1. Central splitting for C2. 
As we have already seen in (4.3) the fundamental region of C2 is a square with vertices 0, ~, 

w2 and w2 - ~- The center Z has two elements {0,w2 }. According to [2] any function f on pc we may decompose it into J(x) = fo(x) + fi(x), where 

Jo(x) = ½U(x) + J(x + w2)} and fi(:i:) = ½U(x) - J(x + w2)}. (8.1) 
However for any x = aw1 +bw2 E pe the point x+w2 is ontside of pe_ Dy suitable transformation we bring it back to the fundamental region: 

To2,JTo 1To 2,1r01 (a,b+ 1) = (-a,l -b). 
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Therefore the component function can be written for x in w-basis as 

Jo(a, b) = ?{!(a, b) + J (-a, 1 - b)} 
Ji (a, b) = :dJ(a, b) - J (-a, 1 - b)}. 
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The main property of both Jo and J1 is that each of them decomposes into a linear r.orubination 

of E-fnnctions from one congruence class only 0 for Jo and 1 for Ji. 

8.2. Central splitting for A2. 

In the case of A2 the fundamental region is a rhombus with vertices 0, w1, W2 and w2 - w1 as 

in (4.8). The center Z has three clements {0,w1,w2 } and any function on F" is decomposed into 

the smn of three function J (x) = J0 (x) + Ji (x) + h(x) where 

Jo(x) = l{J(x) + J(x + w1) + J(x + w2)}, 
fi(x) = t{!(x) + e-2tri/3 J(x + w1) + e-21ri/3 J(x + w2)}, 

h(x) = 3{/(x) +c21ri/3J(x+w1)+e21ri/3J(x+w2)}. 

Again for x = aw1 + bw2 E pe both x + w1 and x + w2 are not necessarily in pe. We have 

x + w1 = (a+ 1, b) and x + w2 = (a, b + 1). Then there are two cases for points (a, b + 1) and 

(a+ 1, b) to be brought to F• by suitable transformations from the affine VVeyl group of A2, 

and 

r 02 ,1r 01 (a,b+l)=(b,-a-b+l) fora~0 
r 01 ,1r02 (a + 1, b) = (1 - a - b, a) 

r 01 r 02 ,1(a,b+ 1) = (b-1,a+ 1) for a< 0. 
Tn2,1r01 (a+ 1, b) = (b -1, -a - b + 1) 

Finally, one obtains, for x = ( a, b) E pe, a ~ 0 

Jo(a, b) = ½ {!(a, b) + J(b - 1, -a - b + 1) + J(b- 1, a+ 1)} 

J1 (a, b) = }{!(a, b) + e-2rri/3 J(b- 1, -a - b + 1) + e-21ri/3 J(b - 1, a+ 1)}, 

h(a, b) = ½U(a, b) + e21ri/3 J(b- 1, -a - b + 1) + e2rri/3 J(b- 1, a+ l)} 

or if x = (a, b) E F•, a< 0 

Jo(a, b) = ½{J(a, b) + f (1 - a - b, a)+ J (b, ~a - b + 1)} 

fi(a, b) = HJ(a, b) + e-2,ri/3 J(l - a - b, a)+ e-2~•/3 f(b, -a - b + 1)}, 

h(a, b) = ½{J(a, b) + chi/3 J(l - a - b, a)+ e2" 1
/
3 J(b, -a - b + 1)}. 

Again each /;, i = 0, 1, 2 in this sum may be decomposed as a sum of E-functions from the 

congruence class i. 

0. CONCLUDING REMARKS 

1. Similarly as the C- and S-functions, the E-fnnctions can be viewed as a family of orthogonal 

polynomials, related to a particular semisimple Lie group and to a particular lV,-orbit, in as many 

variables as is the rank of the group. Such variables, as we use them here, are constrained to the 

n-dimensional torus of the appropriate Lie group. The polynomials have many prorwrties of tradi­

tional special functions. Ensy discretization of the polynomials is an unusual feature, particularly 

in a multidimensional set up. 

2. The E-functions of SU(2) arc common exponential function in one variable 

Em(x) = eimr = !(Cm(x) + S711 (x)). 

Iloughly speaking, E-function arc related to C- arnl S-functions as the exponential function is 

related to cosine nnd sine functions, The special role of imaginary unit docs not st-em to generalize. 
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3. Besides three introduced transforms in the case when G is scmisimple there arc other derived 
transforms which may be considered. Suppose G = G1 x G2, where G1 and G2, Lot Fi ~c ei

th
er 

the fundamental region of G1 or fundamental region of its even Rubgroup and F2 ~cspcctJvely_ for 
G2, Then any function J(x 1,x2) on Fi x F2 can be expan<le<l using any of C- S-, E-functions 
on Fi an<l any of these three types on F2• Thus one may have EC or SE-transforms rnther then 

E E-transfonns we stu<licd in the main body of the paper. 
4. The E-functions are complex valued, in general. A function E.\(x) is real precisely if the orbit 

We(,\) contains both weights ±,\. More about when that happens sec in [2]. 

5. A choice of WtlT•fundamental domain Fe is not unique. It is made out of two itdja~ent copies 
of the fundamental domain F of W. One can flip Fin any of its (n-l)<limensional faces m order to 
get Fe. Obviously, for any choice of F' one can introduce both continuous and discrete tmnsform: 
general theory allows one to set up Pe, FJ

1 
etc. It is conceivable that practical considerations may 

dictate preferred choice. 

6. As we already mentioned in the introduction there are two ways to <lcfinc even Wey! ~r~~p i_n 
case when original Lie group is 11 pro<luct of two simple Lie groups G = G1 x G2 • First possibility IS 

when E-transform of G is taken up to be the simult!lncous E-transform of G1 und the E-transfor~l 
of G2, The E-functions of G are products of E-functions of G1 and the E-funct.ions of G2, In tins 
case we take lV,(G) to be W,(Gi) x W.(G2). 

The second possibility nriscs from the foct that 
(9.1) 

Consider for exarnple G = SU(2) x SU(2). Its Wey! group is of order four, its clemc,nts b~ing 
1, r1, r2, rirz. Hence W,(SU(2) xSU(2)) has two elements, namely 1 and r1r2, In three dimensions 
the possibilities this option allows arc more curious, interesting and involved. We arc going to pursue 
them elsewhere. 

7. !he most important qualitative argument in fovor of efficiency of discrete and con:inuons 
expans10ns of functions given on F into series of either C- or S- or E-functions, is that they mvolve 
discrete groups larger than the translation group of tra<litionul Fourier expansions. In<lecd, i~ is the 
affine Wey! group acting in IR", which contains the translations a., its subgroup. !\fore specifically, 
the fundamental region of the tmnslation group is the proximity cell (Voronoi domain) V of the 
root lattice of G, while the fundamentul region p for the affine Wey! group is much smuller, 
!VI [F!ltVj. Tims the larger is is the order IW! of the Wey! group, the more cffic!ent arc our 
expans10ns (fewer 'harmonics' needed). The Voronoi <lomains of root lattices for all simple G nrc 
<lcscri bed in [ 11]. 
. Indcpc~dcntly interesting would be to study multi<limensional Fourier expansions in general, that 
1s expansions based on translational symmetry, as opposed the reflection symmetry of the affine 
Weyl. group, we use. In that cnse Voronoi domains would play the role of F here, bccau~e they are 
the tiles filhng the space by translations. Suppose that one wants to insists on expansions based 
on translation symmetries like x ,-, x + 271' in 1-dimcnsion. Then the correspon<ling symmetry 
group is the translation subgroup oft.he affine Wey! group w•IT. The expansions t.hen refer to 
function: given on the fundamental region of w•IT which is proximity cell (Voronoi domain) ~f t_hc 
root lattice of G. Translations then tile the entire n-<lirncnsional space by copies of the proxmuty 
cell. A description of the cells for all simple Lie groups is found in [6). 

8. _Finally let us point out several questions naturally nrising from this work and its possible 
cxte11s10ns. There arc two £..transforms on square lattices of lR.2 related to the groups SU(2) X SU(2) 
and 0(5). How do they compare? Similarly there is E-transform5 on trim1gulnr lntticcs of ~(2) aucl 
C-trnnsform on the same lattice of SU(3). When to use one am! when the other? Such dilemmM 
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grow rapidly with the dimension of the transform. ThuB in 3D there are four E-transforms on cubic 

lattices. 
To know more about computing efficiency of the transforms would be very useful. 

Restriction of the Lie group G to, say, its maximal reductive subgroup G' implies reduction of 

the E-functions of G to the sum of E-functions of G'. Calculate such branching rules. 

There arc finitely few discrete points in F (for each semisimple G) where all C-functions take 

integer values. Are there points with this property also for E-functions? A trivially affirmative 

answer is given by E-\(0) for all ,\ and all G. 
Symmetrization and antisymmctrizarion of tensor powers of We orbits results in the sum of 

several orbits. In terms of E-functions such an uncommon multiplication would yield a sum of 

E-functions. Any use for it? 
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