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PERIODIC SOLUTIONS OF A PLANAR
DIFFERENTIAL EQUATION WITH TWO DELAYS

CASSAGO JR.,1'l; Gonov,S.M.S. AND TABOAs,P,Z.

Universidade de 8510 Paulo - lnstituto de Ciéncias Matematicas de 8510 Carlos

ABSTRACT. In this paper we re-state for two delays, the results of [12]. An existence theorem is
obtained for nonconstant periodic solutions for the system of delay equations:

fl“) = —o:r](t) + OF](.T(t—1))

in“) = —arg(t) + 0F2(:r(t — r))
(1)

for a > 0 and 0 < r < 1. We use a fixed point theorem for an operator defined by the flow in the
phase space C([-1,0],R2). in order to state the existence of periodic solutions. As a consequence of a
study of the characteristic equations of the linear part of (1) a sequence of values of a, 00 < a] < ---
where a Hopf bifurcation happens, was achieved.

1. INTRODUCTION

In this paper we deal with the system of two delay-differential equations
3110) = —fiyi(t) + fiGiU/(f — Pill
1120) = —fiy2(1l + ,3G2(y(t — Pal)

with p],p2 > 0, y = col (y1,yg)€ 113,13 > 0 a parameter and G = col (Gl,G-,) a map of 1122

into itself. After a normalization through a rescaling of time this system can be written as:

A“) = —o.’r](i) + 0F1(1'(t— l))
162“) = —01?2(1)+ OF2(I(Y — T’))

(1.0)

(1.1)

where a > 0 is a parameter, F = col(F1,F2) is a continuous map from IN into itself, and
0 < r < 1. Therefore we shall concentrate our study on the system (1.1).

All over this paper we assume there exists M > 0 such that HF(I)]| 5 M and F is differentiable
up to order two at the origin. The original motivation was the study of the scalar version of
(1.1) under the so called negativf feedback condition on F. See [9] and [5]. The equation (1.1) is
studied in [12] and [1] with only a one delay. i.e., r = 1. Indeed, our main objective is to re—state
their results for two delays.

Now, we need to fix some notation: C = C([-1,O],f~.2) with the sup norm ||.:|l z(t) = I(t,t;)
is the unique solution of equation (1.1) such that Ill—1.0] : g. For each continuous function
1 :-[a— l,a-+a]—IP."', a >0‘r, EC,a§i< a+a.is given by z,(6) z: z(t+6’), —-1 5050.

Let us denote 3F1(0) = 61,
81:2(0) : —6g; 61, 62 > 0.

(912 611
From now on, we assume the hypothesis

(H1) IQF1(1‘)>0, 22¢0, I]F2(.T)<0, 11560.

In this manner, we have that
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2. THE CHARACTERISTIC EQUATION

The linearization of (1.1) near the origin gives

(2.1) 5c(t)+o:r(t)=Bl(o):r(t—1)+Bg(a)r(t—r)

where B](o):(g Ogl)and Bz(0)=( 006 g).-' 2

A necessary and sufficient condition for the existence of a nontrivial solution of the form
10) : ehu, u E 1122, A E C, is that u is a nonzero solution ofA(A)u = 0; A(A) u z: (A + a)! —

B1(o)e')‘ — Bg(a)e"\', which leads to the characteristic equation

(2.2) (A + ohm“) = 41267, 6:1/6162.
Notice that A = 0 is the unique real root of (2.2) and it. occurs when a = O, and if A = A(a)

is a root of (2.2) its complex conjugate is too; therefore. we can restrict our study to the upper
semi-plane S(A) > 0.

Lemma 2.1. There is no root of(2.2) in the lines A = a + bi, with b : zl: £2117?) 7T, k =
0,1,2, .. . .

Proof: If A = a + bi, the equation 2.2) becomes

(a + O + bi)26[a(l+r)+ib(l+r)] _ 02172.

(2k+1)7rSince :l:b = Hr implies cos b(1 + r) = —1 and sin b(1 + r): 0, one obtains

(a + a)? — b? : cattle—“0+”

2(a + o)b = 0
i

which is incompatible. D
The Lemma (2.1) says that the roots of (2.2) lie in the strips

_ _ ,‘(2k—1)7r (2k+l)7r _Sk—{A—G-i-bl, 1+?” <b<-l+—r,b>0},k—O,:1:1.i2,....
Lemma 2.2. HA 6 515, k = 0, 1,2, . . ., the equation (2.2) is equivalent to the equation

1

(2.3) (A+a-)exp (A 5”) =(—1)"i6a.

Proof. : If A = a + bi E St and satisfies (2.2) we have that
1

(a+o+bi)exp[a< ;T)+b<l;r)i] ziiha
which is equivalent to the system

(a+o)cosb<1;r> —bsinb<];r) 20

(a+o)sinb<];r> —bcosb<l;r) zifiaexp [—a (lg-TH.
Multiplying the first equation by bsin[b(1+ r)/2]. we obtain

(a+o)bcos [b<3-”21>]sin PC?” = 195m? [b <1?” 2 o

and (a +a)sin[b(1+ r)/2] and bcos[b(1+r)/2] have the same sign. Furthermore. in 5k, the sign
ofbcos[b(1+ r)/2] is (-1)".

Then, (A + o)exp[A(1+ r)/2] = (—1")i60. D
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Lemma 2.3. There exists a sequence A1, of characteristic roots such that Ak : bkz' E St.
ésin[bk(]—’;—")] = (—I)’r and 0k = bk/x/tS? — I, k = 0,l,2,... , foré > 1.

Proof. zlf A = bki, k = 0,1,2, . .. in (2.3) we obtain

0k : bktan [m] 23]
(2.4)

. l
aksm [bfl ; T)] +17]; COS [bk(l ; r)] : (—l)k60k.

The insertion of the first equation into the second one, leads to

sin [bk <1?” =(-1)*%,

which gives, with the second equation in (2.4),

cos “<1?” =(—I)kok (5'6‘1) , k:0,1,2,.... D

Remark. : Lemma 2.3 shows that the first value a = no where a root /\ crosses the imaginary
axis is

be 2 1 7r
2.5 a = , 0 < b = arcsin — <( ) ° a/63—1 ° 1+r 6 1+r
that corresponds to the characteristic root A0 : boi 6 50. Moreover, 0 < 00 <
a] < _. +00, as k ~ +00, because bk = bo + 2k7r/(I + r), k 21.1ick : bk(] + r)/2, We

have that (2k — l)-’2L < ck < (2k +1)? and ck = co + k7r.

Lemma 2.4. Each strip 5k, k 2 0 contains precisely one root of(2.2) for each a # 0 and it is
simple.

Proof. : Putting /\ : a + bi E 515, k 2 0. in (2.3) , it follows that

a+a=btan[b(1;r>J

«mmi<lzf>i+bmi<lzr>i=<-l>waexpi-a<lzf>i
and, defining c = b(I + r)/‘2, btanc sin c + bcosc : (—l)"60 exp[—a(I + r)/2] which combined
with (2.5) gives b as a function of 0. Defining 13 : 60 exp[a(1 + r)/2], it follows that 52 =
6(1 + a(l + r)/2)exp[o(l + r)/2] > O for a > 0. Furthermore,

(2.6)

(2'7) fl = Mb) 2 (-])"bexp lectjcnccl 20-1),r sec cexplo(l + rl/Ql

and

(2.8)
dB _ fl _ (_1)kcctanc5ec Cl“ + Clan C)? + C2] > OE“db’
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Therefore, A(b) ~ 0 as b —» 0+ or b —< Q”‘+;r’l7r+ and Mb) _. +0: as b _* NH 77.
. . . . . .

1+ ’

k = ],2,... . Then, in each strip St, b = S}(A) is a strictly increasmg function of o 6 (6,00),
into (011—17), ifk = o, and (QT-32", Lith’lw) ifk 21.

In this manner, it. follows from the first equation of (2.6) that a = NA) is also a function of
a in each strip 5k. Moreover, A is differentiable with respect. to a.

Let A0 be a root of (2.2). Then

d
d—A

(A + crew“) + 026211“, = (A0 + a)e*° “+210 + (A0 + 0NH r)] 96 0,

therefore, A0 is simple. E]

Lemma 2.5. H6 > 1 and A : A(a) is a root of (2.2), then §li(A) < (2ln 5)/(1 + r) and

lim A(o) : 21116
+ iww in each strip Sk k = 01 2

o—+oa 1+r 1+r ’ ’ ”""'
Proof. : Recalling that c = b(1 + r)/2, the equation (2.6) implies (1 + a/o)exp[a(1 + r)/2] =
(—1)késin c. By Lemma 2.4, clinim(—1)k6sinc = 6 and. because (1+ a/o)exp[a(] + r)/2] >
exp[a(1+ r)/2], it follows that a = a(o) is bounded as 0 —~ +oc and 6 = lim exp[a(l + r)/2].

Q—+OO
Then a : ER(A) — (2ln6)/(l + r), as o —» +00. From the proof of Lemma 2.4, one obtains

b:S(A)~(l,kI—rllrrasa—»:+00. D

Lemma 2.6. If Ak : G), + bki E 5k, k = 0,1,2,... are roots of (2.2) for some a > 0, then
(10 >01> "‘—*—00.

Proof. : From (2.2) we obtain

|o + a)2e*<1+'>|= 72, 72 = 0,252.

If A = a + bi, then

(2.9) [(a + a)? + b2]e(0+0)(l+r) : 7,2

and this, {0T 7‘ = 27r/(l + r), defines b > 0 as a function of a in the interval —00 < a 5 0. Such
a function is strictly decreasing because

a _ i ido 2b 1 + r
Then,¢10=0>01>ag>--->ak>-~-.

Let us suppose this is false for some value of 7. Since §R(A) is a continuous function of 7 in
each strip 5k, there exists some 7 for which at = a,, k > t. But, by (2.9) we have

[(a + a)? + bileta+o)(l+r) : [(a + a)? + bf]e‘“+°l“+”
and this implies bk = bl, which is a contradiction. D

Lemma 2.7. If—l < 6 < 1, then each solution of(2.2) satisfies WA) < 0.

The proof follows from (2.2).
The Lemma 2.5 shows that 6 > 1 implies A crosses the imaginary axis, in each strip St,

I: :: 0, 1,2, . .. . According to the proof of Lemma 2.4 one has that this crossing is transvesal.
Lemmas 2.1 - 6, provide a complete description of the behavior of the characteristic roots in the
complex plane.

We observe that for 0 < S(A) < 7r/(l + r), the origin and A0 : 170i defined in (2.5) are
characteristic roots and since 3455}?[A(o)]°=o < 0, lead to 8?A(o) < 0 for o € (0,00).
When 6 > 1 and the_parameter 0 increases and crosses a certain value 00. a pair of conjugate

roots A0 = A(oo) and A0 crosses transversally the imaginary axis from left to right. From this,
two complex conjugate roots with positive real parts appear. When the parameter 0 assumes a
new value a], a new par A] : A(o]) and A] crosses the imaginary axis. and so on. These results
and the Hopf Bifurcation Theorem in [6] lead us to the following result:

e—(0+T)(1+rl+2(a+a) <0, if 050~
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Theorem 2.1. For 6 > 1, there exists a sequence of parameters a, so that 0 < 00 < a] <
~< +00, for which the equation (1.1) has a local Hopf bifurcation at o = ok, I: = 0,1,2,. .. .

For every 0 > or, k = 0,1,2,. .., the equation (1.1) has a nontrivial periodic solution z(-;gp)
v. ' 27! , __ w - _
Zitliopenod

or near 37, bk defined by bk — marcsm(—l)"% E “21‘7’11191131170 r1(0,oo),
= , 1,2, .. . .

The locus of the eigenvalues A of (2.2) is shown in the figure below, with 6 = 1.4 and r = 0.5.

3. Ex1srsncr, or PERIODIC Soumons
The main objective now is to prove the following Theorem:

Theorem 3.1. Consider the equation (1.1). Suppose there exists a constant M > 0 so that
||F(:r)|| 5 M, for all z 6 IR? and (H1) holds. Let 00 be like in Lemma 2.3. Then, for every
a > 00, equation (1.1) has a nonconstant periodic solution,

We denote by z(-;a, go) the solution of(1.l) such that z|[_1‘0] = 9” with ; E C. We define the
closed and convex subset

K; ={‘P = (9011992) 5 C, <Pl(-1)= 0, ¢1<0l2 0: $02(—1)Z 0, 19°F 9:1(0) increasingfor
8 6 [—1,0], e°gcpg(6) increasing ford G [——1,—1+ r] and decreasing forG G [—1-+- r,0]}

and KZUM) : K; DBM,where BM : {co 6 C; Hop” 5 M}. Let Au : AIM!) — K;(M) given
by AOUP) = a:T(-;o,<p) for some T : T(<,o) > 0. We will prove that AG has a nontrivial fixed
point, which corresponds to a nontrivial periodic solution of(1.1). For this we need the following
concept of ejective point due to Browder [2]

Definition 3.1. Let X be a Banach convex set, U a subset of X and r E U. The point :r is
said to be an ejective point of a map A : U \ {I} — X if there is an open neighbourhood G C X
of a: such that if y 6 GO U, y ¢ 1‘ there is an integer m : m(y) > 0 such that Amy g G rt U.

The following theorem is due to Nussbaum

Theorem 3.2. If H is a closed, bounded, convex7 infinite dimensional set in X,
A : Ix" \ {To} — h" is completely continuous. and 20 E K is an ejective point of A, then
there is a fixed point ofA in If \{:co}. If If is finite dimensional and IQ is an extreme point of
K, then the same conclusion holds.

Remark. : A set If be of finite dimension means to be. a subset of a finite dimension manifold.
Firstly we need to prove that the origin is an ejective point with respect to the operator

A, : HUM) — HUM). This follows from:
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Lemma 3.1. Suppose that the following conditions are fulfilled:
(i) There is a characteristic root A of(2.2) satisfying 8M > 0.

(ii) Given G C C open, 0 E G, there is a neighborhood V of 0 such that 1‘1(';0,99) E G if
WEVfll\',gp;£0and0§t§'r(tp).
(iii) There is a closed convex subset K of C, O G K, and a continuous function T : lx' \ {0} —-

[a,oo), a > 0, such that the map A 1K —~ C given by

{Irmtwcnw
Meat 0

A50 =
O

,
fl = O

is completely continuous and Alt C K.
(i")inf{||7f,\lz|| 12: = 14mm), v 6 KW” = 0,0 515 T(<P)} > 0, Where MW) = so“ and
PA is given by the decomposition ofC = PA ea Qt.
Then, 0 is an ejective point ofA.

The proof of this lemma is a combination of the Lemmas 3.2-10 given below.

Lemma 3.2. HP is a bounded map, any solution I(t.) = .'r(t;o,go), go 6 C, ofequation (1.1) is
bounded.

Proof. : Suppose ||F(:r)|| 5 M, for all z 6 IR"? and N > M. From equation (1.1) we have

film”? 5 —a|r(t)| + oerttN = —o|r(i)|[r(t) - M].

d
Therefore, if |:c(t)| > N, it follows that E|ar(t)|2 : —ol\'(l\’ — M) < 0. Then, -dd—t|z(t)l2 < 0, if

:c(i) £354, that is, iftp 6 FM, z,(~;o,<,o) E BM, 1 2 0. [1

Let us define Q] = {z E 1P;2,z12 0,12 2 0} and Q2 : {z 6 199,112 0.13 5 0}.

Lemma 3.3. Suppose Hypothesis (H1) is satisfied, with F bounded. Then, for any a > 0.
there exists a continuous function ho : K;(M) \ {0} —- [0,oo) such that r](tlo(gp);a,<p) : 0,
1:2(t1°(<p);o,<p) < 0 and zl(t;o,(p) > 0 ifO 5 t (he.
Proof. : Let <p(0) 6 Q2. We need to consider three cases: (i) <p1(0) > 0 and WW) < 03 (ii)
(pl(0) = 0 and <,02(0) < 0; (iii) gol(0) > 0 and 99:3(0) = 0.

i) There exists t' 6 [—1,0] with <pg(t') = 0, because 4,9](—1) 2 0. We will prove that there exists
t] = fto(90) such that xl(t10;o,<,o) = 0, rg(tloa,qp) < 0 and I(t;0,t,9) 6 Q3 ift' St <110(tp).
Suppose, for a moment, that for some a > 0 and some 97 e lx';(M)\{0} there is no such a t] 2 0
SO that I“) 6 Q2, 0 SfSl1.1‘1(11): 0, 1'2(11) < 0.

Equation (1.1) and (H1) imply the following conditions:
a) 1'2(t) S 302(0)e“'r < 0 and this, together with the nonexistence oft]. gives that z(t) remains
in Q2.
b)i'1(t)§ -o:r](t) 5 0, therefore, zl(t) is decreasing for z(t) 6 Q2 and thrill“) : 17 2 0,

If 7) > 0, there exists 7 2 0 such that rl(t) > g for all t Z t and, by (b), it follows that
xl(t) 5 z;(f) — o%(t—7),127. Then I](t) becomes negative at some finite time, and this is a
contradiction because r(t) 6 Q2. 0 _<_ t < 00. Thus, we must have 11210111“) : 0.

We claim that

(3.1) ling(t)=0.2—0:

If lim 12(t) = f < 0, the equation (1.1) together with the fact that F2(1'1,1‘2) converges to
t—m

Fg(0.£) : O, as t —— 00, gives (lim 1'2(l) = —-of > 0, which is a contradiction.
-—oo
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Suppose that llini:r2(!) does not exist. Then, there exist 6 6 IF, such that

O 2 {Iim sup 220) > E > lIim inqu) 2 —M

and a sequence in —~ 00, with 1‘2((in): f In“n)< O.

The equation (1.1) implies12( In) —of > 0, as in -—> 00, which contradicts the choice of
t,,. Then (3.1) holds whenever z(t ) remains in Q2, for all t > 0. Thus,

(3.2) Iim 1:(t) = 0.
1—00

Since F1(:r],0) = 0, the Taylor’s expansion of F,(1) near the origin is

F1(:r) : 6112 + I2[0171+b12 + o(|1:])].

and this implies there exist a number 0 < r) < 61 and a neighborhood 1" of0 :

F1(:c) < (61 +11)12. ifzg < 0 and r E V.

There is no loss in assuming that :c(t) E l’ 0622, —] 515 00. So, it follows that

n+l
1:1(n +1“): 11(0)e—°("+]) + a/ e°(’_"'1)F)(:r(s —-1))ds

0

n+1
< 11(0)e"°("+1)+ ere—“(61 + n)/ 6°("1):rg(s —1)ds.

0

Since 601132“) is a decreasing function for 12 0, z(t) 6 Q2, we can write

71+]

zl(n + l) < 21(0)e'°("+1) + oc_°"(6] + 17)/ e'°:rg(—l)ds
0

: xi(0)e‘°("+” + ae"°("+l)(5i + 77)12(—1)(" +1)

: e‘°("+1)[r](0) + a(n+l)(61+ n)12(—1)]< 0

and as the expression in the brackets is negative for large n, zl(t) becomes negative in a finite
time. That is, there exists a finite 11 Z 0 such that 1'(t) 6 Q2, 0 5! 511.1101): 0,12(11)< 0.
ii) We define 110,60) = 0.

iii) z(t) 6 Q2 \ Q] for all t 6 (0,110] where {10 is defined in (i).
The continuity of110(¢) follows from the transversality of1:(t;o,¢) and the 22 axis, and the

continuity with respect to the initial conditions.
Let tp(0) 6 Q1. With adaptations of the above case. we prove there exists a to 2 0 such that

z(t;o,<p) 6 Q1, 0 5 t 5 to. x1(to) > 0 and 2200) = 0. Since i2(ig) < 0, we can define 110

as in (a). D

Lemma 3.4. Let. A C C be open, 0 E A. There is a neighborhood V of zero in C such that
It(' ; GNP) e A, 0 St§110(99)+ r and for all a > O, (p E VOKUM). t; ¢ 0.

Proof. : We will prove that given an open subset B C 11312, 0 E B there exists a neighborhood V
ofzero in C so that ifo > 0 and t; 6 VOKUM), 90 ;£ 0, then z(i;o,t,o) E B for —l _<_t 5 110+r.
Notice that if x(i;o,<,9) E B, for —1 51 $110,917 6 1", then a:(t;o,<p) E B. for 110 515110 +r.
Suppose that the assertion is not valid for I E [—1,Ilo(tp)]. Then we can find an open rectangle
R = {(11,zg);—[ < I] < l, —k < £2 < k} 3 (0,0) such that, for some sequences (on)
and <p,, E HUM) \ {0}, ere" —'» 0, as n —- m, there exists a in, —1 5 in 5 tia,,(<,9n), with
z(t,,;o,,,<,on) E fiR. n = 1,2... .
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It is possible that either: (a) ¢n,(0l 6 Q2 for a subsequence can, or, (b) 5pm(0) E Q] for a
subsequence tpm. We will do the proof only for the case (a), denoting so") = so". The case (b)
can be done analogously.

Let zn(t) = (zn1(t),zn3(t)) := due-mp"). Then rn1(t)2 0,1n2(t) 5 0 as long as zn(t)
remains in Q2. Note that xn1(t) is decreasing if cpn1(0) > 0 or zn1(t) = O, —] 5 t S 110 if
<pn1(0) = 0. Then rn(t) E [0,qn] x [—k,k], —] 515th where qn = ”so” —' 0, as 71 ~ 00. So,
xng(tn) : —k,n=1,2,....
Since F2(0,:c2) = 0, the continuity of F2 implies that limOF(zl,12) : 0, uniformly in I2,I)“

—k 5 22 5 k. Then, as long as zn(l) E [0,qn] x [—k,k], we can write

1

lzn2(t)| =|zn2(0)e"°"’ + ane'°“'/ e°""F2(:c,,(s — r))ds|
0

l

s tamer-W + one-M] NM. ds
0

5 tyne—a"t + Mn[1— e'°"’],

where M,1 = sup{|F2(r)|;:r e [0,qn] x [—k,k]}.
Then, |1n2(tn)| 5 (1n + M" < k, for n sufficiently large. Therefore xn(1n) g BR, which is a

contradiction. D

—1 0R-( o _.)
and the map A10 :1\';(M) —‘ RKHM) : —1\'£(M) defined by

Now we consider the rotation

I io+1(',¢') i¢¢ 0
141009): {or (9:0

Lemma 3.5. The map A10 : RUM) — —K;(M) is completely continuous for any a > 0.

Proof. : The continuity in ]\'£(M)\{O} follows from the continuity oft]O and from the continuity
of the solutions of (1.1) with respect to the initial conditions. The continuity at 4,0 : 0 follows
from Lemma 3.4. Let L 2 Eu OKC',(M), where Eu = {so 6 C,||L;|l S p} and A10(L) :
{z,1°(w+1(~;a,¢) , (p G L\{0}}U{0}. By the same arguments as in the proof of Lemma 3.2, we
can show that A]a(L) is bounded by max{M,p}. It follows from Ascoli-Arzela Theorem that
A10 is a completely continuous map. E]

'

We define now the completely continuous map Ago : —]\';(M) -— KHM) by A20(tp) =
—A1o(—<Pl = (—AlO o (—]))(t,:). Our return map A0 : ]\'£(M) — AIM!) is defined by
A0 = A20 0 A10. So, if for any 5; E ]\'§(M) \ {0}, we call Ta(<p) the time for which A009) 2
z,a(¢)(-;o,¢), it follows that Ta(t,’3) = (1°(tp) + tga(co) + 2. So, To is a continuous function from
]\'£(M) \ {0} into [2,00].

We need now the decomposition of the phase space as a direct sum, C : PAGQA, associated
to the eigenvalue A of (2.2). See [6].

Let. L(‘;.) ;: —(p(0) + B19:>(—1)+ Bgtp(-r) be the transformation given by the linearization
(2.1) of (1.1). Let r;(0), 9 E [—].0]. be the matrix

0 ,9:—]
0

B1 ,—1<0<—r
"H'— BI+B2 .—r<9<0

“1+B]+Bz ,0=0.
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0

Then for every qp E C
, L¢ = / [dr)(0)]go(0).

-I
Let Go the infinitesimal generator of the semigroup {To(t),t Z 0} defined by the solutions of

(2.1), Ta(t)<p = z,(.,o,¢p), so 6 C
,
l 2 0.

We take 00 6 (0,00) given by (2.5). For each a > 00, Co has a unique simple eigenvalue
A = A(0) 6 50 = {A E C,0 < 3(A) < g}, with 8?(A(a)) > 0. Then the generalized eigenspace
M,\(Ga) is one-dimensional If G; is the formal adjoint operator of Go. A is also an eigenvalue
of G‘ and its generalized eigenspace M,\(G;) is one—dimensional. 11C" = C([O,1],llli), where
IRQ' is the plane of the row 2-vectors‘ the bilinear form of C' x C, given by

0 9

(3.3) (W) := moms) — /_1 /0 we — otdnwnsomdc,

u" E C‘, 90 E C, appears in a natural way in the decomposition of C. 4.
If n is a nontrivial solution of A0(A)/1 : 0, with AO(A) :: (A+Q)1—OBIG_’\ _OB2€—Ar, and

the row vector v is a nontrivial solution of vAO (A) : 0, the functions P019): edgy, 0 e [_],0],
and aa(s) : of“, s 6 [0,1], span llh(GO) and MA(G;), respectively. The decomposition C

=P,\ Q Q; splits any cp E C as <p : 90“ 61-1 (pm and (opA is given by

71'0(‘P): so“ = (midp-

Lexnma 3.6. For any compact set Jo C (00, co) and a E 1111, 0 < a < M

“r = inf{||7farr|l; xx = Mathew E 1\'£(M), 115911 = 0,0 51s Ta(se)l > 0-

For the proof, we will need the three following Lemmas, who describe the behavior of the
solution z(-;o,<p) of (1.1) with o 6 Jo, $0 = (901,902) e KgUU), 11931112 d. We call a] =
minJo, 02 = maxJo and we note that if a 6 Jo and q; E ]\'3(M), then 901W) 5 e°2<p1(s),
—l 5 0 5 s 5 0.

Lemma 3.7. Let d > 0 and Jo C (0,00) a compact set. There exists 71 : T](a,gp) > 0 such
that £293,040) < —a and 11(t,o,<,o) 2 k, t E [0,T1],for some k > O, a > 0 and for every
0 6 Jo and 9: 6 NEW), 11991112 d~

Proof. : We need to consider two cases: <p(0) 6 Q1 or 50(0) 6 Q2.
a) Suppose that tp(0) E Q]. From Lemma 3.3, there exists to : (00?) such that. zl(to) > O

and 13200) = 0. From (H1) the Taylor’s expansion of F1(z) near the origin is

F1(z):6112+x2[arl+bzg+o(|r|)], as 1—0.

This gives the existence of a number 1), 0 < 17 < 61, such that, for all 1‘ in some neighborhood V
of zero,

(3-4) Fi(1’) < (51 + 77)th 12 < 0.

Let f be chosen in such a way that the rectangle R = {(1‘1,1‘2) : —£ < 11 < 6—5 < l'g < E} C I".
We define '

(3.5) k ;: n1in{£’d/4602(10+3)} _

The Hypothesis (H1) gives

(3-6) El(71> 0§(1'1»1'2)€ Q2i11> k rs F2(:r],22) < —min{01,0—},
01
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Recalling that limoF,(:r) : 0, we have, for any 6 > 0, c < d/2e°*('°+3), there exists 6 =
1;—

6(5) > 0 such that

(3.7) (11,32)€Q2, 0<:rg< 6(E) => —£< F](I],1'2)<0.

We take

(3.8) a z: min{6(€) , f—Jr}.
6°? 2

From (3.7) and (1.1) it follows that

r](t;a,<p)> [<p1(0)+e]e'°'—c, t€[0,tg+1].

The hypothesis_||<p1|| Z (1 implies |¢1(0)) 2 dc“"2 and so 11(t) > [de‘a'2 + £]e‘°’ _ 5,
f 6 [0,10 + 1].

The function E(t) = [dc‘°2 + elf-m — e is decreasing in [0,t0 + 1] and E(t0 + 1) :
[de°2+c]c‘°('°+])—E > k. The Lemma 3.3 gives the existence ofa first tsuch that $1(f, a, (p) : k
and 11(t;a,(,o) > k for t < f.

Let us suppose, for a moment, that zg(t)_2 —a, t 6 [0,1]. Since z](t) 2 EU), 1 6 [OJ] and
E(t0 + 2) > d/2e°’('°+3) > k, one sees that t > to + 2.

From (1.1) and (3.6) it follows that, for t E [to + 1,10 + 2],

i2(t) : —OI2(1)+ oFg(:c(t — r)) < cm — min{ail, 01/01} < 00 — min{2cw,2cf} S —0,

therefore, there exists 1 6 (to + 1,to + 2) such that rg(t) < —a, which is a contradiction. This
assures the existence of T] 6 (0,1)

b) With obvious adaptations, the proof in this case is analogous to the last part of the proof
in the case (a). D

Lemma 3.8. Under the hypothesis of Lemma 3.7, consider k and a given by (3.5) and (3.8).
respectively. If, for a 6 Jo, so 6 1\'[,(M), the solution I(t;o,<p) of the equation (1.1) satisfies
1'2(T1;0,¢>) < —a, x1(‘rl;o,<,5) 2 k, for some T1 2 0, then there exists 72 = T2(O,(,0) > 0 such
that zg(t;o,¢) < —ae‘°’ forte [T],T2].O < 171(T2;Q,t,9)< k.

Proof. : Notice that 12(7'1;a,cp) < —a and (1.1) imply that 12(t;o,go) < —Ue‘°?,
t 6 [71,7] + r]. If 0 < zl(tg:0,cp) < k, for anyto_€[7_'1,rl+ r], we define 72 = to. Let us
now suppose 110,040) > k for t G [71,7'1 + r]. Let t = t(o.c,:) > Tl + r be the instant 1 when
21(f.;0,90)= k and z](t +e;o,¢) < k, for all 5 > 0. The equation (1.1) together with (3.6) and
(3.8) implies that. 1220) < —ac'°2, for all t E [r] + r,t + r]. Consequently the existence of T2 is
assured. D

Lemma 3.9. Under the hypothesis of Lemma 3.7, let k and a be defined by (3.5) and (3.8).
respectively, a 6 Jo, hp 6 Kg, ”501” 2 d. Let x(t;o,cp) he the solution of (1.1) satisfying
1-2(7-2;o,<p) < —Ue'°’, O < I](T2',O,QD) < k, for some 72 2 0. Then, there exists c > 0, such
that 12(t;o,<p) 5 —c, t 6 [11,11 + r], with 11 : t10(tp) Z 0 defined in Lemma 3.3.

Proof. : If zg(t;a,¢) < —Ue'°? fort in some interval (11 — 6,11), we define c = (76—02.

Suppose, for a moment, this is not true. Let f : f(a,<,o), 72 < 7 < l]. the last time! for which

rg(t;o,tp) = —ae‘°? and (e°'rg(t))' < 0, ift 6 [it] + r]. Then zg(t) is a decreasing function
for t E [7,11+ r]. Therefore, 12“) < —cre’°“, for all t 6 [11,1] + r]. D
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Lemma 3.10. For any real constant d, 0 < d < M and any compact JO 6 (0,00), if

m=inf{(ao,:r.,) 311: Ix(-;0,30),¢’ €1\';(M),d S “991” S M,o E J0,0 S I S 11a(‘P)+ Tl,

then m > 0

Proof. : Choosing aa(s) = (I,—i)c"\’, it follows from (3.3) that

0

e-A(€+l)z2(t+£)d£+i62/ e-A(f+f)1‘1(i+€)d£.
—r

0

(0mm) = zl(t) — i12(t) + 061/
-1

Taking A = a + bi, a > 0 and 0 < b < %, we obtain

0

(00,11): 11“) +061] f—a(€+1)12(, + {)cosb(§ + l)d£
_1

.

o

+ 052/ e’°“+'):c](t +£)sin b(£ + r)d£
,

O

+1'{—:cg(t)— 061/ e_“(5+1):1:2(t + £)sin b(£ + I)d§
-1

0

+ 062] e'“(€+'):cl(l + £)cos b({ + r) dE}.

Suppose that m = 0. Then, there exist sequences on E Jo, ‘Pn E 1\'£“(M), d S ”(mull S M, in E
[0,tla"(<,an) + r], n = l,2,..., such that if z(t:on,<p,,) = 1,1(t) = (zln(t),zgn(i)), A" : /\(0n)‘
(Joni-74.111“) — 0,71 — 00. It follows from d 5 ||<p1n|| g M and from the proofof Lemma 3.2 that
||:r,,(t)H _<_ M, fort _>_ —I, n E N. Then, 1,10“) is convergent. Taking a subsequence if necessary,
we can assume on —+ 0, because Jo is compact. Let (L1, L2) : nlingo(:1c1,,(t,,), $2,,(t,,)). It follows
that (L1,L2) ;£ (0,0) from Lemmas 3.6-8. There are the following cases to examine: L1 > O,

L220;L1=0,L2>0;L1>O,L2<O;L] <0,L220;L1=0,L2<0;L1<0,L2<0. In
any one it can be seeing that either |§h‘(aon.zmn)l > 0 or |S<aon.xmn)| > 0 and bounded away
from zero.

Then (oo",(rn)1n) 7L» 0,as n ——- oc which is a contradiction. Therefore, m > 0. D

Remark. : If we replace ]&'£(M) by —1\"£(A1) and [0,t10(z,:) + r] by [t]o(<p) + r,t;.o(<p) + I], the
conclusion of Lemma 3.10 remains valid.

Proof of Lemma 3.6. : Let 0 < a < M. Lemma 3.10 implies that

inf{|(oa,1,)l : r, = 1:1(~ f OAPLO E Jo.<; E 1\'£(M)all’v9ll = 0.0 S t S Ila(‘r”l+ Tl > 0

From Lemma 3.9 there exists c > Osuch that ”rhothlI'im‘Plll Z c, for all a 6 Jo, «p E KSUV).
||¢|| = 0. Lemma 3.1 implies

liftiotw)+1('§°v¢’l|| S M-0 E Jed? G 1\'£(Ml,||<Pl|= 0-

Then, by Lemma 3.6,

inf{|(oo,x1)l : x. = int : win e Jw e 1\'£(M),II¢II= a.0 515 raw) + r} > 0. D

The hypothesis (ii), (iii) and (iv) follow from the Lemmas 3.7, 3.8 and 3.9, respectively.
Theorem 3.1 follows now from Theorem 3.2.
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