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ABSTRACT. In this paper we re-state for two delays, the results of [12]. An existence theorem is
obtained for nonconstant periodic solutions for the system of delay equations:

z)(t) = —ar (1) + o Fy(2(t = 1))

(#) T2(t) = —aza(t) + aFo(z(t — 1))

fora > 0and 0 < r < 1. We use a fixed point theorem for an operator defined by the flow in the
phase space C([-1,0],R?), in order to state the existence of periodic solutions. As a consequence of a
study of the characteristic equations of the linear part of (1) a sequence of valuesof a, 0¢g < a3 < ---
where a Hopf bifurcation happens, was achieved.

1. INTRODUCTION

In this paper we deal with the system of two delay-differential equations

n(t) = —Pyi(t)+ BGi(y(t — p1))
¥2(t) = =Bya(t) + BGa(y(t — p2))

with py,p2 > 0, y = col (v1,y2) € E? B > 0 a parameter and G = col (G;,G3) a map of E>2

into itself. After a normalization through a rescaling of time this system can be written as:
z(1) = —az;i(t) + aFy(z(t - 1))
Z9(t) = —azy(t) + aFy(z(t — 1))

(1.0)

(1.1)

where @ > 0 is a parameter, F = col (F}, F») is a continuous map from E? into itself, and
0 < r < 1. Therefore we shall concentrate our study on the system (1.1).

All over this paper we assume there exists M > 0 such that ||F(z)|| < M and F is differentiable
up to order two at the origin. The original motivation was the study of the scalar version of
(1.1) under the so called negative feedback condition on F. See [9] and [5]. The equation (1.1) is
studied in [12] and [1] with only a one delay, i.e., 7 = 1. Indeed, our main objective is to re-state
their results for two delays.

Now, we need to fix some notation: C = C([-1,0],E?) with the sup norm ||.||: z(t) = z(t, )
is the unique solution of equation (1.1) such that rl[_m] = ¢. For each continuous function
r:fo—1,04+a — B2 a>0,z;€C,0 <t<o+a,isgiven by z,(0) :== z(t +6), =1 < 6 < 0.
0F1(0) _ 5 9F(0)

Let us denote =6, — = —6s; 67,060 >0.
31‘2 dl‘] .
From now on, we assume the hypothesis
(H]) zoF1(2) >0, z2o#0, z:F(z)<0, z;#0.

In this manner, we have that
_ 0 &
JF(O)—(_& 0).

Typeset by ApsS-TEX
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2. THE CHARACTERISTIC EQUATION

The linearization of (1.1) near the origin gives

(2.1) z(t) + az(t) = By(a)z(t = 1)+ By(a)z(t = 1)
where Bj(a) = (g Og]> and Bj(e) = (—0062 8)

A necessary and sufficient condition for the existence of a nontrivial solution of the form
z(t) = e*'u, u € R?, X € C, is that u is a nonzero solution of A(M)u =0; AN u:= (A4 a)l —
Bi(a)e=* — By(a)e~*", which leads to the characteristic equation

(2.2) (A4 0)2r07) = 262 6= /6,6,.

Notice that A = 0 1is the unique real root of (2.2) and it occurs when a = 0, and if A = A(a)
is a root of (2.2) its complex conjugate is too; therefore, we can restrict our study to the upper
semi-plane S(A) > 0.

Lemma 2.1. There is no root of (2.2) in the lines A = a + bi, with b = %+ (_Zlffr_ll 7w, k =
0,1,2,..

Proof: If A = a + bi, the equation '2.2) becomes

(a+ a + bi)2eleO+n)+i00+0)] = _ 522

Since b = Q%i—l)—” implies cosb(1 + 7) = —1 and sin b(1 + r) = 0, one obtains
(a+ @)’ — b = a?8%e~ 2047
2@+ a)h=0 '

which is incompatible. O
The Lemma (2.1) says that the roots of (2.2) lie in the strips
(2k=1)7 <b< (2k + )=
147 1+4r
Lemma 2.2. If A € Si, k =0,1,2,..., the equation (2.2) is equivalent to the equation

(2.3) (A+ a)exp (/\]-;r> = (-1)*iéa.

Sy ={A=a+bi;

b>0), k=0,£1,42,... .

we have that

1
)+b< +r)i] = +ifa
2
which is equivalent to the system
(a+o)cosb(u -bmb(”’ =0
2 2

1

(a+a)sinb (] -;r) —bcosb( -;r) = Fbaexp [—-a <l;—r>] :

Multiplying the first equation by bsin[b(1 + 7)/2]. we obtain

somen P (5] o (5]

and (a+a)sin[b(1+7)/2] and bcos[b(1+r)/2] have the same sign. Furthermore, in Sk, the sign
of beos[b(1+ r)/2] is (=1)*.
Then, (A + a)exp[A(1 4 7)/2] = (=1¥)iba. DO

Proof. : If A = a+ bi € S} and satisfies

(22)
(a+ a4+ bi)exp [a (1+
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Lemma 2.3. There exists a sequence A, of characteristic roots such that Ay = byi € Sy,
6sin[bk(1—‘§i)] =(-D*anday=b/V62=1,k=0,1,2,...,for§>1.

Proof. :If A =bt, k=0,1,2,... in (2.3) we obtain

o= Hptan [bk(];')}

(2.4)

. 1
Qaj Sin [bk( ;T)J + by cos [bk(] ; T)J o (—l)kéak.

The insertion of the first equation into the second one, leads to

i [bk (1 ’QL ’)] = (_1)"%.

which gives, with the second equation in (2.4),

cos[bk<l;r)]=(—l)kok<5-;l>, k=01,2..... 0O

Remark. : Lemma 2.3 shows that the first value a = a, where a root A crosses the imaginary
axis is

b, 2 1 T
. = b, = —— in —
(2.5) a, N 0< b, 1“*’r::lrcsm6<l+r
that corresponds to the characteristic root A\g = boi € Sp. Moreover, 0 < ag <

a; < -+ — 400, as k — 400, because by = bg + 2k7/(14+7), k > 1. If cx = b (14 1)/2, we
have that (2k —1)5 < cx < (2k+1)7, and ¢x = co + k7.

Lemma 2.4. Fach strip Si., k > 0 contains precisely one root of (2.2) for each a # 0 and it is
simple.

Proof. : Putting A = a+ bi € S, k > 0,1n (2.3), it follows that

a+a=btan [b(l‘;rﬂ
(a+a)sin [b (I;r)} + b cos [b (1;’)] = (-1)*8aexp [—a <];’>]

and, defining ¢ = b(1 4 r)/2, btanc sinc+ bcosc = (=1)*éaexp[—a(l + r)/2] which combined
with (2.5) gives b as a function of a. Defining 8 = éaexp[a(]l + r)/2], it follows that gg =
8(1+ a(1+r)/2)expla(l +r)/2] > 0 for @ > a. Furthermore,

(2.6)

(2.7) B =A(b) = (1) bexp [cct;ncc] = (—=1)* sec cexp[a(l + 7)/2]
and
(2.8) i ol (=1)*ect2msec c[(1 + ctanc)? 4 ¢?] > 0.

b~ db



4 CASSAGO JR.H; GODOY,S.M.S AND TABOAS,P.Z.

Therefore, A(b) — 0 as b — 0% or b — &=zt and A(b) — +oc as b — ZEtD,-

. . 4 ~ ) , L
k =1,2,.... Then, in each strip S, b = () is a strictly increasing function of a € (0, 00),
into (0, 35), if k = 0, and (B, B ifk > 1.

In this manner, it follows from the first equation of (2.6) that a = () is also a function of
a in each strip Sy. Moreover, A is differentiable with respect to a.
Let A, be a root of (2.2). Then

d
O+ a)2e*047) 4+ 0?6720, = (Ao + @)e* 4 a + (Ao +a)(1 + 7)) #0,
therefore, Ag is simple. O
Lemma 2.5. If § > 1 and A = A(a) is a root of (2.2), then ®()) < (2Iné)/(1 4+ r) and
. 2Iné  (2k+1)
lim Aa) = i
a—+o00 147 1+r
Proof. : Recalling that ¢ = b(1 +r)/2, the equation (2.6) implies (1 + a/a)expla(1 + r)/2] =
(=1)¥ésinc. By Lemma 2.4, OET (=1)*8sinc = 6 and, because (1 + a/a)exp[a(l + r)/2] >
expla(l +1)/2], it follows that @ = a(a) is bounded as @ — 400 and é = lim expla(1+r)/2).
a—+4+00
Then a = R(A) — (2Iné)/(1 + ), as a — +o00. From the proof of Lemma 2.4, one obtains
b:S(/\)—%l—)ﬂ'asa—»:+oo. ]

7, in each strip Sg, k =0,1,2,... .

Lemma 2.6. If Ay = ax + bx1 € Sk, k = 0,1,2,... are roots of (2.2) for some a > 0, then
ag>a > ---— —00.

Proof. : From (2.2) we obtain

[(A+0)204) =92, 52 = a%?.
If A = a+ bi, then
(2.9) [(a + a)? + belete)1+r) = 42

and this, for y = 27/(1 + r), defines b > 0 as a function of a in the interval —co < a < 0. Such
a function is strictly decreasing because

db 1 [ 4=2

da 2 [1+4r

Then,ag=0>a; >as> - >ar> .
Let us suppose this is false for some value of 4. Since R()) is a continuous function of v in
each strip S, there exists some 7 for which a; = az, k > £. But, by (2.9) we have

[(a 4 0)2 I bz]e(a+o)(l+r) = [(a + 0)'.’ - b?]f(a+°)(l+r’
and this implies by = bs, which 1s a contradiction. O
Lemma 2.7. If =1 < é < 1, then each solution of (2.2) satisfies R()\) < 0.

The proof follows from (2.2).

The Lemma 2.5 shows that 6 > 1 implies A crosses the imaginary axis, in each strip Sy,
k =0,1,2,.... According to the proof of Lemma 2.4 one has that this crossing is transvesal.
Lemmas 2.1 - 6, provide a complete description of the behavior of the characteristic roots in the
complex plane.

We observe that for 0 < S(A) < #/(1 + r), the origin and Ag = bo7 defined in (2.5) are
characteristic roots and since gdag?[/\(o)]aﬂ < 0, lead to RA(a) < 0 for a € (0, ap).

When 6 > 1 and the parameter a increases and crosses a certain value ag. a pair of conjugate
roots Ag = A(ag) and Ag crosses transversally the imaginary axis from left to right. From this,
two complex conjugate roots with positive real parts appear. When the parameter a assumes a
new value a;, a new par A; = A(a;) and X, crosses the imaginary axis. and so on. These results
and the Hopf Bifurcation Theorem in [6] lead us to the following result:

e~(a+7)(47) 4 9a+a)| <0, if a<0.
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Theorem 2.1. For 6§ > 1, there exists a sequence of parameters a, so that 0 < ap < a; <
-++ < 400, for which the equation (1.1) has a local Hopf bifurcation at o = ay, k = 0,1,2,... .

For every a > ax, k = 0,1,2,..., the equation (1.1) has a nontrivial periodic solution z(-;¢)
:’ith period w near %—:, b defined by by = % arcsin(-1)*} € (Q{;T”w%]—)ﬂ) N (0, 00),
=00.1,2.. .. .

The locus of the eigenvalues A of (2.2) 1s shown in the figure below, with § = 1.4 and r = 0.5.

3. EXISTENCE OF PERIODIC SOLUTIONS
The main objective now is to prove the following Theorem:

Theorem 3.1. Consider the equation (1.1). Suppose there exists a constant M > (0 so that
[|F(z)|| < M, for all z € E? and (H,) holds. Let aq be like in Lemma 2.3. Then, for every
a > ag, equation (1.1) has a nonconstant periodic solution.

We denote by z(-;a, ) the solution of (1.1) such that :c|[_1_0] = ¢ with ¢ € C. We define the
closed and convex subset

K, ={¢ = (p1,92) €EC, p1(=1) =0, ¢1(8) 2 0, p2(-1) > 0, €®® ©1(6) increasingfor
6 €[-1,0], 609()02(0) increasing for € [—1,—1 + r] and decreasing forf € [=147,0]}

and K(M) = K} N Ba,where By = {¢ € C;||pl| < M}. Let A, : K(M) — KL (M) given
by Aa(y) = z,(:;a,¢) for some 7 = 7(¢) > 0. We will prove that A, has a nontrivial fixed
point, which corresponds to a nontrivial periodic solution of (1.1). For this we need the following
concept of ejective point due to Browder [2]

Definition 3.1. Let X" be a Banach convex set, U a subset of X and z € U. The point z is
said to be an ejective point of a map A : U\ {z} — X if there is an open neighbourhood G C X
of z such that if y € GNU, y # z, there is an integer m = m(y) > 0 such that A"y g GNU.

The following theorem is due to Nussbaum

Theorem 3.2. If K is a closed, bounded, convex, infinite dimensional set in X,
A : K\ {70} — K is completely continuous, and zo € K is an ejective point of A, then
there is a fixed point of A in K \ {zo}. If K is finite dimensional and z( is an extreme point of
K, then the same conclusion holds.

Remark. : A set K be of finite dimension means to be a subset of a finite dimension manifold.
Firstly we need to prove that the origin is an ejective point with respect to the operator
Aq i KL(M) — K} (M). This follows from:
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Lemma 3.1. Suppose that the following conditions are fulfilled:

(1) There is a characteristic root A of (2.2) satisfying X > 0.

(11)) Given G C C open, 0 € G, there is a neighborhood V of 0 such that z,(:;a,¢) € G if
VNN, p#0and0<t<7(p).

(i1i) There is a closed convex subset k' of C, 0 € K, and a continuous function 7 : K\ {0} —
[a,00), a > 0, such that the map A: K — C given by

zrp)(5a,0) ¢ #0
Ap = _
0 =0

is completely continuous and AN C K.

(iv) inf{||mr z4|| : 21 = z4(50,9¢), ¢ € K, ||¢|]| = a,0 <t < 7(p)} > 0, where my\(¢) = ¢ and
P, Is given by the decomposition of C = P, & Q.

Then, 0 is an ejective point of A.

The proof of this lemma is a combination of the Lemmas 3.2-10 given below.

Lemma 3.2. If F is a bounded map, any solution z(t) = z(t;a,¢), ¢ € C, of equation (1.1) is
bounded.

Proof. : Suppose ||[F(z)|| < M, for all z € E? and N > M. From equation (1.1) we have

d

EII(’)IQ < —alz(t)[+ eM|z(t)] = —alz(?)|[z(t) - M].

d
Therefore, if |z(t)] > N, it follows that El:r(l)]2 = —aN(N = M) < 0. Then, -(%l:c(t)]"’ < 0,1if
z(t) ¢§M, that is, if ¢ € By, z4(;a,9) € By, 1>0. O
Let us define Q; = {z € R%,z; > 0,22 >0} and Q2 = {z € B,z > 0.2, < 0}.

Lemma 3.3. Suppose Hypothesis (H;) Is satisfied, with F bounded. Then, for any a > 0,
there exists a continuous function t1, : K (M) \ {0} — [0,00) such that z,(t1a(¢);a,¢) = 0,
To(t1a(p);a,p) < 0 and z1(t;a,¢) > 0if0 <t < ty,.

Proof. : Let ¢(0) € Q2. We need to consider three cases: (i) ¢1(0) > 0 and ¢,(0) < 0; (ii)
©1(0) = 0 and ¢2(0) < 0; (iii) ¢1(0) > 0 and ¢2(0) = 0.
1) There exists t* € [—1,0] with 2(1*) = 0, because ¢;(—1) > 0. We will prove that there exists
t; = 11 o(p) such that z;(t1a;0a,¢) = 0, z2(tiea,¢) < 0 and z(t;a,¢) € Q2 i 17 <t < t14(¢p).
Suppose, for a moment, that for some a > 0 and some ¢ € I (M)\{0} there isnosuch at; > 0
so that z(1) € @2, 0 <t <y, z1(t)) =0, z2(t;) < 0.

Equation (1.1) and (H;) imply the following conditions:
a) 75(t) < ¢2(0)e=*" < 0 and this, together with the nonexistence of ¢;, gives that z(t) remains
in Q'_).
b) r;(t) < —az;(t) < 0, therefore, z,(t) is decreasing for z(t) € @, and tl_i.no]ar](i) =n>0.

If 7 > 0, there exists ¥ > 0 such that z,(t) > I for all # > 7 and, by (b), it follows that
z1(t) < z,(f) — a%(t = 1), 1 > 1. Then z;(t) becomes negative at some finite time, and this is a
contradiction because z(1) € Q2, 0 <t < oc. Thus, we must have tl_i'n:;:r](i) = 0.

We claim that

(3.1) lim z,(t) = 0.

t—o00

If lim zy(t) = € < 0, the equation (1.1) together with the fact that Fy(z;,z5) converges to
t

—00
Fy(0,€) = 0, as t — oo, gives tlim z9(1) = —a & > 0, which is a contradiction.
—o0
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Suppose that lim z5(f) does not exist. Then, there exist £ € . such that
1—o0
0> lim sup z2(t) > € > lim infzy(t) > - M
t—o00 t—o0

and a sequence 1, — oo, with z(1,) = €, zo(1,,) < 0.
The equation (1.1) implies z5({,) — —a € > 0, as {, — oo, which contradicts the choice of
t,. Then (3.1) holds whenever z() remains in Q5, for all t > 0. Thus,

(3.2) lim z(t) = 0.

1—o0
Since Fy(z;,0) = 0, the Taylor’s expansion of Fy(z) near the origin is
Fi(z) = 6129 + z3[az; + bzy + o|z])],
and this implies there exist a number 0 < 1 < §; and a neighborhood V of 0 :
Fi(z) < (6 +n)z2, ifzo<0 and zeV.

There is no loss in assuming that z(1) € VN Q2, —1 <t < oc. So, it follows that
n+1
zi(n+ 1) = z;(0)e~+) 4 a/ e "=V (z(s - 1)) ds
0
n+l
< 2,(0)e~e("+1) 4 qe=on(§; + 7))/ e®(*=Nzy(s — 1) ds.

0

Since e*'z5() is a decreasing function for ¢ > 0, z(t) € Q2, we can write

n+1
z1(n+1) < z1(0)e= "+ 4 qemo" (6 + r))/ e %zy(—1)ds
0

= 21(0)e™ () 4 aem e H (6 4 n)zy(=1)(n +1)
— e‘°("+l)[rl(0) +a(n+1)(6 +n)za(-1)] <0

and as the expression in the brackets is negative for large n, z;(t) becomes negative in a finite
time. That is, there exists a finite {; > 0 such that z(t) € Q2,0 <t <1y, z1(1;) = 0, z2(¢;) < 0.
ii) We define ¢1,(¢) = 0.
iii) z(t) € Q2 \ Q; for all t € (0,t,,] where 11, is defined in (i).

The continuity of 11,(¢) follows from the transversality of z(f;a, ¢) and the z, axis, and the
continuity with respect to the initial conditions.

Let ¢(0) € @;. With adaptations of the above case, we prove there exists a {5 > 0 such that
z(t;a,p) € @1, 0 <t < {1p, z1(tg) > 0 and z3(to) = 0. Since z5(tg) < 0, we can define 13,
asin (a). O

Lemma 3.4. Let A C C be open, 0 € A. There is a neighborhood V of zero in C such that
zi(-1a,p) € A, 0<t<tia(p)+randforalla >0, € VAR (M), ¢#0.

Proof. : We will prove that given an open subset B C B2, 0 € B there exists a neighborhood V
of zero in C so that ifa > 0 and ¢ € VAR (M), ¢ # 0, then z(t;a,¢) € Bfor =1 <t < t1,+7.
Notice that if z({;a,¢) € B, for =1 <t <14, ¢ € V, then z(t;a,p) € B.fort1, <t <tyq+r.
Suppose that the assertion is not valid for t € [—1,1,4(¢)]. Then we can find an open rectangle
R = {(z1,72);—f < z; < {, —k < z3 < k} 3 (0,0) such that, for some sequences (a,)
and ¢, € K7 (M)\ {0}, ¢ — 0, as n — oc, there exists a t,, =1 < 1, < t14,(pn), with
z(ty; 0nipn) EOR, n= 1,2, ..«
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It is possible that either: (a) ¢, (0) € Q2 for a subsequence ¢, or, (b) ¢, (0) € Q, for a
subsequence n,,. We will do the proof only for the case (a), denoting ¢, = ¢n. The case (b)
can be done analogously.

Let .‘tn(i) = (xnl({))rn:’(t)) = I(’;Onaspn)' Then -Tnl(i) >0, In2(’) <0 as long as In(’)
remains in Q2. Note that rn(f) is decreasing if ¢n;(0) > 0 or z,(t) = 0, =1 <t < 13, if
¢n1(0) = 0. Then z,(1) € [0,¢n) x [k, k], =1 <t < t,, where g, = ||¢|| = 0, as n — o0. So,
Tpo(ln)=-k,n=12,....

Since F3(0,z2) = 0, the continuity of F, implies that rlimOF(:rl,:rg) = 0, uniformly in z,,

—k < z5 < k. Then, as long as z,(1) € [0,¢,] X [k, k], we can write
1

|Zna(t)] =|zn2(0)e " + one_""'/ €’ Fo(zn(s —r))ds|
0

1
< @na(0)e™ " + anc"""'/ € M, ds
0

S gne™ot 4+ My[1 - e=n1),

where M, = sup{|Fa(z)|;z € [0,¢n.] x [—k,k]}.
Then, |zn2(tn)| € gn + My < k, for n sufficiently large. Therefore z,,(t,) ¢ R, which is a

contradiction. O
-1 0
B= ( 0 —l>

and the map Ao : K (M) = RK,(M) = —-K(M) defined by

Now we consider the rotation

T 1o+1(')‘p) 159# 0

Lemma 3.5. The map Ay, : K (M) — —K[ (M) is completely continuous for any a > 0.

Proof. : The continuity in K (M)\{0} follows from the continuity of ¢;, and from the continuity
of the solutions of (1.1) with respect to the initial conditions. The continuity at ¢ = 0 follows
from Lemma 3.4. Let L = D, N K7 (M), where D, = {¢ € C,||l¢|| < p} and A;4(L) =
{z1,0(p)+1(30,9), ¢ € L\{0}}U{0}. By the same arguments as in the proof of Lemma 3.2, we
can show that A;,(L) is bounded by max{M,u}. It follows from Ascoli-Arzela Theorem that
Ai, is a completely continuous map. O '

We define now the completely continuous map Az, : =K. (M) — KL(M) by Asza(p) =
—Ala(—=¢) = (=410 o (—1))(¢). Our return map A, : K,(M) — K](M) is defined by
Ao = Asg 0 Ara. So, if for any ¢ € N} (M)\ {0}, we call 7,(p) the time for which A,(p) =
z,, ()@, ), it follows that 74(¢) = tia(¢) + t2a(¢) + 2. So, 7, is a continuous function from
K7 (M)\ {0} into [2,00].

We need now the decomposition of the phase space as a direct sum, C = P,&Q,, associated
to the eigenvalue A of (2.2). See [6].

Let L(¢) := —¢(0) + Byg¢(—1) + B2p(—r) be the transformation given by the linearization
(2.1) of (1.1). Let (), ¢ € [-1,0], be the matrix

0 ,0==1
. B, —l<b<—r
77()-— B, + B, —r<f<0

-1+ By +B, ,0=0.
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0
Then for every p € C , Ly = / [dn(8))e(6).
-1

Let G, the infinitesimal generator of the semigroup {7, (t),? > 0} defined by the solutions of
(2.1), To()p = 24(.,a,9), p€C , 1 2 0.

We take ag € (0,00) given by (2.5). For each a > ag, G, has a unique simple eigenvalue
A= Xa) € So={r€eC,0<S(A) < 7}, with R(A(a)) > 0. Then the generalized eigenspace
My (G,) is one-dimensional. 1If G is the formal adjoint operator of G,, A is also an eigenvalue
of G* and its generalized eigenspace M, (G ) is one-dimensional. If C* = C([0,1], ), where
E2* is the plane of the row 2-vectors, the bilinear form of C* x C, given by

0 ]
(3.3) (¥r) = $(0)(0) - / | /0 B(E - O)[dn(B)(e) dt |

v € C*, ¢ € C, appears in a natural way in the decomposition of C. -

If yt is a nontrivial solution of A, (A)u = 0, with A, (X) := (/\+0)1—oBle"‘ —aBye=" and
the row vector v is a nontrivial solution of v A, (A) = 0, the functions p, (6) = e*fy, 6 € [-1,0],
and o,(s) = ve™**, s € [0,1], span M,(G,) and M,(G}), respectively. The decomposition C
=P\ & Q) splits any ¢ € C as ¢ = " @& ¢?* and P is given by

7a(p) = ¢ = (0,0)p.

Lemma 3.6. For any compact set Jo C (ag,o0) anda € R, 0<a< M
v = inf{|[mozill; 20 = 24(-,0, ), ¢ € KL(M), llgll = 0,0 <t < 70()} > 0.

For the proof, we will need the three following Lemmas, who describe the behavior of the
solution z(-;a,¢) of (1.1) with @ € Jo, ¢ = (¢1,92) € KL(M), |l¢e1l] > d. We call a; =
minJo, as = maxJo and we note that if a € Jo and ¢ € K] (M), then ¢1(0) < €%2¢p)(s).
—1<0<s<0.

Lemma 3.7. Let d > 0 and Jo C (0,00) a compact set. There exists 1, = 1(a,¢) > 0 such
that zo(m,a,¢) < —o and z1(1,0,9) > k, t € [0,7], for some k > 0, ¢ > 0 and for every
a€Joand g€ K (M), ||p1]] > d.

Proof. : We need to consider two cases: ¢(0) € @, or ¢(0) € Q5.
a) Suppose that ¢(0) € Q;. From Lemma 3.3, there exists 1y = to(¢) such that z;(fo) > 0
and z5(1o) = 0. From (H;) the Taylor’s expansion of Fy(z) near the origin is

Fi(z) = 6120 + z3[azy + bzy + o(|z|)], as z — 0.

This gives the existence of a number 7, 0 < 77 < é;, such that, for all z in some neighborhood V
of zero,

(3.4) Fi(z) < (61 +n)z2, z2<0.

Let £ be chosen in such a way that the rectangle R = {(z1,22); - <71 < §, - <za< €} C V.
We define '

(3.5) k := min {{,d/4c°’“°+3’} .

The Hypothesis (H;) gives

(3.6) 30 >0; (z1,22) € Q2,21 > k = Fa(zy,22) < —min{al, E_}_
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Recalling that limOF](:r) = 0, we have, for any € > 0, € < d/2¢°*("*2) there exists § =
Ta—
6(¢) > 0 such that

(3.7) (£1,22) €Q2, 0 < 12 < b(e) = —€ < Fy(z1,72) < 0.
We take
(3.8) 0 = min { SiE) ! g—, } .

€22 2

From (3.7) and (1.1) it follows that
z1(t;0,¢) > [p1(0) + €le™ " — ¢, te 0,4+ 1].

The hypothesis_||¢1]| > d implies |p1(0)] > de™°2 and so z;(t) > [de~?2 + g]le™®! — ¢,
t €[0,20 +1].

The function E(t) = [de™?? 4+ €]e™®' — ¢ is decreasing in [0,{o + 1] and E(tq + 1) =
[de®z4€]e=(ot1) —¢ > k. The Lemma 3.3 gives the existence of a first { such that z;({,a,¢) = k
and z,(t;0,¢) > k for t < {.

Let us suppose, for a moment, that zo(t) > —0o,1 € [O,f]. Since z,(t) > E(t), t € [0,{] and
E(to + 2) > d/2e®2(1*3) > k one sees that 15 1g42.

From (1.1) and (3.6) it follows that, for t € [to + 1,10+ 2],

To(t) = —azs(l) + aFa(z(t — 7)) < a0 — min{o-’, o’/ol} < ao — min{2a0,20} < -0,

therefore, there exists ¢ € ({9 + 1,10 + 2) such that z5({) < —o, which is a contradiction. This
assures the existence of 7, € (0,1).

b) With obvious adaptations, the proof in this case is analogous to the last part of the proof
in the case (a). O

Lemma 3.8. Under the hypothesis of Lemma 3.7, consider k and o given by (3.5) and (3.8).
respectively. If, for a € Jo, ¢ € K3 (M), the solution z(t;a,¢) of the equation (1.1) satisfies
ro(m150,9) < —0, z1(11;0,¢) > k, for some 7y > 0, then there exists 75 = 72(a,p) > 0 such
that z(1;a,¢p) < —0€e %% fort € [11,72], 0 < z1(725,¢) < k.

Proof. : Notice that z3(7;a,¢) < —c and (1.1) imply that z,(t;a,p) < —ce°2,
t € [n,n+r]. H0< zi(tosa,p) < k, for any tg € [1, 7 + ], we define 7 = t,. Let us
now suppose z(t;a,p) > k fort € [r1,m +1]. Let { = {(a,p) > 7 + r be the instant ¢ when
z1(f;a,¢) = k and z;(1 + €;a,¢) < k, for all € > 0. The equation (1.1) together with (3.6) and
(3.8) implies that z5(t) < —oe=°2, for all { € [r; + 7,1 + r]. Consequently the existence of 7 is
assured. O

Lemma 3.9. Under the hypothesis of Lemma 3.7, let k and o be defined by (3.5) and (3.8),
respectively, a € Jo, ¢ € K}, |l¢1ll > d. Let z(t;a,¢) be the solution of (1.1) satisfying
To(m50,p) < —0€e~ %2, 0 < 71(72;0,9p) < k, for some 7, > 0. Then, there exists ¢ > 0, such
that zo(1;0,p) < —c, t € [t1,1; + 7], witht; = t14(p) > 0 defined in Lemma 3.3.

Proof. : If zo(t;a,¢) < —oe™°? for t in some interval (1) — ¢,1;), we define c = ge™22.

Suppose, for a moment, this is not true. Let I = #(a,¢), 72 < 1 < 1y, the last time ¢ for which
To(l;a,p) = —o€e™ % and (e"':rg(t))' < 0,if t € [{,t; +r]. Then z5(t) is a decreasing function
for t € [{,1; + r). Therefore, z5(1) < —oe™ %2 forallt € [t;,t; +7r]. O
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Lemma 3.10. For any real constant d, 0 < d < M and any compact Jy € (0,00), if
m = inf{(00,21) 1 24 = 24(0,0),0 € K3 (M), d < ||pa]| < M, € Jo,0 <1 < tya(p) 47},

then m > 0
Proof. : Choosing 04(s) = (1, —i)e~**, it follows from (3.3) that

0 0

e-A(€+l)z2(t+£)d6+i62/ e-'\(f+f)1‘1(t+€)d£.

L

(0a,z1) = z1(1) — iza(l) + 06]/

-1
Taking A = a+bi, a > 0 and 0 < b < 7, we obtain

0

(0o, i) = 21(1) + 061/

e+ 2o (1 + €) cosb(E + 1) dE
-1 .

0
+ 052/ e+ )z (1 + €)sin b(€ + r) dE

0
+ i{—zo(1) - 061/ e €+ zo(t + €)sin b(E + 1) dE

-1

0
+ 0-62/ e+ z (1 + €) cos b(€ + ) dE}).

r

Suppose that m = 0. Then, there exist sequences a, € Jo, ¢n € K] (M), d < |Je1a]| < M 1, €
[0:t10, (1) + 1), 0 =1,2,..., such that if z(I; 04,9n) = Za(t) = (21 n(l). 224(1)); A = A(ay),
(0a, Znt,) — 0, n — oo. It follows from d < [[¢14]| £ M and from the proof of Lemma 3.2 that
||zn(t)]] < M,fort > —1,n € N. Then, z,(t,,) is convergent. Taking a subsequence if necessary,
we can assume a, — a, because Jg is compact. Let (L, Ly) = ,.lin;;(xl"(t")’ Ton(tn)). It follows
that (Ly,L,) # (0,0) from Lemmas 3.6-8. There are the following cases to examine: L, > 0,
LQZO;L1=0,L2>0;L1>0,L2<0;L1<0,LQZO;L1=0,LQ<0;L1<0,L2<0. In
any one it can be seeing that either |[R(cq,.zn¢,)| > 0 0r |S(0a,,Zne,)| > 0 and bounded away
from zero.
Then (04, ,(zn):,) 7 0,as n — oc which is a contradiction. Therefore, m > 0. O

Remark. : If we replace K7, (M) by —K[ (M) and [0,1;4(¢) + 7] by [t1a(®) + 7 t20(p) + 1], the
conclusion of Lemma 3.10 remains valid.

Proof of Lemma 3.6. : Let 0 < a < M. Lemma 3.10 implies that
inf{|(0a,z:)| : 21 = 24(- : a,¢),0 € Jo,¢ € K (M),||¢]| = a,0 <t < t1a(p)+7} > 0.

From Lemma 3.9 there exists ¢ > Osuch that ||z, (4)+1(-i0a,¢)|| > ¢, forall a € Jo, ¢ € K1 (M),
ll¢]| = a. Lemma 3.1 implies

11,0 (0)+1(50, )| < M.a € Jo,p € Ko (M), |le]| = a.
Then, by Lemma 3.6,

inf{|(0a,z:)| : 2t = 24(- 1 a,p),0a € Jo,p € Ky (M),|l¢ll=a,0<t < Ta(p)+r}>0. O

The hypothesis (ii), (iii) and (iv) follow from the Lemmas 3.7, 3.8 and 3.9, respectively.
Theorem 3.1 follows now from Theorem 3.2.
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