
RT-MAT 95-05 

Modules of Infinite Projective Dimension over Algebras whose Idempotent Ideals are Projective 

Flavio U.Coelho 
Eduardo N. Marcos Hector ·A. Merkl en and 
Marfa I. Platzeck 

Mar.;o 1995 
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ABSTRACT. Let A be a finite dimension algebra over an algebraically closed field ,uch that all its idempotent ideals are projective. We show that if A is representa­
tion-infinite and not hereditary, then there exist infinitely many nonisomorphic indecomposable A-modules of infinite projective dimension. 

In [2], M. Auslander, M. I. Platzeck and C:. Toclorov ha.ve studied homological properties of the idempotent ideals of an artin algebra A. They gave there a char­acterization of the idempotent two sided ideals which are projective left A-modules. Their motivation for this study came from the notion of quasihereditary algebras, introduced in [5]. Also, in [6), Platzeck has studied artin rings with the property that all their idempotent ideals are projective. ln particular, she has shown that the finitistic projective dimension of such a ring is at most one. 
Let A be a finite dimensional k-algebra, where I. is an algebraically closed field, and assume in addition that each idempotent ideal of A is a projective A-module. By Platzeck's result, the projective dimension of any indecomposable nonprojective 

A-module is either one or infinite. Therefore, if A is not hereditary, then there always exist nonprojective indecomposable A-moclult'$ of infinite projective dimension. In case A is representation-infinite (that is, such that there exist infinitely many noniso­morphic indecomposable A-modules) and not hereditary, one can ask if the number of nonisomorphic indecomposable A-modult'S of infinite projective dimension can be finite. The main aim of this pa.per is to show the following result. 
Theorem. Let A be a finite dimeusion indecomposable algebra over an algebraically closed field. Suppose that all idempotrnt (bilatrral) ideals are projective A-modules. If A is representation-infinite and not hcrr.ditary, then therr rri.<:t infinitely many nonisomorphic indecomposable A-modulr~c: of infinite projective dimension. 

The proof of this theorem will be given in st>Ction :J. Observe that if A is such that. 
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all idempotent ideals are projective and there exist only finitely many nonisomor­

phic indecomposable A-modules of infinite projective dimension, then the projective 

dimension of all but finitely many nonisomorphic indecomposable A-modules is at 

most one, because the finitistic projective dimension is at most one. We will use the 

fact that the latter condition is equivalent to saying that A is a right glueing of tilted 

algebras in the sense studied by I. Assem and F. U. Coelho in [1]. In section 1 we 

shall recall some basic facts in representation theory of algebras, and also recall the 

notion and basic properties on right glued algebras. Section 2 will be devoted to some 

preliminary results on algebras whose idempotent ideals are projective modules. 

1. PRELIMINARIES 

1.1. Unless otherwise stated, all algebras in this paper are basic, connected finite 

dimensional algebras over a fixed algebraically closed field k. Therefore, any algebra 

A can be viewed as a quotient kQ(A)/ l of a path algebra kQ(A), where Q(A) is a 

finite quiver and l is an admissible ideal of kQ(A). Recall that an idea.I / of kQ(A) 

is said to be admissible if there exists an n such that P C l C J", where J is the 

ideal of kQ(A) generated by the arrows from Q(A). The elements of an admissible 
idea.I are called admissible relation,q, The uniquely determined quiver Q(A) will be 

referred to as the ordinary qtiivcr of A. For a given quiver Q, we shall denote by Qo 

and by Q1, the set of vertices and arrows of Q, respectively. If o is an arrow in Qi, 

then s(o) and e(o) denote, respectively, the ,qtart and the e.nd vertices o( o. A loop 

is an arrow o such that s(a) = e(o). Following (4), we shall sometimes equivalently 

consider an aJgebra. as a. k-linear category. An ideal is always a two sided ideal. 

Let I be an admissible ideal in a path algebra kQ and let a, b E Q0 • We denote by 

[(a, b) the set of the elements E >.;-yi E [, where, for each i, >.; E k, and the path '"fi 

starts at a and ends at b. 

1.2. For a given algebra A, let A-mod denote the category of finitely generated left 

A-modules. All modules and maps are in A-mod. Denote by A-ind the category with 

one representative of each isoclasse of indP.Composable A-modules. 

Given M E A-mod, denote by ac\dM the full subcategory of A-mod consisting of 

all finite direct sums of summands of M. 
Let A= kQ(A)/ I be an algebra and let a E (Q(A))0• Denote by S(a) the simple 

A-module associated to a and by P(a) the projective cover of S(a). It is well-known 

that there exists an equivalence between tbe category A-mod and the category of 

the (Q(A), [)-representations. Recall that a (Q(A), [)-representation X is given by 

X = ((X;);e(Q(A)lo, Ua)ae(Q(All,), where for each i E (Q{A))o, X; is a finite-dimension 

k-vector space, for each er E (Q(A))1, fn i8 a linear transformation from X.(a) to 

Xe(a), and such that these linear transformations are subjE>cted to the reh1.tions of/. 

We shall now agree to identify a kQ(A)/ /-module with the corresponding (Q(A), 1)­

represen tation. 
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We denote by pdX the projective dimension of the module X. Also, the global &nd the finitistic projective dimensions of A are defined, respectively, by 
gl.dimA = max { pdX : X E A-ind} a.nd 

fpdA = max{ pdX : X E A-ind and pdX < oo} 
1.3. We shall now recall the notion of right glued algebras introduced in [I] that will be needed in the proof of our ma.in theorem. Let B1 , • • • , B1 be representation­infinite tilted algebras having complete slices E1 , • • • , E1 respectively, in the preinjec­tive components and no projectives in these components, B = B1 x • • • x B1 a.nd C be a representation-finite algebra. An algebra A is called a right glur.ing of Bi,••• , B1 by C along the slices E1, • • • , Ee or, more briefly, to be a right glued algebra if A = C or: 

(RGI) each of B1, · · • , B1 and C is a full convex subcategory of A, and any object in A belongs to one of these subcategories; 
(RG2} no injective A-module is a proper predece.ssor of the union E1 U • • • U E,. considered as embedded in A-ind; and 
(RG3} 8-ind is cofinite in A-ind. 

The algebra C being a.n arbitrary representation-finite algebra, the component of the Auslander-Reiten quiver r A of A containing E1 U • · · U Ee may contain periodic modules and oriented cycles: it is actually an ,-component containing all the injec­tive A-modules (see (1) for details). On the other hand, the projP.Ctive A-modules are either projective B-modules or belong to the £-component containing the E~ s. Con­sequently, the ordinary quiver of A is the union of the ordinary quivers of Bi,··· , Be and C together with some additional arrows of the form x - y, with z in the quiver of C, and y in the quiver of some 8;. In particular, a right glued algebra A may be written as a lower triangular matrix algebra 

A~(~~) 
where N is a B-C-bimodule. 

The next result, proven in (1), will be very useful. We say that a property holds for almost all A-modules if it holds for all but finitely many of the indecomposable A-modules. 

Theorem. Let A be a finite dimensional k-algrbm, whrre k i_q an algebmirally closed field.. Then A i., a right glued algr.bm if and only if pdX ~ l for almo.~t all indecom­posable A-modules X. 

We refer the reader to [l] for details on right (and its dual left) glued algebras. For unexplained notations and notions in representation theory, we refer the reader to (3, 7). 
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2. ALGEBRAS WHOSE IDEMPOTENT IDEALS ARE PROJECTIVE 

2.1. Let A be an algebra. If M, N are A-modules, denote by TM(N) the trace of 

M in N, that is, the submodule of N generated by all homomorphic images of M 

in N. H P is a projective A-module, then rp(A) is an idempotent ide.al of A, and 

any such idea.I is obtained in this way. Observe also that if P and P' a.re projective 

A-modules, then Tp(A) = rp,(A) if and only if addP = addP' (see [2]}. 
We are particularly interested in the situation when the algebra A sa.tisfie.1 the 

following property: 

(UP) All idempotent (bilateral) ideals of A are projec~ive A-modules. 

The class of algebras satisfying (IIP) clearly includes the hereditary and the local 

algebras, but it also contains other algebras as shown by the following examples. 

Examples. Let Q be the quiver 

aQ~01 

(a) Let A1 be the k-algebra given by Q with relations er = 0 and 72 = 0. Clearly, 

TP(t)(A1) = P(l) and Tp(2)(A1) = P(2) $ P(2) $ P(2) $ P(2), and hence At satisfies 

(UP) (see [6](1.2)). 
(b) Let A2 be the k-algebra given by Q with relations er2 = 0, 7 2 = 0 and fJa = 0. In 

this case, TP(t)(A2) = P{l) and Tp(2i{A2) = P(2) $ P(2), and hence A2 also satisfies 

(IIP) (see [61(1.2)). 

2.2. The next result has been proven in [6](2.5). 

Theorem. If A is an algebra satisfying (/IP), then fpdA$. 1. . 
Corollary. Let A be an algebra sati.~fyi11g (llP). The.n there ezists ari indecomposable 

A-m<>dule M of infinite projective. dime11sio11 if and only if A is not herr.ditary. 

Our main result states that, if A is a reprP-sentation-infinite algebra with (IIP) 

which is not hereditary, then, in fact, there are infinitely many nonisomorphic inde­

composable A-modules with infinite projective dimension. Therefore, from now on, 

we shall concentrate our attention to the study of algebras satisfying (IIP) which are 

not hereditary. For such an algebra A= kQ(A)/ I, with/ =f: 0, we shall see that Q(A) 

bas always a loop and / is generated by relations which contain always summands 

starting at loops. We shall also discuss the notion of suitable arrows for A. The rest 

of this section will be devoted to these questions. 

2.3. We recall the following result from [6](2.1 ), which holds for artiu algebras. 
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Proposition. Let A be an {artin) algebra with {If P), ai&d lr.t P and P' be indecom­
posable projective A-modules such that HomA(P, P') ':/: 0. Then rp(P') 5:! I"', for 
some r > O. Conaequently, i/ P is not isomorphic to P', then HomA(P', P) = 0. 

. This proposition has the following nice consequence. Let A be an algebra with 
(UP). Theo the indecomposa.ble projective A-modules P., • • • , P,. can be indexed in 
such a way that HomA(P;, P;) = 0 whenever i < j. In particular, the ordinary quiver 
Q(A) has no oriented cycles involving arrows which are not loops. Example (2.1) 
shows that loops can occur in Q(A), and, in fact, we shall show now that they do 
occur if A is not hereditary. This fact will be a. consequence of the next proposition. 

' 

2.4. Proposition. Let A be a1i (artin) algebm sati.•fying (/IP). If P is an inde­
composable projective A-module 111ho.~e endomorphism ring is a division ring, then 
radP ~ projective. As a consequence, pd{P/mdP) $ 1. 

Proof. Since P is an indecomposable projective module, then P = P; for some i, in 
the indexing given in (2.3). Therefore, the projective cover of radPi, P', belong3 to 
add(P; ED··· EDP,.). However, by hypothesis, HomA(P;,radP;) = 0 and then P' E 
add(P;+i ED•·· EDP,.). Then Tp,(P;) =radP;, and hence, radPi is projective, as re­
quired. □ 

2.5. Corollary. Let A be a basic (artin) algebra sati.~fying {IIP). Thei& A is hered­
itary if and only if EndA(P) is a divi.<iion ring for every indecomposable projective 
module P. 

Proof. By (2.4), radP is a projective A-module for every indecomposable projective 
module P, and therefore the algebra A is hl"reditary. The converse is direct. D 

2.6. Corollary. Let A = kQ(A)/ I be a finite dimen .. <iio1, k-algr.bra with (1/P). If 
Q(A) ha.a no loops, then A is hr.JYditary, that i.<i, I = 0. 

Proof. Let P(i) be the indecomposable projective associated with the vertex i. Then, 
P(i) = Ae;, where e; is an idempotent of A. Since Q(A) has no loops and A satisfies 
(IIP), we infer that there are no oriented cycles in Q(A) (2.3). Therefore 

E d (P( .)) = e;(kQ(A))e; 
n A I /(i, i) 

is a division ring. This being true for e.ach vertex i, we conclude, by (2.5), that A is 
hereditary. D 
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2.7. For the rest of this section let A= kQ(A)/ l be a nonhereditary algebra over 

the algebraically closed field k, and satisfying (IIP). We shall look now at the relations 

which generate /. Fix u E ( Q( A ))o and let /J; : u - v;, for i = 1, · • • , n, be all the 

" arrows starting at u which are not loops. Let P = EB P(v;), where P(z) denotes the 
· ial 

indecomposable projective module corresponding to the vertex x. Let 

" 
(ct,··· ,c..a): EBP(v;)"i - rp(P(u)) 

ial 

be the projective cover of 1'p(P(u)). Since A satisfies (IIP), then (c1, • • • , c..a) is indeed 

an isomorphism. Denote P' = EB P(v;)"'· ' 
i•l 

Proposition. Under the above hypothcsi.,, there ezists a11 isomorphit,m 

{/Jt,··· ,/Jn,bn+i,'" ,bm): P' - Tp(P(u)) 

{reordering the summands of P' if 11cct.ssary), with b,.+1, • • • , b,.. E radl A. 

Proof. We first show that there exists au isomorphism 

" 
(c1,··; ,Cf-tt#~1,c1+1,·--c,,.): E9P(v;)d; -rr(P(u)) 

i=I 

(using the above notations). Indeed, since /31 E Tp(P(u)), and (c1,•" ,c,,.) is an 

epimorphism, there exists 

" m 
( 61, · · · , 6111) E EB P( v;)"i, such that /31 = E 6;c;. 

i•l i=l 

Observe that c; E radA because v; :/: u for ea.ch i = I, • • • , n, and the relations are 

all admissible. Then, there exists a.n l such that O 'f 61 (/: radA. Therefore 61 = ~,v1, 

~,Ek. We claim that/'= (ct,"' ,c,_1,/i1,ci+1, .. ,c,..) is also an isomorphism. 

It suffices to show that it is an epimorphism. This is indeed the case, because if 

x E Tp(P(u)), then 

z = E µ;c; = µ, (A11 /31 - E ~,• 6;c;) + E µ;c; 
j=-1 #I #I 

and then z E Im/', which proves the claim. Reordering the summands of P', we have 

an isomorphism 

(/J1,C1,·" ,Ci-1,c1+1,···c,..): P' - Tp(P(u)). 

Observe that the same procedure can be repe.ati>d for /32 , • • • , {3,.. In the i-th step one 

can choose the element c,, we removed to be different from {J1 , • • • Pi-t because the 

relations are admissible. Then, reordering the summands of P' we will encl up with 
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an isomorphism(~,·-· ,p",ll,.+i,"" ,V,,.) from P' to Tp(P(u)). By subtracting, for each i = l, · · • , m - n, from the ll,.+; appropriate linear combinations of P1 , • • • , P"' we obtain b..+1t • • • , b,,. in rad1 A such that (/31, • • • , Pn, bn+h • • · , bm) is the required isomorphism. a 

2.8. We have seen in (2.6) that, since A = kQ(A)/ l is not hereditary, Q(A) has !Joops. The next result, which follows easily from the above proposition, shows that there is a set of relations ea.ch of them with a summand starting at a loop which generates I. 

Corollary. Let A= kQ(A)/ l be an algebra satisfying {llP}, and/31, • • • ,/J" 6e amnos 
t in Q(A) which are not loops and starting at the same verte.z. If r = E -y;/J; E !, for 

. i•l some linear combinations of paths ')'1 , • • • , ')'11 , then 'Yi E /, for each i = I,· · · , n. 

Proof. By (2.7), there exists an isomorphism ({31,·•· ,f3n,bn+t,· •· ,b,..) from P' to rp(P(u)). The hypothesis implieB that the C'!lement (71, • • • , -y,., 0, · • · , O) goes to zero under this isomorphism. Therefore, 7i = 0, for each i = I, · • • , n. D 

2.9. In the proof of our main theorem in section 3, we wiU consider the following construction. We shall start with a subquiver Q' of Q(A) and extend a representation of Q' to one of Q(A) through an arrow a f}. (Q')1• Clearly, this can not be done always because of the relations involving o. However, we shall show that, under the hypothesis of the theorem, we C6U always find a suitable arrow for this extension. We shall prove now some preliminary results in this direction. We start with an example. 

Example. Let A= kQ(A)/ I, where Q(A) is the cruiver 

3 • 

. Y'<Qa 
1 5 2 

and J is generated by the relations 5a - 7/J and o-2• We lt>.a.ve to the reader to show that A satisfies (UP). Consider the full subquiver Q' of Q containing the vertices 1 and 3 and let V be an indecomposable Q'•rf'presentation. Observe that we can extend V to a. Q(A)-representation V given by Vi = Vi, V2 = Vi, V3 = V:i, ]., = /.,, 
] 1 = Id, and ] 11 = ]0 = O. However, if one tries to extend V to V through the arrow fJ in the same fashion, that is, by putting, V1 = ½, V3 = ¼, V2 = V:i J.., = J.,, 
] 1 = Id, and ] 1 = ]0 = 0, this does not define a Q{A)-represeutation because of the 
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relation 60 - "(/J. In the sense given by the definition below, the arrow 6 is suitable 

and 

... 

the arrow fJ is not suitable. '" 

Definition. An arrow /31 : u - v1 which is not a loop, is called .,uitable if there are • 

no relations of the type • 
r • f 
E 'Yi/J; + E -Yi;/Ji6i1 I 

i•I i.j 

where arrow 'Yi and 'Yi; are linear combination of paths from Vi to a (fixed) vertex w, 

71 ,:/: 0 and 6;, E rad.A, that is, it is a nonzero linear combination of er;, with l > 0 

and o; is a loop around u. 

2.10. Fix u E (Q(A))o and let /Ji: u - v;, for i = l,··· ,n, be all the arrows 

starting at u which are not loops. We will show that if there are no loops at the 

vertices v1, • • • , v,. and u has a unique loop around it, then there exists a suitable 

arrow starting at u. We need the following result. 

Proposition. Let u E {Q(A))o and let$; : u - Vi, for i = l,· •, ,n be all the 

arrows starting at u which are not loops. If /31 is not suitable, thc1& the.re czists a path 

of length greater than zero from v1 to v;, for some i. 

Proof, Assume tha.t /J1 satisfies a relation 
r 

L 'Yi/Ji + L 'Yi;P;6;; 
;,.., iJ 

where 'Yi and 'Yi; are linear combinations of paths from Vi to a (fixed) vertex w, -.,1 ':/: 0 

and 6;1(E radA) are nonzero linear combinations of o~, with I 2:, 0 and o; is a loop 

" " 
around v;. Let P = EB P(v;), and P' = EB P(v;)"; ~ rp(P(u)). We know by (2.7) 

i=l i=l 

that there exists an isomorphism 

(/J1,··· ,{J,.,b,.+1,"' ,6,..): P'- rp(P(u)) 

with b1 = /31, .. · , b,. = {J. and b,.+ 1, .. • , b,,. E rad1 A. Since /1;5;; E TP; ( P( u)) C 

T'p,(P(u)), we can write 

/Ji6i; = E Jt;;1b1 ( •• ) 
I 

with p.;;1 linear combinations from the end of b1 to the end of /3;. Iu particular, since 

bi = /31, we have that /J,i;t goe, from v1 to Vi• Observe that Jti;t E radA because /3;5i; E 

rad2 A, all relations are admissible and (b1, • • • , b,,.) is a monomorphism. Assume that 

there are no paths oflength greater than zero from v1 to v;, for any i. Hence /t;;1 = 0, 

for each i. Replacing now ( ••) in ( • ), we get a relation, which is a linear combination 

of bi,··· , b,.. with the coefficients of 61 = /31 equal to 1'l • Using again that ( 61, • • • , b,,.) 
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is a monomorphism, we conclude that -y1 = 0, a contradiction. Therefore, there exists 
a path from v1 to some v;, as required. □ 

2.11. The next result will be essential in the proof of our ma.in theorem. 

Corollary. Let u E (Q(A))o and let /J;: u - v;, for i = 1, • • • , n, be all the arrows 
,tarting al u which. are not loops. Suppose, furthermore, that there are no loops at 

• the 11erticu ~s. Then one of the /J!s is suitable . .. 
Proof. Since there are no oriented cycles involving v1, • • • , v,., there exists a partial 
order for these vertices given by: v; $ v; if and only if there exists a path from v; to 
v;. Let v, be a maximum element. under this order. The corresponding arrow /31 is, 
dearly, by (2.10), a suitable arrow. O 

2.12. We end this section with the following example which shows that the hypoth­
esis of the nonexistence of loops a.round the Vf'!rtict>s v;s is essential for the validity of 
(2.11 ). 

Example. Let A be the algebra given by the quiver 

aQ~07 

with relations a1 = 0, -y3 = 0 and /fo = 7/3. Observe that A satisfies (IIP) but there 
are no suitable arrows. 

3. THE MAIN THEOREM 

3.1. In this section we shall prove our main result, that is, that any representation­
infinite artin algebra satisfying (IIP) and not hereditary bas an infinite number of 
nonisomorphic indecomposable modules of infinite projective dimension. First we 
start observing that there are many such algf"hras, showing examplf"S of them. Then 
we will prove some preliminary results nl'!t'<lec:I in the prooC of the theorem. 

Examples. The following are examples oC r<'presenta.tion-infinite a.rtin algebras sat­
isfying (IIP) and not hereditary. 

(a) Representation-infinite local algebras. Our main theorem is trivial in this case, 
since the only modules of finite projective dimension are projective. 

(b) Let Q be a quiver with at least one loop but not oriented cycles containing an 
arrow which is not a loop. Consider the algebra A = kQ /I, where / is an admissible 
ideal generated by linear combinations of products of loops. Then A satisfies (IIP) 
and it is not hereditary. Many of these a.lgebra.c; are representation-infinite. 
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(c) Let A be the algebra given by the quiver 

0 Pio a - 7 
1 /J2 2 

with relations a3 = 0, 72 = 0 and /j1a = 0. Cle.arly, A satisfies the required condi­
tions. 

3.2. We shall need the following lemma. 

Lemma. Let R and B be algebras, M be a B-R-bimodulc and 

A=(t ~) 
If A satisfies {IIP}, then B also docs. 

Proof. Observe that ·we have an embPdding or categories 8-mod ._ A-mod, which 
preserves projective modules and resolutions. Let / be an idempotent ideal of B. 
Therefore 

is an idempotent ideal of A. In fact, 

and ( 
0 Q )l ( Q 

IM I = IM 

Since A satisfies (UP), we have that J is a projective A-module. On the other hand, 
the natural epimorphism 

ir: A --+ B given hy 11' ( :,·l ~ ) = b 

takes projective modules to projective mmlulr.s. Sinrn ,r(J) = /, we conclude that/ 
is projective, as required. D 

• 
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3.3. Corollary.Let A be a right glueing a/gr.bra of B1 , • • • , B1 by C. If A satisfiu 
{/IP), then Bi ia hereditary for each i. 

Proo/. By (1.3), we know that 

A~(i ~) 
where B = Bi X • • • x B1 and M is a 8-C-bimodule. By the lemma. above, B also 
satisfies (IIP) and, in particular, fpdB is at. most one (2.2). On the other hand, since 
Bis a product of tilted algebras, we have that gl.dimB $ 2. Hence, gl.dimB $ 1, 
and B is a product of hereditary algebras. O ' 

3.4. We shall now prove our main theorem. 

Theorem. Let A be a finite dimension fodrcompo,qable algebra ovr.r a11 algebraically 
closed field k, satisfying (1/P). If A i._q ,·r.prrM'.ntation-irtfinitr. a11d not hereditary, 
then there ezist fofinitely many noni..•omo171hic iridr.compo.,ablr. A-module.• of infinite 
projective dimension. 

Proof. By (2.2}, we know that fpdA is at most one. Assume that there are only 
finitely many nonisomorphic indecomposable A-modules of infinite projective dimen­
sion. Therefore, pdM $ I for almost all indec-.omposable A-modules M. 
By (1.3), A is then a right glueing of 81, • • • , B1 by C, where C is representation­
finite and, for each i, Bi is a representation-infinite tilted algebra. By (3.3), each B; 
is hereditary. 
If now C = 0, then A is hereditary, a contracliction. Therefore C =,, 0. By the de­
scription of right glued algebras, the ordinary quivers of B1, · · · , B1, and C are full 
convex subquivers of Q(A), and there are neither arrows from a verte.x of Q(B;) to a 
vertex of Q(B;), if i :/: j, nor arrows from a. \'l'rtex of Q(B;) to Q(C), for i = l, · · • , t. 
Since Q(A) is connected, there are arrows from Q(C) to each Q(B;). For a given i, 
B; is a connected representation-infinite hereditary algebra, and then each vertex of 
Q(Bi) belongs to the support of infinitely many indecomposable B;-modules. The 
strategy now is the following: we start with a.11 infinite family of indecomposable 
Bi-modules with support containing a vertex which is the end of a convenient arrow 
/J which starts at Q(C). We shall then extend each module of this family, through 
the arrow {J, to an indecomposable A-module which is not a B-moclule, le.a.ding to a 
contradiction to the fact that B-ind is cofinite in A-ind. The key point of this proof 
is the choice of the arrow f3. 
Claim. There exists a suitable arrow from a vertex of Q(C) to a vertex of Q(B). 
Let F = {u E (Q(C))0 : there exists an arrow 11 - 11, with v E (Q(B))o}, Since the 
only oriented cycles are sequences of loops, there exists a vertex uo E F such that 
there are no paths in Q(C) from Uo to any other vertex of F. Let i be such that there 
is an arrow from Uo to a vertex of Q(B;). Without loss of generality, suppose i = l. 
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Let P1 : Uo --+ V1, • • • , p,.: uo --+ v" be all the arrows from uo to a vertex of Q( Bi). 
Observe that, by the choice of uo, any path from t10 to a vertex of Q( Bi) has to pass 
through one of the fJ!s, On the other hand, observe that there a.re no loops around 
the vertices v!s because they belong to (Q(B1))0 and B1 is hereditary. By (2.11), we 

infer that one of the fJ!s is a suitable arrow. This proves the claim. 
Denote by P: u --+ v a suitable arrow in (Q(A)h, with u E (Q(C))o and v E 
(Q(B1))0 • Let now X. be the (infinite) set of all nonisomorphic indecomposable Br 
modules whose support contains v. This means that if((M;);e(Q(Ballo• (/-y)-ye(Q(Ba)h) E 
X,,, then M,. :/: 0. We shall construct an infinite set of nonisomorphic indecompos­
able A-modules which are not 8.-module.s using the. (suitable) arrow {J. For an 

X = ((X;);e(Q(B1))0 , (/-y)..,e(Q(Balh) EX. define X = ((X;);e(Q(Allo• (7")..,e(Q(A))a), by 

{ 

X if i E {Q(Bi))o { /" if -r is an arrow in (Q(B1)h 
X, = X,, if i = u and 7" = Id if -r = fJ 

0 otherwise O otherwise 

Since fJ is & suitable arrow. the representation X as defined above satisfies all the 
relations required to be an A-module. We shall show now that X is indecomposable. 
Suppose X =Yi$ Y,, and define, for each i, Y;' by (Y/); = (Y;); if j E (Q(B1)0 ) and 
(Y.'); = 0, otherwise. Then X = Y{ $ Y; in B1-iud. Since X is indecomposable, it 
follows that either Y{ = 0 or Y; = 0. Therefore, either Yi or Y:i is a sum of copies of 
the simple S(u) associated to u, contradicting the hypothesis that ] 11 = id. Moreover, 

if X and X' are two nonisomorphic indecomposable B1-modules in X.,, then X and 
X' are also nonisomorphic. Therefore, there f'Xist infinitely many indecomposable A­
modules which are not Bi-modules, a contradiction to the fa.ct that B1-ind is cofinite 
in A-ind, and the result is proven. O 
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