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all idempotent ideals are projective and there exist only finitely many nonisomor-
phic indecomposable A-modules of infinite projective dimension, then the projective
dimension of all but finitely many nonisomorphic indecomposable A-modules is at
most one, because the finitistic projective dimension is at most one. We will use the
fact that the latter condition is equivalent to saying that A is a right glueing of tilted
algebras in the sense studied by I. Assem and F. U. Coelho in (1]. In section 1 we
shall recall some basic facts in representation theory of algebras, and also recall the
notion and basic properties on right glued algebras. Section 2 will be devoted to some
preliminary results on algebras whose idempotent ideals are projective modules.

]

1. PRELIMINARIES

1.1. Unless otherwise stated, all algebras in this paper are basic, connected finite
dimensional algebras over a fixed algebraically closed field k. Therefore, any algebra
A can be viewed as a quotient kQ(A)/[ of a path algebra kQ(A), where Q(A) is a
finite quiver and I is an admissible ideal of kQ(A). Recall that an ideal / of kQ(A)
is said to be admissible if there exists an n such that J* C I C J*, where J is the
ideal of kQ(A) generated by the arrows from Q(A). The elements of an admissible
ideal are called admissible relations. The uniquely determined quiver Q(A) will be
referred to as the ordinary quiver of A. For a given quiver Q, we shall denote by Qo
and by @, the set of vertices and arrows of Q, respectively. If « is an arrow in Q1,
then s(a) and e(a) denote, respectively, the start and the end vertices of a. A loop
is an arrow a such that s(a) = e(a). Following (4], we shall sometimes equivalently
consider an algebra as a k-linear category. An ideal is always a two sided ideal.

Let I be an admissible ideal in a path algebra £Q and let a,b € Qo. We denote by
I(a,b) the set of the elements 3~ Aiy: € I, where, for each 1, X; € k, and the path 7;
starts at @ and ends at b.

1.2. For a given algebra A, let A-mod denote the category of finitely generated left
A-modules. All modules and maps are in A-mod. Denote by A-ind the category with
one representative of each isoclasse of indecomposable A-modules.

Given M € A-mod, denote by addM the full subcategory of A-mod consisting of
all finite direct sums of summands of M.

Let A = kQ(A)/I be an algebra and let a € (Q(A))o. Denote by S(a) the simple
A-module associated to a and by P(a) the projective cover of S(a). It is well-known
that there exists an equivalence between the category A-mod and the category of
the (Q(A), I)-representations. Recall that a (Q(A), [)-representation X is given by
X = ((Xi)ie@(a)o: (fa)ae@(an,)» Where for each i € (Q(A))o, Xiis a finite-dimension
k-vector space, for each a € (Q(A)), fa is a linear transformation from X,(q) to
Xe(a)» and such that these linear transformations are subjected to the relations of [.
We shall now agree to identify a 4Q(A)//-module with the corresponding (Q(A), I)-
representation.
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We denote by pdX the projective dimension of the module X. Also, the global
and the finitistic projective dimensions of A are defined, respectively, by

gldimA = max { pdX: X € A-ind} and
fpdA = max{ pdX : X € A-ind and pdX < o0}

1.3. - We shall now recall the notion of right glued algebras introduced in [1] that
will be needed in the proof of our main theorem. Let By, -, B; be representation-
infinite tilted algebras having complete slices I, - - - » L¢ respectively, in the preinjec-
tive components and no projectives in these components, B = By x---x B, and C be
a representation-finite algebra. An algebra A is called a right glueing of By,:-. , B,
by C along the slices 5y, - - , T, or, more briefly, to be a right glued algebra if A = C
or:

(RG1) each of By,--- , B, and C is a full convex subcategory of A, and any object in
A belongs to one of these subcategories;

(RG2) no injective A-module is a proper predecessor of the union £, U ... U .,
considered as embedded in A-ind; and

(RG3) B-ind is cofinite in A-ind.

The algebra C being an arbitrary representation-finite algebra, the component of
the Auslander-Reiten quiver I'; of A containing £, U--- U £, may contain periodic
modules and oriented cycles: it is actually an -component containing all the injec-
tive A-modules (see 1] for details). On the other hand, the projective A-modules are
either projective B-modules or belong to the :-component containing the ! s. Con-
sequently, the ordinary quiver of A is the unjon of the ordinary quivers of By,--- , B,
and C together with some additional arrows of the form £ — y, with z in the quiver
of C, and y in the quiver of some B;. In particular, a right glued algebra A may be
written as a lower triangular matrix algebra

~[C 0
Az ( co )
where N is a B-C-bimodule.
The next result, proven in [}, will be very useful. We say that a property holds
for almost all A-modules if it holds for all but finitely many of the indecomposable
A-modules.

Theorem. Let A be a finite dimensional k-algebra, where k is an algebraically closed
field. Then A is a right glued algebra if and only if pdX < 1 for almost all indecom-
posable A-modules X .

We refer the reader to [1] for details on right (and its dual left) glued algebras.
For unexplained notations and notions in representation theory, we refer the reader
to [3, 7).
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9. ALGEBRAS WHOSE IDEMPOTENT IDEALS ARE PROJECTIVE

2.1. Let A be an algebra. If M, N are A-modules, denote by Tm(N) the trace of
M in N, that is, the submodule of N generated by all homomorphic images of M
in N. I P is a projective A-module, then 7p(A) is an idempotent ideal of A, and
any such ideal is obtained in this way. Observe also that if P and P’ are projective
A-modules, then 7p(A) = tpi(A) if and only if addP = addP’ (see 2.
We are particularly interested in the situation when the algebra A satisfies the
following property:
(IIP) All idempotent (bilateral) ideals of A are projective A-modules.

The class of algebras satisfying (IIP) clearly includes the hereditary and the local
algebras, but it also contains other algebras as shown by the following examples.

O—Q
1 2

(a) Let A, be the k-algebra given by @ with relations o3 = 0 and 4% = 0. Clearly,
mpay)(A1) = P(1) and 7p5)(A1) = P(2) @ P(2) @ P(2) ® P(2), and hence A, satisfies
(ITP) (see [6](1.2)).
(b) Let A3 be the k-algebra given by Q with relations o* =0, 7* =0and fa=0.In
this case, 7p1)(42) = P(1) and 7p(2)(A2) = P(2) @ P(2), and hence A, also satisfies
(1IP) (see [6](1.2)).

2.2. The next result has been proven in [6](2.5).
Theorem. If A is an algebra satisfying (IIP), then fpdA< 1.

Corollary. Let A be an algebra satisfying (IIP). Then there ezists an indecomposable
A-module M of infinite projective dimension if and only if A is not hereditary.

Our main result states that, if A is a representation-infinite algebra with (ITP)
which is not hereditary, then, in fact, there are infinitely many nonisomorphic inde-
composable A-modules with infinite projective dimension. Therefore, from now on,
we shall concentrate our attention to the study of algebras satisfying (IIP) which are
not hereditary. For such an algebra A = kQ(A)/ 1, with / # 0, weshall see that Q(A)
has always a loop and [ is generated by relations which contain always summands
starting at loops. We shall also discuss the notion of suitable arrows for A. The rest
of this section will be devoted to these questions.

2.3. We recall the following result from [6](2.1), which holds for artin algebras.
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Proposition. Let A be an (artin) algebra with (I1P), and let P and P’ be indecom-
posable projective A-modules such that Homu(P, P') # 0. Then 7p(P') & Pr, for
some r > 0. Consequently, if P is not isomorphic to P!, then Homy(P*, P) = 0.

. This proposition has the following nice consequence. Let A be an algebra with
(IIP). Then the indecomposable projective A-modules Py,--- , P, can be indexed in
such a way that Hom4(P;, P;) = 0 whenever i < j. In particular, the ordinary quiver
Q(A) has no oriented cycles involving arrows which are not loops. Example (2.1)
shows that loops can occur in Q(A), and, in fact, we shall show now that they do
occur if A is not hereditary. This fact will be a consequence of the next proposition.

2.4. Proposition. Let A be an (artin) algebra satisfying (IIP). If P is an inde-
composable projective A-module whose endomorphism ring is a division ring, then
radP is projective. As a consequence, pd(P/radP) < 1.

Proof. Since P is an indecomposable projective module, then P = P; for some i, in
the indexing given in (2.3). Therefore, the projective cover of radF;, P/, belongs to
add(F: @ --- @ P,). However, by hypothesis, Hom,(P;,radP,) = 0 and then P’ €
add(Piy1 @ -+ @ P,). Then 7p«(P;) =radP;, and hence, radP; is projective, as re-
quired. O

2.5. Corollary. Let A be a basic (artin) algebra satisfying (IIP). Then A is hered-
itary if and only if Ends(P) is a division ring for every indccomposable projective
module P.

Proof. By (2.4), radP is a projective A-module for every indecomposable projective
module P, and therefore the algebra 4 is hereditary. The converse is direct. a

2.6. Corollary. Let A = kQ(A)/! be a finite dimension k-algebra with (IIP). If
Q(A) has no loops, then A is hereditary, that is, | = 0.

Proof. Let P(3) be the indecomposable projective 'associa.ted with the vertexi. Then,
P(i) = Ae;, where e; is an idempotent of A. Since ((A) has no loops and A satisfies
(IIP), we infer that there are no oriented cycles in Q(A) (2.3). Therefore

EndA(P(i)) = Ci(l}%(/:)))ei

is a division ring. This being true for each vertex i, we conclude, by (2.5), that A is
hereditary. O
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2.7. For the rest of this section let A = kQ(A)/! be a nonhereditary algebra over
the algebraically closed field k, and satisfying (IIP). We shall look now at the relations
which generate I. Fix u € (Q(A))o and let i : 4 — v;, fori =1, ,n, be all the

arrows starting at u which are not loops. Let P = é P(v;), where P(z) denotes the
1 i=l

indecomposable projective module corresponding to the vertex z. Let

n

(c1,°+* yem): €D Plwi)* — 7p(P(u))

i=1
be the projective cover of 7p(P(u)). Since A satisfies (IIP), then (€1, ,Cm) isindeed
an isomorphism. Denote P’ = él P(v;)%.

Proposition. Under the above hypothesis, there ezists an isomorphism

(ﬂh" * 3By brgry ybm): P! — TP(P(‘M))
(reordering the summands of P' if necessary), with buyy, -+ b € rad®A.

Proof. We first show that there exists an isomorphism

(Ch"" 2 Cl=1s By Cle1y = Cm) @P(vi)d‘ — 7p(P(u))
i=l
(using the above notations). Indeed, since Ay € tp(P(u)), and (e1,°-+ ,Cm) is an
epimorphism, there exists

(61, +6m) € €D P(vi)*, such that §, = 3" bici.
i=1 f=1
Observe that ¢; € radA because v; # u for each i = 1,--- ,n, and the relations are
all admissible. Then, there exists an I such that 0 # & ¢ radA. Therefore & = Ay,
N € k. We claim that f' = (c1,-** sCi=1, 51, €41, €m) is also an isomorphism.
It suffices to show that it is an epimorphism. This is indeed the case, because if
z € 7p(P(u)), then

T=)_ pic; = (I\T'ﬁn = 21\7'5:'%') + 3 pic

j=1 J#l i#l
and then z € Im’, which proves the claim. Reordering the summands of P, we have
an isomorphism
(ﬁhcla 2re GOl Clels cvn): P’ —= TP(P(H))'

Observe that the same procedure can be repeated for f2,--- ,Bn. In the i-th step one
can choose the element ¢;, we removed to be different from B1, - Bi-1 because the
relations are admissible. Then, reordering the summands of P’ we will end up with
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aa isomorphism (B, -+ , fu, by, -+~ , &) from P’ to p(P(u)). By subtracting, for
eachi =1,--« ;m —n, from the b,.+; appropriate linear combinations of By By
we obtain b,43,+-- ,b, in rad?A such that (Brse -+ Buybugry-+- b) is the required
isomorphism.

2.8. We have seen in (2.6) that, since A = kQ(A)/I is not hereditary, @(A) has
‘loops. The next result, which follows easily from the above proposition, shows that
there is a set of relations each of them with a summand starting at a loop which
generates I.

Corollary. Let A = kQ(A)/I be an algebra satisfying (IIP), and B, - - + D be arrows
in Q(A) which are not loops and starting at the same vertez. [fr = f: YiB: € I, for
=1

=
some linear combinations of paths Yty then v € 1, for cachi =1, .- , .

Proof. By (2.7), there exists an isomorphism (4, .- +Barbnsr, -+ ,by) from P! to
7p(P(u)). The hypothesis implies that the element (Y37 + Yy 0,+ ¢+, 0) goes to zero
under this isomorphism. Therefore, v; = 0, for each i = 1,---,n. O

2.9. In the proof of our main theorem in section 3, we will consider the following
construction. We shall start with a subquiver Q” of Q(A) and extend a representation
of Q' to one of Q(A) through an arrow «a ¢ (Q'h. Clearly, this can not be done
always because of the relations involving . However, we shall show that, under the
hypothesis of the theorem, we can always find a suitable arrow for this extension. We
shall prove now some preliminary results in this direction. We start with an example.

Example. Let A = kQ(A)/I, where Q(A) is the quiver

/3'\€Oa

1

and I is generated by the relations 6 — 78 and a?. We leave to the reader to show
that A satisfies (IIP). Consider the full subquiver Q' of @ containing the vertices
1 and 3 and let V be an indecomposable ('-representation. Observe that we can
extend V to a Q(A)-representation V given by V, = ¥, V, = Vi.Va=W, 7T, =1,
fs=1d,and F5 = F, = 0. However, if one tries to extend V to V through the arrow
B in the same fashion, that is, by putting, V, = VbVa=WV,=V =
fs=1d and f; = Jo =0, this does not define a Q(A)-representation because of the
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relation 8 — 8. In the sense given by the definition below, the arrow & is suitable
and
the arrow B is not suitable.

Definition. An arrow f;: u — v; which is not a loop, is called suitable if there are
no relations of the type
5
o vibi+ Y ¥iibibu
f=1 [X)
where arrow 7; and 7;; are linear combination of paths from v; to a (fixed) vertex w,

1 5 0 and & € radA, that is, it is a nonzero linear combination of o}, with I > 0
and a; is a loop around u.

2.10. Fix u € (Q(A))o and let 8; : u — v;, for1 = 1,---,m, be all the arrows
starting at u which are not loops. We will show that if there are no loops at the
vertices vy,-+* ,Us and u has a unique loop around it, then there exists a suitable
arrow starting at u. We need the following result.

Proposition. Letu € (Q(A))o and let B; : u — v;, fori=1,--+,n be all the
arrows starting at u which are not loops. If By is not suitable, then there ezists a path
of length greater than zero from vy to v;, for some i.

Proof. Assume that f§, satisfies a relation
S vbBi+ 3 viBibi; (+)
i=1 i
where ; and «;; are linear combinations of paths from v; to a (fixed) vertex w, 7 #0
and 6;(€ radA) are nonzero linear combinations of of, with 1 > 0 and @; is a loop
around vi. Let P = @ P(v), and P' = @ P(vi)* = p(P(u)). We know by (2.7)
i=1 i=1
that there exists an isomorphism
(Bh" * ’ﬂm bn+h re ’bm): P — TP(P(u))

with by = By 1bn = Ba and bupr,+- Jbw € rad?A. Since fifi; € ra(P(u)) C
rp«(P(u)), we can write

Bibii = D pisibu (+#)
1
with g;; linear combinations from the end of b; to the end of 8. In particular, since
b, = p1, we have that ;1 goes from vy to v;. Observe that p;; € radA because f;6;; €
rad?A, all relations are admissible and (by, -+ ,bm) is a monomorphism. Assume that
there are no paths of length greater than zero from vy to v;, for any i. Hence pt;j1 = 0,
for each i. Replacing now (*#) in (), we get a relation, which is a linear combination
of by, , by with the coefficients of by = B equal to 1;. Using again that (b1, , bm)
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is a monomorphism, we conclude that 1, = 0, a contradiction. Therefore, there exists
a path from v; to some v;, as required. [

2.11. The next result will be essential in the proof of our main theorem.

Corollary. Let u € (Q(A))o end let f; : u — v;, fori =1,--- ,n, be all the arrows
starting at u which are not loops. Suppose, furthermore, that there are no loops at
the vertices vis. Then one of the fls is suitable.

Proof. Since there are no oriented cycles involving vy, - - , vy, there exists a partial
order for these vertices given by: v; < v; if and only if there exists a path from v; to
vj. Let v be a maximum element under this order. The corresponding arrow B, is,
clearly, by (2.10), a suitable arrow. O

2.12. Weend this section with the following example which shows that the hypoth-
esis of the nonexistence of loops around the vertices v’s is essential for the validity of

(2.11).
Example. Let A be the algebra given by the quiver

“OH=0”
1 2

with relations o = 0, 4> = 0 and fa = 7f. Observe that A satisfies (IIP) but there
are no suitable arrows.

3. THE MAIN THEOREM

3.1. In this section we shall prove our main result, that is, that any representation-
infinite artin algebra satisfying (IIP) and not hereditary has an infinite number of
nonisomorphic indecomposable modules of infinite projective dimension. First we
start observing that there are many such algehras, showing examples of them. Then
we will prove some preliminary resnlts needed in the proof of the theorem.

Examples. The following are examples of representation-infinite artin algebras sat-
isfying (IIP) and not hereditary.

(a) Representation-infinite local algebras. Qur main theorem is trivial in this case,
since the only modules of finite projective dimension are projective.

(b) Let Q be a quiver with at least one loop but not oriented cycles containing an
arrow which is not a loop. Consider the algebra A = kQ/7, where [ is an admissible
ideal generated by linear combinations of products of loops. Then A satisfies (I1IP)
and it is not hereditary. Many of these algebras are representation-infinite.
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(c) Let A be the algebra given by the quiver

B
1 B2

a 7

with relations o® = 0, 93 = 0 and By = 0. Clearly, A satisfies the required condi-
tions.

3.2. We shall need the following lemma.
Lemma. Let R and B be algebras, M be a B-R-bimodule and

R 0
4= (4 5)
If A satisfies (IIP), then B also does.

Proof. Observe that we have an embedding of categories B-mod <+ A-mod, which
preserves projective modules and resolutions. Let I be an idempotent ideal of B.

Therefore
0 0
"=(1M 1)
is an idempotent ideal of A. In fact,
R oy (o0 0y (/R O)Y (0 0\ (R OGY_ (00
M B IM I M B\ IM | M B\ IM I

gl Bo® | mif0. -8
iM [ “\NIM I
Since A satisfies (IIP), we have that J is a projective A-module. On the other hand,
the natural epimorphism

7: A— B given hy x(t';l 2):1)

takes projective modules to projective modules, Since #(J) = [, we conclude that [
is projective, as required. O
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3.3. Corollary.Let A be a right glueing algebra of By,--+ , By by C. If A satisfies
(IIP), then B; is hereditary for each i.

Proof. By (1.3), we know that
cC 0
as(G3)

where B = B; x -.- X B, and M is a B-C-bimodule. By the lemma above, B also
satisfies (IIP) and, in particular, fpd B is at most one (2.2). On the other hand, since
B is a product of tilted algebras, we have that gl.dimB < 2. Hence, gldimB < 1,
and B is a product of hereditary algebras. O '

3.4. We shall now prove our main theorem.

Theorem. Let A be a finite dimension indecomposable algebra over an algebraically
closed field k, satisfying (IIP). If A is representation-infinite and not hereditary,
then there ezist infinitely many nonisomorphic indecomposable A-modules of infinite
projective dimension.

Proof. By (2.2), we know that fpdA is at most one. Assume that there are only
finitely many nonisomorphic indecomposable A-modules of infinite projective dimen-
sion. Therefore, pdM < 1 for almost all indecomposable A-modules M.

By (1.3), A is then a right glueing of By,--- , B, by C, where C is representation-
finite and, for each i, B; is a representation-infinite tilted algebra. By (3.3), each B;
is hereditary.

If now C = 0, then A is hereditary, a contradiction. Therefore C # 0. By the de-
scription of right glued algebras, the ordinary quivers of By,--- , B, and C are full
convex subquivers of Q(A), and there are neither arrows from a vertex of Q(B;:) to a
vertex of Q(B;), if i # j, nor arrows from a vertex of Q(B;) to Q(C), fori =1,--- ,¢.
Since Q(A) is connected, there are arrows {from Q(C) to each Q(B;). For a given i,
B; is a connected representation-infinite hereditary algebra, and then each vertex of
Q(B;) belongs to the support of infinitely many indecomposable B;-modules. The
strategy now is the following: we start with an infinite family of indecomposable
Bi-modules with support containing a vertex which is the end of a convenient arrow
B which starts at Q(C). We shall then extend each module of this family, through
the arrow B, to an indecomposable A-module which is not a B-module, leading to a
contradiction to the fact that B-ind is cofinite in A-ind. The key point of this proof
is the choice of the arrow 8.

Claim. There exists a suitable arrow from a vertex of Q(C) to a vertex of Q(B).
Let F = {u € (Q(C))o : there exists an arrow u — v, with v € (Q(B))o}. Since the
only oriented cycles are sequences of loops, there exists a vertex ug € F such that
there are no paths in Q(C) from ug to any other vertex of F'. Let i be such that there
is an arrow from ug to a vertex of Q(B;). Without loss of generality, suppose i = 1.
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Let Bi: g — v1, - ,fa: uo — vy be all the arrows from ug to a vertex of Q(By).
Observe that, by the choice of uo, any path from ug to a vertex of Q(B,) has to pass
through one of the 8/s. On the other hand, observe that there are no loops around
the vertices v/s because they belong to (@(B,))o and B, is hereditary. By (2.11), we
infer that one of the f!s is a suitable arrow. This proves the claim.

Denote by f: u — v a suitable arrow in (@(A)):, with u € (Q(C))o and v €
(Q(B1))o. Let now X, be the (infinite) set of all nonisomorphic indecomposable B;-
modules whose support contains v. This means that if ((M:)ie(a(8:))0r (J3)ve@(@)) €
X,, then M, # 0. We shall construct an infinite set of nonisomorphic indecompos-
able A-modules which are not Bj-modules using the_ (suitable) arrow 4. For an

X = ((X:)ie@B)or (fr)ve@mn) € Xy define X = ((Xi)ieiane (Fr)vei@tan)» by

X, ifi=u Id fvy=58
0 otherwise 0 otherwise

X ifie(QB))o f, ifyis an arrow in (Q(B))h
X, = { and f, = {

Since B is a suitable arrow, the representation X as defined above satisfies all the
relations required to be an A-module. We shall show now that X is indecomposable.
Suppose X = Y; @ Yz, and define, for each i, ¥} by (¥); = (Yi); if j € (Q(B1)o) and
(Y!); = 0, otherwise. Then X = ¥{ @ Y/ in Bj-ind. Since X is indecomposable, it
follows that either Y7 = 0 or Yj = 0. Therefore, either Y; or Y2 is a sum of copies of
the simple S(u) associated to u, contradicting the hypothesis that fs = id. Moreover,
if X and X’ are two nonisomorphic indecomposable B;-modules in X, then X and
X’ are also nonisomorphic. Therefore, there exist infinitely many indecomposable A-
modules which are not B;-modules, a contradiction to the fact that B;-ind is cofinite
in A-ind, and the result is proven. O
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